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Preface

This book has its roots in two different areas of mathematics: pure
mathematics, where structures are discovered in the context of other math-
ematical structures and investigated, and applications of mathematics,
where mathematical structures are suggested by real–world problems aris-
ing in science and engineering, investigated, and then used to address the
motivating problem. While there are philosophical differences between ap-
plied and pure mathematical scientists, it is often difficult to sort them out.
The authors of this book reflect these different approaches.

This project began when Professor Skorokhod of the Ukranian Academy
of Sciences joined the faculty in the Department of Statistics and Prob-
ability at Michigan State University in 1993. After that, the authors
collaborated on numerous joint publications that have culminated in the
production of this book.

The structure of the book is roughly in two parts: The first part (Chap-
ters 1–7) presents a careful development of mathematical methods needed
to study random perturbations of dynamical systems. The second part
(Chapters 8–12) presents nonrandom problems in a variety of important
applications, reformulations of them that account for both external and
system random noise, and applications of the results from the first part to
analyze, simulate, and visualize these problems perturbed by noise. In most
cases, we identify which results are novel and which are closely related to de-
velopments by others. We have tried to acknowledge the primary sources on
which our work is based, but we apologize for those we have inadvertently
omitted.

The authors are grateful for the support in these projects from the De-
partment of Statistics and Probability and the College of Natural Science at
Michigan State University, the Systems Science and Engineering Research
Center at Arizona State University, and the National Science Foundation.

Kiev, Ukraine Anatoli V. Skorokhod
Paradise Valley, Arizona, USA Frank C. Hoppensteadt
East Lansing, Michigan, USA Habib Salehi

December 2001
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Introduction

Answers to the following questions describe the problems that we study in
this book and how we approach them.

What Are Dynamical Systems?

Many physical and biological systems are described using mathematical
models in terms of iterations of functions, differential equations, or inte-
gral equations. Respectively, these models have the form of a discrete–time
iteration equation

xn+1 = f(n, xn, b),

a differential equation

ẋ = f(t, x, b),

(here and below we write ẋ = dx/dt), or an integral equation

x(t) =
∫ t

0
f(t, s, x(s), b) ds.

The vector x in each case describes the state of the system, f describes
the system itself, and the vector b describes a collection of parameters
that characterizes the system f . These are usually observable or designable
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quantities in applications. For example, the forced harmonic oscillator

ẋ1 = ω x2,

ẋ2 = −ω x1 + A cos µt,

has

x =
(

x1
x2

)
,

where

f1 = b1 x2,

f2 = −b1 x1 + b2 cos b3t,

and the parameters b1 = ω, b2 = A, b3 = µ describe the natural frequency
of oscillation, the forcing amplitude, and the forcing frequency, respectively.

There are many problems in the physical and life sciences that require
more sophisticated mathematical models, such as partial differential equa-
tions. While some of the methods that we present and develop here can
be applied to them, we restrict attention in this book to dynamical sys-
tems represented by iterations, differential equations, and Volterra integral
equations.

The problems of dynamical systems revolve around determining:

1. When solutions exist.

2. How many solutions there are.

3. Which solutions, or parts of them, are observable.

4. What are critical points for the system, for example, bifurcation val-
ues of b where the solution behavior changes dramatically, say from
being at rest to oscillating. (Such bifurcation phenomena are often
observable in experiments.)

5. What properties of the solutions do and do not persist when the
system is disturbed.

6. How do solutions behave? Are they stable? Are they periodic or
asymptotically periodic? What are their domains of attraction?

Once these questions are answered, we can begin to pursue further
investigations of the system’s qualitative and quantitative behaviors.

In particular, in this book we develop and apply methods for model-
ing and analyzing dynamical systems whose parameters (b here) involve
random noise.
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What Is Random Noise?

Engineering systems are described in terms of inputs, state variables, and
outputs. There are inherently many sources of noise in each of these. Some
are random influences on inputs, such as ionospheric fluctuations affecting
radio signals; some are fluctuations in the system’s components affecting
the state variables, such as thermal fluctuations in electronic components,
wear in mechanical parts, and manufacturing imperfections; and some are
measurement errors.

Measurement errors illustrate the problem: We cannot measure things
to infinite precision; we always make some kinds of errors. In fact, if we
perform many supposedly identical measurements of a physical attribute,
such as the thickness of a machined part or the voltage output of a semicon-
ductor, we get many different answers that depend on the resolution of our
measuring device. The collection of all our measurements forms a data base
that we can analyze. To do this, we need a mathematical structure that
will enable us to carry out precise calculations and, eventually, to quantify
randomness in useful ways. Applications of this are, among many others, to
quality control, system identification, signal processing, and system design.

Models are usually not known exactly, but only (at best) up to some
mathematical processes, such as differentiation, iteration, or integration.
Seeing how a model responds in the presence of noise gives some insight
to its usefulness in reality. For example, one of the strongest attributes of
dynamical systems is that “hyperbolic points persist under smooth pertur-
bations of the system,” but this is not necessarily true for systems with
random perturbations. So more robust stability concepts are needed, like
stability under persistent disturbances and stochastic stability.

Describing Noise Using Mathematics
A brief description of principal definitions and results in the theory of
probability that we use is given in Appendix A. As described there, the
underlying mathematical structure is a probability space, which we denote
by (Ω,F , P ), where Ω is the set of samples, and F is a designated collection
of subsets of Ω, called the events, for which the probability measure P is
defined.

Solutions of dynamical systems are functions, say of time. If they are,
in addition, random, we must describe both randomness and time depen-
dence simultaneously. We refer to the result as either a random process, a
stochastic process, or a random signal.

Random processes are written as y(t, ω), where t is a timelike variable
and ω ∈ Ω is a sample in a probability space (Ω,F , P ), and they are
functions mapping a time interval and the sample space into the real num-
bers. Usually, ω is dropped from the notation, and we simply write y(t) for
this random process. The process is described in terms of its distribution
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function, which we write as

Fy(t)(a) = P{ω : y(t, ω) ≤ a},

where the probability P is defined in the sample space of ω. Obviously, for
this to make sense we must require that this set of ω’s be in F for each
real number a, so that its probability can be calculated using P . It follows
that F is a nondecreasing function of a, and we define the density function
of y(t) to be

fy(a, t) =
∂Fy(t)

∂a
(a).

So, formally we have that

Fy(t)(a) =
∫ a

−∞
fy(a′, t) da′.

We usually make some additional natural assumptions on how fy depends
on a and t, but not at this point. These ideas carry over directly for vectors
of random processes, where each component is a random process, etc.

Our approach to modeling randomness in dynamical systems is through
allowing the parameters b in a system to be random processes. For example,
in the case of a differential equation we write

ẋ = f(t, x, b(y(t, ω))),

indicating that the parameters can change with some underlying random
process y(t). The resulting solutions (x(t, ω)) will also be random processes,
and the methods developed in this book describe x in terms of f , b, and y.

Our approach using perturbation theory is based on assuming that the
underlying noise processes operate on a faster time scale than the system.
So, we write y(t/ε), where we drop the ω and include ε, the ratio of the
system time scale to the noise time scale. Consider y to be an ergodic ran-
dom process in a space Y with ergodic measure ρ in Y (precise definitions
and conditions for the following calculation are given later). Consider the
integral

x(t) =
∫ t

0
y(t′/ε) dt′,

which solves the initial value problem ẋ = y(t/ε), x(0) = 0.
First, the ergodic theorem (Chapter 1) states that

∫ t

0
y(t′/ε) dt′ = ε

∫ t/ε

0
y(s) ds ≈ t

∫
Y

y ρ(dy) = t ȳ (1)

for t > 0 as ε → 0, where ȳ is the average value of y(t) over Y . Second, the
central limit theorem (Chapter 2) states that

∫ t

0
(y(t′/ε) − ȳ) dt′ =

√
ε
√

ε

∫ t/ε

0
(y(s) − ȳ) ds ≈

√
εW (t)
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for t > 0 as ε → 0, where W is a known random process, called Wiener’s
process. The result is that

x(t) = t ȳ +
√

εW (t) + Error.

The first term in this approximation essentially comes from the law of
large numbers, and the second from the central limit theorem. Estimating
the size of the Error (Chapters 3, 5)depends on particular properties of
y. For the most part, we consider y to be an ergodic Markov process or
an ergodic stationary process. This example illustrates our approach to
continuous–time differential equations. We also develop a similar approach
for continuous–time Volterra equations and for discrete–time models.

A key element in using this procedure is determining what ρ is. Often,
this can be avoided by using methods of signal processing to estimate ȳ and
W directly. For example, a useful approximation to ȳ can usually be found
by evaluating the first integral in equation (1) over a single observation of
y.

Simulating Random Noise Using MATLABR

A computer simulation illustrates these facts. Suppose that y is defined to
be constant except at a series of random stopping times, where it can jump
to another value. For example, the stopping times might be exponentially
distributed so that the time between jumps is described by the probability

P (tn+1 − tn ≥ δ) = exp (−λδ) ,

where λ is a positive constant. Further, suppose that at each stopping
time y is a random variable whose probability density function is fy(y) =
1[0,1](y), which indicates the function whose value is 1 if y ∈ [0, 1] and
zero otherwise. This random variable is generated in MATLAB using the
function rand, and the stopping time increments are generated using −λ ∗
log(rand(nstop, 1)), where nstop is the number of stopping times (e.g., we
use for nstop the final time divided by ε). Such a process y(t) is called a
jump process, and Figure 1 shows one sample path of this jump process
that is generated using MATLAB.

The integral of y is shown in Figure 2.
Wiener’s process is related to one of the most important random pro-

cesses that arises in science and engineering, namely Brownian motion. The
physical phenomenon of erratic movement of microscopic particles was ob-
served by the botanist R. Brown in 1827, and the theory that eventually
described it rests on work by Laplace (the normal distribution), Einstein
(the movement can be described by a diffusion process), and Wiener (there
is a probability space and on it a random process whose sample paths
describe particle motions).

Brownian motion is characterized by three properties:
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Figure 1. Left: A sample path of the jump process y(t/ε) for ε = 0.1, λ = 3.0.
Note that the vertical lines are not part of y, but they help visualize it. Right:
The distribution of y–values for this sample path.

1. The sample paths, say B(t), are continuous functions of time.

2. The nonoverlapping increments B(ti+1)−B(ti) are random variables
that are independent for any choice of t0 < t1 < · · · < tn.

3. The distribution of the increments B(t+h)−B(t) for h > 0 is normal;
that is,

P{B(t + h) − B(t) ≤ ∆} =
1√

2πσ2h

∫ ∆

−∞
exp
(

− x2

2σ2h

)
dx.

The process B is called Brownian motion or Wiener’s process with diffusiv-
ity σ2/2, and its derivative, which exists in some sense, is called white noise.
White noise is an engineering term that describes the generalized function
dB/dt, although B(t) is not differentiable anywhere in the ordinary sense.

There is a close connection between Brownian motion and diffusion equa-
tions. This is suggested by the facts that the increments are Gaussian and
that the Gaussian function

u(x, t) =
1√

2πσ2t
exp
(−x2

2σ2t

)

is a solution of the diffusion equation

∂u

∂t
=

σ2

2
∂2u

∂x2 .
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Figure 2. Histograms of 10,000 evaluations of the integral of x(εn) =
∫ 1
0 y(t/εn)dt

for n = 1, 2, 3, 4. This shows that the values of this integral take the form of a
normal distribution whose mean and variance are as described in Figure 1 and
the text.

This connection makes possible the derivation of many useful results about
Brownian motion and more general diffusion processes. In particular, we
can use this approach to describe the shape of the density functions
appearing in Figure 2.

Estimating the Impact of Noise on a System
In some cases, noise simply passes through the system, and the random
process x(t) will have (essentially) the same distribution as that of the pa-
rameters b(y). In other cases, noise can have dramatic impact. For instance,
it can stabilize an unstable system, and it can destabilize a stable system.

For example, the (non–random) system

ẋ = α x

has the solution x(t) = exp(αt) x(0). If α < 0 and x(0) �= 0, this approaches
0 as t → ∞, and if α > 0, this grows without bound. We say in the first
case that x = 0 is stable and in the second that it is unstable.

The ideas of stability are more complicated in noisy systems. Let us
consider a linear system that is driven by white noise:

ẋ = α x + σ x Ẇ ,
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where W is a Wiener process. The solution of this problem is

x(t) = exp
(
(α − σ2/2)t + σW (t)

)
x(0).

This surprising formula results from Ito’s formula for geometric Brownian
motion.

We define three useful kinds of stability for the solution (Chapter 6):

1. Almost surely stable: P {x(t) → 0 as t → ∞} = 1.

2. Stable in probability: limε→0 P {|x(t)| ≥ ε} = 0 as t → ∞.

3. p-stability: E(|x(t)|p) → 0 as t → ∞.

In this example, x = 0 is almost surely stable if α − σ2/2 < 0, so α can be
positive, and the solution x = 0 can be stable in a probabilistic sense! In
this sense the noise stabilizes the system. At the same time, the expected
value of x(t) grows: Ex(t) = exp (αt)x(0). This apparent contradiction is
resolved by observing that with very small probability a sample path grows
very quickly. Such large deviations are rare, but they can be catastrophic
or beneficial for a system. For example, this model has been used to de-
scribe financial wealth [141], and while most sample paths approach zero,
infrequently one will grow dramatically.

But for p-stability, we must have α + σ2(p − 1)/2 < 0, so α must be
sufficiently negative to overcome noise in this sense. This example also
shows that the perturbation (σ x Ẇ ) might be small in the sense that its
mean is zero, but its deviations, which are scaled by σ, can be large and
disrupt the system.

What Are Ergodic Theorems?

The word ergodic was used by Boltzmann in referring to mechanical systems
that operate under the constraint of constant energy (erg means “work” in
Greek). An important problem in statistical mechanics is that any experi-
mental measurement of such a system requires time to perform, so it is an
average of some observable of the system over a time interval. Which path
is measured and how much variation is possible in such a measurement
were addressed by physicists using the ergodic hypothesis, which states
that the time average of an observation of a particle system is the same
as the average over the phase space in which the system operates. A rig-
orous mathematical result due to George Birkhoff resolved this issue (for
mathematicians at least) and opened the way for other uses of the result
by mathematicians, physicists, and engineers.

Ergodic theorems are considered here for nonrandom dynamical systems
and for randomly perturbed ones. In the nonrandom case, they are based
on the assumption that there exists a measure in the phase space of the
system that is preserved by the flow of the system. For example, consider
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a discrete–time system: Let its phase space be Rd and its dynamics be
described by iteration of a function Φ(x) : Rd → Rd, so

xn+1 = Φ(xn), (2)

where xn+1 ∈ Rd is the state of the system at time n + 1. Assume that
there is a probability measure m on Rd for which

m
(
{x : Φ−1(x) ∈ A}

)
= m(A)

for events A in Rd. In this case, we say that the measure m is invariant
under Φ. (We take the events here to be the Borel sets in Rd.) The ergodic
theorem states that for all continuous bounded functions φ(x) : Rd → R
(i.e., the observables) and for almost all initial values x0, the time average
of φ exists:

lim
n→∞

1
n + 1

n∑
k=0

φ(xk).

The dynamical system is called ergodic if this limit is the same as the
integral of φ over the phase space, weighted by the measure m; that is, if

lim
n→∞

1
n + 1

n∑
k=0

φ(xk) =
∫

Rd

φ(x) m(dx).

If this is the case, the time average of an observable (φ) along almost any
path is the same as its average over the whole phase space.

For example, the iteration xn+1 = 4xn(1 − xn) operates in the unit
interval xn ∈ [0, 1]. An invariant measure for this is m(x) = 1/

√
πx(1 − x),

and a computer simulation of this mapping reflects the invariant measure
in the sense that for almost any initial point x0, a histogram of the iterates
approximates the graph of the measure’s density function, as shown in
Figure 3.

An analogous ergodic theorem for stochastic processes can be formulated:
A discrete–time stochastic process {Xn, n = 1, 2, 3, . . . } is called stationary
if

P (X0 ∈ A0, . . . , Xn ∈ An) = P (X1 ∈ A0, . . . , Xn+1 ∈ An)

for any events A0, . . . , An. If E|Xk| < ∞ for all k, then with probability 1
there exists the limit

lim
n→∞

1
n

n∑
k=1

Xk,

and the distribution of this limit (which is also a random variable) can be
calculated. The ergodic theorem establishes stability of the system in the
sense of the strong law of large numbers [90].
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Figure 3. Histogram of iterates of xn+1 = 4 xn (1−xn) beginning at x0 = 0.2475.

The simulation in Figure 4 shows the distribution of the values of
the jump process y(t/ε) described earlier. Its values reflect the invariant
measure 1[0,1](y).

It should be noted that, as a rule, systems that are perturbed by sta-
tionary processes are not stationary, and investigation of their stability (in
the general sense) is not a simple problem.

Estimating Errors
Our procedures for estimating errors in approximation methodologies in-
volve the use of the ergodic theorem and other limit theorems for stochastic
processes. For example, consider a sequence of stochastic processes {xn(t)}.
If there is a stochastic process x0(t) such that for any times t1, t2, . . . , tk,
the joint distribution of the k random variables

xn(t1), . . . , xn(tk)

converges to the joint distribution of

x0(t1), . . . , x0(tk),

then the sequence xn(t) is said to be weakly convergent to the process x0.
Special kinds of convergence are also considered if the processes xn(t) and
x0(t) are continuous functions of t: For example, let Φ(x(·)) be a continuous
function that is defined on the space C of all continuous functions. Suppose
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Figure 4. Distribution of values of the jump process y(t/ε) that is generated by
1[0,1](y). Here t/ε ≤ 100 and the iterates are shown using 20 cells.

that EΦ(xn(t1), . . . , xn(tk)) → EΦ(x0(t1), . . . , x0(tk)) as n → ∞. Then the
sequence xn(t) is said to be weakly convergent in C to the process x0(t).
Weak convergence in C implies, for example, that

lim
n→∞ E

∫ b

a

f(s, xn(s)) ds → E

∫ b

a

f(s, x0(s)) ds

if the function f(s, x) is bounded and continuous.

We consider three classes of limit theorems, which will be useful for
investigating the behavior of randomly perturbed systems:

I. Convergence to a Wiener process
There are various theorems that extend the central limit theorem to
more general classes of random variables. Let y(t) be a random pro-
cess taking values in a set Y that satisfies certain natural conditions
(e.g., it is homogeneous and Markovian). We describe how y changes
from one time to another by the probability of it hitting certain tar-
get sets: Let P (t, y, A) = P {y(t) ∈ A/y(0) = y}, which denotes the
probability that y(t) ∈ A given that y(0) = y. This function is called
the transition probability for y, and we use it to describe what ergodic
means for y.
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We say that the process y(t) is ergodic with an ergodic distribution
ρ(A) if

ρ(A) = lim
T→∞

1
T

∫ T

0
P (t, y, A) dt,

so ρ(A) is the average probability of beginning at y and landing in
the set A. A technical condition, akin to a mixing condition, is that
the integral

R(y, A) =
∫ ∞

0
|P (t, y, A) − ρ(A)| dt

converge for any subset A ⊂ Y . We suppose that these two conditions
are satisfied. If g(y) is a measurable, bounded, real-valued function for
which

∫
g(y)ρ(dy) = 0, then the distribution function of the random

variable

1√
T

∫ T

0
g(y(t)) dt

converges to a Gaussian distribution with mean value 0 and variance

β = 2
∫∫

g(y)g(y′)R(y, dy′) ρ(dy′).

(Here and below, integrals without limits are assumed to be over Y ,
the noise space.) Thus, knowing R enables us to calculate the variance
of the limiting process. In this case we say may that the stochastic
process

XT (t) =
1√
βT

∫ tT

0
g(y(s)) ds

converges weakly to a Wiener process in C as T → ∞. The integral
here is scaled by

√
T , which is suggested by the lines of constant

probability in a Gaussian distribution where x2/(2σ2t) = constant,
so x ∝

√
t.

Theorems of this kind will be considered for vector-valued functions
g and for stationary processes y(t).

II. Convergence to a diffusion process
In many important applications we can actually find a density
function for the transition probability. We call this the transition
probability density, and we write it as f(s, t, x0, x), which is the con-
ditional density of the random variable x(t) at the point x under the
condition x(s) = x0. The function f satisfies the second–order partial
differential equation

∂f

∂s
(s, t, x0, x) = Ls,x0f(s, t, x0, x) (3)
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as a function of s and x0. The differential operator

Ls,x0u(s, x0) = (ux0(s, x0), a(s, x0)) +
1
2
Tr(ux0x0(s, x0))B(s, x0),

where a(s, x0) is a vector–valued function, B(s, x0) is a matrix–valued
function, (a, b) indicates the dot product, or inner product, of two
vectors a and b, and Tr is the trace of the matrix. (The subscripts
ux0 = ∂u/∂x0, etc., indicate partial derivatives.) The operator Lt,x

is called the generator of the diffusion process x(t).
It can be proved that a diffusion process x(t) with the generator Lt,x

satisfies the equation that for all t1 < t2 < · · · < tk+1,

EΦ(x(t1), . . . , x(tk))

×
[
f(xn(tk+1)) − f(xn(tk)) −

∫ tk+1

tk

fxx(xn(s)) ds

]
= 0

(4)

for any continuous bounded function Φ(x1, . . . , xk) and any con-
tinuous function f with continuous bounded derivatives fx and
fxx.
The following statement is based on this property: If the sequence of
stochastic processes xn(t) satisfies the equation

lim
n→∞ E(Φ(xn(t1), . . . , xn(tk)))

×
[
f(xn(tk+1)) − f(xn(tk)) −

∫ tk+1

tk

Ls,x(f(xn(s)) ds

]
= 0

for all t1, t2, . . . , tk+1, Φ, and f being the same as in equation (4), then
the processes xn(t) are said to converge weakly in C to the diffusion
process whose generator is

Lu(x) =
1
2
Tr uxx(x) =

1
2
∇2u.

So, if the sequence of stochastic processes xn(t) satisfies

lim
n→∞ E(Φ(xn(t1), . . . , xn(tk)))

×
[
f(xn(tk+1) − f(xn(tk)) −

∫ tk+1

tk

fxx(xn(s))
ds

2

]
= 0,

then the sequence xn(t) converges weakly in C to a Wiener process.

III. Large deviation theorems
Large deviation theorems deal with estimation of the difference be-
tween the time average of a process and its average over the noise
space. We consider theorems on large deviations for Markov pro-
cesses in Chapters 2, 3, and 6, in terms of which random noise will
be described later.
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For instance, let y(t) be a homogeneous, ergodic Markov process
in a compact space Y with ergodic distribution ρ. The empirical
distribution of y(t) is defined by the equation

νt(A) =
1
t

∫ t

0
1{y(s)∈A}(s) ds

for any set A that is a measurable subset of Y . The ergodic theorem
states that the measure νt converges to the ergodic distribution ρ as
t → ∞.
Denote by M the set of probability measures on Y . It is known
that for m ∈ M there is a nonnegative function I(m) such that if
the probability that the distance in M between νt and m is small
enough, then it is of order exp (−t I(m)). In fact, the function I(m)
is given by the formula

I(m) = − inf
{∫

Y

Lφ(y)
φ(y)

m(dy) : φ ∈ DL, and φ(y) > 0 ∀y ∈ Y

}
,

where L is the generator of the Markov process y and DA is its domain
of definition.
For example, let Y = {0, 1}, and consider a process y whose generator
is given by the matrix (

−a0 a0
a1 1 − a1

)
.

Then

ρ0 =
a1

a0 + a1
, ρ1 =

a0

a0 + a1
,

and

I(m) = (
√

m0a0 − √
m1a1)

2
, mi = m({i}), i = 0, 1.

This formula enables us to estimate the probability of a large de-
viation occurring during convergence to ρ. We develop these ideas
further and use them to estimate errors in perturbation methods in
Chapters 2, 3, and 6.

Averaging Dynamical Systems over Random Noise
Most of our averaging statements compare the behavior of a system contain-
ing ergodic random perturbations with an associated nonrandom system.
For example, a system defined by a differential equation in Rd has the form

ẋε(t) = a(t, xε(t), y(t/ε)), (5)

where xε(t) is the state of the system at time t and y(t) is a noise process
(supposed here to be a Markov or stationary process) in some space Y .
The function a(t, x, y) is an vector valued function that is regular enough
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to ensure that the solution of (5) exists and is unique when the initial value
xε(0) is given. Note that we can make no assumption about smoothness
of the system with respect to y, since there is no topology given for Y .
An appropriate restriction with respect to the noise variables is that the
data (in this case the function a) be measurable as a function of y. We
investigate the behavior of xε(t) as ε → 0.

Assume that y(t) is an ergodic process with an ergodic distribution ρ;
namely,

lim
T→∞

1
T

∫ T

0
g(y(t)) dt =

∫
Y

g(y)ρ(dy)

for all functions g for which∫
Y

|g(y)|ρ(dy) < ∞.

Define

ā(t, x) =
∫

Y

a(t, x, y)ρ(dy). (6)

The averaged system is defined by the differential equation

˙̄x = ā(t, x̄(t)). (7)

In this case, the averaging theorem claims that if xε(0) = x̄(0), then xε(t) →
x̄(t) uniformly on any fixed finite time interval as ε → 0 with probability
1.

Following are two examples of averaging.
First, consider the system to be time–invariant (i.e., a(t, x, y) = a(x, y)),

and let Y be a finite set. The noise y(t) is a homogeneous Markov pro-
cess that is ergodic, and ρ is its ergodic probability measure. A stochastic
process xε(t) is defined by the differential equation

ẋε = a(xε, y(t/ε)). (8)

Further, suppose that y is a jump process for which there is a sequence of
random stopping (or jumping) times

0 = τ0 < τ1 < · · · < τn < · · ·
and y is constant between jumps:

y(t) ≡ y(τk)

if τk ≤ t < τk+1. Then the sequence {yk = y(τk)} is a finite Markov
chain. We suppose that the jump increments τk+1 −τk have an exponential
distribution

P (τk+1 − τk ≥ t / y(s), s ≤ τk) = exp(−λt).

Equation (8) on the interval [ετk, ετk+1) can be rewritten as

ẋε = a(xε, yk). (9)
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So, to find the solution of equation (8) on the interval [0, T ], we must solve
equation (9) for each k for which τk < T/ε. As ε → 0, the number of
equations that must be solved to determine a sample path tends to infinity
like 1/ε. On the other hand, if the ergodic probabilities of the process y(t)
are ρy, we can average a over Y :

ā(x) =
∑
y∈Y

a(x, y)ρy.

Then instead of finding the solution to a large collection of equations to
determine a sample path, we need solve only one equation:

˙̄x = ā(x̄).

The solution of this equation gives an approximation to xε(t) if ε is
sufficiently small. Figure 5 illustrates this calculation for an inertialess pen-
dulum having a random applied torque at the support point: The model
is

ẋ = 1.0 + y(t/ε) + sinx, (10)

where y is a jump process having exponentially distributed stopping times
and having a uniform transition probability given by 1[0,1](y).

Second, let

a(t, x, y) = A(t)x + f(t, x, y), (11)

where
∫

f(t, x, y) ρ(dy) = 0 and A(t) is a continuous matrix–valued
function. Then the averaged equation is a linear one:

˙̄x = A(t)x̄. (12)

The solution to this linear problem can be found using methods of ordinary
differential equations (e.g., [16]).

Constructing the First–Order (Order
√

ε) Correction
The next step in the investigation of randomly perturbed systems is anal-
ysis of the deviations of the perturbed system from the averaged one. We
consider

z(t) = xε(t) − x̄(t).

We illustrate results for this using equation (8). This difference satisfies the
equation

z(t) =
∫ t

0
āx(s, x̄(s))z(s) ds +

∫ t

0
(a(s, x̄(s), y(s/ε)) − ā(s, x̄(s))) ds + rε(t),

where rε(t) is a stochastic process that can be calculated by applying
Taylor’s formula to the difference a(s, xε, y) − a(s, x̄, y).
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Figure 5. Comparison of the averaged system to the perturbed system (10). The
top figure shows the perturbed solution; the middle figure shows the solution of
the averaged equation; and the bottom figure shows the noise function y(t/ε). In
this simulation, the elapsed time for solving the averaged system was 0.002 times
that for solving the perturbed system. Here ε = 0.01, and the same fixed time
steps were used in both simulations.

It can be shown that E|rε|2 = o(ε). It follows from a limit theorem for
stochastic processes that with an appropriate mixing condition satisfied,
the process

1√
ε

∫ t

0
[a(s, x̄(s), y(s/ε)) − ā(s, x̄(s))] ds,

which is like an external forcing on the system, converges weakly in C to a
Gaussian process γ(t) for which for any vector ζ, E(γ(t), ζ) = 0 and

E(γ(t), ζ)2 =
∫ t

0

∫ ∫
(a(s, x̄(s), y), ζ)(a(s, x̄(s), y′), ζ)R(y, dy′)ρ(dy′) ds.

Therefore, the stochastic process

x̃ε(t) =
xε(t) − x̄(t)√

ε

converges weakly in C to a stochastic process x̃(t) that is the solution to
the linear integral equation

x̃(t) =
∫ t

0
āx(s, x̄(s))x̃(s) ds + γ(t). (13)
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This result has the following interpretation: The distribution of xε is close
to the distribution of the stochastic process x̄(t)+

√
ε x̃(t) in the sense that

for any function Φ that is sufficiently smooth,

EΦ(xε(t)) = EΦ
(
x̄(t) +

√
εx̃(t)

)
+ o(

√
ε). (14)

This gives rigorous meaning to the expression

xε(t) ≈ x̄(t) +
√

ε x̃(t).

For example, consider equation (11). Denote by K(s, t) the solution of
equation (12) on the interval t ∈ [s,∞) for which K(s, s) = 1. Then

x̃(t) =
∫ t

0
K(s, t)dγ(s),

where γ(t) is a Gaussian stochastic process with independent increments
for which E(γ(t), ζ) = 0 and

E(γ(t), ζ)2 =
∫ t

0

∫ ∫
(f(s, x̄(s), y), ζ)(f(s, x̄(s), y′), ζ) R(y, dy′) ρ(dy) ds,

which enables us to calculate the correlation between the solution and γ.
A computer simulation of the distribution of the first–order correction

that is based on equation (10) is shown in Figure 6; also shown there is a
simulation of a Gaussian process.

What Happens for t Large?

If we consider the differential equation (8) under the assumption that
ā(t, x) = 0, then x̄(t) = x̄(0) is a constant. The averaging theorem then im-
plies that xε(t) converges to x̄(0) for all t as ε → 0. We investigate next the
behavior of the random variable xε(t) as ε → 0 and t → ∞ simultaneously.

To illustrate some possibilities of the evolution of such a system, we
consider a linear problem in R1:

Let

a(t, x, y) = a0(t, y) + a1(t, y)x,

and let xε(t) be the solution of the equation

ẋε(t) = a0(t, y(t/ε)) + a1(t, y(t/ε))xε(t), (15)

where the continuous, bounded, real-valued functions ak, k = 0, 1, satisfy
the condition ∫

ak(t, y)ρ(dy) = 0.
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Figure 6. Top: x̃ε(8) = (xε(8)− x̄(8))ε−1/2 for 100 sample paths of equation (10).
In this case, ε = 0.01, 0 ≤ t ≤ 8, and y is generated as above but with ȳ = 0.9.
The final value of the solution is shown on the horizontal axis, and the histogram
of 100 samples is plotted in the top figure. Bottom: A histogram of 100 samples
of randn, the MATLAB function for normal random variables, is plotted for
comparison.

The solution to equation (15) can be found using the variation–of–constants
formula as

xε(t) = xε(0)e
∫ t
0 a1(s,y(s/ε)) ds +

∫ t

0
e
∫ t

u
a1(s,y(s/ε)) dsa0(u, y(u/ε)) du. (16)

Consider the stochastic processes

γε
1(t) =

∫ t

0
a1(s, y(s/ε)) ds, γε

2(t) =
∫ t

0
a2(s, y(s/ε)) ds.

If the limits

lim
T→∞

1
T

∫ T

0

∫∫
ak(s, y)ak(s, y′)R(y, dy′)ρ(dy) ds = bkk,
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for k = 0, 1, and

lim
T→∞

1
T

∫ T

0

∫∫
[a0(s, y)a1(s, y′) + a1(s, y)a0(s, y′)]R(y, dy′)ρ(dy) ds = b01

exist, then the two–dimensional process

(γε
0(t), γε

1(t))

converges weakly in C to a two–dimensional Gaussian process with inde-
pendent increments, say (γ0(t), γ1(t)), for which Eγk = 0, Eγ2

k(t) = 2 bkk,
and Eγ0(t)γ1(t) = 2 b01.

Under these conditions, we can use formula (16) to prove that the
stochastic process xε(t/ε) converges weakly to the stochastic process

x̃(t) = exp (γ1(t))
[
x̃(0) +

∫ t

0
exp (−γ1(u))dγ0(u)

]
(17)

as ε → 0 if additionally xε(0) → x̃(0).
It follows from formula (17) that x̃(t) satisfies the stochastic differential

equation

dx̃(t) = (b01 + b11x̃(t)) dt + dγ0(t) + x̃(t) dγ1(t).

Equivalently, x̃(t) is a diffusion process with the generator

Lu(x) = (b01 + b11x)ux(x) + (b00 + b01x + b11x
2)uxx.

Using the law of the iterated logarithm [41], we see that the solution is
approximately constant until time T/ε, after which the noise terms begin
to dominate the approximation.

For example, consider a similar linear differential equation in Rd,

ẋε = A(t, y(t/ε))xε + a0(t, y(t/ε)), (18)

where A(t, y) is a d × d matrix–valued function and a0(t, y) is a vector–
valued function. We assume that they are bounded, continuous functions,
and that ∫

A(t, y)ρ(dy) = 0,
∫

a0(t, y)ρ(dy) = 0.

To analyze this problem, we introduce the two stochastic processes

Aε(t) =
∫ t

0
A(s, y(s/ε)) ds, aε(t) =

∫ t

0
a(s, y(s/ε)) ds.

With some additional conditions that ensure that these two processes have
Gaussian limits, say

(Aε(t), aε(t)) → (Γ(t), γ(t))

as ε → 0, we rewrite (18) as an equivalent integral equation:

xε(t) = xε(0) +
∫ t

0
dAε(s) xε(s) + aε(t). (19)
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Then we show that the stochastic process x̃ε(t) ≡ xε(t/ε) converges weakly
in C to a stochastic process x̃(t) that is a solution to the stochastic integral
equation

dx̃(t) =
∫ t

0
dΓ(s)x̃(s) ds + dγ(t) + (Bx̃(t) + a0) dt. (20)

This equation has an additional term (Bx̃ + a0), whose appearance is due
to the difference between ordinary and stochastic analysis; namely, this
results from Ito’s formula [141].

So the stochastic processes xε(t/ε) converge weakly in C to a diffusion
process. This result can be extended to equations of the form given by
formula (5) if the function a(t, x, y) satisfies the relation∫

a(t, x, y)ρ(dy) = 0

and is sufficiently smooth in x, and if there exists the limit

lim
T→∞

1
T

∫ T

0

∫ ∫
((ax(t, x, y′), fx(x)), a(t, x, y))R(y, dy′)ρ(dy) dt (21)

for all twice continuously differentiable functions f having bounded
derivatives.

If y(t) is an ergodic process for which the central limit theorem holds,
then Lf is the generator of the diffusion process x̃(t) to which the process
xε(t/ε) converges weakly in C.

What Is in This Book?

The book is in three parts. The first part (Chapters 1 and 2) presents the
mathematical tools that we use later to investigate randomly perturbed
systems. These include an ergodic theorem and various limit theorems for
stochastic processes.

The second part (Chapters 3–7) develops the theory of randomly per-
turbed systems. We consider only systems that are in some sense close to
averaged ones, as measured by a small parameter ε > 0. For continuous–
time systems this parameter ε is the ratio of the response time of the system
to the (relatively fast) time scale of noise. So, we write the noisy param-
eters in the problem in the form b = y(t/ε). For discrete–time systems
we assume that the variance of the noise is small, and so ε characterizes
this attribute of a random perturbation. In each case, we investigate the
asymptotic behavior of systems as ε → 0 and t → ∞. Note that randomly
perturbed systems with fixed ε can represent any stochastic process, so
the asymptotic properties of these systems as t → ∞ is a problem of too
general interest for us here.
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The third part (Chapters 8–12) presents applications of the theory of
random perturbations to problems in mechanics, engineering, and the life
sciences.

Dynamical Systems
Topics in dynamical systems of special interest to us are listed next:

Diffusion Approximations of a First Integral

Consider the differential equation

ẋε = a(xε(t), y(t/ε)) (22)

and suppose the averaged equation

˙̄x = ā(x̄(t)) (23)

has a first integral; that is, there is a function φ(x) such that

(∇φ(x), ā(x)) = 0

for all x. Then φ(x̄(t)) ≡ constant along any solution of equation (23).
Suppose that the set Γc = {x : φ(x) = c}, the level set for φ = c, is a

bounded smooth surface in Rd and the solution of equation (23) is ergodic
on the set Γc. That is, there is a probability measure mc on Γc such that

lim
T→∞

1
T

∫ T

0
g(x̄(t)) dt =

∫
Γc

g(x)mc(dx) (24)

for all continuous bounded functions g : Rd → R. Then under some general
conditions (including ergodicity and mixing conditions for y(t) and smooth-
ness of the integral on the right-hand side of equation (24)), the stochastic
process zε(t) = φ(xε(t/ε)) converges weakly to a diffusion process z̃(t) in
R. We also calculate the generator of z̃.

For example, consider the system of differential equations in R2

ẋ1
ε = −a1(y(t/ε))x2

ε,

ẋ2
ε = a2(y(t/ε))x1

ε,
(25)

where ā1 = ā2 = a. The averaged system is

˙̄x1 = −a x̄2,

˙̄x2 = a x̄1.
(26)

This has the first integral φ(u, v) = u2 + v2. We show that the stochastic
process

zε(t) = φ(x1
ε(t/ε), x2

ε(t/ε))
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Figure 7. Simulation of φ(x1
ε, x

2
ε) for 100 sample paths of the harmonic oscillator

ẋ1
ε = −y1 x2

ε and ẋ2
ε = y2 x1

ε for 0 ≤ t ≤ 6π and ε = 0.05. Plotted here is the
histogram of values of φ at t = 6π. Here y is a jump process as described earlier.

converges to a diffusion process z̃ whose generator we can compute. In this
case, mc is the uniform measure (Haar measure) on the circle having center
0 and radius

√
c.

A simulation of the harmonic oscillator with noisy frequencies, y =
(y1, y2), is shown in Figure 7.

Stability of Linear Systems

Stability of nonlinear systems is often investigated by considering certain
associated linear problems. For linear systems the stability of an unper-
turbed system is equivalent to boundedness of its solutions for all initial
values.

Consider the linear perturbed system

ẋε = A(y(t/ε))xε, xε(0) = x0. (27)

Now, xε is an Rd–valued stochastic process, A(y) is a d × d matrix–valued
function whose components are bounded measurable functions, and y is an
ergodic process. Set Ā =

∫
A(y)ρ(dy). The averaged equation with initial

value x0 has the solution

x̄(t) = etĀ x0.



24 Introduction

This system is asymptotically stable if limt→∞ |etĀ| = 0. We show in this
case that for sufficiently small ε there is a positive number δ1 such that the
solution of the perturbed system satisfies

P

{
sup
t>0

|xε(t)|eδ1t < ∞
}

= 1.

This implies the asymptotic stability of the noisy system with probability
1! In particular,

P
{

lim
t→∞ xε(t) = 0

}
= 1,

so it is almost surely stable. In addition,

lim
t→∞ P (|xε(t)| > δ) = 0

for all δ > 0, so xε(t) → 0 in probability as t → ∞.

Asymptotic Behavior of Gradient Systems

A gradient system in Rd is determined by a differential equation of the
form

ẋ(t) = −∇F (x(t)),

where the function F : Rd → R1 is sufficiently smooth. Note that any
local minimum of the function F is a stable static state for this system. We
consider random perturbations of this system in the form

ẋε(t) = −∇F (xε(t)) + B(xε(t))v(y(t/ε)), (28)

where v : Y → Rd is a bounded measurable function satisfying the relation∫
v(y) ρ(dy) = 0.

The asymptotic behavior of solutions to such systems can be investigated
using the theory of large deviations.

This is of the following nature: Set

I∗(b) = inf
[
I(m) :

∫
v(y)m(dy) = b

]
.

where I was defined earlier. Assume that x̄1, . . . , x̄N are minima of the
function F , and that F (x) → ∞ as |x| → ∞. Then the system spends
almost all of its time moving in some small neighborhood of the set of
points {x̄k : k = 1, . . . , N}. Moving from a neighborhood of a point x̄i

to a neighborhood of x̄k requires a random time that has an exponential
distribution with a parameter that is of order

exp
[
G(x̄i, x̄k)

ε

]
,
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Figure 8. Transitions between minima of the gradient function.

where

G(x̄i, x̄j) = inf
∫ T

0
I∗
(
B−1(f(t))(ḟ(t) + ∇F (f(t))

)
dt

and the infimum is taken over all functions f(t) for which f(0) = x̄i and
f(T ) = x̄k, for any T > 0. While this is a complicated construction, it does
provide an algorithm for estimating the occurrence of large deviations.

As an example, suppose that m = 3, G(x̄1, x̄2) = 1, G(x̄2, x̄1) = 2,
G(x̄1, x̄3) = 3, G(x̄3, x̄1) = 1, G(x̄2, x̄3) = 3, and G(x̄3, x̄2) = 1. Then the
system changes its position as depicted in the graph in Figure 8, and it is
almost always moving in a neighborhood of the point x̄2.

We note that many exchange–of–stability problems, for example those
described by the Ginzburg–Landau equation of fluid mechanics, fall into
this class of problems, and so our methods enable us to analyze exchange–
of–stability problems in gradient systems perturbed by random noise. We
do not pursue here fluid mechanics problems specifically, but describe
general methods for analysis of multistable systems.

As an example, consider the system

ẋ = −∇F (x, y(t/ε)),

where

F = y3(t/ε)
(
exp(y1(t/ε)(x1 − 1)2 + x2

2) + exp(y2(t/ε)(x2
1 + (x2 − 1)2)

)
.

Sample trajectories of this and the averaged system are shown in Figure 9.
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Figure 9. A contour map of the surface defined by F is shown at the top, and on
the bottom is the first component of the solution of the system perturbed by noise
(left) and the averaged system (right). The solution that starts at (1, 1) is shown
in each case. For the averaged system on the right, the solution goes into the
energy well near (1, 0). However, the random perturbation of the system moves
the solution from one energy well to the other. Here 0 ≤ t ≤ 50 and ε = 0.1. Note
that the transition between energy wells occurs along a trajectory that takes the
shortest path from an equilibrium to the boundary of its basin of attraction. This
happens with high probability and suggests how transitions between equilibria
occur.

Stochastic Resonance

Stochastic resonance is a closely related phenomenon. Applying noise can
uncover a great deal of information about the underlying system. As we’ve
seen, all possible static states will (probably) be visited by any trajectory of
a gradient system perturbed by noise, but only one will be visited otherwise.

Moreover, the time it will take to visit these minima can be estimated: For
example, suppose that the potential function F in equation (28) depends
on an additional parameter α ∈ R, so F = F (x, α), and suppose that it
is periodic in α with period 1; i.e., F (x, α + 1) ≡ F (x, α) for all α. We
consider the case where the parameter α is slowly changing in time, say
α = t/T (ε), where log T (ε) = O(1/ε) and ε � 1. Finally, assume that the
function F (x, α) has two minima, say x̄1(α) and x̄2(α), for all α, and the
functions

g1(α) ≡ Ḡ(x̄1(α), x̄2(α)), g2(α) ≡ Ḡ(x̄2(α), x̄1(α)),
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Figure 10. g1 and g2 as functions of α. Note that g1( 1
2 ) = g2(0) = g.

are of the form shown in Figure 10. If T (ε) = exp {g/ε}, then the system
at times (n + 1

2 )T (ε) is expected to pass from a neighborhood of x1(α) to
a neighborhood of x2(α), and at times nT (ε) in the reverse direction.

Markov Chain in a Random Environment

We consider various discrete–time systems. In addition to considering
difference equations of the form

xn+1 = xn + εφ(xn, yn),

we describe random perturbations of discrete–time, discrete–state Markov
chains. A Markov chain is determined by its transition probabilities, which
are summarized in a matrix

Pn = (pjk(n))

for time steps n = 0, 1, 2, . . . . The indices j, k ∈ I describe the states, a
finite set that is called the phase space of the Markov chain. The com-
ponent pj,k(n) is the probability that the system, being at j at time n,
jumps to state k. Interesting problems arise in biology, where the transition
probabilities have the form

Pn = P + εQn,

where P is a fixed matrix, ε > 0 is a small parameter, and Qn is a sequence
of random matrices. Our main problem is to investigate the behavior of the
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product

(P + εQ0)(P + εQ1) · · · (P + εQn)

as n → ∞ and ε → 0. For stationary ergodic sequences {Qn} we investigate
the difference between this product and the nonrandom matrix product

(P + εQ̄)n+1,

where Q̄ = EQn.
The following simulation for ε = 0.1 illustrates the result.

0.0746 0.0087 0.1439 0.4599 0.3129
0.0920 0.0484 0.3289 0.2832 0.2474
0.2072 0.3154 0.0623 0.2159 0.1992 = P
0.1084 0.3805 0.0746 0.0624 0.3740
0.2619 0.2573 0.1803 0.2673 0.0331

-0.0227 0.0002 0.0084 0.0086 0.0056
0.0020 -0.0141 0.0018 0.0025 0.0078
0.0014 0.0074 -0.0206 0.0036 0.0082 = Qbar
0.0019 0.0079 0.0049 -0.0177 0.0030
0.0044 0.0091 0.0047 0.0066 -0.0249

0.1502 0.2163 0.1627 0.2418 0.2291
0.1502 0.2163 0.1627 0.2418 0.2291
0.1502 0.2163 0.1627 0.2418 0.2291 = C
0.1502 0.2163 0.1627 0.2418 0.2291
0.1502 0.2163 0.1627 0.2418 0.2291

0.1499 0.2162 0.1628 0.2414 0.2296
0.1499 0.2162 0.1628 0.2414 0.2296
0.1499 0.2162 0.1628 0.2414 0.2296 = D
0.1499 0.2162 0.1628 0.2414 0.2296
0.1499 0.2162 0.1628 0.2414 0.2296

The the exact result, namely the matrix C =
∏100

n=1(P + εQn), is approx-
imated to order 0.001 by the matrix D = (P + εQ̄)100. Note that the
matrix C is ergodic (all states are accessible), 1 is a unique eigenvalue, and
the rows are identical; they form its left eigenvector, which describes the
ergodic measure for this limiting matrix.

Mechanical and Electrical Applications
As mentioned at the start of this introduction, random noise is inherent
to engineering systems in what they receive and what they deliver. The
following examples illustrate how we apply random perturbation theory to
various problems in engineering and science.
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Randomly Perturbed Conservative Mechanical Systems

We first consider conservative systems with two degrees of freedom. The
state of the system is determined by the pair (x, ẋ): position and velocity.
We suppose that the unperturbed system has a first integral, namely the
energy of the system:

E = (ẋ2)/2 + U(x),

where U is the potential energy. An orbit is determined by its potential
energy U . Under typical conditions the orbits of such a system with fixed
energy are periodic or are saddle–saddle connections.

We consider a random perturbations of this system in which the potential
energy depends on a fast ergodic Markov process satisfying some strong
mixing conditions, as we described earlier. For such systems, we can use
the theorems on averaging and on normal deviations.

It follows from the averaging theorem that the randomly perturbed sys-
tem moves near an orbit of the corresponding averaged system up to a time
of order 1/ε, but with small normal random deviations; these transfer the
system to near another orbit. The transitions from one orbit to another
involves changing the total energy of the system. Using the theorem on dif-
fusion approximations for the first integral, we can describe the evolution
of the total energy of the system (it is a stochastic process) as being a slow
diffusion process on a graph. This graph is determined by the set of the
orbits of the averaged system. So, the motion of the perturbed system can
be described as the motion of the averaged system with total energy that
is a slowly changing diffusion process on the graph.

Let the potential energy for the system, say U(x), be a smooth function
that has a finite set of minima and maxima, and U(x) → ∞ as |x| → ∞.
The graph of orbits for the system is determined by its local extrema.

For example, suppose that U(x) has no local maxima and only one min-
imum: U(x) ≥ 0, U(0) = 0, U ′′(0) > 0. Then any orbit is determined by a
nonnegative constant c. Namely, {(x, ẋ) : ẋ2/2 + U(x) = c}. In this case,
the graph has one edge ([0, ∞)) and one vertex (0). The total energy of
the system is Eε(t) = ẋ2

ε(t)/2+U(xε(t)), and the function uε(t) = Eε(t/ε)
converges weakly in C to a diffusion process in the interval [0,∞) for which
the point 0 is the repelling boundary.

Now let U(x) have one local maximum, say at x = 0, separating two
local minima, say at points x = ±1, as in Duffing’s equation

ẍ + x − x3 = 0. (29)

More generally, if c1 > U(0), then there exists only one orbit

{(x, ẋ) : ẋ2/2 + U(x) = c1}.

For c2 ∈ (max[U(−1), U(1)], U(0)) we have two orbits for which E = c2.
For c3 ∈ (min[U(−1), U(1)], max[U(−1), U(1)]) there exists only one orbit
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Figure 11. Edge–graph for orbits in equation (29).

with E = c3. The graph of the orbits for this system can be represented as
in Figure 11.

Now, there are three edges, [U(0), ∞), [U(1), U(0)), and [U(−1), U(0)),
and three vertices, U(−1), U(1), U(0), where the first two vertices are end-
points. If the initial energy of the system is greater than U(0), then the
process uε(t) converges as ε → 0 weakly to a diffusion process on the in-
terval (U(0),∞). This is true unless the process uε hits the point U(0). In
this case the process begins to move in the interval (U(1), U(0)) with some
probability, say P1, and in (U(−1), U(0)) with probability P−1. It stays in
the interval (U(0),∞), reflecting if it hits the boundary. If the initial energy
is less than U(0), and xε(0) < 0, then uε converges to a diffusion process
in the interval (U(−1), U(0)) with a repelling boundary at U(−1). When it
hits the point U(0), its behavior is as described before. The same occurs if
E < U(0) and xε(0) > 0, but with (U(−1), U(0)) replaced by (U(1), U(0)).

A second problem is to investigate the asymptotic behavior of a per-
turbed linear conservative system. Consider an N–dimensional system with
potential energy

U(x) = (Λx, x)/2,

where x ∈ RN and Λ is a positive symmetric matrix of order N . The kinetic
energy of the system is

T (ẋ) = (ẋ, ẋ)/2.
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We can choose a coordinate system in which Λ is a diagonal matrix, and
then the equations for the system are of the form

ẍk = −λk xk

for k = 1, . . . , N . The solutions are

xk(t) = ak cos(λkt + φk).

Here the constants λk are the eigenvalues of Λ, and the amplitude and
phase deviation of the solutions are determined by the initial conditions.
The functions

Ek(x, ẋ) = ẋ2
k/2 + λ2

kx2
k

are first integrals for the system.
A perturbed system is described by the system of differential equations

ẍεk = −λk xεk + fk(xε, ẋε, y(t/ε))

for k = 1, . . . , N , where y is a (vector) Markov process. The solution of this
system can be represented in the form

xεk = zε
k cos(λkt + φε

k(t)), ẋεk = −λkzε
k sin(λkt + φε

k(t)).

We prove that the stochastic process (zε, φ̃ε), where zε
k(t) = zεk(t/ε) for

k = 1 . . . , N, and φ̃ε
k(t) = φε

k+1(t/ε) − φε
k(t/ε) converge weakly in C to a

(2N − 1)–dimensional diffusion process.

Randomly Perturbed Dynamical Systems on a Torus

Dynamical systems of these kinds arise in numerous applications in en-
gineering, such as for describing rotating machinery and frequency based
communication devices. Consider a system of differential equations of the
form

ẋ1 = a(x1, x2),
ẋ2 = b(x1, x2),

(30)

where x1, x2 are real–valued functions, and a > 0 and b are real–valued,
doubly periodic functions of (x1, x2):

a(x1 + 1, x2) = a(x1, x2 + 1) = a(x1, x2),

etc. These functions are sufficiently smooth so that this system has a unique
solution for any initial values. It is known that there exists the limit

lim
t→∞ x2(t)/x1(t) = r,

called the rotation number, and r does not depend on the initial conditions
of the solution defining it. If r is irrational, then the system is ergodic on
the torus T ; if r is rational, then each solution of the system approaches
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a periodic solution on the torus. Such periodic solutions are referred to as
torus knots, since a closed trajectory defines a knotted curve in R3.

We consider a perturbation of this system in the form

ẋ1 = a(x1, x2, y(t/ε)),
ẋ2 = b(x1, x2, y(t/ε)),

where y is an ergodic Markov process. We assume that the averaged system
is the original one (30). First, we prove that

lim
ε→0

P

{
lim sup

t→∞
|x2(t)/x1(t) − r| < δ

}
= 1

for any δ > 0. The system (30) is called purely periodic if all solutions
are periodic (a fortiori, r is rational). Using the diffusion approximation
theorem for first integrals, we prove that

x2,ε(t) = rx1,ε(t) + εtA + o(εt),

where A is the coefficient of the generator of the diffusion process on the
circle to which the first integral converges. Systems that are not purely
periodic are also investigated.

A computer simulation of the rotation number for the system

ẋ = 1 + y1(t/ε) + sin(x1 − x2), ẋ2 = 1 + y2(t/ε) − sin(x1 − x2), (31)

where ε = 0.5 and 0 ≤ t ≤ 50, is shown in Figure 12. In the absence of
noise, the rotation number is 1 for this system.

Pendulums and Phase–Locked Loops

Pendulums play important roles in engineering, science, and mathematics.
They arise in a number of surprising places, most recently in models of elec-
tronic devices, called Josephson junctions, and in other quantum mechanics
applications. We study the impact of noise on a particularly important ex-
ample of this: an electronic circuit called a phase–locked loop. This device,
and variants of it, are central to timing devices in computers, radar sig-
nal demodulators, and FM radio, and they are useful analogues of circuits
found in our brains [78].

The system is described by the equations

τ ż = −z + cos θ,

θ̇ = ω + z,
(32)

where z is the output voltage of a low–pass filter whose time constant is τ ,
and ω is the center frequency of a voltage–controlled oscillator whose phase
is θ. The state of the system at time t is (z(t), θ(t)), and z(t) and cos θ(t)
are observables.

The problem of interest to us here is the behavior of the system as t → ∞,
in particular that of the phase θ(t).



Introduction 33

0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4
0

20

40

60

80

100

120

140

160

180

200

Figure 12. Simulation of the rotation number of the model system (31): Shown
here is a histogram of the values of r(50) for ε = 0.5.

The trajectories of system (32) can be considered on the cylinder z ∈
(−∞,∞), θ ∈ [0, 2π), and they are determined by the scalar differential
equation

τ
dz

dθ
=

−z + cos θ

ω + z
. (33)

The behavior of equilibrium solutions to this system depends on ω, which
we suppose is positive:

1. For ω = 1 equation (33) has a singular point (−1, π), which is an un-
stable equilibrium for the system (32). There is one trajectory moving
from −∞ making an infinite number of rotations around the cylinder
and the ending in this singular point.

2. For ω < 1, equation (33) has two singular points, (−ω, θ∗
1), (−ω, θ∗

2),
where cos θ∗

k = −ω for k = 1, 2, and 0 < θ∗
1 < θ∗

2 < 2π. The
point (ω, θ∗

1) is a stable equilibrium for the system, and the other
is unstable. There are two trajectories ending at (ω, θ∗

2) that form
the boundary of a region G on the cylinder that contains the stable
equilibrium.

3. There is a number ω∗ ∈ [0, 1), which depends on τ , and for ω > ω∗

equation (33) has a periodic solution. This trajectory is closed on the
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cylinder, it divides the cylinder into two parts, and it is called the
running periodic solution, or running wave.

4. For ω = ω∗, the running periodic solution forms a saddle–saddle con-
nection. It coincides with a trajectory emanating from the unstable
state and ending at the same point after one rotation around the
cylinder. It divides the cylinder into two parts, and we denote the
upper part by C+.

The behavior of transient solutions to system (32) is described next:

1. For ω > 1, every solution of the system (32) tends to the running
wave.

2. For ω = 1, any solution but one with initial values not at the
equilibrium (−1, π) tends to the running wave.

3. For ω∗ < ω < 1, we have three possibilities: If the initial values are
in G, then the solution tends to the stable equilibrium. If the initial
values lie outside G ∪ ∂G (i.e., either in G or its boundary ∂G), the
solution tends to the running wave. If the initial value lies in ∂G, the
solution tends to the unstable state.

4. If ω ≤ ω∗, then the solution with initial values in G tends to the
stable equilibrium (−ω, θ∗

1), and solutions with initial values in ∂G
tend to the unstable equilibrium.

We consider random perturbations of this system in the form

τ(t/ε) żε = −zε(t) + cos θε(t),

θ̇ε(t) = ω(t/ε) + zε(t),
(34)

where (τ(t), ω(t)) is a two–dimensional stationary (or Markov) ergodic
random process. Set

τ = E(τ(t)), ω = E(ω(t)).

(In the case of Markov processes, we define the expectations using the er-
godic distribution.) Then system (32) is the averaged system for (34). It
follows from the averaging theorem that the solution to system (34) con-
verges to the solution of (32) with the same initial values with probability
1 on any finite interval as ε → 0.

This implies that the solutions to system (34) for large t are close to either
the running wave or to the stable equilibrium state. The first is possible if
ω > ω∗, and the second if ω < 1. In addition, if ω ≤ ω∗, θε(t) converges in
probability to θ∗

1 as t → ∞ and ε → 0 . Note that the statement “θε(t) → θ∗
1

with probability 1” is incorrect.
What is the difference between solutions of the unperturbed and per-

turbed systems? First, we note that under general conditions, a solution
of the perturbed system is an ergodic stochastic process, and its ergodic
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distribution is positive on any open subset of the cylinder for all ε > 0.
If ε → 0, then the ergodic distribution of any ball that does not contain
the stable equilibrium and has the no intersection with the running wave
tends to zero. So the limiting ergodic distribution is concentrated on the
trajectory of the running wave and the stable equilibrium.

The unperturbed system is not ergodic for ω ≤ 1, and for ω > 1 there
are two parts to the cylinder, one above the running wave, and one below
it. A solution starting in one part never reaches the other. If an unper-
turbed solution is close to the running wave, it cannot reach some small
neighborhood of the stable equilibrium state, nor can one reach from such a
neighborhood to a neighborhood of the running wave. On the other hand,
starting from any point on the cylinder the perturbed system can reach
with probability 1 any ball about a state, but the time to reach such a ball
will tend to ∞ as ε → 0.

We also consider the forced problem for the first-order phase–locked loop.
In this case, the filter is removed (i.e., τ = 0), and we consider an input
signal whose phase is η(t) = µt + φ. The model for this system is

θ̇ = ω + F (θ, η(t)),

where F (θ, η) is a smooth function that is doubly periodic,

F (θ + 2π, η) = F (θ, η + 2π) = F (θ, η),

for all θ, η. Therefore, we consider the system of equations

η̇(t) = µ,

θ̇(t) = ω + F (θ(t), η(t)).
(35)

Since this system is doubly periodic, its behavior can be studied using
methods for flows on a torus.

A question of special interest in signal processing is the existence of a
correlation function of the form

lim
T→∞

1
T

∫ T

0
g (θ(t), η(t)) g (θ(t + h), η(t + h)) dt ≡ Rg(h)

for any smooth, doubly periodic function g. We prove here the existence of
this limit and provide a method for calculating it.

A random perturbation of system (35) has the form

η̇ε(t) = µ(t/ε),

θ̇ε(t) = ω + F (y(t/ε), θε(t), ηε(t)),
(36)

where (µ(t), y(t)) is an ergodic stationary process in t, and F is 2π periodic
in θ and η.

Denote by Rε
g(h) the correlation function for g(θε(t), ηε(t)). We prove

that if E(µ(t)) = µ and E(F (y, θ, η)) = F (θ, η), so system (33) is the
averaged system for (36), which we now suppose to be ergodic, then the
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function Rε
g(h) converges uniformly for |h| ≤ c, where c > 0 is an arbitrary

constant, to the function Rg(h) in probability as ε → 0. Our approximation
to the solution of (33) involves an offset diffusion process whose variance
can be approximated using Rg(0).

A particularly interesting application of these methodologies is to the
problem of cycle slipping in phase–locked loops. Consider the system where
noise enters only through the center frequency ω:

τ θ̈ + θ̇ + cos θ = ω(y(t/ε)).

In the absence of damping, the averaged equation defines a conservative
system with a potential function

ω̄ θ + sin θ.

If ω < 1, there can be infinitely many wells, each approximately 2π units
apart. With damping each of these is stable. However, with the addition
of noise to this system through ω, the solution can be driven from one of
these wells to another, and the system will execute a full oscillation during
such a transition. An example is shown in the simulation in Figure 13.

Finally, one of the motivations for our investigation of Volterra dynamical
systems is to study filters more complicated than the low pass filter just
considered. Filters are described in the engineering literature using the
notation of linear time–invariant (LTI) systems: For instance, if x(t) is an
input signal to such a system, h(t) is the impulse response function, and
X(t) is the output, then we write

X(t) =
∫ t

0
h(t − s)x(s) ds.

Placing such a filter in the phase–locked loop circuits gives

ẋ(t) = ω +
∫ t

0
h(t − s) cos x(s) ds. (37)

Our methods enable us to analyze such systems in the presence of noise.
For example, consider the perturbed system

ẋε(t) = ω(y(t/ε)) +
∫ t

0
h(t − s, y(s/ε)) cos xε(s) ds, (38)

where h and the other data are as above. If (37) is the averaged system for
(38) and its solution is x̄(t), then we show that

xε(t) ≈ x̄(t) +
√

ε x1(t),

where x1(t) is a Gaussian process that is determined by solving the linear
equation

ẋ1(t) = z(t) +
∫ t

0
K(t, s) sin x̄(s) x1(s) ds,

where the kernel K is found by averaging h and z is a Gaussian process.
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Figure 13. Phase–locked loop with noisy center frequency: The lower plots show
the solution of the averaged system from various points of view. On the left is the
phase plane of (θ, z), (we write x for θ(t) here) in the middle is θ vs. t, and on
the right is cos θ(t) vs. t. The top plots show the same thing for a sample path of
the perturbed system: In the upper left is the phase plane of θ (horizontal axis)
vs. z. This shows that θ has slipped over three energy wells. Each slip results in
a jump in the voltage, as shown on the upper right, which would be heard in FM
radio as a click. In this case 0 ≤ t ≤ 50 and ε = 0.1.

Mathematical Population Biology
We list next several examples of how the methods in this book can be
applied to various problems in population biology.

Ecology

Structures of ecological systems, ranging from bacteria in the gut to food
chains in the sea, have been described using mathematical models, and
these have been useful in understanding how these systems work. We in-
vestigate here several models that are widely used in studies of ecological
systems when they are perturbed by random noise.

The simplest model of how several species interact is the prey–predator
system introduced and studied by Lotka and Volterra. If x1(t) is the number
of prey and x2(t) is the number of predators at time t, then the Lotka–
Volterra model of interaction between the two is

ẋ1 = αx1 − βx1x2,

ẋ2 = −γx2 + δx1x2.
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In the absence of prey (i.e., x1 = 0) the predators decrease, and in the
absence of predators, the prey grow without bound. In addition, the growth
rate of prey is α − βx1, which decreases as the predator population grows,
and conversely for the predators.

The set (x1 ≥ 0, x2 ≥ 0) is invariant for this system, and there are
two equilibria: the coexistence equilibrium (x∗

1 = γ/δ, x∗
2 = α/β) and the

extinction equilibrium (x1 = 0, x2 = 0).
There is a first integral for this system, namely,

φ(x1, x2) = xγ
1xα

2 exp (−δx1 − βx2).

Thus, any solution starting away from an equilibrium is periodic with a
period T (c), where c = φ(x1,0, x2,0), and T (c) = o(− log c) as c → 0.

Random perturbations of the data in this system take the form

ẋ1,ε = α(y(t/ε))x1,ε − β(y(t/ε))x1,εx2,ε,

ẋ2,ε = γ(y(t/ε))x2,ε + δ(y(t/ε))x1,εx2,ε,

where y is an ergodic Markov process in a measurable space (Y, C).
We suppose that the functions α(y), etc., are nonnegative, bounded and
measurable functions.

Set

α =
∫

α(z)ρ(dz), β =
∫

β(z)ρ(dz),

γ =
∫

γ(z)ρ(dz), δ =
∫

δ(z)ρ(dz).

Then the original system is the averaged system. The averaging theo-
rem in Chapter 3 implies that the solution of the perturbed system is
close to the averaged solution on any finite interval (t0, t0 + T ) for ε suf-
ficiently small. Thus, the solution is approximately periodic with period
T (φ(x1,ε(t0), x2,ε(t0))) along the trajectory φ(x1, x2) = φ(x1(t0), x2(t0)).
This function is slowly changing in t0, since it is constant for the averaged
system. Thus, to describe the behavior of the solution to the perturbed
system, we analyze the process φ(x1,ε(t0), x2,ε(t0)).

We show that the stochastic process

uε(t) = log φ(x1,ε(t), x2,ε(t))

converges weakly in C to a diffusion process u(t) on the interval
(−∞, log φ(a, b)), and the point log φ(a, b) is a natural boundary for the
process uε(t). That is, the population of predators vanishes by time T/ε
with probability that tends to 1 as T → ∞ and ε → 0.

The simulation in Figure 14 shows the averaged system and a sample
path of the perturbed system. It is interesting how dramatically different
are the behavior of the two systems.

Other systems studied are for two species competing for a limited re-
source and generalizations of the Lotka–Volterra equations to a three
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Figure 14. Simulation of the Lotka–Volterra system. The averaged system is
shown at the upper left, and its “energy” function is shown at the upper right.
Note the scale on the vertical axis in this figure, which indicates that the energy
is approximately fixed at the value 0.015. The trajectory on the lower left is for
the perturbed system, and its energy is shown on the lower right. In this case,
the perturbed system spends a great deal of time near the origin and only oc-
casionally sojourns. Thus, the noise can lead to a significant lengthening in the
period of oscillation of the system. Here ε = 0.01 and 0 ≤ t ≤ 10.

species food chain, where the first produces nutrient for the second, and
the second produces nutrient for the third.

Epidemics

A problem in epidemiology is to predict whether an infection will propa-
gate in a population. For diseases that impart permanent immunity, the
Kermack–McKendrick model has been useful, which we describe next. Let
S denote the number of susceptibles, I the number of infectives, and R the
number of removals (those who are immune). The model is described by
the system of differential equations

Ṡ = −γI S,

İ = γI S − λI,

Ṙ = λI,
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where γ is the infection rate and λ is the rate at which infectives are
removed from the process, for example through quarantine, death, or cure.

Denote the initial conditions by S0 = S(0), I0 = I(0), R0 = R(0), and let
α = λ/γ, Im = max I(t), and S̃ = limt→∞ S(t). Let tm denote the time at
which I peaks: I(tm) = Im.

If S0 > α, then even one infective will cause an epidemic to propagate
with severity and duration characterized by tm, Im, and S̃. If S0 ≤ α,
then tm = 0, and I(t) decreases, so the initial infectives do not replace
themselves; that is, there is no increase in infectives for any starting value
I0.

We consider a random perturbation of this system with data γ(t/ε) and
λ(t/ε) forming a two-dimensional process that is ergodic and stationary
with nonnegative and bounded components. We denote the solution of the
corresponding equations by

Sε(t), Iε(t), Rε(t).

We suppose that Sε(0) = S0, Iε(0) = I0, and Rε(0) = 0. If we set Eγ(t) =
γ, Eλ(t) = λ, then the average equations coincide with the original system.
The main result related to the behavior of the perturbed system is that

sup
t>0

(|Sε(t) − S(t)| + |Iε(t) − I(t)|) → 0

in probability as ε → 0. In particular, Iε
m → Im and tεm → tm in proba-

bility as ε → 0. So random perturbations of the kind considered here do
not change the threshold behavior of the Kermack–McKendrick epidemic
process, except near S0 = ᾱ, where there is a bifurcation of final sizes.

Demographics

Linear models in demographics are described by the renewal equation

x(t) = φ(t) +
∫ t

0
M(t − s) x(s) ds,

where x(t) is the population’s birth rate at time t, φ(t) is a function with
compact support, and M(s) is the probability that a newborn at time zero
produces an offspring at time s. The main result related to the behavior
of the birth rate is formulated as follows: There is a number α (usually
negative) such that the limit

lim
t→∞ x(t)eαt = B0

exists. The number α is the unique real solution of the characteristic
equation ∫ ∞

0
eαtM(t) dt = 1.
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Random perturbations of this system take the form

xε(t) = φ(t) +
∫ t

0
M(t − s, y(s/ε))xε(s) ds,

where y(s) is an ergodic, homogeneous Markov process in a measurable
space (Y, C) satisfying a strong mixing condition. The function M(t, y) is
a positive, bounded and measurable function, and as before, we denote by
M the mean of this random process:

M(t) =
∫

M(t, y) ρ(dy),

where ρ is the ergodic distribution of the process y(t).
We prove that

lim
c→∞ lim sup

ε→0
P

{
sup

c≤t≤T/ε

∣∣∣∣ log xε(t)
t

+ α

∣∣∣∣ > δ

}
= 0

for all T > 0 and δ > 0. The growth rate α is determined in the same way
as before.

The last relation implies that

P
{

e(−α−δ)t ≤ xε(t) ≤ e(−α+δ)t
}

tends to 1 as ε → 0 and t → ∞ for all δ > 0.
A related problem is that of Malthus’s model with a random growth rate.

In our setting, we consider the equation

ẋε = (1.0 + y(t/ε))xε.

This problem has been considered extensively in the literature when y is
white noise [141]. In Figure 15 is a simulation of this problem when y is
a process like that used in the other simulations here (i.e., a jump process
with jumps uniformly distributed on [0, 1]).

Diploid Genetics

Consider a population of diploids and a gene in it having two possible
alleles, say A and B. Then all members of the population are either of
type AA, AB, or BB with respect to this gene. The proportions of the
population that describe these subpopulations satisfy a binomial Markov
chain whose probabilities change with the population’s distribution from
one generation to the next. The chain is called the Fisher–Wright chain for
its discoverers Ronald Fisher and Sewell Wright.

A deterministic version of this chain is a model for the proportion gn+1
of the gene pool that is of type A in the (n + 1)th generation:

gn+1 =
rng2

n + sngn(1 − gn)
rng2

n + 2sngn(1 − gn) + tn(1 − gn)2
,
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Figure 15. This figure shows the distribution of x(1, ε) for 1000 sample paths of
Malthus’s model. Here x(0) = 4.0, x̄(1) = 17.93, 0 ≤ t ≤ 1.0, and ε = 0.1.

where the sequences rn, sn, and tn describe the selection coefficients of the
genotypes AA, AB, and BB, respectively, over the generations.

Selection is slow when the selection coefficients are nearly identical; for
example,

rn = r + ερn, sn = r + εσn, tn = r + ετn,

where ε � 1. If ρn = ρ, σn = σ, and τn = τ , then the discrete–time
sequence {gε

n} describing the evolution of the gene pool satisfies

gε
n+1 − gε

n = ε
Q(gε

n)
1 + εP (gε

n)
,

where Q and P are polynomials with

Q(x) = x(1 − x)(ax + b), a = ρ + τ − 2σ, b = ρ − τ.

The asymptotic behavior of the sequence as ε → 0 is determined through
the following results, which we establish in Chapter 12:

1. If b ≥ 0, a + b ≥ 0, |a| + |b| > 0, then A dominates the gene pool:

lim
ε→0,εn→∞

gε
n = 1.

2. If b ≤ 0, a + b ≤ 0, |a| + |b| > 0, then B dominates the gene pool:

lim
ε→0,εn→∞

gε
n = 0.
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3. If b > 0, a + b < 0, then there is a polymorphism in the gene pool:

lim
ε→0,εn→∞

gε
n = −b/a.

4. If b < 0, a + b > 0, |a| + |b| > 0, then there is disruptive selection in
the gene pool: If gε

0 ∈ (−b/a, 1), then

lim
ε→0,εn→∞

gε
n = 1,

but if gε
0 ∈ (0, −b/a), then

lim
ε→0,εn→∞

gε
n = 0.

We study random perturbations of this system in the form

ρn = ρ(yn), σn = σ(yn), τn = τ(yn)

where the sequence {yn} is a homogeneous ergodic Markov chain in a mea-
surable space (Y, C) with ergodic distribution m(dy). We suppose that
ρ, σ, τ are positive, bounded, and measurable functions. If we set

ρ =
∫

ρ(y)m(dy), σ =
∫

σ(y)m(dy), τ =
∫

τ(y)m(dy),

then we show that the solution of the differential equation

ġ(t) = Q(g(t))

is closely related to the gene pool distribution: In particular, gε
n ≈ g(εn),

where the approximation is with probability 1. A version of the central
limit theorem is also applicable to this. For example, in the case of selection
favoring a polymorphism, the process

zε,N
n = (gε

N+n + b/a)/
√

ε

converges weakly to a stationary Gaussian process.
In Figure 16 is shown the averaged system’s solution and a sample path

of the perturbed system in the case of selection for a polymorphism.

Bacterial Genetics

A bacterium contains a chromosome, which is a large strand of DNA, and
also extrachromosomal DNA elements called plasmids. Each new cell con-
tains exactly one chromosome, but it might have many copies of particular
plasmids. The chromosome is propagated mainly through replication and
cell division (vertical propagation), but plasmids can be propagated ver-
tically and horizontally, meaning that they can be passed from one cell
to another before replication. We study here the distribution of vertically
propagated plasmid types as cells grow and divide.
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Figure 16. The averaged system’s solution and a sample path of the perturbed
system in the case of selection for a polymorphism. Here ε = 0.1 and the number
of iterations is 1000.

Suppose that each cell has exactly N plasmids in each generation. These
might be of r different types, say T1, . . . , Tr. Then the cells are of

m =
(

N + r − 1
N

)

different types, where
(
k
j

)
= k!/(j!(k − j)!) is the binomial coefficient. The

type of the cell is denoted by the vector (n1, . . . , nr), whose components
are integers that add to N and describe the number of various plasmid
types in the cell. Denote by C1, . . . , Cm, the different types of cells that
are possible. A population of bacteria is characterized by the proportions
of these various types. Let pi denote the proportion of the population that
is of type Ci. Then the population’s distribution is described by the vector
�p = (p1, . . . , pm).

We investigate the dynamics of the population distribution �pt, for t =
0, 1, 2, . . . , as the population evolves from generation to generation. We
suppose that this sequence satisfies the relation

�pt+1 = �pt A(t),

where A(t) is a stochastic matrix of order m×m, which is determined from
the laws of genetics.
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Random perturbations of such a system can have the form A(t) = A +
εB(t), where the unperturbed system is described by the constant matrix
A and random noise is described by the matrix B(t), which we discuss
later.

During the synthesis phase of the cell reproductive cycle, each plas-
mid is replicated, so that just before splitting, the plasmid pool has size
2N with 2ni plasmids of type i for i = 1, . . . , m. During mitosis, one
daughter receives a distribution of plasmids, say described by the vector
�k = (k1, . . . , km) with probability

a�n,�k =

(2n1
k1

)
· · ·
(2nm

km

)
(2N

N

) .

In this case, �pt = �p0A
t, where A is the stochastic matrix with components

a�n,�k. If we denote by P�n,�k(t) the transition probability from the state �n to

the state �k after t steps, then its elements are those of At. Our main result
for this system is the following: There are absorbing states described by
the vectors �nI = (δ[I − 1], . . . , δ[I − N ])N , where all N plasmids are from
type CI . (Here δ(0) = 1 and δ(j) = 0 if j �= 0.) Then

lim
t→∞ P�n,�nI (t) =

nI

N
,

but P�n,�k(t) → 0 if �k �= �nI for all I.
The randomly perturbed system has

A(t) = A + εB(t),

where B(t) is a stationary matrix–valued stochastic process. We assume:

1. B(t)�1 = 0, where �1 = (1, . . . , 1)T. (i.e., the row sums of B are all
zero.)

2. ‖B(t)‖ ≤ K, where K is a constant.

3. B(t) is ergodic and satisfies a mixing condition.

Then under some additional conditions the asymptotic behavior of the
transition matrix for the perturbed problem can be determined. In fact, if
P ε(k) is the transition probability matrix for k steps, then there exists, for
sufficiently small ε, the limit

lim
t→∞

1
t

t∑
k=1

P ε(k) = Π̃ε,

where the matrix Π̃ε is a matrix having identical rows. Moreover, the limit

lim
ε→0

Π̃ε = Π̃0

can be calculated explicitly. Using this methodology, we can describe the
asymptotic distributions of plasmids as t → ∞ and ε → 0.
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Evolutionary Paths in Random Environments

A bacterial chromosome is described by a vector whose components are
taken from among the symbols {A, C, G, T}. If the length of the chro-
mosome is N base pairs, then the genetic structure of the organism is
completely described by a corresponding chromosome vector, say s ∈ S =
{A, C, G, T}N , which denotes the set of all possible chromosomes, and s
lists the DNA sequence of one in particular. We assume that all cells in the
population reproduce at the same time, so reproduction is synchronized. A
population of these organisms can be described by a vector whose compo-
nents give the proportions of type s for all s ∈ S. Our interest is in how
the vector of proportions changes from one generation to the next.

At reproduction, a cell produces two daughters, each having one chromo-
some that will generally be the same as the mother’s, except for possible
mutations, recombinations, and transcription errors. In our model, all
changes of the type of a chromosome at the time of reproduction are ran-
dom, although selective pressures can be accounted for as indicated earlier
in the example of diploid genetics.

We describe the evolution of the population as a branching Markov pro-
cess with the set of types S. This means that there exist probabilities
π(s, s1, s2) that a cell of type s splits into two daughters, one of type s1
and the other of type s2, so∑

s1,s2∈S

π(s, s1, s2) = 1.

We suppose that splitting of different cells is independent in the sense of
probability. Let the matrix A have elements

A(s′, s) = 2π(s′, s, s) +
∑

s1∈S\{s}
π(s′, s, s1).

Denote by νs(t), for s ∈ S, the number of cells of type s at time t, and let
�ν(t) be the vector of these. Then

E�ν(t) = E�ν(0) At.

Note that the row sums of A are identical,∑
s∈S

A(s′, s) = 2,

so A/2 is a stochastic matrix. If the matrix Π = A/2 is irreducible and
aperiodic, then

lim
t→∞ Πt = P,

where P has all rows the same as �p, the ergodic distribution for the Markov
chain with transition probabilities describing one step of Π. Then

lim
t→∞ 2−tE�ν(t) =

(
E�ν(0),�1

)
�p
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and

lim
t→∞ 2−t�ν(t) =

(
�ν(0),�1

)
�p,

where
(
�a,�1
)

=
∑

i ai is the sum of the components of �a. We consider more
general matrices Π as well.

For describing evolution in a random environment we use the same
model, but with a random matrix A∗

n that describes reproduction at the
nth time step. Assume that {A∗

n, n = 0, 1, 2, . . . } is an ergodic station-
ary matrix–valued stochastic process satisfying some mixing conditions.
(This sequence is called a random environment.) Denote by E the σ-algebra
generated by the random environment. Then

E(�ν(t + 1)/E) = �ν(0)A∗
0 · · ·A∗

t ,

and the matrices Π∗
n = A∗

n/2 are stochastic matrices. Under certain natural
conditions on the random environment, we prove the following statements:

1. limn→∞ EΠ∗
0 · · ·Π∗

n = Π0.

2. With probability 1,

lim
n→∞

1
n

(Π∗
0 + Π∗

0Π
∗
1 + · · · + Π∗

0 · · ·Π∗
n−1) = Π0.

3. The matrix Π0 has identical rows.

For evolution in a random environment with small random perturbations,
we consider matrices of the form

Π∗
n = Π + εΠ̂∗

n,

where Π is a nonrandom stochastic matrix. The investigation of the
asymptotic behavior of the products(

Π + εΠ̂∗
0

)
· · ·
(
Π + εΠ̂∗

n−1

)

rests on the results in Chapter 7; in particular, we prove the existence of
the limits

lim
n→∞

(
Π + εΠ̂∗

0

)
· · ·
(
Π + εΠ̂∗

n−1

)
= Πε

and the existence with probability 1 of the limit

lim
n→∞

1
n

n∑
k=1

(
Π + εΠ̂∗

0

)
. . .
(
Π + εΠ̂∗

k−1

)
= Πε.

The general inference that we make in this case is that if the averaging
system is ergodic, then the behavior of the random system is likely to be
similar to the behavior of the unperturbed system. If the averaging system
is not ergodic, then the perturbed one can be ergodic with simpler behavior.



48 Introduction

This completes our introduction to the topics, methods, and applications
in this book.



1
Ergodic Theorems

Ergodic theorems have played major roles in the development of theoretical
physics and in how we study random processes. In the physical setting, it
is plausible that a collection of gas molecules in a confined volume will
move in such a way that they will hit any sub–volume a proportion of time
comparable to the size of the sub–volume. It was proposed by Boltzmann in
the “ergodic surmise” that time averages and space averages agree in this
sense, and mathematicians tried to prove this, but with only partial success.
Notably, George Birkhoff, an expert in dynamical systems, and Norbert
Wiener, a probabilist, found useful results that were applicable to certain
cases in physics. These turned out to shape how we think of dynamical
systems, randomness, and noise. Among the great many applications of
these ideas are studies in genetics, population biology, financial planning,
molecular diffusion, chemical reactions, medicine, and signal processing in
engineering.

The purpose of this chapter is to describe ergodic processes from a math-
ematical point of view and to establish some interesting results that we will
use throughout this book. We first review some of Birkhoff’s work, and then
demonstrate some of its consequences in modern studies of randomness.

1.1 Birkhoff’s Classical Ergodic Theorem

The notation of modern probability involves a collection of possible sam-
ples; a collection of possible observable events; which are certain collections
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of samples; and a measure of the likelihood or probability of a given event
occurring. The set of samples is denoted here by Ω; the events by a collec-
tion of subsets of Ω, which is denoted by F ; and the probability measure P ,
which associates with every event A ∈ F a number P (A) ∈ [0, 1]. The col-
lection F is a σ-algebra of sets, meaning that it is not empty and it is closed
under complements and the formation of countable unions. The probability
measure satisfies certain properties: For example, 0 ≤ P (A) ≤ 1, P (Ω) = 1,
and P (A∪B) = P (A)+P (B) if A∩B �= φ. We refer to the triple (Ω,F , P )
as a probability space. (These ideas are introduced more carefully in the
Appendix.)

A function, say f , from Ω to the real numbers is said to be measurable
for this probability space if the inverse images of intervals are events in
F , that is, f−1([a, b)) ∈ F for any numbers −∞ < a ≤ b < ∞. This is
weaker than continuity, since there is no topology in Ω to describe “close-
ness”, but it ensures that the mapping is consistent with the probability
space’s attributes; in particular, P{ω : a ≤ f(ω) < b} is defined for any
real numbers a ≤ b. A random variable, or measurement of samples, is a
measurable function from Ω to the real numbers. If f is measurable, then
its distribution function

Ff (a, b) ≡ P (a ≤ f < b) = P{ω ∈ Ω : a ≤ f(ω) < b}

makes sense for any real numbers a ≤ b. The distribution function plays a
central role in studies of random variables. We write Ff (x) = Ff (−∞, x),
and we denote the derivative of this function by F ′

f (x) = ∂Ff (x)/∂x. The
existence of this derivative is discussed in the Appendix.

Let {Ω, F , P} be a probability space and let T be a measurable trans-
formation T : Ω → Ω. We say that T preserves the measure P if
P{T−1(A)} = P (A) for A ∈ F , where T−1(A) = {ω : Tω ∈ A}.

For example, consider the probability space where Ω = [0, 1] with mea-
surable sets the Borel sets in Ω. These are the σ-algebra generated by the
intervals [a, b), where 0 ≤ a ≤ b ≤ 1. The probability measure is defined by
Lebesgue measure, so P [a, b) = b − a. The mapping Tx = 2x (mod 1) is a
measure–preserving mapping of [0, 1] into itself, and Lebesgue measure is
the invariant measure, as shown in Figure 1.1.

A set B ∈ F is called invariant if Tω ∈ B whenever ω ∈ B (i.e., T (B) ⊂
B). In this case, B ⊂ T−1(B), and the probability of the difference between
T−1(B) and B is

P (T−1(B) \ B) = P (T−1(B)) − P (B) = 0.

More generally, a set B′ ∈ F is called quasi–invariant if

P (T−1(B′) \ B′) = 0.
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Figure 1.1. This figure depicts the mapping Tx = 2x (mod 1) of [0, 1] into itself.
Note that the preimage of an interval of length b − a has length 2 × (b − a)/2.

We define T−n(C) = {x : Tnx ∈ C}, where T 0x = x and for n = 1, 2, . . . ,
Tnx = T (Tn−1x). Then if B′ is a quasi–invariant set, the sets

B1 =
⋂
n

T−n(B′), B2 = B′ ∪
⋃
n

T−n(B′)

are invariant, and we have

B1 ⊂ B′ ⊂ B2, P (B1) = P (B′) = P (B2).

A set is quasi-invariant if it is invariant as far as probability can determine.
Denote by I the collection of all invariant sets in F and denote by QI

the collection of all quasi–invariant sets in F . Then we have the following
properties:

(a) QI is a σ–algebra;

(b) I ⊂ QI;

(c) If N is the σ–algebra that is generated by the null sets of P , i.e.,
{C ∈ I : P (C) = 0}, then N ⊂ QI and QI = I ∨ N is the smallest
σ–algebra containing I and N .

With these definitions we have the following result, which describes a
relationship between time averages and averages over Ω:
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Theorem 1 Let ξ(ω) ∈ L1(P ) (that is, ξ is a function that is Lebesgue
integrable over Ω with respect to the measure P ), and let T be a
transformation of Ω into itself that preserves the measure P . Then the
limit

lim
n→∞

1
n

n∑
k=1

ξ(T kω) = ξ̄(ω) (1.1)

exists for almost all (with respect to measure P ) ω ∈ Ω, and

ξ̄(ω) = E
(
ξ(ω)/QI

)
.

The expectation E in the last formula is defined in the Appendix. This
theorem is referred to as Birkhoff’s ergodic theorem, and it is proved in [8].
The proof is not presented here.

In our example, the iterates of the mapping Tx = 2x (mod 1) will take
almost every x0 ∈ [0, 1] all over the interval. The simulation in Figure 1.2
illustrates this. Select a point x0 ∈ [0, 1] at random. Calculate the numbers
{Tnx0} for n = 1, . . . , 105, and plot a histogram of the results. The outcome
of this for x0 = 0.9218 is shown in the figure.
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Figure 1.2. This figure depicts a histogram of iterates of the mapping
T x = 1.99999x (mod 1) of [0, 1] into itself. This begins with the point
x0 = 0.9218 and plots a histogram of the results for n = 1, . . . , 105. This shows
that the iterates are trying to reproduce the graph of the invariant measure’s
density function F ′

T (x) ≡ 1.0.

The following definitions are useful:
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Definitions.

(1) A measure P is called ergodic with respect to a transformation T if
QI ⊂ N , that is, if quasi–invariant sets have measure zero.

(2) A transformation T is called metrically transitive with respect to the
probability measure P if I ⊂ N , and so QI ⊂ N .

Remark 1 If QI ⊂ N , then in Theorem 1 ξ̄(ω) = Eξ(ω) with
probability 1.

Remark 2 If ξ̄(ω) = Eξ(ω) with probability 1 for all ξ(ω) ∈ L1(P ), then
QI ⊂ N .

Remark 3 Suppose that L ⊂ L1(P ) and L is dense in L1(P ). If ξ̄(ω) =
Eξ(ω) with probability 1 for ξ ∈ L, then QI ⊂ N .

The following lemma is useful to establish ergodicity of measure P .

Lemma 1 Let |ξ(ω)| ≤ c with probability 1. Then ξ̄(ω) = Eξ(ω) if

lim
n→∞

1
n

n∑
k=1

[
E(ξ(ω)ξ(T kω)) −

(
Eξ(ω)

)2] = 0. (1.2)

Proof of Lemma 1 Let a = Eξ(ω) and

ξn(ω) =
1
n

n∑
k=1

ξ(T kω).

Equation (1.2) is equivalent to the relation

Eξ(ω)ξ̄(ω) = a2. (1.3)

It is easy to see that ξ̄(T kω) = ξ̄(ω) (mod P ) for all k. The relation (1.1)
implies that Eξn(ω)ξ̄(ω) = a2, so Eξ̄2(ω) = a2.

�

Theorem 2 A measure P is ergodic with respect to a mapping T if there
exists a linear set of bounded random variables L that is dense in L1(P )
for which (1.2) is fulfilled.

The proof of this theorem follows from Remark 3 and Lemma 1.

1.1.1 Mixing Conditions
We say that the mapping T satisfies the mixing condition if for any bounded
random variables ξ(ω) and η(ω),

lim
k→∞

Eξ(ω)η(T kω) = Eξ(ω)Eη(ω). (1.4)
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This relation implies that

lim
n→∞ Eξ(ω)

1
n

n∑
k=1

η(T kω) = Eξ(ω)Eη(ω). (1.5)

If (1.5) is true for all bounded random variables ξ and η, then we say that T
satisfies the weak mixing condition. Note that (1.3) and (1.5) are equivalent,
so any metrically transitive mapping T satisfies the weak mixing condition.

1.1.2 Discrete–Time Stationary Processes
A measurable space (X, B) is a set X of elements and a σ-algebra B of
subsets of X. A discrete–time sequence of X-valued random variables has
the form ξn(ω), n ∈ N , where N is either the positive integers Z+ or the set
of all integers Z. We assume that the joint distributions of �ξ(ω) ≡ {ξn(ω)}
satisfy the relation

P{ξk ∈ A0, . . . , ξk+l ∈ Al} = P{ξk+1 ∈ A0, . . . , ξk+l+1 ∈ Al}
for all A0, . . . , Al ∈ B, and all relevant k, l. We will say the sequence {ξn(ω)}
is a stationary random sequence.

In (XN , BN ) we introduce a probability measure µ for which

µ
(
{�x : x(k) ∈ A0, . . . , x

(k+l) ∈ Al}
)

= P{ξk ∈ A0, . . . , ξk+l ∈ Al}, (1.6)

where �x ∈ XN and �x = {x(n), n ∈ N}.
Let S�x = {x(n+1), n ∈ N}, so S is the shift operator in the space of

sequences. It follows from relation (1.6) that S preserves the measure µ.
Hence, we have the following theorem.

Theorem 1′ Let g: XN → R be a BN -measurable and µ-integrable
function. Then with probability 1 there exists the limit

lim
n→∞

1
n

n∑
k=1

g
(
Sk�ξ(ω)

)
= ḡ(ω), (1.7)

and ḡ(ω) = E
(
g(�ξ(ω))/QI

)
, where QI is the σ–algebra generated by the

random variables{
η = g

(
�ξ(ω)

)
: g
(
S
(
�ξ(ω)

))
= g
(
�ξ(ω)

)}
.

(Note that two random variables are considered equal if they are equal for
almost all ω ∈ Ω.)

We say that a stationary sequence is ergodic if we have in equality (1.7)
that ḡ(ω) = Eg

(
�ξ(ω)

)
.

Theorem 2′ A stationary sequence {ξn} is ergodic if for every positive
integer l ∈ Z+ and all sets A0, . . . , Al ∈ B and B0, . . . , Bl ∈ B, there exists
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the limit

lim
n→∞

1
n

n∑
k=1

P
{
ξ0 ∈ A0, . . . , ξl ∈ Al, ξk ∈ B0, . . . , ξk+l ∈ Bl

}

= P
{
ξ0 ∈ A0, . . . , ξl ∈ Al

}
P
{
ξ0 ∈ B0, . . . , ξl ∈ Bl

}
. (1.8)

Finally, we define the mixing condition:

Mixing Condition: A stationary sequence {ξn} satisfies the mixing con-
dition if for all sets A0, . . . , Al and B0, . . . , Bl in B, the following relation
is fulfilled:

lim
n→∞ P

{
ξ0 ∈ A0, . . . , ξl ∈ Al, ξn ∈ B0, . . . , ξn+l ∈ Bl

}

= P
{
ξ0 ∈ A0, . . . , ξl ∈ Al

}
P
{
ξ0 ∈ B0, . . . , ξl ∈ Bl

}
. (1.9)

For example, consider the sequence of independent identically distributed
random variables {Zn}. This is a stationary process. Moreover, sup-
pose that these random variables have finite variance σ2. Then χm ≡
E Zn Zm+n = 0 if m �= 0, but is σ2 when m = 0. In addition, if EZn

is finite, then by the law of large numbers there exists the limit

lim
n→∞

1
n

n∑
k=1

Zk = m,

and m = E(Zn). Thus, in this case the process is stationary and ergodic.
(Note, by the way, that the process

Yn =
n∑

k=1

Zk

is not stationary even if m = 0, since EY 2
n = nσ2.)

Next consider a random variable Z∗ having finite mean (m) and variance
(σ2), and let the process {Zn} be such that each Zn = Z∗. In this case,
χm ≡ E Zn Zm+n = σ2 for any m, n, and we have the limit

lim
n→∞

1
n

n∑
k=1

Zk = Z∗,

which is not the result of the ergodic theorem. The reason is that this pro-
cess does not satisfy an appropriate mixing condition. (See [90] for further
discussion of these processes.) In the first case, the sequence χm converges
to zero quickly (in one step), but in the second case, it does not converge
to zero.
Figure 1.3 shows a simulation of these two cases using 104 sample paths
in each case. In the first case the independent variables Zn are uniformly
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distributed on the unit interval with mean 1
2 and variance 1

12 . In the second
case Z∗ has the same distribution.
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Figure 1.3. The top figure shows the convergence of the sample means in the
case of an i.i.d. process. The law of large numbers tells us that the sample means
converge to the common mean, 1

2 in this case. In the bottom figure, the sample
means are exactly samples of the random variable Z∗. In this simulation, 104

sample paths were used in each case.

1.2 Discrete–Time Markov Processes

We consider next a homogeneous Markov process in a measurable space
(X, B) with the transition probability for one step being P (x, B), x ∈ X,
B ∈ B. That is, P (x, B) gives the probability that starting at x the process
arrives in the set B in one step. Let ρ be a probability measure on X defined
for sets B ∈ B. The measure ρ is called an invariant distribution for the
transition probability P (x, B) if

ρ(B) =
∫

ρ(dx)P (x, B), (1.10)

for each set B ∈ B. Let ξn for n ∈ Z+ be a Markov chain with transition
probability P (x, B) and initial distribution ρ, which means that P{ξ0 ∈
B} = ρ(B). Then {ξn} is a stationary random sequence in X. We say that
ρ is an ergodic distribution if this sequence is ergodic. A subset B ∈ B is
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called ρ–invariant if ρ{x ∈ B : P (x, B) < 1} = 0. Then ρ is an ergodic
distribution if ρ(B) = 0 or ρ(B) = 1 for every ρ–invariant set B.
We denote by Px the measure on XZ+ for which

Px

{
�x : x0 ∈ A0, . . . , x

n ∈ An

}

= 1A0(x0)
∫

P (x0, dx1)1A1(x1) · P (x1, dx2) · · · 1An(xn)P (xn−1, dxn).

The function Px is the distribution of �ξ = {ξ0, ξ1, . . . } under the condition
ξ0 = x. (Here 1A(x) = 1 if x ∈ A, and 1A(x) = 0 if x /∈ A.)

Theorem 3 Let ρ be an ergodic distribution and F : Xr+1 → R be a
Br+1-measurable function for which∫

|F (x0, . . . , xr)|ρ(dx0)P (x0, dx1) · · ·P (xr−1, dxr) < ∞.

Then

Px

{
limn→∞ 1

n

∑n
k=1 F (ξk, · · · , ξk+r)

=
∫

F (x0, . . . , xr)ρ(dx0)P (x0, dx1) · · ·P (xr−1, dxr)
}

= 1 (1.11)

for almost all x with respect to the measure ρ.

Under what conditions is relation (1.11) true for all x? To answer this
question we need some further ideas. A Markov process {ξn} is called
Harris-recurrent if there exists a nonzero measure m on B for which

Px

{∑
n

1{ξn∈A} = +∞
}

= 1

for all x if m(A) > 0. A measure m on B is called an invariant measure for
the Markov process {ξn} if

m(B) =
∫

P (x, B)m(dx)

for all B ∈ B.
With these ideas, we have the following theorem:

Theorem 4 Let the Markov process {ξn} be Harris-recurrent. Then
(i) it has a unique (up to a constant multiplier) σ–finite invariant measure
π, and
(ii) a π-integrable positive function G : X → R exists for which

PX

{∑
n

G(ξn) = +∞
}

= 1

for all x ∈ X.
If a function F satisfies the conditions of Theorem 3, then for all x ∈ X,
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(iii)

Px

{
lim

n→∞

n∑
k=1

F (ξk, . . . , ξk+1)
/ n∑

k=1

G(ξk) = F̂

}
= 1 (1.12)

and
(iv)

lim
n→∞ Ex

n∑
k=1

F (ξk, . . . , ξk+1)
/

Ex

n∑
k=1

G(ξk) = F̂ , (1.13)

where

F̂ =
∫

F (x0, . . . , xr)π(dx0)P (x0, dx1) · · ·P (xr−1, dxr)
/∫

G(x)π(dx)

(1.14)
and Ex is the expectation with respect to the measure Px.

For the proof, see [168, Chapter 6, Theorem 6.5].
Definition. A Markov chain {ξn} is called uniformly ergodic if (1) it has
a unique stationary distribution, (2) it is Harris-recurrent with respect to
the ergodic distribution ρ, and (3)

lim
n→∞ sup

x
Ex

(
1
n

n∑
k=1

ψ(ξk) −
∫

ψ(x)ρ(dx)
)2

= 0

for every bounded measurable function ψ : X → R.

Remark 4 Let Pn(x, B) be the transition probability of the Markov chain
for n steps. Assume that the measure Pn(x, ·) is absolutely continuous with
respect to the ergodic distribution ρ and that

dPn(x, ·)
dρ

(x′) = pn(x, x′),

so

Pn(x, B) =
∫

B

pn(x, x′)ρ(dx′).

Then the condition

lim
n→∞ sup

x

∫
|pn(x, x′) − 1|ρ(dx′) = 0

implies the uniform ergodicity of the Markov chain.

For example, consider a finite–state Markov chain, say {Zn}, having states
{1, 2} and transition probability matrix

P =
(

a 1 − a
1 − b b

)
,
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where a, b ∈ (0, 1). The eigenvalues of this matrix are 1 and a + b − 1,
for which |a + b − 1| < 1. The eigenvector corresponding to the larger
eigenvalue is (1 − b, 1 − a)/c, where c = 2 − a − b. This Markov chain is
stationary and ergodic, and the ergodic measure is defined by the table of
values ρ(1) = (1−b)/c, ρ(2) = (1−a)/c. In fact, the spectral decomposition
of P is

P =
(

(1 − b)/c (1 − a)/c
(1 − b)/c (1 − a)/c

)
+ (a + b − 1)P2,

where P2P2 = P2 and P2P1 = P1P2 = 0, where P1 is the first matrix in
this formula. Thus, for large m, Pm ≈ P1.
The simulation illustrated in Figure 1.4 is used later.

0 20 40 60 80 100

1

1.2

1.4

1.6

1.8

2

Time

S
ta

te

0 0.2 0.4 0.6 0.8

1

2

S
ta

te

Frequency

Figure 1.4. The figure on the left shows a sample path for the case where
a = 0.75, b = 0.4. The figure on the right shows the proportion of times each
of the two states was visited by this sample path. The ergodic measure indicates
that the expected proportion of visits to state 1 is 0.706 and to state 2 is 0.294.
The proportion of visits observed in this sample path of length 100 are 0.69 and
0.31, respectively.

Simulations of the kind illustrated in Figure 1.4 do not converge rapidly
if many states are involved. For example, consider a Markov chain hav-
ing 10 states and a transition probability matrix P whose first row is
(1 − 0.2, 0.1, . . . , 0.1) and the rest of whose rows are determined as shift
permutations of this row, so the resulting transition matrix is a circulant
matrix. The simulation in Figure 1.5 shows a sample path of length 10000,
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and the histogram at the right shows the proportion of visits to each state
by this single sample path.
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Figure 1.5. The figure on the left shows a sample path of length 1000. The figure
on the right shows the proportion of visits to each of the ten states by this sample
path. The ergodic measure indicates that the expected proportion of visits to
each state is 0.1, but the histogram shows substantial deviation from this even
at 1000 time steps. Things improve significantly at 104 time steps, but at greater
computational expense.

1.3 Continuous–Time Stationary Processes

We consider an X-valued stationary stochastic process ξ(t), t ∈ ∆, where
∆ = R+ or ∆ = R. This means that

P
{
ξ(t1) ∈ A1, . . . , ξ(tk) ∈ Ak

}
= P

{
ξ(t1 + s) ∈ A1, . . . , ξ(tk + s) ∈ Ak

}

for all t1, . . . , tk, s ∈ ∆ and for all sets A1, . . . , Ak ∈ B. We denote by B∆
the Borel σ–algebra in the set ∆.
Suppose that ξ(t, ω) is B∆ ⊗ F-measurable. We denote by Lξ

2 the Hilbert
space generated by the random variables of the form

η =
∫

· · ·
∫

f
(
t1, . . . , tk, ξ(t1), . . . , ξ(tk)

)
dt1 · · · dtk, (1.15)
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where f : Rk × Rk → R is a bounded BRk ⊗ Bk-measurable function. Note
that η1 and η2 are identical in Lξ

2 if P{η1 = η2} = 1. We introduce the
operators in Lξ

2 by the following formula: If η is given by (1.15), then

Sτη =
∫

· · ·
∫

f
(
t1 − τ, . . . , tk − τ, ξ(t1), . . . , ξ(tk)

)
dt1 · · · dtk, τ ∈ ∆.

It is easy to see that Sτ1+τ2 = Sτ1Sτ2 and that Sτ is an isometric linear
operator. (If ∆ = R, then Sτ is a unitary operator.)
Let Iξ be the subspace that consists of those elements ζ for which Sτζ = ζ
for all τ ∈ ∆. Let Iξ be the σ-algebra generated by {ζ, ζ ∈ Iξ}.

The following theorem is a consequence of Theorem 1.

Theorem 5 Suppose that a measurable function F : Xk → R satisfies the
condition

E
∣∣F (ξ(t1), . . . , ξ(tk)

)∣∣ < ∞.

Then with probability 1 there exists the limit

ζ̄ = lim
T→∞

1
T

∫ T

0
F
(
ξ(t1 + s), . . . , ξ(tk + s)

)
ds, (1.16)

where ζ̄ ∈ Iξ and

ζ̄ = E

(
1
h

∫ h

0
F
(
ξ(t1 + s), . . . , ξ(tk + s)

)
ds/Iξ

)
(1.17)

for any h > 0.

The process ξ(t) is called ergodic if Iξ contains the constants only. Then
Iξ is the trivial σ-algebra. In this case

ζ̄ = EF
(
ξ(t1), . . . , ξ(tk)

)
. (1.18)

1.4 Continuous–Time Markov Processes

Now consider a homogeneous Markov process in the space (X, B) with tran-
sition probability P (t, x, B) for t ∈ R+ and B ∈ B. Assume that P (t, x, B)
satisfies the following conditions:

I. P is a probability measure for B ∈ B for each fixed t and x;

II. P is measurable in t and x for each fixed B;

III. P satisfies the Chapman–Kolmogorov equation:

P (t+s, x, B) =
∫

P (t, x, dx′)P (s, x′, B), t, s ∈ R+, x ∈ X, B ∈ B.
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Finally, we suppose that the σ-algebra B is countably generated.
A σ-finite measure ρ is called an invariant measure for the Markov process
if

ρ(A) =
∫

ρ(dx)P (t, x, A) for all A ∈ B. (1.19)

Suppose that there exists an invariant probability measure π. The X-valued
process ξ(t) for which

P
{
ξ(0) ∈ A0, . . . , ξ(tk) ∈ Ak

}
=
∫∫

π(dx0)1A0(x0)P (t1, x0, dx1)1A1(x1)

· · · × P (tk − tk−1, xk−1, dxk)1Ak
(xk), 0 < t1 < · · · < tk,

(1.20)
is a stationary process in X. So Theorem 5 is true for this process. To
formulate the next theorem we introduce the measure Px that is the prob-
ability for the Markov process under the condition that its value at t = 0
is x.

Theorem 5′ Let a measurable function F : Xk → R satisfy the condition

∫
· · ·
∫ ∣∣F (x1, . . . , xk)

∣∣π(dx1)
k∏

j=2

P (tj − tj−1, xj−1, dxj) < ∞.

Then the limit (1.16) exists with probability Px = 1 for almost all x with
respect to the measure π, and it can be represented by formula (1.17).

We describe Iξ in this case.

Definition A set B ∈ B is called π-invariant if for all t > 0,∫
B

P (t, x, X \ B)π(dx) +
∫

X\B

P (t, x, B)π(dx) = 0. (1.21)

Denote by Iξ
π the collection of all π-invariant subsets of X. It is easy to

show that Iξ
π is a σ-algebra.

Theorem 6 Iξ is generated by the set of random variables
{
1B(ξ(0, ω)), B ∈ Iξ

π

}
.

For the proof, see [168, Section 2.3].

Definition An invariant probability distribution π is ergodic if for all B ∈
Iξ

π we have either that π(B) = 0 or π(B) = 1.
In this case we say that the σ-algebra Iξ

π is trivial with respect to the
measure π. Note that if there exists only one invariant probability measure,
then it is ergodic.
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Definition We will say that the Markov process is uniformly ergodic if it
satisfies the following conditions:

(1) it has a unique invariant probability measure π,

(2) for all A ∈ B

Px

{∫ ∞

0
1A(ξ(t))dt = +∞

}
= 1

for all x if π(A) > 0,

(3) The relation

lim
T→∞

sup
x∈X

Ex

(
1
T

∫ T

0
ψ(ξ(s))ds −

∫
ψ(x)π(dx)

)2

= 0

holds for every bounded B-measurable function ψ : X → B.

Remark 5 If the transition probability of the Markov process P (t, x, B)
is absolutely continuous with respect to the measure π and if

p(t, x, x′) =
dP (t, x, ·)

dπ
(x′),

then the condition

lim
T→∞

1
T

sup
x

∫ T

0
|p(t, x, x′) − 1|π(dx′) = 0

implies uniform ergodicity of the Markov process.

This completes our introduction to the ergodic theory of stochastic
processes.



2
Convergence Properties of Stochastic
Processes

In this chapter we describe ways that sequences of stochastic processes can
converge. Our general results about perturbation methods give the first
two terms of an approximation: The leading term is based on convergence
(as ε → 0) to some nonrandom values, and the second term is based on
convergence to a diffusion process. These are in the spirit of the law of
large numbers and the central limit theorem, respectively. In this chapter
we define the senses in which these limits are valid; we describe technical
conditions that are sufficient for various kinds of convergence; and at the
end, we describe a central limit theorem for ergodic stochastic processes.
While the results in this chapter are developed mostly for continuous–time
processes, there are analogous results for discrete–time processes that are
left to the reader.

2.1 Weak Convergence of Stochastic Processes

The concept of weak convergence is important for our approximations.
Definition 1. Let ξn(t), t ∈ R+, n = 0, 1, 2, . . . , be a sequence
of continuous–time Rd-valued stochastic processes. We say that ξn(t)
converges weakly to ξ0(t) as n → ∞ if

lim
n→∞ Ef

(
ξn(t1), . . . , ξn(tk)

)
= Ef

(
ξ0(t1), . . . , ξ0(tk)

)

for every k ∈ Z+, for all times t1, . . . , tk ∈ R+, and for all f ∈ C((Rd)k).
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In this case, we say that all finite-dimensional distributions of the process
ξn(t) converge weakly to the corresponding finite-dimensional distributions
of the process ξ0(t).

Definition 2. A sequence ξn(t), t ∈ R+, n = 1, 2, . . . , is said to be
weakly compact if each subsequence n1, n2, . . . admits a further subsequence
nl1 , nl2 , . . . such that ξnlk

(t) converges weakly to a stochastic process ξ̃(t).

Remark 1 Let {ξ̃(·)} be the set of stochastic processes that are the lim-
its for weakly convergent subsequences {ξnk

(t)}. The entire sequence ξn(t)
converges weakly to some stochastic process if and only if all the processes
ξ̃(·) have the same distribution.

The proof of this is left to the reader. The following result gives sufficient
conditions for a sequence of processes to be weakly compact:

Proposition 1 The collection of stochastic processes {ξn(t)} is weakly
compact if it satisfies the conditions

(a) lim
r→∞ lim sup

n→∞
P
{
|ξn(0)| > r

}
= 0

and

(b) lim
h→0

lim sup
n→∞

sup
t≤T

sup
|t−t′|≤h

P
{
|ξn(t) − ξn(t′)| > δ

}
= 0

for every tolerance δ > 0 and terminal time T ∈ R+.

Proof Conditions (a) and (b) imply that the finite–dimensional distri-
butions of the processes ξn(t) are weakly compact. Denote by Q+ the set
of nonnegative rational numbers. Let {nl : l = 1, 2, . . .} be a sequence of
natural numbers, nl → ∞ as l → ∞. Using the diagonal method we can
construct a subsequence {nlk , k = 1, 2, . . .} for which a limit exists,

L(f, t1, . . . , tr) = lim
k→∞

Ef(ξnlk
(t1), . . . , ξnlk

(tr)),

for all t1, . . . , tr ∈ Q+ and f ∈ C((Rd)r). This implies the existence of a
stochastic process ξ̃(t), t ∈ Q+, for which

L(f, t1, . . . , tr) = Ef(ξ̃(t1), . . . , ξ̃(tr)),

for t1, . . . , tr ∈ Q, f ∈ C((Rd)r). It follows from condition (b) that

lim
h→0

sup
(
P{|ξ̃(t) − ξ̃(t′)| > ε} : t, t′ ∈ Q+, |t − t′| ≤ h

)
= 0

for all ε > 0. So a limit in probability exists,

lim
t′→t,t′∈Q+

ξ̃(t′), for all t ∈ R+,

which we denote by ξ̃(t). Then the sequence ξnk
(t) converges weakly to the

stochastic process ξ̃(t).
�
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2.1.1 Weak Convergence and Weak Compactness in C

Denote by C[a,b](Rd), for [a, b] ⊂ R+, the space of continuous functions
x(t): [a, b] → Rd with the norm of a function being defined by

||x(·)||C[a,b] = sup
t∈[a,b]

|x(t)|.

Let ξ(t) be a continuous Rd-valued stochastic process. Denote by µT
ξ the

distribution of ξ(t), t ∈ [0, T ], in the space C[0,T ](Rd). That is, µT
ξ (A) =

P{ξ(·) ∈ A} for all measurable sets A in C[0,T ](Rd).
Definition 3. The sequence ξn(t), n = 1, 2, . . . , of continuous Rd-valued
processes converges weakly in C to a continuous Rd-valued process ξ(t) if
µT

ξn
converges weakly to µT

ξ for all T ∈ R+. That is, for all T ∈ R+,

lim
n→∞ EFT

(
ξn(·)

)
= EFT

(
ξ(·)
)

for any continuous function FT : C[0,T ](Rd) → R.

Weak Compactness in C of a Sequence of Continuous Processes
A sequence of continuous processes ξn(t), t ∈ R+, n = 1, 2, . . . , is said to be
weakly compact in C if any subsequence {nk, k = 1, 2, . . . } admits a further
subsequence {nkl

}, l = 1, 2, . . . , such that ξnkl
(t) is weakly convergent in

C.

Remark 2 A process ξ̃(t) is called a partial C-limit for the sequence
{ξn(·)} if there exists a subsequence {nk} such that ξnk

(t) converges weakly
to ξ̃(t) in C. A sequence of continuous functions is C-weakly convergent
(i.e., there exists a process to which it converges weakly in C) if
(1) the sequence is weakly compact in C,
and
(2) all partial limits have the same distributions.
In particular, ξn(t) converges weakly in C if (1) is true and if ξn(·) converges
weakly.

Proposition 2 Let {ξn(t)} for t ∈ R or t ∈ R+ be a sequence of
continuous processes. It is weakly compact in C if and only if

(a) lim
r→∞ lim sup

n→∞
P
{
|ξn(0)| > r

}
= 0

and

(b) lim
h→0

lim sup
n→∞

P

{
sup
t≤T

sup
|t−t′|≤h

|ξn(t) − ξn(t′)| > ε

}
= 0

for all ε > 0 and T ∈ R+.

For the proof see [7, Section 7].
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Theorem 1 Let a sequence of continuous processes ξn(t) satisfy the
following conditions:
(a) condition (a) of Proposition 2;
(b) there exists a sequence δn ↓ 0 for which

lim
n→∞ P

{
sup

t≤T, |t−s|≤δn

|ξn(t) − ξn(s)| > ε

}
= 0

for all ε > 0 and T ∈ R+;
(c) there exist α > 0, β > 0 for which

E
(
1 ∧
∣∣ξn(t) − ξn(s)

∣∣α) ≤ CT

(
|t − s|1+β + δ1+β

n

)
if t ≤ T,

where δn is the same as in (b), CT < ∞ for every T > 0.
Then the sequence {ξn(t)} is weakly compact in C.

Proof Let

ρnk = max
i≤2kT

{∣∣∣∣ξn

(
i + 1
2k

)
− ξn

(
i

2k

)∣∣∣∣
}

,

and let

ρ̂n = max
{∣∣ξn(t) − ξn(s)

∣∣ : t ≤ T, |t − s| ≤ δn

}
.

Then

max
{∣∣ξn(t) − ξn(s)

∣∣, t ≤ T, |t − s| ≤ h
}

≤ ρ̂n +
∑

log2
1

δn
≥k>log2

1
h

ρnk,

If 2−k ≥ δn, then

P
{
ρnk > θ

}
≤
∑

i/2k≤T

1
θα

(CT + 1)
1

2k(1+β) ≤ (T + 1)
θα

2kβ
.

Therefore,

P
{

sup
t≤T, |t−s|≤δn

|ξn(t)−ξn(s)| ≥ ε
}

≤ P

{
ρ̂n+

∑
log2 h−1≤k≤log2 δ−1

n

δ−1
n ρnk > ε

}

≤ P
{

ρ̂n >
ε

2

}
+

∑
log2 h−1<k

T + 1
(θkε)α

2−kβ ,

where ∑
θk =

1
2

and
∑ 1

θα
k 2kβ

< ∞.

So relation (b) of Proposition 2 is satisfied, which implies the result.
�
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We can apply this theorem to a sequence of random polygonal functions.

Corollary Let

ξn(t) = ξn

(
k

n

)
+ (nt − k)

(
ξn

(
k + 1

n

)
− ξn

(
k

n

))

for t ∈
[

k
n , k+1

n

]
and let

sup
k≤nT

∣∣∣∣ξn

(
k + 1

n

)
− ξn

(
k

n

)∣∣∣∣→ 0

in probability as n → ∞ for every T > 0. Suppose that for each T > 0 there
exists a pair of α > 0 and β > 0 for which

E
(
1 − exp

{
−
∣∣ξn(t) − ξn(s)

∣∣α}) ≤ CT

(
|t − s|1+β +

1
n1+β

)

for t ≤ T . Then the sequence ξn(t) is weakly compact in C.

2.2 Convergence to a Diffusion Process

2.2.1 Diffusion Processes
We consider a continuous Markov process ξ(t) in Rd with transition prob-
ability P (s, x, t, B) for x ∈ Rd, 0 ≤ s < t < ∞ and for B ∈ B(Rd).
This process is called a diffusion process if there exist continuous functions
a(t, x): R+ × Rd → Rd and b(t, x): R+ × Rd → L+(Rd), which is the set of
nonnegative symmetric d × d matrices, such that
∫

g(x′)P (s, x, t, dx′) − g(x) =
∫ t

s

∫
Lug(x′)P (s, x, u, dx′) du, (2.1)

where g ∈ C2(Rd), 0 ≤ s < t, and

Lug(x) =
d∑

i=1

ai(u, x)gxi(x) +
1
2

d∑
i,j=1

bij(u, x)gxixj (x), (2.2)

where a1, . . . , ad are the coordinates of the vector a and bij , i, j ∈ 1, d, are
the elements of the matrix b. The operator Lu is called the generator of the
Markov process.

Proposition 3 Let a(t, x) and b(t, x) be continuous and satisfy a local
Lipschitz condition: For every r > 0 there exists a constant lr for which

|a(t, x) − a(t, x′)| + ‖b(t, x) − b(t, x′)‖ ≤ lr|x − x′|
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if |x| ≤ r, t ≤ r, and there is a constant q for which (a(t, x), x) + b(t, x) ≤
q(1+ (x, x)). Then the transition probability is determined by the functions
a(t, x) and b(t, x) through relation (2.1).

This statement is a consequence of the following observation.

Remark 3 Consider the stochastic differential equation

dξ(t) = a(t, ξ(t))dt + b1/2(t, ξ(t))dw(t), (2.3)

where b1/2(·) is the positive symmetric square root of the matrix b(·) and
w(t) is the Wiener process in Rd (i.e., Ew(t) = 0, E(w(t), z)2 = t|z|2,
z ∈ Rd). It follows from the theory of stochastic differential equations [108,
p.166] that the conditions of Proposition 3 imply the uniqueness and the ex-
istence of the solution to equation (2.3) for a given initial condition. Denote
by ξx,s(t) the solution to equation (2.3) on the interval [s,∞) satisfying the
initial condition

ξx,s(s) = x.

Then

P (s, x, t, B) = P{ξx,s(t) ∈ B}.

Remark 4 Let g ∈ C(2)(Rd), and let ξ(t) be the diffusion process with a
generator Lt. Then

g(ξ(t)) −
∫ t

0
Lsg(ξ(s))ds

is a martingale with respect to the filtration (Fξ
t , t ∈ R+) generated by the

process ξ(t). (See Appendix A for definitions.)
This follows from relation (2.1).

Proposition 4 Assume that a(t, x) and b(t, x) satisfy the conditions of
Proposition 3. Let ξ̃(t) be a measurable Rd-valued stochastic process on R+

and let (F̃t, t ∈ R+) be the filtration generated by the stochastic process
(ξ̃(t), t ∈ R+). If for all g ∈ C(2)(Rd) the stochastic process

µg(t) = g(ξ̃(t)) −
∫ t

0
Lsg(ξ̃(s))ds

is a local martingale with respect to the filtration (F̃t, t ∈ R+), then ξ̃(t) is
the diffusion process with the generator Ls.

A proof of Proposition 4 is presented in [188].
We also will consider diffusion processes in a region of Rd having an ab-
sorbing boundary. Let G be an open set in Rd and let G′ be its boundary.
Let ξ(t) be a Markov process in G ∪ G′ satisfying the following properties:
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(1) If τ = inf{t : ξ(t) ∈ G′}, then ξ(t) = ξ(τ) for t ≥ τ (i.e., the boundary
is “sticky”).

(2) For every g ∈ C(2)(Rd) for which g(x) = 0 if x ∈ Rd \G (the comple-
ment of G) the relation (1) is fulfilled. Then ξ(t) is called the diffusion
process in G with the generator Lt and absorption on G′.

Propositions 3 and 4 are true for diffusion processes in a region G with
absorbing boundary conditions on G′.

Remark 5 Assume that ξ(t) is a diffusion process in Rd with the generator
Lt and G ⊂ Rd is an open set in Rd, G′ its boundary. Set

τ = inf{t : ξ(t) ∈ G′}, ξ′(t) = ξ(t ∧ τ).

Then ξ′(t) is the diffusion process in G with the generator Lt and absorption
on G′.

Remark 6 Let ξ̃(0) = 0, and let ξ̃(t) satisfy the conditions of Proposition 3
with

Lug =
1
2

d∑
i=1

gxixi .

Then ξ̃(t) is a Wiener process for which Eξ̃(t) = 0 and E
(
ξ̃(t), z

)2 =
t(z, z).

2.2.2 Weak Convergence to a Diffusion Process
Theorem 2 Let {ξn(t)} be a sequence of measurable Rd-valued random
processes for t ∈ R+. Suppose that
(1) The distributions of ξn(0) converge weakly to some distribution m0(dx)
on B(Rd) as n → ∞.
(2) There exists a generator Lt of a diffusion process with its coefficients
satisfying the conditions of Proposition 3 for which

lim
n→∞ EG

(
ξn(t1), . . . , ξn(tk)

)[
g
(
ξn(t+h)

)
−g
(
ξn(t)

)
−
∫ t+h

t

Lug
(
ξn(u)

)
du

]
= 0

for all k ∈ Z+, 0 ≤ t1 ≤ · · · tk < t < t + h, and all G(x1, . . . , xk) ∈
C
(
(Rd)k

)
and g(x) ∈ C(2)(Rd), uniformly in h ∈ [0, 1].

Then ξn(t) converges weakly to the diffusion process ξ̃(t) with the generator
Lt for which the distribution of ξ̃(0) is m0(dx).

Proof First we show that the sequence {ξn(t)} satisfies the conditions of
Proposition 1. Set

ϕc(x) =
(x, x)

c + (x, x)
.
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Then a constant Q exists that does not depend on c and for which

|Ltϕc(x)| ≤ Q

[
ϕc(x) +

1√
c

]
.

As a result,

lim sup
n→∞

Eϕc(ξn(t)) ≤
∫

ϕc(x)m0(dx)+Q

∫ t

0
lim sup

n→∞
Eϕc(ξn(s))ds+

1√
c
Qt.

Using the limit relation in condition (2) of the theorem in the case G = 1,
t = 0, h = t, g = ϕc, we have the relation

lim sup
n→∞

Eϕc(ξn(t)) ≤
(

1√
c
Qt +

∫
ϕc(x)m0(dx)

)
eQt.

So

lim sup
n→∞

P{|ξn(t)| >
√

c} ≤ lim sup
n→∞

P

{
ϕc(ξn(t)) >

1
2

}

≤ 2
(

1√
c
Qt +

∫
ϕc(x)m0(dx)

)
eQt.

The last expression tends to zero as c → ∞. Thus, condition (a) of
Proposition 1 is fulfilled. In the same way we can obtain the inequalities

lim sup
n→∞

E[1 − ϕc(ξn(t))]ϕ1(ξn(t + h) − ξn(t))

≤ lim sup
n→∞

E[1 − ϕc(ξn(t))]
∫ t+h

t

|Lsϕ1(ξn(s) − ξn(t))|ds

≤ Qch,

where

Qc = sup
t,x

(1 − ϕc(x))Ly
t ϕ1(y − x).

The operator Ly
t is the differential operator in y having coefficients ai(t, y),

bij(t, y). This implies (together with (a)) that condition (b) of Proposition 1
is satisfied.
Let nl be a subsequence for which the sequence ξnl

converges weakly to
some stochastic process ξ̃(t). The distribution of ξ̃(0) is m0(dx), and ξ̃(t) is
a stochastically continuous process, i.e., P{|ξ̃(t) − ξ̃(s)| > ε} → 0 as s → t
for all ε > 0. Using this property, it is easy to check that

lim
l→∞

EG(ξnl(t1), . . . , ξnl
(tk))

∫ t+h

t

f(ξnl
(s))ds

= EG(ξ̃(t1), . . . , ξ̃(tk))
∫ t+h

t

f(ξ̃(s)) ds

if G satisfies the conditions that are listed in (2) and if f is a bounded
continuous function.
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So, condition (2) implies that for 0 ≤ t1 < · · · < tk ≤ t < t + h,

EG(ξ̃(t1), . . . , ξ̃(tk))
[
g(ξ̃(th)) − g(ξ̃(t)) −

∫ t+h

t

Lsg(ξ̃(s))ds

]
= 0.

Set

µ̃g(t) = g(ξ̃(t)) −
∫ t

0
Lsg(ξ̃(s))ds.

It follows that

E[µ̃g(t + h) − µ̃g(t)]G
(
ξ̃(t1), . . . , ξ̃(tk)

)
= 0

for all continuous bounded functions G and t1 < t2 < · · · < tk ≤ t. This
means that µ̃g(t) is a martingale. Proposition 4 implies that ξ̃(t) is a diffu-
sion process with generator Lt. The distribution of ξ̃(t) is determined by the
generator and by the initial distribution, which is m0(dx). The remainder
of the proof follows from Remark 1.

�

Remark 7 If, in addition, the sequence {ξn(t)} in Theorem 2 is weakly
compact in C, then ξn(t) converges weakly in C to the diffusion process
ξ̃(t), which is described in the theorem.

Remark 8 The statement of Theorem 2 is true if condition (2) is fulfilled
for all functions g ∈ D, where D is a dense linear subset in C(2)(Rd). In
particular, D can be chosen as C(3)(Rd).

Remark 9 Let V be an open set in Rd and τn = inf(t : ξn(t) ∈ V ′), where
V ′ is the boundary of the set V , {ξn(t)} is a sequence for which condition
(1) of Theorem 2 is fulfilled, and P{ξn(0) ∈ V } = 1. Suppose that Lt is
a second–order differential operator that is defined in the set V and that
is the generator of a diffusion process ξ̃(t) in V with absorbing boundary
conditions on the V ′ and

lim
n→∞ EG(ξn(t1), . . . , ξn(tk))

×
[
g(ξn(t + h)) − g(ξn(t)) −

∫ t+h

t

Lug(ξn(u)) du

]
1{τn

V ≤t+h} = 0

for all k ∈
mathbfZ+, 0 ≤ t1, . . . ,≤ tk ≤ t < t + h, G ∈ C((Rd)k), g(x) ∈ C(2)(Rd)
for which supp g ⊂ V , where supp g is the closure of the set {x : g(x) > 0}.
Then the sequence ξn(t ∧ τn) converges weakly to the process ξ̃(t) with
initial value ξ̃(0) having the distribution m0(dx).



2.3. Central Limit Theorems for Stochastic Processes 73

2.3 Central Limit Theorems for Stochastic
Processes

We consider central limit theorems for both continuous– and discrete–time
processes in this section.

2.3.1 Continuous–Time Markov Processes
We consider a homogeneous Markov process y(t) in a measurable space
(Y, C) along with its transition probability P (t, y, C), where t ∈ R+, y ∈ Y ,
C ∈ C. We will make some assumptions about the process y(t), which we
refer to as strong mixing conditions (SMC).

SMC I. Suppose that the Markov process y(t) is uniformly ergodic with
ergodic distribution ρ(dy). If g is a bounded C-measurable function, for
which g : Y → R and

∫
g(y)ρ(dy) = 0, then

sup
y

∣∣∣∣
∫ t2

t1

∫
Y

g(y′)P (t, y, dy′)dt

∣∣∣∣→ 0 as t1, t2 → ∞.

In this case there exist the limits

lim
T→∞

∫ T

t

∫
g(y′)P (s, y, dy′)ds = Rtg(y)

and

sup
y

∣∣Rtg(y)
∣∣→ 0 as t → ∞.

Let

R(y, B) =
∫ ∞

0

∫
P (t, y, dy′)

[
1B(y′)−ρ(B)

]
dt =

∫ ∞

0

[
P (t, y, B)−ρ(B)

]
dt.

We note that R is sometimes referred to as a quasi-potential.

SMC II.
We assume SMC I and that∫ ∞

0
sup

y
sup
B

∣∣P (t, y, B) − ρ(B)
∣∣dt < ∞.

In this case R(y, A) is an additive function of bounded variation in A, and
this variation is uniformly bounded in y.

Theorem 3 Let g(y) be a bounded measurable function for which∫
g(y)ρ(dy) = 0. Set

ξT (t) =
1√
T

∫ Tt

0
g(y(s)) ds.
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Denote by w(t) the Wiener process with Ew(t) = 0, Ew2(t) = bt, where
b = 2

∫
g(y)R0g(y)ρ(dy).

(1) Suppose that y(t) is a random process that satisfies the condition SMC
I. Then ξT (t) converges to w(t) weakly as T → ∞.

(2) Suppose that y(t) satisfies the condition SMC II.

Then ξT (t) converges to w(t) weakly in C as T → ∞.

Proof For f ∈ C(3)(R) we have

f
(
ξT (t2)

)
− f
(
ξT (t1)

)
=
∫ t2

t1

f ′(ξT (s))
√

Tg(y(Ts)) ds

=
1√
T

∫ t2T

t1T

f ′
(

ξT

(
s

T

))
g(y(s)) ds

=
1√
T

∫ t2T

t1T

f ′(ξT (t1)
)
g(y(s)) ds

+
1
T

∫ t2T

t1T

f ′′
(

ξT

(
u

T

))∫ t2T

u

g(y(u))g(y(s)) ds du.

Denote by FT
t the filtration generated by ξT (t). Then

E

(
f
(
ξT (t2)

)
− f
(
ξT (t1)

)
− 1

2

∫ t2

t1

bf ′′(ξT (s)
)
ds/FT

t1

)

= E

(
1√
T

f ′(ξT (t1))[R0g(y(t1T )) − Rt2T g(y(t1, T ))]

+
1
T

∫ t2T

t1T

f ′′(ξT (u))
(

g(y(u))R0g(y(u)) − 1
2
b

)
du

− 1
T

∫ t2T

t1T

f ′′(ξT (u))Rt2T−ug(y(u)) du/FT
t1

)

= E

(
1
T

∫ t2T

t1T

f ′′(ξT (u))
(

g(y(u)R0g(y(u))) − 1
2
b

)
du/FT

t1

)

+ O

(
1√
T

+
1
T

∫ T (t2−t1)

0
sup

y
|Rug(y)| du

)
.

The expectation in the last expression tends to zero as T → ∞ because of
SMC I and the uniform ergodicity of y(t), which implies that

E

(∣∣∣∣ 1L
∫ s+L

s

g(y(u))R0g(y(u))du − 1
2
b

∣∣∣∣
/

y(s) = y

)
−→ 0

uniformly in s, y as L → ∞.
The remaining expression tends to zero as T → ∞. With this, the proof of
statement (1) follows from Theorem 2 and Remark 5.
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Suppose that SMC II is true. We will calculate E
((

ξT (t2) − ξT (t1)
)4

/FT
t1

)
.

Let

qh(T, y) = E
(
ξ4
T (h)/y(0) = y

)
.

Then

E
((

ξT (t2) − ξT (t1)
)4

/FT
t1

)
= qt2−t1

(
T, y(Tt1)

)
.

On the other hand, we have

qh(T, y) =
24
T 2

∫
0<t1<t2<t3<t4≤Th

∫∫∫∫
g(y1)g(y2)g(y3)g(y4)

× P (t1, y, dy1)P (t2 − t1, y1, dy2)P (t3 − t2, y2, dy3)P (t4 − t3, y3, dy4).

Set Q(u, y, dy′) = P (u, y, dy′)−ρ(dy′). Using the relation
∫

g(y′)ρ(dy′) = 0,
we can rewrite the expression for qh(T, y) in the form

qh(T, y) =
24
T 2

∫
0<t1<t2<t3<t4≤Th

∫∫∫∫
g(y1)g(y2)g(y3)g(y4)

×
{

ρ(dy1)Q(t2 − t1, y1, dy2)ρ(dy3)Q(t4 − t3, y3, dy4)

+ Q(t1, y, dy1)ρ(y2)Q(t3 − t2, y2, dy3)Q(t4 − t3, y3, dy4)
+ ρ(dy1)Q(t2 − t1, y1, dy2)Q(t3 − t2, y2, dy3)Q(t4 − t3, y3, dy4)
+ Q(t1, y, dy1)Q(t2 − t1, y1, dy2)ρ(dy3)Q(t4 − t3, y3, dy4)

+ Q(t1, y, dy1)Q(t2 − t1, y1, dy2)Q(t3 − t2, y2, dy3)Q(t4 − t3, y3, dy4)
}

≤ C

(
h2 +

1
T 2

)
.

The fact that
∫ ∫ ∣∣Q(u, y, dy′)g(y)

∣∣du < ∞ implies

E
∣∣ξT (t2) − ξT (t1)

∣∣4 ≤ C

(
|t1 − t2|2 +

1
T 2

)
.

Since
∣∣ξT (t1) − ξT (t2)

∣∣ ≤ C1
√

T |t1 − t2|, the sequence ξT (t) is compact in
C because of Theorem 1.

�

2.3.2 Discrete–Time Markov Processes
We consider a Y -valued homogeneous Markov process {y∗

n, n = 0, 1, . . . }
with transition probability for one step being P (y, B) for y ∈ Y and B ∈
C. Denote by Pn(y, B) the transition probability for n steps. The strong
mixing conditions for discrete time are analogous to the continuous–time
versions:
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SMC I. The process {y∗
n} is ergodic with ergodic distribution ρ(dy). If g

is a bounded C-measurable function Y → R and
∫

g(y)ρ(dy) = 0, then

lim
n1,n2→∞ sup

y

∣∣∣∣
∑

n1≤k≤n2

∫
g(y′)Pk(y, dy′)

∣∣∣∣ = 0.

In this case there exists the sum

R◦g(y) =
∞∑

k=1

∫
Pk(y, dy′)g(y′),

and supy

∣∣R◦g(y)
∣∣ < ∞.

SMC II. Condition SMC I is fulfilled and
∞∑

k=1

sup
y

sup
B∈C

∣∣Pk(y, B) − ρ(B)
∣∣ < ∞.

The next theorem is a discrete–time analogue of Theorem 3.

Theorem 4 Let g(y) be a C-measurable bounded function for which∫
g(y)ρ(dy) = 0.

Set

ξn(t) =
1√
n

∫ tn

0
g(y∗(s)) ds,

where y∗(s) = y∗
k for s ∈ [k, k + 1). Let w(t) be the Wiener process for

which Ew(t) = 0 and Ew2(t) = bt, where

b =
∫

(g2(y) + 2g(y)R0g(y))ρ(dy).

Then the following statements hold:

I. If {y∗
n} satisfies condition , then ξn(t) converges weakly to w(t).

II. If {y∗
n} satisfies condition SMC II, then ξn(t) converges to w(t)

weakly in C.

The proof of this statement can be obtained in the same way as the proof
of Theorem 3.

2.3.3 Discrete–Time Stationary Processes

We consider here an ergodic stationary process {ξk, k = ±1,±2, . . . }. We
suppose that Eξk = 0 and introduce the process

ξn(t) =
1√
n

∫ tn

0
ξ∗(s) ds,
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where ξ∗(s) = ξk for k ≤ s < k + 1.
We will find conditions under which ξn(t) converges weakly in C to a Wiener
process. Denote by Fk the σ-algebra generated by {ξl, l ≤ k}.

Theorem 5 Let {ξk} satisfy, in addition, the following two conditions:
(1) there exists δ > 0 for which E|ξ0|2+δ < ∞,
(2) the series

∑∞
k=1 E

(
ξk/F0

)
converges in L2(P ).

Set

η0 =
∞∑

k=1

E
(
ξk/F0

)
, b = E(ξ2

0 + 2ξ0η0).

Then ξn(t) converges weakly in C to a Wiener process w(t) for which
Ew(t) = 0, Ew2(t) = bt.

Proof We introduce the notation: Sk = ξ1 + · · · + ξk, ηk =∑∞
i=k+1 E

(
ξi/Fk

)
, and ηl

k = E(Sl − Sk/Fk). Let f ∈ C(3)(R). Then for all
t > 0,

lim
n→∞ sup

m<nt
E

∣∣∣∣E
(

f

(
1√
n

Sm

)
− f(0) − 1

2
b
1
n

m−1∑
k=0

f ′′
(

1√
n

Sk

)/
F0

)∣∣∣∣ = 0.

(2.4)
To prove this we define functions

α(z, x) =
1
x2

[
f(z + x) − f(z) − f ′(z)x − 1

2
f ′′(z)x2

]
,

β(z, x) =
1
x

[f ′(z + x) − f ′(z) − f ′′(z)x] .

Then

f

(
1√
n

Sk

)
− f(0) =

m−1∑
k=0

(
f

(
1√
n

Sk+1

)
− f

(
1√
n

Si

))

=
m−1∑
k=0

(
f ′
(

1√
n

Sk

)
ξk+1√

n
+

1
2
f ′′
(

1√
n

Sk

)
ξ2
k+1

n
+ α

(
Sk√

n
,
ξk+1√

n

)
ξ2
k+1

n

)

=
m−1∑
k=0

[
ξk+1√

n

(
f ′(0) +

k−1∑
i=0

(
f ′′
(

1√
n

Si

)
ξi+1√

n
+ β

(
1√
n

Si,
ξi+1√

n

))

+
1
2
f ′′
(

1√
n

Sk

)
ξ2
k+1

n
+ α

(
1√
n

Sk,
ξk+1√

n

)
ξ2
k+1

n

]
.
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Therefore,

Dm = E

(
f

(
1√
n

Sm

)
− f(0) − b

2n

m−1∑
k=0

f ′′
(

1√
n

Sk

)/
F0

)

=
1√
n

f ′(0)ηm
0 + E

(m−1∑
k=0

α

(
1√
n

Sk,
ξk+1√

n

)
ξ2
k+1

n

/
F0

)

+E

(m−2∑
k=0

β

(
1√
n

Sk,
ξk+1√

n

)
1
n

ξkηm
k

/
F0

)

+E

(
1
n

m−1∑
k=0

f ′′
(

1√
n

Sk

)
[ξkηm

k +
1
2
ξ2
k − 1

2
b]
/

F0

)

and

E|Dm| ≤ O

(
1√
n

)
+

1
n

m−2∑
k=0

E

(∣∣∣∣α
(

1√
n

Sk,
ξk+1√

n

)∣∣∣∣ξ2
k+1

+
∣∣∣∣β
(

1√
n

Sk,
ξk+1√

n

)∣∣∣∣|ξk+1||ηm
k |
)

+ E|D∗
m|,

where

D∗
m = E

(
1
n

m−1∑
k=0

f ′′
(

1
n

Sk

)[
1
2
ξ2
k + ξkηm

k − 1
2
b

]/
FT

0

)
.

Using the relation

|α(z, x)| + |β(z, x)| ≤ C(|x| ∧ 1),

where c > 0, and using condition (1) of the theorem, we can prove that

lim
n→∞

1
n

m−2∑
k=0

E

(∣∣∣∣α
(

1√
n

Sk,
ξk+1√

n

)∣∣∣∣ξ2
k +
∣∣∣∣β
(

1√
n

Sk,
ξk+1√

n

)∣∣∣∣|ξk||ηh
k |
)

= 0

if m/n ≤ t. It follows from the ergodic theorem (Chapter 1, Theorem 1′)
that

1
l
E

∣∣∣∣
m+l∑
k=m

(
1
2
ξ2
k + ξkηm

k − 1
2
b

)∣∣∣∣ −→ 0 as l → ∞

uniformly in m (this expectation does not depend on m!). This implies that

E|D∗
m| −→ 0 as n → ∞, m ≤ nt.

So relation (2.4) is proved. This relation can be rewritten in the form

lim
T→∞

sup
t≤t0

E

∣∣∣∣E
(

f(ξT (t))− f(ξT (0))−
∫ t

0

1
2
bf ′′(ξT (s))ds

/
FT

0

)∣∣∣∣ = 0 (2.5)
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for t0 > 0, f ∈ C(3)(Rd). Since {ξk} is a stationary discrete–time stochastic
process, relation (2.5) implies that for all t1 < t2,

lim
T→∞

E

∣∣∣∣E
(

f(ξT (t2)) − f(ξT (t1)) −
∫ t2

t1

1
2
bf ′′(ξT (s))ds

/
FT

t1

)∣∣∣∣ = 0.

So Theorem 2 implies that the stochastic process ξT (t) converges weakly
to w(t) as T → ∞.
To prove the theorem we prove that the family of stochastic processes
{ξT (t), T > 0} is weakly compact in C. Set Ψ(x) = |x|γ where 2 < γ ≤
(2 + δ/2) ∧ 3. Then

ψ′(x) = γ|x|γ−1x, ψ′′(x) = γ(γ − 1)|x|γ−2,

and

|αψ(x, y)| ≤ c(|x|γ−2 + |y|γ−2),

|βψ(x, y)| ≤ c(|x|γ−2 + |y|γ−2),

where c > 0 is a constant, and the functions αψ and βψ are determined in
the same way as α and β for the function Ψ. We can obtain the following
for some positive constants c1, c2:

EΨ
(

1√
n

Sm

)
≤ c1

n
E

m−1∑
k=0

(∣∣∣∣ Sk√
n

∣∣∣∣
γ−2

(ξ2
k+1 + |ξk+1η

m
k |) +

E|ξk+1|γ
nγ/2−1

)

≤ c2

n

m−1∑
k=1

EΨ
(

1√
n

Sk

)
+

C2

nγ/2 m.

This inequality implies that for m ≤ nh and h ≤ 1,

EΨ
(

1√
n

Sm

)
≤ C3

(
hγ/2 +

1
nγ/2

)
,

where C3 is a constant. This implies the inequality

E|ξn(t2) − ξn(t1)|γ ≤ C3

(
hγ/2 +

1
nγ/2

)
.

So the weak compactness of the sequence {ξn(t)} follows from the corollary
to Theorem 1.

�

2.3.4 Continuous–Time Stationary Processes
We now consider an ergodic stationary stochastic process {ξ(t), t ∈ R}
that satisfies the following properties:

(1) Eξ(t) = 0, E
∣∣ξ(t)∣∣2+δ

< ∞ for some δ > 0;
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(2)
∫ t

0 E
(
ξ(s)/F0

)
ds converges in L2(P ), as t → ∞, to some random

variable η0, where F0 is the σ-algebra generated by {ξ(t), t ≤ 0}.

Set

ξT (t) =
1√
T

∫ Tt

0
ξ(u)du, T > 0.

Theorem 6 ξT (t) converges weakly in C, as T → ∞, to a Wiener process
w(t) with Ew(t) = 0, Ew2(t) = bt, where b = Eη0ξ(0).

Proof Set ξ̂k =
∫ k+1

k
ξ(u)du. It is easy to check that the ξ̂k satisfy the

conditions of Theorem 5. Let us define

ξ̂n(t) =
1√
n

∫ nt

0
ξ̂∗(u)du,

where ξ̂∗(u) = ξ̂k if k ≤ u < k + 1. It follows from Theorem 5 that ξ̂n(t)
converges weakly in C to w(t) as n → ∞. We can check that for any t0 and
ε > 0,

lim
T→∞

P

{
sup
s≤t0

∣∣ξT (s) − ξ̂[T ](s)
∣∣ > ε

}
= 0,

where [T ] is the integer part of T .
�

2.4 Large Deviation Theorems

Large deviation theorems are related to the estimation of probability that
the difference between the time–averaged value of some ergodic process
and its expectation is significant. The first such theorem was proved by
H. Cramer in 1938 [24]. Let ξk, k = 1, 2, . . . , be a sequence of independent
identically distributed random variables for which

E exp {t|ξ1|} < ∞
for some t > 0. Then the relations

lim
n

1
n

log P



∑
k≤n

ξk > nx


 = −H(x), x > Eξ1

and

lim
n

1
n

log P



∑
k≤n

ξk < nx


 = −H(x), x < Eξ1

hold, where

H(x) = sup
t

(
tx − log Eetξ1

)
.
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2.4.1 Continuous–Time Markov Processes
Let X be a compact metric space with metric r, and let B(X) be the
Borel σ–algebra in X. Denote by M(X) the space of probability measures
on B(X), and let d be a distance in M(X) for which convergence in d is
equivalent to the weak convergence of measures. Denote by C(X) the space
of continuous functions f : X → R with the norm

‖f‖ = sup
x∈X

|f(x)|.

We consider a homogeneous Markov process x(t) ∈ X, t ∈ R+, with the
transition probability function

P (t, x, B), t ∈ R+, x ∈ X, B ∈ B(X).

We assume that the process satisfies Feller’s condition:
(FC)
(a) For a ball Bδ(x) ⊂ X, the formula

lim
t↓0

P (t, x, Bδ(x)) = 1

holds,
and
(b) the function

Ttf(x) =
∫

f(x′)P (t, x, dx′) (2.6)

is continuous in x for all f ∈ C(X).

If condition (FC) holds, then formula (2.6) defines the family of the opera-
tors Tt, t > 0, in the space C(X), which is called the semigroup associated
with the Markov process. We define the generator A of the semigroup
Tt, t > 0, by the relation

Af(x) = lim
t↓0

1
t
(Ttf(x) − f(x)) (2.7)

on all f ∈ C(X) for which the limit on the right-hand side of formula (2.7)
exists uniformly for x ∈ X. The set of such functions f is the domain of
definition of the operator A, and it is denoted by D(A). It is easy to see
that if f ∈ D(A), then Ttf ∈ D(A) for all t > 0, and we have the following
formulas:

d

dt
Ttf(x) = ATtf(x) = TtAf(x),

Ttf(x) − f(x) =
∫ t

0
TsAf(x)ds.

This implies that the stochastic process given by the relation

ξt(f) = f(x(t)) − f(x(0)) −
∫ t

0
Af(x(s))ds
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is a martingale with respect to the filtration {Ft, t > 0} generated by the
stochastic process x(t) for all f ∈ D(A).

Lemma 2 Let φ ∈ D(A) be a nonnegative function. Set

µt(φ) = φ(x(t)) exp
{

−
∫ t

0
(φ(x(s)))−1Aφ(x(s))ds

}
. (2.8)

The function µt(φ) is a martingale with respect to the filtration {Ft, t > 0}.
Proof We can represent the process µt(φ) in the form

µt(φ) = (ξt(φ) +
∫ t

0
Aφ(x(s))ds) exp

{
−
∫ t

0
(φ(x(s))−1Aφ(x(s))ds

}
.

So µt(φ) is a semimartingale, and we can write the relation

dµt(φ) = exp {−
∫ t

0
(φ(x(s))−1Aφ(x(s))ds}dξt(φ).

With this, the lemma is proved.
�

Denote by CL(X) the space of all right–continuous functions z(·) : R+ →
X having a left limit z(t−) for all t > 0. Condition (FC) implies the
existence of the measure Q on the σ–algebra B(CL(X)) for which

P{x(·) ∈ C̃} = Q(C̃), C̃ ∈ C(X),

where C(X) =
⋃

t Ct(X) and Ct(X) is the algebra generated by the sets

Cs(B) = {z(·) ∈ XR+ : z(s) ∈ B}, s ≤ t, B ∈ B(X).

Let φ ∈ D(A), φ > 0. Introduce a probability measure on B(CL(X))
defined by the relation

Qφ(C̃) = E1{x(·)∈C̃}
1

φ(x(0)
µt(φ), C̃ ∈ Ct(X). (2.9)

With these preliminaries, we have the following lemma:

Lemma 3 The stochastic process z(t) having trajectories in the space
CL(X) and distribution Qφ is a homogeneous Markov process satisfying
Feller’s condition (FC) and having generator

Aφf =
1
φ

(A(φf) − fAφ), D(Aφ) = {f ∈ C(X) : φf ∈ D(A)}.

Proof It suffices to prove that for all f ∈ D(Aφ) the stochastic process

ξ∗
t (f) = (f(x(t)) −

∫ t

0
Aφf(x(s))ds)µt(φ)

is a martingale. We introduce the notation g = φf ,

Φt = (φ(x(t)))−1
µt(φ),
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and

Ψt =
∫ t

0

Ag(x(s)) − g(x(s))Aφ(x(s))
φ(x(s))

ds.

Then

ξ∗
t (f) = Φtg(x(t)) − µtΨt.

So

dξ∗
t (f) = Φtdξt(g) − Ψtdµt(φ).

With this, the lemma is proved.
�

We define a function I : M(X) → [0, +∞] by the relation

I(m) = − inf
{∫

(φ(x))−1Aφ(x)m(dx) : φ ∈ D(A), φ > 0
}

. (2.10)

This function has the properties listed in the next lemma.

Lemma 4 (i) I(m) ≥ 0 for all m ∈ M(X), and I(m) = 0 if and only if
m is an invariant measure for the Markov process,
(ii) I(m) is a convex function, i.e.,

I(sm1+(1−s)m2) ≤ sI(m1)+(1−s)I(m2), mi ∈ M(X), i = 1, 2, 0 < s < 1.

(iii) I(m) is a lower continuous function, i.e.,

lim inf
mn→m

I(mn) ≥ I(m).

(iv) for any b > 0 the set

Cb(I) = {m : I(m) ≤ b}

is compact, and the function I(m) is continuous on this compact set.

Proof Note that the function φ = constant satisfies the relation Aφ = 0,
so I(m) ≥ 0. Let ρ be an invariant measure for the Markov process; this
means that ∫

P (t, x, B)ρ(dx) = ρ(B), B ∈ B(X), t > 0.

Then ∫
Ttf(x)ρ(dx) =

∫
f(x)ρ(dx), f ∈ C(X), t > 0.

It is easy to see that∫
(φ(x))−1Aφ(x)m(dx) = lim

t↓0

1
t

∫
log

Ttφ(x)
φ(x)

m(dx).
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Jensen’s inequality can be used to show that∫
(log Ttφ(x) − log φ(x))ρ(dx) ≥

∫
(Tt log φ(x) − log φ(x))ρ(dx) = 0.

So ∫
(φ(x))−1Aφ(x)ρ(dx) ≥ 0, φ ∈ D(A), φ > 0.

This implies that I(ρ) = 0.
On the other hand, suppose that I(m) = 0. Then

I(m, φ) =
∫

(φ(x))−1Aφ(x)m(dx) ≥ 0

for all φ ∈ D(A). This implies that∫
Tt log φ(x)m(dx) ≥

∫
log φ(x)m(dx), φ ∈ D(A), t > 0.

So ∫
Ttf(x)m(dx) ≥

∫
f(x)m(dx), f ∈ C(X),

since D(X) is dense in C(X), and m is an invariant measure. With this,
statement (i) is proved.
Statement (ii) follows from the definition of the function I(m).
Now we note that the function I(m, φ) is continuous in m for every φ > 0
with φ ∈ D(A), so the function

inf{I(m, φ) : φ > 0, φ ∈ D(A)}
is upper semicontinuous. This implies statement (iii), from which follows
that the set Cb(I) is closed. The function I(m) is continuous on the compact
set Cb(I) as a bounded convex function.
This completes the proof of the lemma.

�

Now we introduce a random measure in B(X) by the relation

νt(B) =
1
t

∫ t

0
1{x(s)∈B}ds, B ∈ B(X).

Theorem 7 For any closed set F ⊂ B(X) we have that

lim sup
t→∞

1
t

log P{νt ∈ F} ≤ − inf{I(m) : m ∈ F}.

Proof For any φ ∈ D(A) with φ > 0 we can write the inequality

Eφ(x(0)) = Eµt(φ) ≥ inf
x∈X

φ(x)E exp {−tI(νt, φ)}

≥ cE1{νt∈F} inf
m∈F

exp {−tI(m, φ)},
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where c > 0 is a constant. This implies the inequality

lim sup
t→∞

1
t

log P{νt ∈ F} ≤ sup
m∈F

I(m, φ).

Using the inequality

inf{ sup
m∈F

I(m, φ) : φ ∈ D(A), φ > 0}

≤ sup
m∈F

inf{I(m, φ) : φ ∈ D(A), φ > 0} = sup
m∈F

(−I(m))

we obtain the proof.
�

Note that condition (FC) implies the existence of invariant measures for
the Markov process. The process is ergodic if there exists a unique invariant
measure. Next, we present a sufficient condition of ergodicity.

Lemma 5 Assume that there is a probability measure π for which
P (t, x, ·) � π for all t > 0 and x ∈ X, (i.e., this measure is absolutely
continuous with respect to π and

inf
x∈X

∫ 1

0

dP (s, x, ·)
dπ

(x′)ds > 0

for almost all x′ with respect to the measure π). Then the Markov process
is ergodic, and its ergodic distribution ρ satisfies the condition ρ � π.

The proof follows from the observation that the conditions of the lemma
imply that the Markov process is Harris recurrent.
If the conditions of Lemma 5 are fulfilled, then the same condition holds
for the Markov process whose distribution Qφ is given by the formula (2.9).
Denote by ρφ the ergodic distribution for the Markov process corresponding
to the measure Qφ. Then

I(ρφ) + I(ρφ, φ) = 0. (2.11)

The proof of the last formula follows from the relations

Iφ(m) = − inf
{∫

Aφg(x)
g(x)

m(dx) : g ∈ D(Aφ), g > 0
}

= I(m) + I(m, φ)

and Iφ(ρφ) = 0, which follows from statement (i) of Lemma 4.

Theorem 8 Let the transition probability P (t, x, B) satisfy the conditions
of Lemma 5. Then for every open set G ∈ B(X) we have that

lim inf
t→∞

1
t

log P{νt ∈ G} ≥ − inf
m∈G

I(m).

Proof Let φ ∈ D(A) and φ > 0, where ρφ is the same as in formula (2.11).
Assume that ρφ ∈ G and that δ > 0 satisfies the relations Bδ(ρφ) ⊂ G.
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The ergodic theorem implies that

lim
t→∞ Qφ{ν̃t ∈ Bδ(ρφ)} = 1,

where

ν̃t(B) =
1
t

∫ t

0
1{z(s)∈B}ds, z(·) ∈ CL(X), B ∈ B(X).

It follows from formula (2.11) that

Qφ{ν̃t ∈ Bδ(ρφ)} = E1{νt∈G}
φ(x(t))
φ(φ(0))

exp {−tG(νt, φ)}

≤ c exp {−t(G(ρφ, φ) + θδ)}P{νt ∈ G},

where c > 0 is a constant, and θδ → 0 as δ → 0. Using formula (2.8) we
can write the inequality

lim inf
t→∞

1
t

log P{νt ∈ G} ≥ lim
δ→0

lim inf
t→∞

1
t

log P{νt ∈ Bδ(ρφ)} ≥ −I(ρφ).

This completes the proof.
�

2.4.2 Discrete–Time Markov Processes
Now we consider a homogeneous Markov chain {ξn, n = 0, 1, . . . } with
transition probability for one step, P (x, B), x ∈ X, B ∈ B(X), satisfying
the following conditions:

(1)
∫

f(x′)P (x, dx′) ∈ C(X) for all f ∈ C(X),

(2) the Markov chain is ergodic with ergodic distribution ρ and condition
SMCII of Section 2.3(b) is satisfied.

For φ ∈ C(X), φ > 0, set

Sφ(x) = log
∫

φ(x′)P (x, dx′) − log φ(x).

Introduce the function

I(m) = − inf
{∫

Sφ(x)m(dx) : φ ∈ C(X), φ > 0
}

, m ∈ M(X).

We can verify that for this function all of the statements of Lemma 4 hold.
Let the random measure νn be defined by the relation

νn(B) =
1
n

∑
k<n

1{ξk∈B}, B ∈ B(X).

The following theorem is a main result in large deviation theory.
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Theorem 9 Let F ⊂ B(X) be a closed set, and G ⊂ B(X) be an open set.
Then the relations

lim sup
n

1
n

log P{νn ∈ F} = − inf
m∈F

I(m)

and

lim inf
n

1
n

log P{νn ∈ G} = − inf
m∈G

I(m)

hold.

The first relation can be proved in the same way as Theorem 7. The second
one we can prove in the same way as Theorem 8 using instead of the
martingale µt(φ), the martingale

µn(φ) = φ(ξn) exp

{
−
∑
k<n

Sφ(ξk)

}
, n > 0.

This completes our review of convergence results for stochastic processes.



3
Averaging

In this chapter we consider random perturbations of Volterra integral equa-
tions, of differential equations, and of difference equations, and we develop
an averaging method for each. In each case there is an equation of the form
Fε(x(·), ω) = 0, where Fε is an operator acting on functions x(t). This equa-
tion is to be solved for a function x = xε(t, ω), where ω is a sample from a
probability space on which the random perturbations are defined and ε is
a small positive parameter. We average this equation over the probability
space by defining F̄ (x(·)) = EF (x(·), ω), and we use ergodic theorems to
show how the limit as ε → 0 of the perturbed problem is related to the
averaged problem F̄ (x̄(·)) = 0. The results in this chapter show how to
derive, under natural conditions, convergence properties of xε(t, ω) − x̄(t)
as ε → 0. In general, this error will approach zero in a probabilistic sense
that is made precise in each case.

3.1 Volterra Integral Equations

We consider first an equation of the form

x(t) = φ(t) +
∫ t

0
K(t, x(s), s) ds, (3.1)

where φ is a continuous, bounded function R+ → Rd and K(t, x, s) is
a continuous function from R+ × Rd × R+ → Rd. We seek a solution
x(·) ∈ CR+(Rd). This equation has a unique solution if the kernel K(t, x, s)
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satisfies a Lipschitz condition, that is, for some constant l > 0,

|K(t, x, s) − K(t, x′, s)| ≤ l|x − x′|,
for all relevant t, s, x, and x′.
A stochastic Volterra integral equation has the form

x(t, ω) = φ(t, ω) +
∫ t

0
K(t, x(s, ω), s, ω) ds, (3.2)

where φ(t, ω) : R+×Ω → Rd is a stochastic process and K(t, x, s, ω) : R+×
Rd × R+ × Ω → Rd is a random function. It is easy to see that if φ(t, ω) is
a continuous–time stochastic process and the random function K(t, x, s, ω)
is continuous in t, s and satisfies the Lipschitz condition uniformly over
time and over the sample space Ω, say

|K(t, x, s, ω) − K(t, x′, s, ω)| ≤ l|x − x′|, (3.3)

then equation (3.2) has a unique solution, and this solution is a continuous–
time stochastic process. This follows from the standard results of the theory
of integral equations (see, e.g., [16]), since we can consider equation (3.2)
for any fixed value of ω.
We focus here on equations having rapidly changing stationary kernels:

xε(t, ω) = φ(t) +
∫ t

0
K
(
t, xε(s, ω),

s

ε
, ω
)
ds, (3.4)

where for fixed t, x, the kernel K(t, x, s, ω) is a stationary Rd-valued
process. We assume that E|K(t, x, s, ω)| < ∞, and we set

K̄(t, x) = EK(t, x, s, ω). (3.5)

The expectation on the right-hand side of this equation does not depend
on s, since K(·) is a stationary stochastic process.
Denote by x̄(t) the solution of the averaged integral equation

x̄(t) = φ(t) +
∫ t

0
K̄
(
t, x̄(s)

)
ds. (3.6)

Theorem 1 Let φ(t) be a continuous function, φ : R+ → Rd, and let
K(t, x, s, ω) satisfy the following conditions:

(1) K is measurable in all variables;

(2) K is an ergodic stationary process in s for fixed t, x;

(3) K satisfies Lipschitz condition (3.3);

(4)
∣∣K(t1, x, s, ω) − K(t2, x, s, ω)

∣∣ ≤ λ
(
|t2 − t1|, c

)
if t1 ≤ c, t2 ≤ c,

|x| ≤ c, uniformly in ω and s, where λ(·, ·) : (R+)2 → R+ and
λ(0+, c) = 0 for all c > 0;

(5) E|K(t, x, s, ω)| < ∞, and both E|K(t, x, s, ω)| and |K(t, x, s, ω)| are
uniformly integrable in t for fixed x and s.
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Then for any positive constants t0 and δ, the solutions of (3.4) and (3.6)
satisfy

lim
ε→0

P

{
sup
t≤t0

∣∣xε(t, ω) − x̄(t)
∣∣ > δ

}
= 0. (3.7)

Proof We have
∣∣xε(t, ω) − x̄(t)

∣∣ =
∣∣∣∣
∫ t

0

(
K
(
t, xε(s, ω),

s

ε
, ω
)

− K̄(t, x̄(s))
)

ds

∣∣∣∣
≤
∫ t

0

∣∣∣K
(
t, xε(s, ω),

s

ε
, ω
)

− K
(
t, x̄(s),

s

ε
, ω
)∣∣∣ ds

+
∣∣∣∣
∫ t

0

(
K
(
t, x̄(s),

s

ε
, ω
)

− K̄ (t, x̄(s))
)

ds

∣∣∣∣
≤ l

∫ t

0

∣∣xε(s, ω) − x̄(s)
∣∣ ds + |Ψε(t, ω)|,

where

Ψε(t, ω) =
∫ t

0

(
K
(
t, x̄(s),

s

ε
, ω
)

− K̄(t, x̄(s))
)

ds.

The inequality

∣∣xε(t, ω) − x̄(t)
∣∣ ≤ l

∫ t

0

∣∣xε(s, ω) − x̄(s)
∣∣ ds + |Ψε(t, ω)|

implies that

sup
t≤t0

∣∣xε(t, ω) − x̄(t)
∣∣ ≤ sup

t≤t0

|Ψε(t, ω)| exp {lt0}.

Therefore, the proof is a consequence of the following lemma.
�

Lemma 1 Let Ψε be as defined in the preceding proof. Then

sup
t≤t0

|Ψε(t, ω)| → 0

in probability as ε → 0.

Proof The function x̄(t) is continuous on [0, t0], and therefore it is
bounded on this interval. Define the constant

c1 = sup
s,t≤t0

∣∣K̄(t, x̄(s))
∣∣ (3.8)

and the function

Kr(t, x, s, ω) =
{

K(t, x, s, ω) if |K(t, x, s, ω)| ≤ r,
rK(t, x, s, ω)/|K(t, x, s, ω)| if |K(t, x, s, ω)| > r.

Let K̄r(t, x) = EKr(t, x, s, ω). Then

Ψε(t, ω) = Ψr
ε(t, ω) + Ψ̃r

ε(t, ω),
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where

Ψr
ε(t, ω) =

∫ t

0

(
Kr

(
t, x̄(s),

s

ε
, ω
)

− K̄r (t, x̄(s))
)

ds,

Ψ̃r
ε(t, ω) =

∫ t

0

(
K
(
t, x̄(s),

s

ε
, ω
)

− Kr

(
t, x̄(s),

s

ε
, ω
))

ds + Ψ̂r(t),

Ψ̂r(t) =
∫ t

0

(
K̄r (t, x̄(s)) − K̄ (t, x̄(s))

)
ds.

Note that for t1 ≤ t0, t2 ≤ t0,∣∣Ψr
ε(t1, ω) − Ψr

ε(t2, ω)
∣∣ ≤ |t1 − t2| · 2r + λ

(
|t2 − t1), c

)
· t0,

where c ≥ t0, c ≥ sups≤t0 |x̄(s)|. Therefore, for any integer m > 0,

sup
t≤t0

|Ψr
ε(t, ω)| ≤ sup

k<mt0

∣∣∣∣Ψr
ε

(
k

m

)∣∣∣∣+ 2r

m
+ t0λ

(
1
m

, c

)

=
2r

m
+ t0λ

(
1
m

, c

)

+
∑

k<mt0

∣∣∣∣∣
∫ k+1

m

k
m

(
Kr

(
k

m
, x̄(s),

s

ε
, ω

)
− K̄r

(
k

m
, x̄(s)

))
ds

∣∣∣∣∣
=

2r

m
+ t0λ

(
1
m

, c

)

+
∑

k<mt0

∣∣∣∣∣
∫ k+1

m

k
m

(
Kr

(
k

m
, x̄(s),

s

ε
, ω

)
− K̄r

(
k

m
, x̄

(
k

m

)))
ds

∣∣∣∣∣

+
∑

k<mt0

2l

∫ k+1
m

k
m

∣∣∣∣x̄
(

k

m

)
− x̄(s)

∣∣∣∣ ds.

It follows from the ergodic theorem (Theorem 1′ of Chapter 1) that with
probability 1 for all k, m,

lim
ε→0

∫ k+1
m

k
m

Kr

(
k

m
, x̄(s),

s

ε
, ω

)
ds = lim

ε→0
ε

∫ k+1
εm

k
εm

Kr

(
k

m
, x̄

(
k

m

)
, s, ω

)
ds,

1
m

EKr

(
k

m
, x̄

(
k

m

)
, s, ω

)
= K̄r

(
k

m
, x̄

(
k

m

))
.

Moreover, for fixed r, c, t0,

lim
m→∞

(
2r

m
+ t0λ

(
1
m

, c

)
+
∑

k<mt0

2l

∫ k+1
m

k
m

∣∣∣∣x̄
(

k

m

)
− x̄(s)

∣∣∣∣ ds

)
= 0.

This implies that

lim
ε→0

P

{
sup
t≤t0

|Ψr
ε(t, ω)| > δ

}
= 0
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for all δ > 0.
Using equality (3.8) we can show that

lim
ε→0

sup
t≤t0

∣∣∣∣
∫ t

0

(
K̄r

(
t, x̄(s)

)
− K̄

(
t, x̄(s)

)
ds

∣∣∣∣ = 0.

We denote by [α], α ∈ R, the integer k for which k ≤ α < k + 1. Then for
t ≤ t0, ∫ t

0

∣∣∣∣K
(

[mt]
m

, x̄

(
[ms]
m

)
,
s

ε
, ω

)
− K

(
t, x̄(s),

s

ε
, ω

))∣∣∣∣ ds

≤ t0λ

(
1
m

, c

)
+ l

∫ t0

0

∣∣∣∣x̄
(

[ms]
m

)
− x̄(s)

∣∣∣∣ ds.

The same inequality holds for Kr, so

sup
t≤t0

|Ψ̃r
ε(t, ω)| ≤ 2t0λ

(
1
m

, c

)
+ 2l

∫ t0

0

∣∣∣∣x̄
(

[ms]
m

)
− x̄(s)

∣∣∣∣ ds

+ sup
k≤mt0

∫ t0

0

∣∣∣∣K
(

k

m
, x̄

(
[ms]
m

)
,
s

ε
, ω

)
− Kr

(
k

m
, x̄

(
[sm]
m

)
,
s

ε
, ω

)∣∣∣∣ ds

≤ 2t0λ

(
1
m

, c

)
+ 2l

∫ t0

0

∣∣∣∣x̄
(

[ms]
m

)
− x̄(s)

∣∣∣∣ ds

+
m∑

k=1

∫ t0

0

∣∣∣∣K
(

k

m
, x̄

(
[ms]
m

)
,
s

ε
, ω

)
− Kr

(
k

m
, x̄

(
[sm]
m

)
,
s

ε
, ω

)∣∣∣∣ ds.

Since

lim
r→∞ E

∣∣∣∣K
(

k

m
, x̄

(
i

m

)
,
s

ε
, ω

)
− Kr

(
k

m
, x̄

(
i

m

)
,
s

ε
, ω

)∣∣∣∣ = 0

uniformly in s (it does not depend on s!), we have that

lim
r→∞ E sup

t≤t0

∣∣∣Ψ̃r
ε(t, ω)

∣∣∣ = 0

uniformly in ε > 0.
�

3.1.1 Linear Volterra Integral Equations
Let K(t, x, s, ω) = K(t, s, ω)x, where K(t, s, ω) is a measurable function
from R+ × R+ into L(Rd). (Recall that this is the space of linear oper-
ators on Rd.) In this case the Lipschitz condition (3.3) is equivalent to
the inequality ‖K(t, s, ω)‖ ≤ l. Therefore, Theorem 1 implies the following
theorem.
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Theorem 2 Let xε(t) satisfy the equation

xε(t) = φ(t) +
∫ t

0
K

(
t,

s

ε
, ω

)
xε(s) ds, (3.9)

where φ(t) is a continuous function R+ → Rd and K(t, s, ω) satisfies the
conditions:

(1) K is measurable in all variables;

(2) K is an ergodic stationary process in s for fixed t;

(3) ‖K(t, s, ω)‖ ≤ l, l a constant;

(4) ‖K(t1, s, ω)−K(t2, s, ω)‖ ≤ λ
(
|t2−t1|, |t1|∨|t2|

)
, where λ : (R+)2 →

R, λ(0+, c) = 0 for all c > 0.

Suppose that the average K̄(t) = EK(t, s, ω) is a continuous L(Rd)-valued
function. Let x̄(t) be the solution of the averaged equation

x̄(t) = φ(t) +
∫ t

0
K̄(t)x̄(s) ds. (3.10)

Then the relation (3.7) is valid.

We consider condition (3) of the theorem to be a very strong restriction.
The following result allows us to avoid it. For this purpose we impose a
mixing condition on the stationary process K(t, s, ω).
Condition M. For any t0 > 0 there exist ct0 > 0 and a bounded decreasing
function ρt0(u) > 0 with limu→∞ ρt0(u) = 0 such that for any n ≥ 2 and
any times tk if tk ≤ t0 and s1 > s2 > · · · sn > 0, we have

E‖K(t1, s1, ω)K(t2, s2, ω) · · ·K(tn, sn, ω) − K̄(t1) · · · K̄(tn)‖

≤ cn−1
t0

n∑
k=1

ρt0(sk − sk−1).

Here ‖ · ‖ is the norm in L(Rd).

Theorem 3 Let xε(t) be the solution of equation (3.9) and suppose that
the conditions of Theorem 2 are satisfied except for conditions 3) and 4).
In addition, we assume Condition M and the following condition:
(4′) K(t, s, ω) is continuous in t uniformly in s and ω, and K̄(t) is a
continuous function.
Then for any t0,

lim
ε→0

sup
t≤t0

E
∣∣xε(t, ω) − x̄(t)

∣∣ = 0.
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Proof The solutions of the linear problems (3.9) and (3.10) can be written
explicitly using the resolvent series, respectively, as

xε(t) = φ(t) +
∞∑

n=1

∫
· · ·
∫

0<sn<···<s1≤t

K
(
t,

s1

ε
, ω
)

· · ·K
(
sn−1,

sn

ε
, ω
)

× φ(sn) ds1 · · · dsn,

x̄(t) = φ(t)+
∞∑

n=1

∫
· · ·
∫

0<sn<···<s1≤t

K̄(t)K̄(s1) · · · K̄(sn−1)φ(sn) ds1 · · · dsn.

So

E
∣∣xε(t) − x̄(t)

∣∣ ≤ E

∣∣∣∣
∫ t

0

(
K

(
t,

s1

ε
, ω

)
− K(t)

)
φ(s1) ds1

∣∣∣∣

+
∞∑

n=2

∫∫
0<sn···<s1≤t

E

∥∥∥∥K
(

t,
s1

ε
, ω

)
− K̄(t) · · · K̄(sn−1)

∥∥∥∥ |φ(sn)| ds1 · · · dsn.

It follows from Condition M that for t ≤ t0,∫ ∫
0<sn<···<s1≤t

E
∥∥∥K
(
t,

s1

ε
, ω
)

· · ·K
(
t,

sn

ε
, ω
)

− K̄(t) · · · K̄(sn−1)
∥∥∥

× ds1 · · · dsn ≤ cn−1
t0

n−1∑
k=1

∫ ∫
0<sn<···<s1≤t

ρ

(
sk − sk+1

ε

)
ds1 · · · dsn

≤ cn−1
t0 tn0Ψt0

(
t0
ε

)
(n − 1)

n!
,

where Ψt0(T ) = 1
T

∫ T

0 ρt0(u)du → 0, as T → ∞. Let

Kr(t, ω) =
{

K(t, s, ω) if ‖K(t, s, ω)‖ ≤ r,
rK(t, s, ω)/‖K(t, s, ω)‖ if ‖K(t, s, ω)‖ > r,

and K̄r(t) = EKr(t, s, ω).
Then using the inequality

sup
t≤t0

E

∣∣∣∣
∫ t

0

(
K
(
t,

s1

ε
, ω
)

− K̄(t)
)

φ(s1) ds1

∣∣∣∣
≤ sup

t≤t0

E

∣∣∣∣
∫ t

0

(
Kr

(
t,

s1

ε
, ω
)

− K̄r(t)
)

φ(s1) ds1

∣∣∣∣
+ sup

t≤t0

∫ t

0
E
∥∥∥K
(
t,

s1

ε
, ω
)

− Kr

(
t,

s1

ε
, ω
)∥∥∥φ(s1)| ds1

+ sup
t≤t0

∫ t

0
‖K̄(t) − K̄r(t)‖ · |φ(s)| ds
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and the ergodic theorem, we can prove that

lim
ε→0

sup
t≤t0

E

∣∣∣∣
∫ t

0

(
K

(
t,

s1

ε
, ω

)
− K̄(t)

)
φ(s1) ds1 = 0.

�

The next theorem gives more general conditions under which relation (3.7)
is true. Introduce the stochastic processes

µ(s, ω) = sup
t>s

‖K(t, s, ω)‖

and

λh(s, ω) = sup
|t1−t2|≤h

‖K(t1, s, ω) − K(t2, s, ω)‖,

where s ∈ R+ and h is a positive parameter.

Theorem 4 Let xε(t) be the solution of equation (3.9) with φ(t) a contin-
uous function and the function K(t, s, ω) satisfying the conditions (2), (3)
of Theorem 2 and the following conditions:

(5) E
∣∣K(t, s, ω)

∣∣ < ∞;

(6) µ(s, ω) is an ergodic stationary process with Eµ(s, ω) < ∞;

(7) for any h > 0, λh(s, ω) is an ergodic stationary process with

lim
h→0

Eλh(s, ω) = 0.

Then relation (3.7) hol ds.

Proof Condition (7) implies that K̄(t) is continuous, so x̄(t) is also
continuous. We have

∣∣xε(t) − x̄(t)
∣∣ ≤
∫ t

0
µ

(
s

ε
, ω

)∣∣xε(s) − x̄(s)
∣∣ ds

+
∣∣∣∣
∫ t

0

(
K

(
t,

s

ε
, ω

)
− K̄(t)

)
x(s) ds

∣∣∣∣.
Let

ηε(t0) = sup
t≤t0

∣∣∣∣
∫ t

0

(
K

(
t,

s

ε
, ω

)
− K̄(t)

)
x̄(s) ds

∣∣∣∣.
Then

sup
t≤t0

∣∣xε(t) − x̄(t)
∣∣ ≤ ηε(t0) exp

{∫ t0

0
µ

(
s

ε
, ω

)
ds

}

≤ ηε(t0) exp
{

ε

∫ t0/ε

0
µ

(
s, ω

)
ds

}
.
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It suffices to prove that ηε(t0) → 0 in probability, as ε → 0. For any positive
integer m, we have the following inequality:

ηε(t0) ≤ sup
k≤m

{∣∣∣∣
∫ kt0

m

0

(
K

(
kt0
m

,
s

ε
, ω

)
− K̄

(
kt0
m

))
x̄(s) ds

∣∣∣∣ +

sup
0<h≤ t0

m

[ ∣∣∣∣
∫ kt0

m +h

0
K

(
kt0
m

+ h,
s

ε
, ω

)
x̄(s) ds −

∫ kt0
m

0
K

(
kt0
m

,
s

ε
, ω

)
x̄(s) ds

∣∣∣∣

+
∣∣∣∣
∫ kt0

m +h

0
K̄

(
kt0
m

+ h

)
x̄(s) ds −

∫ kt0
m

0
K̄

(
kt0
m

)
x̄(s) ds

∣∣∣∣
]}

.

Let

c = sup
s≤t0

{
‖x̄(s)‖ ∨ ‖K̄(s)‖

}
,

and

δm = sup
{∥∥K̄(t1) − K̄(t2)

∥∥ : |t1 − t2| ≤ t0
m

, t1 ≤ t0, t2 ≤ t0

}
.

Then

ηε(t0) ≤ sup
k≤m

∣∣∣∣
∫ k

m t0

0

(
K

(
k

m
t0,

s

ε
, ω

)
− K̄

(
k

m
t0

))
x̄(s) ds

∣∣∣∣

+ c

[∫ t0

0
λt0/m

(
s

ε
, ω

)
ds + sup

k<m

∫ k+1
m t0

k
m t0

µ

(
s

ε
, ω

)
ds + c

t0
m

+ δmt0

]
.

It follows from the ergodic theorem that

∫ k
m t0

0
K

(
k

m
t0,

s

ε
, ω

)
x̄(s) ds →

∫ k
m t0

0
K̄

(
k

m
t0

)
x̄(s) ds,

∫ t0

0
λt0/m

(
s

ε
, ω

)
ds → t0Eλt0/m(s, ω),

∫ k+1
m t0

k
m t0

µ

(
s

ε
, ω

)
ds → t0

m
Eµ(s, ω)

as ε → 0 with probability 1.
Therefore,

lim sup
ε→0

P
{
ηε(t0) > δ

}
≤ P

{
ct0Eλt0/m(s, ω)+c

t0
m

Eµ(s, ω)+
c2t0
m

+δmt0 ≥ δ

}
.

This probability equals 0 if m is large enough.
�
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3.1.2 Some Nonlinear Equations
Let y(s) be a Y -valued measurable process, where (Y, C) is a measurable
space. We consider an integral equation of the form

xε(t) = φ(t) +
∫ t

0
K

(
t, s, xε(s), y

(
s

ε

))
ds, (3.11)

where K : R+×R+×Rd×Y → Rd is a measurable function. In this case we
can consider separately the conditions for the function K and the process
y(s). We call y(·) the perturbing process and suppose that it satisfies one
of the following conditions.

The perturbing process is assumed to be one of two types:

PPa y(s) is a stationary ergodic process.

PPb y(s) is a homogeneous uniformly ergodic Markov process.

We denote by ρ the ergodic distribution for y(s).

Our additional conditions on K in this case are the following:

(LC) (Lipschitz’s Condition) For any c > 0 there exists lc > 0 for which∣∣K(t, s, x1, y) − K(t, s, x2, y)
∣∣ ≤ lc|x1 − x2|

for y ∈ Y , 0 ≤ s ≤ t ≤ c, x1, x2 ∈ Rd.

(TC) (Time Continuity) Let

λ(h, c) = sup
{∣∣K(t1, s, x, y) − K(t2, s, x, y)

∣∣ : t1 ≤ c, t2 ≤ c,

|t1 − t2| ≤ h, s ≤ c, |x| ≤ c, y ∈ Y
}
.

Then λ(0+, c) = 0 for all c ∈ R+.
Let us introduce the function

kc(y) = sup
0≤s≤t≤c

∣∣K(t, s, 0, y)
∣∣.

Then we assume the following condition:

(UI) (Uniform Integrability)
∫

kc(y) ρ(dy) < ∞.

Let

K̄(t, s, x) =
∫

K(t, s, x, y) ρ(dy) < ∞.

In the same way as we proved Theorem 1 we can prove the following
statement.

Theorem 1′ Let K(t,s,x,y) satisfy conditions (LC), (TC), and (UI).
(1) If y(s) satisfies condition (PPa), then relation (3.7) holds for all t0 ∈
R+.
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(2) If y(s) satisfies condition (PPb) and

sup
{∫

kc(y′)P (s, y, dy′), s ∈ R+, y ∈ Y

}
< ∞,

where P (s, y, dy′) is the transition probability for y(s), then for all t0 ∈ R+
and δ > 0,

lim
ε→0

sup
y∈Y

Py

{
sup
t≤t0

∣∣xε(t) − x̄(t)
∣∣ > δ

}
= 0,

where Py is probability under the condition that y(0) = y, and x̄(t) is the
solution of the averaged integral equation

x̄(t) = φ(t) +
∫ t

0
K̄(t, s, x̄(s)) ds.

Consider now a linear equation with K(t, s, x, y) = K(t, s, y)x, where
K(t, s, y) is a measurable function R+ × R+ × Y → L(Rd). Let

µc(y) = sup
{∥∥K(t, s, y)

∥∥, 0 ≤ s ≤ t
}

and

λc(h, y) = sup
{∥∥K(t1, s, y)−K(t2, s, y)

∥∥, t1 ≤ c, t2 ≤ c, |t1−t2| ≤ h, s ≤ c
}
.

Theorem 4′ Let xε(t) be the solution of the equation

xε(t) = φ(t) +
∫

K

(
t, s, y

(
s

ε

))
xε(s) ds,

where K(t, s, y) satisfies the conditions
(1)
∫

µc(y) ρ(dy) < ∞ for c ∈ R+,
and
(2) limh→0

∫
λc(h, y) ρ(dy) = 0.

Denote by x̄(t) the solution of the averaged equation

x̄(t) = φ(t) +
∫ t

0
K̄(t, s)x̄(s) ds,

where K̄(t, s) =
∫

K(t, s, y) ρ(dy).

I. If y(s) satisfies the condition (PPa), then relation (3.7) is valid for
all t0 ∈ R+.

II. If y(s) satisfies the condition (PPb), and

sup
{∫

µc(y′)P (s, y, dy′) : y ∈ Y, s ∈ R+

}
< ∞,

and

lim
h→0

sup
{∫

λc(h, y′)P (s, y, dy′) : y ∈ Y, s ∈ R+

}
= 0,
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then relation (3.7) is valid.
We will apply these results in various settings later.

3.2 Differential Equations

We consider a system of differential equations of the form

ẋε(t) = a

(
xε(t),

t

ε

)
, t > 0, xε(0) = x0, (3.12)

where a(x, s) is an Rd-valued random field, and we investigate the solution
xε(t) which is an Rd-valued stochastic process. We can rewrite (3.12) as an
equivalent integral equation:

xε(t) = x0 +
∫ t

0
a

(
xε(s),

s

ε

)
ds.

The following statement is a consequence of Theorem 1.

Statement Let a(x, s) satisfy the following conditions:

(A) a(x, s) is an ergodic stationary process for any x ∈ Rd;

(B) E
∣∣a(x, s)

∣∣ < ∞;

(C)
∣∣a(x, s) − a(x̃, s)

∣∣ ≤ l|x − x̃|, where x, x̃ ∈ Rd, s ∈ R+, and l is a
positive constant.

Let ā(x) = E(a(x, s)) (note that this expression does not depend on s
because of condition (A)), and let x̄(t) be the solution of the equation

˙̄x(t) = ā
(
x̄(t)
)
, x̄(0) = x0. (3.13)

Then

lim
ε→0

P

{
sup
t≤t0

∣∣xε(t) − x̄(t)
∣∣ > δ

}
= 0, δ > 0, t0 > 0.

We will obtain more general results than this in other cases. For example,

Theorem 5 Let a(x, s) satisfy Conditions (A), (B) above and the following
condition:
(C ′) There exists an ergodic stationary process λ(s, ω) for which∣∣a(x, s) − a(x̃, s)

∣∣ ≤ λ(s, ω)|x − x̃|
with Eλ(s, ω) < ∞. Then for any t0 > 0,

P

{
lim
ε→0

sup
s≤t0

∣∣xε(s) − x̄(s)
∣∣ = 0

}
= 1. (3.14)
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Proof We have

∣∣xε(t) − x̄(t)
∣∣ ≤
∫ t

0
λ

(
s

ε
, ω

)∣∣xε(s) − x̄(s)
∣∣ ds

+
∣∣∣∣
∫ t

0

(
a

(
x̄(s),

s

ε

)
− ā
(
x̄(s)

))
ds

∣∣∣∣.
Therefore, Gronwall’s inequality gives

sup
t≤t0

∣∣xε(t) − x̄(t)
∣∣ ≤ exp

{∫ t0

0
λ

(
s

ε
, ω

)
ds

}

× sup
t≤t0

∣∣∣∣
∫ t

0

(
a

(
x̄(s),

s

ε

)
− ā
(
x̄(s)

))
ds

∣∣∣∣.
Since

lim
ε→0

∫ t0

0
λ

(
s

ε
, ω

)
ds = t0Eλ(s, ω)

with probability 1, it suffices to show that with probability 1,

lim sup
ε→0

sup
t≤t0

∣∣∣∣
∫ t

0

(
a

(
x̄(s),

s

ε

)
− ā
(
x̄(s)

))
ds

∣∣∣∣ = 0. (3.15)

Set

x̄n(s) =
∞∑

k=0

x̄

(
k

n

)
1{ k

n ≤t< k+1
n }.

Then

sup
t≤t0

∣∣∣∣
∫ t

0

(
a

(
x̄(s),

s

ε

)
− ā
(
x̄(s)

))
ds

∣∣∣∣
≤ sup

t≤t0

∣∣∣∣
∫ t

0

(
a

(
x̄n(s),

s

ε

)
− ā
(
x̄n(s)

))
ds

∣∣∣∣
+ sup

t≤t0

∣∣x̄n(t) − x̄(t)
∣∣
∫ t0

0

[
λ

(
s

ε
, ω

)
+ λ

]
ds,

where λ = Eλ(s, ω).
Note that for fixed k and n,

sup
t≤t0

∣∣∣∣
∫ k+1

n

k
n

(
a

(
x̄

(
k

n

)
,
s

ε

)
− ā

(
x̄

(
k

n

)))
ds

∣∣∣∣1{ k
n ≤t0< k+1

n }

≤ 2 sup
t≤ k+1

n

ε

∣∣∣∣
∫ t

ε

0

(
a

(
x̄

(
k

n

)
, s

)
− ā

(
x̄

(
k

n

)))
ds

∣∣∣∣,



3.2 Differential Equations 101

and so the right-hand side tends to zero as ε → 0 with probability 1. So

P

{
lim
ε→0

sup
t≤t0

∣∣∣∣
∫ t

0

(
a

(
x̄n(s),

s

ε

)
− ā
(
x̄n(s)

))
ds

∣∣∣∣ = 0
}

= 1

and

P

{
lim sup

ε→0
sup
t≤t0

∣∣∣∣
∫ t

0

(
a

(
x̄(s),

s

ε

)
− ā
(
x̄(s)

))
ds

∣∣∣∣ ds

≤ 2 sup
t≤t0

∣∣x̄n(t) − x̄(t)
∣∣t0λ
}

= 1.

This implies (3.15) because limn→∞ supt≤t0

∣∣x̄n(t) − x̄(t)
∣∣ = 0.

�

Now we consider the differential equation of the form

ẋε(t) = a

(
t, xε(t), y

(
t

ε

))
, xε(0) = 0 (3.16)

where (Y, C) is a measurable space, a : R+ ×Rd ×Y → Rd is a measurable
function, and the Y -valued process y(s) satisfies the condition (PP) of
Section 3.1.

Theorem 6 Assume that a(t, x, y) satisfies the following conditions:

I.
∫ ∣∣a(t, x, y)

∣∣ρ(dy) < ∞.

II. There exists a measurable in y function l(c, y) : R+ × Y → R+ for
which

∣∣a(t, x, y) − a(t, x̃, y)
∣∣ ≤ l(c, y)|x − x̃| if t ≤ c, |x| ≤ c and∫

l(c, y) ρ(dy) < ∞.

III. There exists a measurable in y function λ(h, c, y) : R+×R+×Y → R+
for which

∣∣a(t, x, y) − a(t̃, x, y)
∣∣ ≤ λ(t − t̃, c, y) if t ≤ c, |x| ≤ c and

limh→0
∫

λ(h, c, y) ρ(dy) = 0 for all c ∈ R+.

Let ā(t, x) =
∫

a(t, x, y) ρ(dy) and let x̄(t) be the solution of the averaged
problem

˙̄x(t) = ā
(
t, x̄(t)

)
, t > 0, x̄(0) = x0. (3.17)

Then relation (3.14) holds for all t0 > 0.

The proof is the same as the one for Theorem 5.

3.2.1 Linear Differential Equations
We consider the equation

ẋε(t) = A

(
t,

t

ε

)
xε(t), xε(0) = x0 (3.18)
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where A(t, s) = A(t, s, ω) : R+×R+×Ω → L(Rd) is a measurable function.
In addition, it is either
(a) an ergodic stationary L(Rd)-valued stochastic process for any t ∈ R+;
or
(b) A(t, s, ω) = A

(
t, y(s, ω)

)
, where y(s, ω) = y(s) is a Y -valued ergodic

homogeneous stochastic process with ergodic distribution ρ(dy).
We assume that E

∥∥A(t, s)
∥∥ < ∞ in case (a) and

∫ ∥∥A(t, y)
∥∥ρ(dy) < ∞ in

case (b).
Set Ā(t) = EA(t, s, ω) in case (a) and Ā(t) =

∫
A(t, y) ρ(dy) in case (b).

Theorem 6 implies the following statement.

Theorem 7 Assume that in case (a) A(t, s, ω) satisfies the condition

sup
|t1−t2|≤h

‖A(t1, s, ω) − A(t2, s, ω)‖ ≤ λ(h, c, s, ω) if t1 ≤ c,

where λ(h, c, s, ω) is an ergodic stationary process in s and

Eλ(h, c, s, ω) < ∞;

and in case (b) A(t, y) satisfies the condition

‖A(t1, y) − A(t2, y)‖ ≤ λ(h, c, y) if t1 ≤ c, |t1 − t2| ≤ h

and limh→∞
∫

λ(h, c, y) ρ(dy) = 0.
Let x̄(t) be the solution of the averaged problem

˙̄x(t) = Ā(t)x̄(t), x̄(0) = x0.

Then relation (3.14) is true for all t0 > 0.

3.3 Difference Equations

Let ϕn(x, ω) : Z+ × Rd × Ω → Rd satisfy the following condition:

{ϕn(x, ω), n = 0, 1, 2, . . . } is an ergodic stationary sequence for any x ∈ Rd,
and ϕn(x, ω) is B(Rd) ⊗ F measurable for all n ∈ Z+.

We consider the sequence of random vectors
{
xε

n, n = 0, 1, . . .
}

that
satisfies the relations

xε
0 = x0, xε

n+1 = xε
n + εϕn(xε

n, ω). (3.19)

Suppose that E
∣∣ϕn(x, ω)

∣∣ < ∞ and let ϕ̄(x) = Eϕn(x, ω).
Let x̄ε

n satisfy the relations:

x̄ε
0 = x0, x̄ε

n+1 = x̄ε
n + εϕ̄(x̄ε

n). (3.20)

Lemma 2 [73] Suppose that ϕ̄(x) satisfies a Lipschitz condition with
constant l.
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Then for any t0 > 0,

lim
ε→0

sup
k≤t0/ε

∣∣x̄ε
k − x̄(kε)

∣∣ = 0,

where x̄(t) is the solution of the equation

˙̄x(t) = ϕ̄
(
x̄(t)
)
, x̄(0) = x0. (3.21)

Proof Note that

x̄
(
(k + 1)ε

)
− x̄(kε) =

∫ (k+1)ε

kε

ϕ̄
(
x̄(s)

)
ds.

Therefore, if kε ≤ t0, then

x̄
(
(k + 1)ε

)
− x̄ε

k+1 = x̄(kε) − x̄ε
k +
∫ (k+1)ε

kε

(
ϕ̄
(
x̄(s)

)
− ϕ̄(x̄ε

k)
)
ds

and ∣∣x̄((k + 1)ε
)

− x̄ε
k+1

∣∣ ≤ ∣∣x̄(kε) − x̄ε
k

∣∣+ εl
∣∣x̄(kε)

∣∣+ εlαε, (3.22)

where αε = sup
{∣∣x̄(s) − x̄(t)

∣∣ : t ≤ t0, |s − t| ≤ ε
}
.

Then (3.22) implies that

sup
kε≤t0

∣∣x̄(kε) − x̄ε
k

∣∣ ≤ lt0αε exp {lt0}.

�

Theorem 8 Let ϕn(x, ω) be as in the previous theorem and satisfy in ad-
dition the following condition: There exists a stationary ergodic sequence
ln(ω) for which Eln(ω) < ∞ and∣∣ϕn(x, ω) − ϕn(x̃, ω)

∣∣ ≤ ln(ω)|x − x̃|. (3.23)

Then for any t0 ∈ R+,

P

{
lim
ε→0

sup
εk≤t0

∣∣xε
k − x̄(εk)

∣∣ = 0
}

= 1, (3.24)

where x̄(t) is the solution of equation (3.21).

Proof Note that
∣∣ϕ̄(x)−ϕ̄(x̃)

∣∣ ≤ Eln(ω)|x−x̃|, so the condition of Lemma
2 is fulfilled. Therefore, it remains to prove that

P

{
lim
ε→0

sup
εk≤t0

∣∣xε
k − x̄ε

k

∣∣ = 0
}

= 1. (3.25)

It follows from relations (3.19) and (3.20) that

xε
n+1 − x̄ε

n+1 = ε

n∑
k=1

[
ϕk(xε

k, ω) − ϕ̄(x̄ε
k)
]

= ε

n∑
k=1

ϕk(xε
k, ω) + ε

n∑
k=1

[
ϕk(x̄ε

k, ω) − ϕ̄(x̄ε
k)
]
,
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so
∣∣xε

n+1 − x̄ε
n+1

∣∣ ≤ ε
n∑

k=1

lk(ω)|xε
k − x̄ε

k| + ε

∣∣∣∣
n∑

k=1

[
ϕk(x̄ε

k, ω) − ϕ̄(x̄ε
k)
]∣∣∣∣,

and
∣∣xε

n+1 − x̄ε
n+1

∣∣ ≤ sup
m≤n

∣∣∣∣
m∑

k=1

ϕk(x̄ε
k, ω)

∣∣∣∣ exp
{

ε
n∑

k=1

lk(ω)
}

.

Since

P

{
lim
ε→0

sup
εn≤t0

exp
{

ε

n∑
k=1

lk(ω)
}

= exp {lt0}
}

= 1,

where l = Eln(ω), (3.25) is a consequence of the relation

P

{
lim sup

ε→0
sup

mε≤t0

∣∣∣∣
m∑

k=1

ϕk(x̄ε
k, ω)

∣∣∣∣ = 0
}

= 1. (3.26)

Note that∣∣∣∣
m∑

k=1

[
ϕk(x̄ε

k, ω) − ϕ̄(x̄ε
k)
]
−

m∑
k=1

[
ϕ
(
x̄(kε), ω

)
− ϕ̄
(
x̄(kε)

)] ∣∣∣∣

≤
m∑

k=1

(
lk(ω) + l

)
sup
i≤m

∣∣x̄ε
i − x̄(iε)

∣∣,
so (3.26) is equivalent to the relation

P

{
lim sup

ε→0
sup

mε≤t0

∣∣∣∣
m∑

k=1

[
ϕk

(
x̄(kε, ω

)
− ϕ̄
(
x̄(kε)

)] ∣∣∣∣ = 0
}

= 1, (3.27)

and this can be proved in the same way as (3.15) in Theorem 5.
�

Remark Assume that ϕk(x, ω) = ϕ(x, ξk), where {ξk, k = 0, 1, . . . } is a
sequence of Y -valued random variables ((Y, C) is a measurable space) that
satisfies one of the following conditions:
(A) ϕk is an ergodic homogeneous Markov chain,
or
(B) ϕk is a stationary ergodic sequence.
Let the ergodic distribution of ξk be denoted by the measure ρ(dy) on C.
Suppose that the function

ϕ(x, y) : Rd × Y → Rd

is measurable and
∫ ∣∣ϕ(x, y)

∣∣ρ(dy) < ∞. We let

ϕ̄(x) =
∫

ϕ(x, y) ρ(dy).
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Suppose that
∣∣ϕ(x, y) − ϕ(x̃, y)

∣∣ ≤ l(y)|x − x̃| and
∫

l(y) ρ(dy) < ∞. Then
the statement of Theorem 8 is true.

3.3.1 Linear Difference Equations
Assume ϕk(x, ω) = φk(ω)x, where {φk(ω), k = 0, 1, 2, . . . } is a discrete–
time (Rd)-valued ergodic stationary process. Suppose that E

∥∥φk(ω)
∥∥ = l <

∞. Then the process lk(ω) =
∥∥φk(ω)

∥∥ satisfies the conditions of Theorem
8. Let ϕ̄(x) = φ̄x, where φ̄ = Eφk(ω), xε

k = (I + εφ̄)kx0, and x̄(t) =
exp {tφ̄}x0.
The statement of Theorem 8 remains true in this case.
We can also study in the same way the problem when ϕk(x, ω) is of the
form φ(ξk)x, where φ(y) : Y → L(Rd) and ξk satisfies one of the conditions
(A) or (B).

3.4 Large Deviation for Differential Equations

We consider in this section the differential equation

ẋε(t) = a(xε(t), y(t/ε)) (3.28)

in Rd with the initial condition

xε(0) = x0 ∈ Rd,

where y(t) is a homogeneous Markov process in a compact space Y with
transition probability P (t, y, B) satisfying Feller’s condition (see (FC)
Section 2.4), the process is ergodic with ergodic distribution ρ and sat-
isfies the conditions of Lemma 4 in Chapter 2. Assume that the function
a(·, ·) : Rd × Y → Rd satisfies the following conditions:

(a1)

sup{|a(x, y)| + ||ax(x, y)|| : x ∈ Rd, y ∈ Y } < ∞.

(a2) For any x ∈ Rd the function a(x, y) is continuous in y for almost all
y with respect to the measure ρ(dy).

(a3) Denote by M the set of all probability measures on B(Y ), and by
Mρ the set of measures m ∈ M that are absolutely continuous with
respect to the measure ρ. Set

A(x) =
{

z ∈ Rd : z =
∫

a(x, y)m(dy), m ∈ Mρ

}
.

Then for all x ∈ Rd, A(x) is a closed bounded convex set in Rd with
nonempty interior.
Note that the only condition in (a3) is that A(x) contain an interior point
for each x .
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Here we consider large deviations of the solutions to equation (3.26). We
will use the notation and results of Section 2.4. In particular, the function
I(m) is given by formula (2.10).

3.4.1 Some Auxiliary Results
Denote by (AC)(x0, T ) the set of continuous functions x(·) : [0, T ] → Rd

that have the derivatives x′(t) satisfying the relation x′(t) ∈ A(x(t)) for
t < T and x(0) = x0. Denote by (AD)(x0, T ) the set of functions of the
form

x(t) = x0 +
∫ t

0

∑
k

1{tk≤s<tk+1}vk ds, (3.29)

where t0 = 0 < t1 < · · · < tn = T and vectors v0, . . . , vn−1 from Rd satisfy
the relations vk ∈ A(x(t)) for t ∈ [tk, tk+1).
We consider M to be a metric space with a distance d, convergence in
which is equivalent to the weak convergence of measures.
To construct a function from (AD)(x0, T ) let us introduce the function

u(x, v) = sup{t : v ∈ A(x + sv)}, s ≤ t}. (3.30)

Then the function x(t) given by formula (3.29) is a function from
(AD)(x0, T ) if and only if vk ∈ A(x(tk)) and tk+1 − tk ≤ u(x(tk, vk) for
k < n. Using condition (a3) we can prove the next statement.

Lemma 1 Let x(·) ∈ (AC)(x0, T ). Then for any h > 0 a function x∗(·) ∈
(AD)(x0, T ) exists for which

sup
s∈[0,T ]

|x(s) − x∗(s)| ≤ h.

Now we consider a method for constructing functions from (AC)(x0, T ).
Denote by C(T, b, M) the set of continuous functions m : [0, T ] → M
satisfying the condition

sup
t∈[0,T ]

I(m(t)) ≤ b.

Let m(·) ∈ C(T, b, M), and let

ām(·)(t, x) =
∫

a(x, y)m(t, dy).

We consider the solution to the differential equation

ẋm(·)(t) = ām(·)(t, xm(·)(t))

with the initial condition xm(·)(0) = x0. It is easy to see that

xm(·)(·) ∈ (AC)(x0, T ).
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For v ∈ A(x) set

M(x, v) =
{

m :
∫

a(x, y)m(dy) = v

}
,

S(x, v) = inf {I(m) : m ∈ M(x, v)} ,

and

M∗
r (x, v) = M(x, v) ∩ CS(x,v)+r(I).

For h ∈ (0, 1) denote by Hh the set in Rd × Rd that is determined by the
relation

Hh = {(x; v), x ∈ Rd, v ∈ Rd : (1 − h)−1(v − hā(x)) ∈ A(x)}.

Remark Note that ā(x) is an interior point of the set A(x). If (x; v) ∈ Hh

and h > 0, then v is an interior point of the set A(x), and for any interior
point v of the set A(x) the relation (x; v) ∈ Hh is fulfilled for some h > 0.

Lemma 2 The function S(x, v) is continuous on the set Hh for all h > 0,
and the set-valued functions M(x, v), M∗(x, v) are continuous on the same
set in the metric

d(A, B) = sup
m∈A

inf
m′∈B

d(m, m′), A ∈ B(M), B ∈ B(M),

where B(M) is the Borel σ-algebra in M.

The proof of the lemma rests on convexity of the sets M(x, v), M∗
r (x, v)

and of the function I(m).
Using the last lemma and Remark 1 we can prove the next statement.

Lemma 3 Assume that x(·) ∈ (AC)(x0, T ) satisfies the condition

(x(t), ẋ(t)) ∈ Hh, t ∈ [0, T ]

for some h > 0. Then
(1) For any r > 0 there exists a number b > 0 and a function

m(·) ∈ C(T, b, M)

satisfying the conditions

m(t) ∈ M∗
r (x(t), x′(t)), t ∈ [0, T ]

and

x′(t) =
∫

a(x(t), y)m(t, dy), t ∈ [0, T ].

(2) If ẋ(t) is a continuous function, then for any δ > 0 there exists a
function

x∗(t) ∈ AD(x0, T )
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for which ẋ∗(t) is constant on the intervals (kδ, (k + 1)δ ∧ T ), k = 0, 1, . . . ,
and

sup
t≤T

|x(t) − x∗(t)| ≤ cδ2

for some c > 0.

Introduce a random variable

νt(C) =
1
t

∫ t

0
1{y(s)∈C}, C ∈ B(Y ),

in the space M and let Qt
y be the distribution of νt under the condition

y(0) = y:

Qt
y(B) = P{νt ∈ B/y(0) = y}, B ∈ B(M).

We need some additional statements concerning the asymptotic behavior of
νt as a function of t. Denote by Br(m) the closed ball in M that is centered
at m and has radius r.

Lemma 4 For all m ∈ M the relation

lim sup
r→0

lim sup
t→∞

sup
y

∣∣∣∣1t log Qt
y(Br(m)) + I(m)

∣∣∣∣ = 0 (3.31)

is fulfilled.

The proof follows from Theorems 2.7 and 2.8.

Corollary 1 For given δ > 0 there exist numbers T > 0, ρ > 0 for which
the inequalities

− δtk −
∑
j≤k

(tj − tj−1)I(mj)

≤ log Py


⋂

j≤k

{
tjνtj

− tj−1νtj−1

tj − tj−1
∈ Br(mj)

}
 ≤ δtk −

∑
j≤k

(tj − tj−1)I(mj)

(3.32)
are valid for all natural numbers k, y ∈ Y , 0 < t1 < · · · < tk satisfying the
conditions tj − tj−1 > T, j ≤ k, and r < ρ.

Introduce the family of probability measures

ν∆
t (s, B) =

1
t∆

∫ t(s+∆)

st

1B(y(u))du, t > 0, s ∈ [0, 1], ∆ ∈ (0, 1]. (3.33)

Theorem 10 Let m(·) : [0, 1] → M be a continuous function for which

sup
s∈[0,1]

I(m(s)) < ∞.
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Then the relation

lim
∆→0

lim sup
r→0

lim sup
t→∞

sup
y

∣∣∣∣∣
1
t

log Py

{
sup

s∈[0,1]
d(ν∆

t (s), m(s)) ≤ r

}

+
∫ 1

0
I(m(s)) ds

∣∣∣∣ = 0

(3.34)

is fulfilled.

Proof Let

qn
y (t, r) = Py

{
max
k≤n

d

(
ν∆

t

(
k

n

)
, m

(
k

n

))}
≤ r. (3.35)

Note that

var
(
ν∆

t (s1) − ν∆
t (s2)

)
≤ 2

|s1 − s2|
∆

.

Here var(·) denotes the variation of a signed measure. Since the convergence
of measures in variation implies their weak convergence, we can assume that
var(m1 − m2) ≥ d(m1, m2). So

d
(
ν∆

t (s1), ν∆
t (s2)

)
≤ 2

|s1 − s2|
∆

.

Set

αn = sup
|s1−s2|≤n−1

d(m(s1), m(s2)).

Then

sup
s∈[0,1]

d(ν∆
t (s), m(s)) ≤ max

k≤n
d

(
ν∆

t

(
k

n

)
, m

(
k

n

))
+

2
n∆

+ αn. (3.36)

For n large enough we can write the inequality

qn
y (t, r) ≥ Py

{
sup

s∈[0,1]
d(ν∆

t (s), m(s)) ≤ r

}
≥ qn

y

(
t, r − 2

n∆
− αn

)
.

(3.37)
It follows from Corollary 1 that

lim
r→0

lim sup
t→∞

sup
y

∣∣∣∣∣∣
1
t

log qn
y (t, r) + n−1

∑
k≤n

I

(
m

(
k

n

))∣∣∣∣∣∣ = 0. (3.38)

This relation and inequalities (3.37) imply the proof of the theorem.
�
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3.4.2 Main Theorem.
Theorem 11 (i) For any function m(·) ∈ C(T, b, M), the relation

lim
r→0

lim
ε→0

∣∣∣∣ε log P{ sup
t∈[0,T ]

|xε(t) − xm(·)(t)| ≤ r}+
∫ T

0
I(m(s)) ds

∣∣∣∣ = 0 (3.39)

is fulfilled.
(ii) For any function x(·) ∈

⋃
h>0 Hh having a continuous derivative ẋ(·),

the relation

lim
r→0

lim
ε→0

∣∣∣∣ε log P{ sup
t∈[0,T ]

|x(t) − xε(t)| ≤ r}+
∫ T

0
S(x(t), x′(t) dt

∣∣∣∣ = 0 (3.40)

holds.

Proof We use notation

ν(ε, h, s, ·) = νh
ε−1(s, ·)

(see formula (3.33)). Let T = nh. Since
∫ (k+1)h

kh

g

(
y

(
t

ε

))
dt = h

∫
g(y)ν(ε, h, kh, dy)

for all bounded measurable functions g : Y → R, we can write the relations

xε((k + 1)h) − xε(kh) = h

∫
a(xε(kh), y)ν(ε, h, kh, dy) + O(h2), (3.41)

and

xm(·)((k+1)h)−xm(·)(kh) = h

∫
a(xm(·)(kh), y)m(kh, dy)+O(h2). (3.42)

These relations imply the existence of a constant c1 > 0 for which the
inequality

max
k≤n

∣∣∣∣xε(kh) − xm(·)(kh)
∣∣∣∣

≤ c1

(
h + h

∑
k<n

sup
|x|≤|x0|+c̄T

∣∣∣∣
∫

a(x, y)ν(ε, h, kh, dy) −
∫

a(x, y)m(kh, dy)
∣∣∣∣
)

(3.43)
is fulfilled. Let

θε
h = sup

s∈[0,T ]
d(ν(ε, h, s), m(s)).

Then for any r > 0 we can find δ > 0 and h0 > 0 for which

max
s∈[0,T ]

|xε(s) − xm(·)(s)| ≤ r
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if θε
h < δ, h < h0. So Theorem 1 implies the inequality

lim
r→0

lim inf
ε→0

(
ε log P

{
sup

t∈[0,T ]
|xε(t) − xm(·)(t)| ≤ r

})
≥ −

∫ T

0
I(m(s)) ds.

(3.44)
Let x(·) satisfy (ii) and let

x∗(·) ∈ (AD)(x0, T ), sup
t∈[0,T ]

|x∗(t) − x(t)| ≤ r,

and

x∗(t) = x∗
k + (t − tk)vk, t ∈ [tk, tk+1], tk = kδ, k = 0, 1, . . . , n, δ =

T

n
.

Set

Fk =
{

m :
∣∣∣∣
∫

a(x∗
k, y)m(dy) − vk

∣∣∣∣ ≤ δ̂k

}
,

where the δ̂k are chosen in such a way that the relations

ν(ε, tk+1 − tk, tk) ∈ Fk, k = 1, . . . , n,

imply the inequalities

|xε(tk) − x∗(tk)| ≤ 2r, k = 1, . . . , n.

This implies the relation

P

{
sup

t∈[0,T ]
|xε(t) − x(t)| ≤ r

}
≤ P

{⋂
k<n

{ν(ε, tk+1 − tk, tk, ·) ∈ Fk}
}

.

(3.45)
It follows from Corollary 1 that

lim sup
ε→0

log P

{⋃
k<n

{ν(ε, tk+1 − tk, tk, ·) ∈ Fk}
}

≤ −
∑
k<n

inf
m∈Fk

I(m)(tk+1−tk).

(3.46)
It can be proved that

lim
r→0

lim sup
n

∑
k<n

(tk+1 − tk)| inf
m∈Fk

I(m) − S(xk, vk)| = 0. (3.47)

So we obtain the inequality

lim
r→0

lim sup
ε→0

ε log P

{
sup

t∈[0,T ]
|x(t) − xε(t)| ≤ r

}
≤ −

∫ T

0
S(x(t), x′(t)) dt.

(3.48)
The proof of the theorem follows from inequalities (3.44) and (3.46), and
the relation

I(m(t)) = S
(
xm(·)(t), ẋm(·)

)
,
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which is true for all

m(·) ∈
⋃
b>0

C(T, b, M).

�

Corollary 2 (i) For all x ∈ Rd the relation

lim
r→0

lim sup
ε→0

∣∣∣∣ε log P{|xε(T ) − x| < r}

+ inf

{∫ T

0
S(x(t), x′(t))dt : x(·) ∈ (AC)(x0, T ), x(T ) = x

}∣∣∣∣ = 0

is fulfilled.
(ii) For any closed set F ⊂ Rd we have the relation

lim
ε→0

(ε log P{ inf
t∈[0,T ]

ρ(xε(t), F ) = 0})

= − inf
{∫ t

0
S(x(s), x′(s)) ds : x(·) ∈ (AC), x(t) ∈ F, t ∈ [0, T ]

}
,

where

ρ(x, F ) = inf{|x − x′| : x′ ∈ F}.

3.4.3 Systems with Additive Perturbations
Assume that

a(x, y) = a(x) + B(x)b(y),

where a(·) : Rd → Rd and B(·) : Rd → L(Rd) are continuous functions
with continuous bounded derivatives ax(x), Bx(x); B(x) is an invertible
matrix for all x ∈ Rd; and b(·) : Y → Rd is a continuous function for which∫

b(y) ρ(dy) = 0. Let

V =
{

v ∈ Rd : v =
∫

b(y) m(dy), m ∈ Mρ

}
.

Set

I∗(v) = inf
{

I(m) :
∫

b(y) m(dy) = v, v ∈ V

}
.

The main properties of this function are presented in the following
statement.

Lemma 5 I∗(v) is a nonnegative convex function, and I∗(0) = 0.
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Proof We prove the convexity of this function. Let vk ∈ V, k = 1, 2, and
s ∈ [0, 1]. For given h > 0, the measures mk ∈ Mρ, k = 1, 2, satisfy the
relations

|I∗(vk) − I(mk)| < h,

∫
b(y)mk(dy), k = 1, 2.

Since we have the relation∫
b(y)(s m1(dy) + (1 − s) m2(dy)) = sb1 + (1 − s)b2,

we can write the inequality

I∗(sv1 + (1 − s)v2) ≤ I(sm1 + (1s)m2) ≤ sI(m1) + (1 − s)I(m2)
≤ sI∗(v1) + (1 − s)I∗(v2) + h,

which completes the proof.
�

Remark The function S(x, v) is determined by the relations

S(x, v) = I∗(B−1(x)(v − a(x)))

if B−1(x)(v−a(x)) ∈ V , and S(x, v) = +∞ otherwise. Introduce for T > 0
the function from C[0,T ](Rd) into [0, +∞] by the relations

HT (f) =
∫ T

0
S(f(t), ḟ(t)) dt

if f(·) is absolutely continuous, and HT (f) = +∞ otherwise. Then the
relations

lim
r→0

lim sup
ε→0

∣∣∣∣ε log P{ sup
t∈[0,T ]

|xε(t) − f(t)| ≤ r} + HT (f)
∣∣∣∣ = 0 (3.49)

and

lim
r→0

lim sup
ε→0

∣∣∣∣ε log {|xε(T ) − x| ≤ r}+inf{HT (f) : f(0) = x0, f(T ) = x}
∣∣∣∣ = 0

(3.50)
hold.



4
Normal Deviations

In Chapter 3 we derived the leading–order approximation to the func-
tion xε by solving an associated averaged problem for x̄ and estimating
the difference between them. In this chapter we consider the remainder
xε(t, ω) − x̄(t, ω) in greater detail. We refer to this remainder as the first–
order deviation, or simply the deviation. The deviation tends to zero in
some sense if an averaging theorem is true. When that is the case, we can
investigate the asymptotic behavior of (xε(t, ω) − x̄(t, ω)) /bε as ε → 0,
where bε is a small scaling factor that is to be determined. If the scaled de-
viation is (asymptotically) a Gaussian random variable, which is plausible
from the central limit theorem, we will say that the deviation is normal.
As a rule, we can choose bε =

√
ε.

4.1 Volterra Integral Equations

We consider first the Volterra integral equation in (3.4) and the cor-
responding averaged equation (3.6). We define the scaled deviation to
be

x̃ε(t) =
xε(t, ω) − x̄(t)√

ε
. (4.1)

We suppose that the conditions of Theorem 1 of Section 3.1 are satis-
fied, and we investigate additional conditions under which x̃ε(t) converges
weakly to a Gaussian stochastic process.
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First we will obtain an equation for x̃ε(t), and then transform it to a suitable
form. It is easy to see from formulas (3.4) and (3.6) that x̃ε(t) satisfies the
relation

x̃ε(t) =
∫ t

0
ε−1/2

(
K
(
t, x̄(s) + ε1/2x̃ε(s),

s

ε
, ω
)

− K̄ (t, x̄(s))
)

ds

≡
∫ t

0
Lε

(
t, s, x̃ε,

s

ε
, ω
)

ds + zε(t),
(4.2)

where

zε(t) = ε−1/2
∫ t

0

(
K
(
t, x̄(s),

s

ε
, ω
)

− K̄ (t, x̄(s))
)

ds (4.3)

and

Lε(t, s, x, u, ω) = ε−1/2
(
K(t, x̄(s) + ε1/2x, u, ω) − K(t, x̄(s), u, ω)

)
.

Note that Lε(t, s, x, u, ω) satisfies the Lipschitz condition

|Lε(t, s, x, u, ω) − Lε(t, s, x̃, u, ω)| ≤ l|x − x̃|
if K satisfies relation (3.3), and the constant l is the same as in (3.3), so it
does not depend on ε. Suppose that the derivative Kx(t, x, s, ω) exists as
an L(Rd)-valued random variable. Then, as ε → 0,

Lε(t, s, x̄, u, ω) → Kx(t, x̄(s), u, ω)x.

Furthermore, the process zε(t) converges to a Gaussian process ẑ(t) under
some general conditions.
We first consider the linear equation

x∗
ε(t) =

∫ t

0
L
(
t, s,

s

ε
, ω
)

x∗
ε(s) ds + zε(t)

where L
(
t, s, s

ε , ω
)

= Kx

(
t, x̄(s), s

ε , ω
)
. This equation is obtained by sub-

stituting L for Lε in equation (4.2). Set L̂(t, s) = EL
(
t, s, s

ε , ω
)
; let x̂ε(t)

be the solution of the equation

x̂ε(t) =
∫ t

0
L̂(t, s)x̂ε(s) ds + zε(t); (4.4)

and consider the equation

x̂(t) =
∫ t

0
L̂(t, s)x̂(s) ds + ẑ(t). (4.5)

It is easy to find conditions under which x̃ε(t)−x∗
ε(t) and x∗

ε(t)−x̂ε converge
to zero in probability. Once that is done, we prove that x̃ε(t) converges
weakly to x̂(t). Since x̂(t) is the solution of a linear equation, it can be
expressed as a linear transformation of a Gaussian stochastic process ẑ(t),
so x̃ε(t) is asymptotically a Gaussian stochastic process.
The conditions in the next theorem ensure that this plan works.
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Theorem 1 Let K(t, x, s, ω) satisfy the conditions:

(1) K is measurable in all variables; it is a stationary ergodic process in s
for fixed t and x, with E |K(t, x, s, ω)| < ∞; and it satisfies conditions
(1) and (2) of Section 2.3.4.

(2) K satisfies a Lipschitz condition in x: For some positive real constant
l,

|K(t, x1, s, ω) − K(t, x2, s, ω)| ≤ l|x1 − x2|.
(3) Let K̄(t, x) = EK(t, x, s, ω) and K̃(t, x, s, ω) = K(t, x, s, ω)−K̄(t, x).

Then there exists an L(Rd)-valued continuous function

B(t1, x1, t2, x2, v) : R+ × Rd × R+ × Rd × R → L(Rd)

for which

E
(
K̃(t1, x1, s, ω), z1

)(
K̃(t2, x2, s + v, ω), z2

)

= (B(t1, x1, t2, x2, v)z1, z2)
(4.6)

and ∫ ∞

−∞
‖B(t1, x1, t2, x2, v)‖dv (4.7)

converges uniformly with respect to t1 ≤ c, |x1| ≤ c, t2 ≤ c, |x2| ≤ c
for every c > 0.

(4) There exists the derivative Kx(t, x, s, ω), and for z ∈ Rd,∣∣Kx(t, x, s, ω)z − ε−1 (K(t, x + εz, s, ω) − K(t, x, s, ω))
∣∣ ≤ α(ε)(1+|z|),

(4.8)
where α(ε) → 0 as ε → 0,

(5) Kx(t, x, s, ω) is an ergodic stationary L(Rd)-valued stochastic process
for fixed t and x, and

‖Kx(t1, x1, s, ω) − Kx(t2, x2, s, ω)‖ ≤ λ (|t1 − t2|, c) + λ (|x1 − x2|, c)
(4.9)

for t1 ≤ c, t2 ≤ c, x1 ≤ c, x2 ≤ c, where the function λ(h, c) : R2
+ →

R satisfies the relation λ(0+, c) = 0.

Denote by ẑ(t) a Gaussian Rd-valued process for which Eẑ(t) = 0 and

E (ẑ(t1), z1) (ẑ(t2), z2) = (B(t1, t2)z1, z2) , z1, z1 ∈ Rd,

where

B(t1, t2) =
∫ t1∧t2

0
ds

∫ ∞

−∞
B(t1, x̄(s), t2, x̄(s), v)dv. (4.10)

Then the stochastic process x̃ε(t) converges weakly to the stochastic process
x̂(t), the solution to integral equation (4.5).
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Proof For the proof, we follow the plan outlined above and use the
notation introduced at the beginning of this section. Note that

|x̃ε(t) − x∗
ε(t)| ≤

∫ t

0

∣∣∣Lε

(
t, s, x̃ε(s),

s

ε
, ω
)

− Lε

(
t, s, x∗

ε(s),
s

ε
, ω
)∣∣∣ ds

+
∫ t

0

∣∣∣Lε

(
t, s, x∗

ε(s),
s

ε
, ω
)

x∗
ε(s)
∣∣∣ ds

≤ l

∫ t

0
|x̃ε(s) − x∗

ε(s)| ds + α(ε)
∫ t

0
(1 + |x̄(s)|) |x∗

ε(s)| ds.

This inequality implies that∫ t0

0
|x̃ε(s) − x∗

ε(s)|
2

ds ≤ A(t0)α(ε)
(

1 +
∫ t0

0
|x∗

ε(s)|
2

ds

)
, (4.11)

where A(t0) is a constant. Since
∥∥L (t, s, s

ε , ω
)∥∥ ≤ l, there exists a constant

B(t0) for which ∫ t0

0
|x∗

ε(s)|
2

ds ≤ B(t0)
∫ t0

0
|zε(s)|2 ds. (4.12)

Now we consider the difference x∗
ε(t) − x̂ε(t). We can write

|x∗
ε(t) − x̂ε(t)| ≤ l

∫ t

0
|x∗

ε(s) − x̂ε(s)| ds

+
∣∣∣∣
∫ t

0

(
L
(
t, s,

s

ε
, ω
)

− L̂(t, s)x̂ε(s)
)

ds

∣∣∣∣ ,
which implies that for some constant c(t0),
∫ t0

0
|x∗

ε(s) − x̂ε(s)|2 ≤ c(t0)
∫ t0

0

(∫ t0

0

(
L
(
t,

s

ε
, ω
)

− L̂(t, s)
)

x̂ε(s) ds

)2

dt.

(4.13)
Let ϕ(t) be the solution of the Volterra equation

ϕ(t) =
∫ t

0
L̂(t, s)ϕ(s) ds + ψ(t),

where ψ(t) ∈ L2(0, t0). The solution of this equation can be written as

ϕ(t) = ψ(t) +
∫ t

0
Γ(t, s)ψ(s) ds,

where Γ is the resolvent kernel

Γ(t, s) =L̂(t, s) +
∫ t

s1

L̂(t, s1)L̂(s1, s) ds1 + · · ·

+
∫∫

s<x1<···<sn<t

L̂(t, sn) · · · L̂(s1, s) ds1 · · · dsn + · · · ,

and Γ(t, s) is a bounded continuous function.
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It follows from (4.4) that

x̂ε(t) = zε(t) +
∫ t

0
Γ(t, s)zε(s) ds. (4.14)

We next investigate the asymptotic properties of the process zε(t). For this
purpose we prove the following lemma.

Lemma 1 The stochastic process zε(t) converges weakly to the stochastic
process ẑ(t).

Proof It follows from formula (4.3) that if Bε(t1, t2) is an L(Rd)-valued
function for which E (zε(t1), z1) (zε(t2), z2) = (Bε(t1, t2)z1, z2) , then for
t1 < t2,

Bε(t1, t2) =
∫ t1

0
ds

∫ t2−s
ε

− s
ε

B (t1, x̄(s), t2, x̄(s + εv), v) dv,

where B is given by equation (4.6). It is easy to see that Bε(t1, t2) →
B(t1, t2) as ε → 0 uniformly for t1, t2 ≤ c < ∞.
The proof of the lemma is a consequence of Theorem 6, Section 4.2.

�

Now, to prove the theorem it suffices to prove that

∫ t0

0

(∫ t

0

∣∣∣L
(
t, s,

s

ε
, ω
)

− L̂(t, s)
∣∣∣ x̂ε(s) ds

)2

dt → 0 (4.15)

in probability as ε → 0. Set L̃ = L(t, s, s
ε , ω) − L̂(t, s) and

L̃n(t, s, u, ω) = L̃

(
[nt]
n

,
[ns]
n

, u, ω

)
,

where [nα] is the integer part of nα (= k if k ≤ nα < k + 1).
It follows from condition (5) that for s ≤ t0 and t ≤ t0,∥∥∥L̃n(t, s, u, ω) − L̃(t, s, u, ω)

∥∥∥ ≤ βn,

where βn → 0, since sups≤t0 |x̄(s)| < ∞.
So, we have to prove that

∫ t0

0
|x̂ε(s)|2 ds (4.16)

is bounded in probability and that

∫ t0

0

∣∣∣∣
∫ t

0
L̃n

(
t, s,

s

ε
, ω
)

x̂ε(s) ds

∣∣∣∣
2

dt → 0
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in probability. Let rε(t1, t2) = E (x̂ε(t1), x̂ε(t2)). Then it follows from (4.14)
that

rε(t1, t2) = TrBε(t1, t2) +
∫ t1

0
TrBε(t2, s)Γ(t1, s) ds

+
∫ t2

0
TrBε(t2, s)Γ(t2, s) ds +

∫ t1

0

∫ t2

0
TrΓ(t1, s1)Γ(t2, s2)Bε(s1, s2) ds1 ds2

(4.17)
(here Tr B is the trace of the matrix B, i.e., the sum of the elements on
the main diagonal of B). So

E

∫ t0

0
|x̂ε(s)|2 =

∫ t0

0

∫ t0

0
rε(s1, s2) ds1 ds2

is bounded. It is easy to see that rε(t1, t2) → r(t1, t2) uniformly if t1 ≤ t0,
t2 ≤ t0, where r(t1, t2) is defined by (4.17) when we replace Bε by B. Note
that

E

∣∣∣∣
∫ t

0
L̃n

(
t, s,

s

ε
, ω
)(

x̂ε(s) − x̂ε

(
[ns]
n

))
ds

∣∣∣∣
2

≤ 4l2
∫ t

0
E

∣∣∣∣x̂ε(s) − x̂ε

(
[ns]
n

)∣∣∣∣
2

ds

= 4l2
∫ t

0

[
rε(s, s) + rε

(
[ns]
n

,
[ns]
n

,

)
− 2rε

(
s,

[ns]
n

)]
ds,

since ‖L(· · · )‖ ≤ l is a consequence of condition (2).
Therefore,

lim
n→∞ E

∫ t0

0

(∫ t

0
L̃n

(
t, s,

s

ε
, ω
)(

x̂ε(s) − x̂ε

(
[ns]
n

))
ds

)2

ds = 0.

The proof of the theorem is now a consequence of the fact that for each k,

lim
ε→0

∫ k+1
n

k
n

L̃n

(
t, s,

s

ε
, ω
)

ds = 0

with probability 1.
�

Remark If we could prove that zε(t) converges weakly to ẑ(t) in C[0,t0],
then we could conclude that x̃ε(t) converges weakly in C[0,t0] to x̂(t). But
we have only the weak convergence of x̃ε(t) to x̂(t), that is, the convergence
of finite–dimensional distributions.
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4.2 Differential Equations

Next, we consider a system of differential equations of the form

ẋε(t) = a

(
xε(t),

t

ε
, ω

)
, t > 0, xε(0) = x0, (4.18)

where a(x, s, ω) is an Rd-valued random field and the solution xε(t) is an
Rd-valued stochastic process. As was shown in Section 3.2, we can trans-
form equation (4.18) into a Volterra integral equation. After this, we can
use Theorem 1 from Section 4.1.

Theorem 2 Let a(x, t, ω) satisfy the following conditions:

(1) a is measurable in all variables; it is a stationary ergodic process in t
for each fixed x, E |a(x, t, ω)| < ∞; and it satisfies conditions (1) and
(2) of Section 2.2.

(2) Let ā(x) = Ea(x, t, ω) and ã(x, t, ω) = a(x, t, ω) − ā(x). Then there
exists an L(Rd)-valued function B(x1, x2, t) for which

E (ã(x1, t1, ω), z1) (ã(x2, t2, ω), z2) = (B(x1, x2, t2 − t1, ω)z1, z2)

and
∫∞

−∞ ‖B(x1, x2, t)‖ dt converges uniformly for |x1|, |x2| ≤ c for
any c > 0.

(3) The derivative ax(x, t, ω) exists as a stationary ergodic process in t
for fixed x; there exists a function λ(θ, c) : R2

+ → R+ for which
λ(0+, c) = 0; and for any c > 0 there is an ergodic process ρc(t) with
Eρc(t) < ∞ such that for any small real number θ,∣∣θ−1 (a(x + θz, t) − a(x, t)) − ax(x, t)z

∣∣ ≤ ρc(t)λ(θ, c)|z|

and

‖ax(x1, t) − ax(x2, t)‖ ≤ ρc(t)λ(|x1 − x2|, c) if |x1| ≤ c, |x2| ≤ c.

Then the process x̃ε(t) = ε−1/2 (xε(t) − x̄(t)), where x̄(t) is the solution of
the problem

˙̄x(t) = ā (x̄(t)) , x(0) = x0, (4.19)

and ā(x) = Ea(x, t), converges weakly in C[0,t0] to the Gaussian process
x̂(t), which is the solution of the linear stochastic differential equation

dx̂(t) = ax (x̄(t)) x̂(t) dt + dẑ(t), x̂(0) = 0, (4.20)

where ẑ(t) is an Rd-valued Gaussian process with independent increments
for which Eẑ(t) = 0 and

E (ẑ(t), z)2 =
∫ t

0

∫ ∞

−∞
(B (x̄(s), x̄(s), v) z, z) dv ds. (4.21)
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Proof We have

x̃ε(t) =
∫ t

0
ax

(
x̄(s),

s

ε
, ω
)

x̃ε(s) ds +
∫ t

0

1√
ε
ã
(
x̄(s),

s

ε
, ω
)

ds

+
∫ t

0

(
1√
ε

[
a
(
x̄(s) +

√
εx̃ε(s),

s

ε
, ω
)

− a
(
x̄(s),

s

ε
, ω
)]

−ax

(
x̄(s),

s

ε
, ω
))

x̃ε(s) ds.

(4.22)

Let

zε(t) =
1√
ε

∫ t

0
ã
(
x̄(s),

s

ε
, ω
)

ds. (4.23)

It follows from Theorem 6 of Chapter 2 that zε(t) converges weakly in
C[0,t0] to the process ẑ(t). Equation (4.22) implies that for t ≤ t0,

|x̃ε(t)| ≤
∫ t

0

(∥∥∥ax

(
x̄(s),

s

ε
, ω
)∥∥∥+ ρc

(s

ε

)
λ(

√
ε, c)
)

|x̃ε(s)| ds + |zε(t)| ,

where c > supt≤t0 |x̄(t)|. So, u = supt≤t0 |x̃ε(t)|, then

u ≤ sup
t≤t0

|zε(t)| exp
{∫ t0

0

(∥∥∥ax

(
x̄(s),

s

ε
, ω
)∥∥∥+ ρc

(s

ε

)
λ(

√
ε, c)
)

ds

}

≡ αε(t).
(4.24)

Let

uε(t) =
∫ t

0

(
1√
ε

[
a
(
x̄(s) +

√
εx̃ε(s),

s

ε
, ω
)

− a
(
x̄(s),

s

ε
, ω
)]

−ax

(
x̄(s),

s

ε
, ω
))

ds.

It follows from condition (3) that

sup
t≤t0

|uε(t)| ≤ λ(
√

ε, c)αε(t0)
∫ t0

0
ρc

(s

ε

)
ds. (4.25)

Let x̂ε(t) be the solution of the equation

x̂ε(t) =
∫ t

0
ax

(
x̄(s),

s

ε
, ω
)

x̂ε(s) ds + zε(t). (4.26)

Then

|x̂ε(t) − x̃ε(t)| ≤
∫ t

0

∥∥∥ax

(
x̄(s),

s

ε
, ω
)∥∥∥ |ẑε(s) − x̃ε(s)| ds + |uε(t)| .

Therefore,

sup
t≤t0

|x̂ε(t) − x̃ε(t)| ≤ exp
{∫ t0

0

∥∥∥ax

(
x̄(s),

s

ε
, ω
)∥∥∥ ds

}
sup
t≤t0

|uε(t)| . (4.27)
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Now denote by x∗
ε(t) the solution of the equation

x∗
ε(t) =

∫ t

0
āx (x̄(s)) x∗

ε(s) ds + zε(t). (4.28)

It is easy to see that x∗
ε(t) converges weakly to x̂(t) in C[0,t0], since we have

the same result for zε(t). In addition,

sup
t≤t0

|x∗
ε(t) − x̂ε(t)| ≤ sup

t≤t0

∣∣∣∣
∫ t

0

(
ax

(
x̄(s),

s

ε
, ω
)

− āx (x̄(s))
)

ds

∣∣∣∣
× exp

{∫ t0

0

∥∥∥ax

(
x̄(s),

s

ε
, ω
)∥∥∥ ds

}
.

(4.29)

So to prove the theorem, it suffices to prove the following two lemmas.

Lemma 2

lim
ε→0

∫ t0

0

∥∥∥ax

(
x̄(s),

s

ε
, ω
)∥∥∥ ds =

∫ t0

0
‖āx (x̄(s))‖ ds.

Lemma 3

sup
t≤t0

∣∣∣∣
∫ t

0
ax

(
x̄(s),

s

ε
, ω
)

ds −
∫ t0

0
āx (x̄(s)) ds

∣∣∣∣→ 0

in probability as ε → 0.

Suppose that we have proved these lemmas. Then x̂ε(t) converges weakly
to x̂(t) in C[0,t0] because of the inequality (4.29). Since supt≤t0 |zε(t)| is
bounded in probability, supt≤t0 |uε(t)| → 0 as ε → 0 because of (4.25). This
implies that x̃ε(t) converges weakly to x̂(t) in C[0,t0] because of inequality
(4.27).
This completes the proof of the theorem.

�

Proof of Lemma 2
Note that it follows from condition 3) that∥∥∥∥ax

(
x̄n(t),

t

ε
, ω

)
− āx

(
x̄(t),

t

ε
, ω

)∥∥∥∥ ≤ ρc

(
t

ε

)
λ (|x̄n(t) − x̄(t)| , c)

if x̄n(t) is an Rd-valued function for which |x̄n(t)| ≤ c and |x̄(t)| ≤ c. Set

x̄n(t) = x̄

(
k

n

)

if t ∈ [ k
n , k+1

n ). Then∣∣∣∣
∫ t0

0

∥∥∥ax

(
x̄(s),

s

ε
, ω
)∥∥∥ ds −

∫ t0

0

∥∥∥ax

(
x̄n(s),

s

ε
, ω
)∥∥∥ ds

∣∣∣∣

≤ λ

(
sup
t≤t0

|x̄n(t) − x̄(t)| , c
)∫ t0

0
ρc

(
t

ε

)
dt.
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It follows from the ergodic theorem that

lim
ε→0

∫ t0

0

∥∥∥ax

(
x̄n(s),

s

ε
, ω
)∥∥∥ ds =

∫ t0

0
‖āx (xn(s))‖ ds.

The proof of the lemma is a consequence of the relations

lim
n→∞ sup

t≤t0

|x̄n(t) − x̄(t)| = 0

and

lim
n→∞

∫ t0

0
‖ax (xn(s))‖ ds =

∫ t0

0
‖ax (x(s))‖ ds.

�

Proof of Lemma 3
We note that

sup
t≤t0

∫ t

0

∣∣∣ax

(
x̄(s),

s

ε
, ω
)

ds − ax

(
x̄n(s),

s

ε
, ω
)∣∣∣ ds

≤ λ

(
sup
t≤t0

|x̄n(t) − x̄(t)| , c
)∫ t0

0
ρc

(
t

ε

)
dt,

and for any n,

lim
ε→0

sup
t≤t0

∣∣∣∣
∫ t

0
ax

(
x̄n(s),

s

ε
, ω
)

ds −
∫ t

0
āx (xn(s)) ds

∣∣∣∣ = 0,

which follows from the ergodic theorem.
�

Next, we apply these results to a linear problem.

Theorem 3 Consider a linear initial value problem of the form

ẋε(t) = A

(
t

ε
, ω

)
xε(t), xε(0) = x0, (4.30)

where A(t) is an ergodic, L(Rd)–valued stationary process satisfying
conditions (1) and (2) of Section 2.2.
Let Ā = EA(t), x̄(t) = exp {tĀ}x0, and B(t) = EA∗(t, ω)A(0, ω).
Assume that ∫ ∞

0
‖B(t)‖ dt < ∞.

Then the process x̃ε(t) = (xε(t) − x̄(t)) /
√

ε converges weakly in C[0,t0] to
the Gaussian process x̂(t) defined by the formula

x̂(t) =
∫ t

0
exp
{
(t − s)Ā

}
(dẐ(s))x̄(s), (4.31)
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where Ẑ(t) is an L(Rd)–valued Gaussian process with independent incre-
ments for which

EẐ(t) = 0, EẐ∗(t)Ẑ(t) = t

∫ ∞

−∞
B(v) dv. (4.32)

Proof The proof of this statement is a consequence of Theorem 2 when
we set

a(x, t, ω) = A(t, ω)x.

The conditions on A(t, ω) imply that all of the conditions of Theorem 2 are
satisfied. Denote by Ẑε(t) the L(Rd)-valued stochastic process

Ẑε(t) =
1√
ε

∫ t

0

(
A
(s

ε

)
− Ā
)

ds.

This process converges weakly in C[0,t0] to the process Ẑ(t), and x̃ε(t)
converges weakly in C[0,t0] to the process x̂(t), which is the solution of the
equation

dx̂(t) = Ā x̂(t) dt + dẐ(t) x̄(t), x̂(0) = 0. (4.33)

The solution x̂(t) can be rewritten in the form shown in equation (4.31).
�

Remark 2 Let

x̂ε(t) = x̄(t) +
√

εx̂(t). (4.34)

It follows from Theorem 3 that the distributions of the processes

xε(t) − x̄(t)√
ε

and
x̂ε(t) − x̄(t)√

ε

coincide asymptotically as ε → 0. So the distributions of xε(t) and x̂ε(t)
are also close in some sense.
There are several useful consequences of Theorem 3.

I. Consider a function φ (x(·)) : C[0,t0] → R, and suppose it satisfies the
Lipschitz condition

|φ (x(·) + y(·)) − φ (x(·))| ≤ lφ ‖y(·)‖C[0,t0]

for all x(·) and y(·) in C[0,t0], where lφ is a constant and where

‖y(·)‖C[0,t0]
= sup

t∈[0,t0]
|y(t)| .

Then

|Eφ (xε(·)) − Eφ (x̂ε(·))| = o(
√

ε), (4.35)
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since

lim
ε→0

(
E

φ (xε(·)) − φ(x̄(·))√
ε

− E
φ (x̂ε(·)) − φ (x̄(·))√

ε

)
= 0. (4.36)

The last relation follows from the facts that the family of functions{
Gε (y(·)) =

1√
ε

(
φ
(
x̄(·) +

√
εy(·)

)
− φ(x̄(·))

)
, ε > 0

}

is uniformly locally bounded in C[0,t0] and that all these functions satisfy
the Lipschitz condition with the same constant lφ.

II. Let φ (x(·)) satisfy the condition of statement I and suppose there exists
the derivative

φ′ (x(·), y(·)) = lim
h→0

1
h

(φ (x(·) + hy(·)) − φ (x(·))) . (4.37)

Suppose further that the functions{
Hε (y(·)) =

1
ε

(
φ
(
x̄(·) +

√
ε y(·)

)
− φ(x̄) −

√
ε φ′ (x̄(·), y(·))

)
, ε > 0

}

(4.38)
satisfy a Lipschitz condition with the same constant (this is true, for
example, if φ′′ is bounded). Then

|Eφ (xε(·)) − Eφ (x̂ε(·))| = o(ε). (4.39)

Remark 3 The process x̂ε(t) satisfies the stochastic differential equation

dx̂ε(t) = Ā x̂ε(t) dt +
√

ε dẐ(t) x̂ε(t) − ε dẐ(t) x̂(t).

We introduce the process ˆ̂xε(t), which is the solution of the stochastic
differential equation

dˆ̂xε(t) = Ā ˆ̂xε(t) dt +
√

ε dẐ(t) ˆ̂xε(t).

If x̂ε(0) = ˆ̂xε(0) = x̄(0), then

sup
t≤t0

∣∣∣x̂ε(t) − ˆ̂xε(t)
∣∣∣ = O(ε).

These remarks show that we can approximate the process xε(t) using a
solution of a linear stochastic differential equation of diffusion type.

We consider next construction of the solution of the nonlinear equation
(4.18) guided by our work on linear problems. First, we transform the
process Ẑ(t) that was introduced in Theorem 2. Let B(x) =

∫
B(x, x, v)dv,

so B(x) is an L+(Rd)-valued function on Rd, and B(x) is a nonnegative
symmetric operator. We assume that det B(x) > 0, so we may write B(x) =
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Q2(x), where Q(x) is also a nonnegative symmetric operator. Next, we
introduce an Rd-valued process

w(t) =
∫ t

0
Q−1 (x̄(s)) dẐ(s). (4.40)

Then w(t) is a Gaussian process with independent increments, and Ew(t) =
0. Moreover,

E (w(t), z)2 = E

(∫ t

0
Q−1 (x̄(s)) dẐ(s), z

)2

=
∫ t

0

(
B (x̄(s)) Q−1 (x̄(s)) z, Q−1 (x̄(s)) z

)
ds ≡ t(z, z),

for any vector z. So w(t) is a Wiener process in Rd, and Ẑ(t) can be
expressed as

Ẑ(t) =
∫ t

0
Q (x̄(s)) dw(s). (4.41)

With these preliminaries, we state further important results in the following
theorem.

Theorem 4 Let x̂ε(t) be the solution of the stochastic differential equation

dx̂ε(t) = ā (x̂ε(t)) dt +
√

εQ (x̂ε(t)) dw(t) (4.42)

with the initial condition x̂ε(0) = x0, and suppose that the function Q(x)
satisfies the Lipschitz condition ‖Q(x1) − Q(x2)‖ ≤ q|x1 −x2|. We assume
that the conditions of Theorem 2 are fulfilled and that xε(t) is the solution
of equation (4.18).
Then:
I. If φ (x(·)) : C[0,t0] → R satisfies the Lipschitz condition, then (4.35)
holds.
II. If φ has a continuous bounded derivative φ′(x, y) for which the function
Hε (y(·)), which is represented by formula (4.38), also satisfies the Lipschitz
condition, then (4.35) holds.

The proof of these statements can be obtained in the same way as state-
ments I and II in Remark 2. We have only to take into account the fact
that

sup
t≤t0

∣∣x̄(t) +
√

ε x̂ε(t) − x̂ε(t)
∣∣ = O(ε), (4.43)

which relation can be proved as was done in Remark 3 for the linear
equation.
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4.2.1 Markov Perturbations
Let (Y, C) be a measurable space, and let y(t) be a homogeneous Markov
process in this space having transition probability

P (t, y, C) = P {y(t) ∈ C/y(0) = y} , C ∈ C. (4.44)

We assume further that y(t) is an ergodic process with an ergodic dis-
tribution ρ(dy) satisfying the mixing condition SMC II from Section 2.3
and

R(y, C) =
∫ ∞

0
[P (t, y, C) − ρ(C)] dt. (4.45)

We consider the initial value problem

ẋε(t) = a

(
t, xε(t), y

(
t

ε

))
, xε(0) = x0, (4.46)

where a(t, x, y) : R+ ×Rd ×Y → Rd is a measurable function that satisfies
additionally the following conditions:
(a1) There exists a function λ(h, c) : R2

+ → R+, increasing in h, for which
λ(0+, c) = 0 and

|a(t1, x, y) − a(t2, x, y)| ≤ λ (|t1 − t2|, t1 ∨ t2 ∨ |x|) .

(a2) There exists a function l(c, y) : R+ × Y → R+, increasing in c, for
which

|a(t, x1, y) − a(t, x2, y)| ≤ l(c, y)|x1 − x2| for |x1| ≤ c, |x2| ≤ c (4.47)

and ∫
l(c, y)ρ(dy) < ∞,

∫
|a(t, x, y)| ρ(dy) < ∞.

(a3) There exists the derivative ax(t, x, y), with
∫

‖ax(t, x, y)‖ ρ(dy) < ∞,
and ax(t, x, y) is locally uniformly continuous in t and x uniformly with
respect to y ∈ Y .

Let

ā(t, x) =
∫

a(t, x, y)ρ(dy). (4.48)

Then

āx(t, x) =
∫

ax(t, x, y) ρ(dy).

Let x̄(t) be the solution of the initial value problem

˙̄x(t) = ā (t, x̄(t)) , x̄(0) = x0,

and define

x̃ε(t) =
xε(t) − x̄(t)√

ε
.
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Denote by B(t, x1, x2) the operator in L(Rd) defined by

(B(t, x1, x2)z1, z2) =
∫∫

(a(t, x1, y), z1) (a(t, x2, y
′), z2)

× {R(y′, dy) ρ(dy′) + R(y, dy′) ρ(dy)} .

Suppose that detB(t, x, x) > 0, and let Q(t, x) = B1/2(t, x, x), where
Q(t, x) is a positive matrix. Let Ẑ(t) be defined by the formula

Ẑ(t) =
∫ t

0
Q (s, x̄(s)) dw(s),

where w(t) is the Wiener process in Rd, and denote by x̂(t) the solution of
the integral equation

x̂(t) =
∫ t

0
ax (s, x̄(s)) x̂(s) ds + Ẑ(t).

Let x̂(t) be the solution of the stochastic differential equation

dx̂(t) = ā (t, x̂(t)) dt + Q (t, x̂(t)) dw(t). (4.49)

With these preliminaries, we state the following theorem.

Theorem 5 (1) The process x̃ε(t) converges to the process x̂(t) weakly in
C[0,t0] for all t0.
(2) The statements I and II of Theorem 4 hold.

The proof is the same as the proofs of Theorems 2 and 4, and it is not
presented here.

4.3 Difference Equations

We consider a difference equation of the form (3.19), where the sequence
{ϕn(x, ω), n = 1, 2, . . . } satisfies the following conditions:

(ϕ1) For n = 1, 2, . . . , the function ϕn(x, ω) : Rd × Ω → Rd is BRd ⊗
F-measurable and E |ϕn(x, ω)|2 < ∞.

(ϕ2) For fixed x ∈ Rd, {ϕn(x, ω), n = 1, 2, . . . } is an ergodic stationary
sequence, and it satisfies the conditions of Theorem 5 of Chapter 2.

(ϕ3) There exists an ergodic stationary sequence {ln(ω), n = 1, 2, . . . } in
R+ for which

E |ϕn(x, ω) − ϕn(x′, ω)| ≤ ln(ω)|x − x′|.
(ϕ4) There exists the derivative

∂ϕn

∂x
(x, ω),
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and for fixed x the sequence{
∂ϕn

∂x
(x, ω), n = 1, 2, . . .

}

is an L(Rd)-valued stationary sequence. Moreover, there exist a func-
tion λ(θ, c) : R2

+ → R+, increasing in θ, and a constant c for which
λ(0+, c) = 0 and
∣∣∣∣θ−1 (ϕn(x + θz, ω) − ϕn(x, ω)) − ∂

∂x
ϕn(x, ω)z

∣∣∣∣ ≤ ln(ω)λ(θ, |z|).

(ϕ5) There exists a sequence of L(Rd)-valued functions

{Bk(x, x′), k = 0,±1,±2, . . . }

for which

(Bn−m(x, x′)z, z′) = E (ϕ̃n(x, ω), z) (ϕ̃m(x′, ω), z′) , (4.50)

where ϕ̃n(x, ω) = ϕn(x, ω) − ϕ̄(x), ϕ̄(x) = Eϕn(x, ω), and
∑

k

‖Bk(x, x′)‖ < ∞.

If condition (ϕ5) is satisfied, we set

B(x, x′) =
∑

k

Bk(x, x′). (4.51)

Denote by x̄ε
n the sequence that is determined by relation (3.20), and let

x̃ε
n = (xε

n − x̄ε
n)/

√
ε.

Let

x̃ε(t) =
∑
εk≤t

(x̃ε
k − x̃ε

k−1), (4.52)

and let x̄(t) be the solution of equation (3.21).

Theorem 6 Let conditions (ϕ1)–(ϕ5) be satisfied. Then the process x̃ε(t)
converges weakly in C[0,t0] to the process x̂(t), which is the solution of the
equation

x̂(t) =
∫ t

0

∂

∂x
ϕ̄ (x̄(s)) x̂(s) ds + Ẑ(t), (4.53)

where Ẑ(t) is a Gaussian process with independent increments in Rd for
which EẐ(t) = 0 and

E
(
Ẑ(t), x

)2
=
∫ t

0
B (x̄(s), x̄(s)) ds. (4.54)
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Proof Note that x̃ε
n satisfies the relation

x̃ε
n =

∑
k<n

√
ε (ϕk(xε

k, ω) − ϕ̄(xε
k)) =

∑
k<n

√
ε
(
ϕk(x̄ε

k +
√

εx̃ε
k, ω) − ϕk(x̄ε

k)
)

+
∑
k<n

√
ε (ϕk(x̄ε

k, ω) − ϕ̄(x̄ε
k)) .

(4.55)
Let

zε(t) =
∑
εk≤t

√
ε (ϕk(x̄ε

k, ω) − ϕ̄ε
k) .

It follows from Theorem 5 of Chapter 2 that Ẑε(t) converges weakly in
C[0,t0] to the process Ẑ(t).
Since ∣∣ϕk(x +

√
ε y, ω) − ϕk(x, ω)

∣∣ ≤ √
ε lk(ω)|y|,

we have that

|x̃ε
n| ≤ ε

∑
k<n

lk(ω)|x̃ε
k| + sup

t≤εn
|zε(t)| ,

and so

sup
εn≤t0

|x̃ε
n| ≤ exp


ε

∑
εk≤t0

lk(ω)


 sup

t≤εn
|zε(t)| . (4.56)

It follows from condition (ϕ4) that∣∣∣∣∣
∑
k<n

√
ε
(
ϕk(x̄ε

k +
√

εx̃ε
k, ω) − ϕk(x̄ε

k)
)

− ∂ϕk

∂x
(x̄ε

k, ω)x̃ε
k

∣∣∣∣∣

≤ ε
∑
k<n

lk(ω)λ
(√

ε, |x̃ε
k|
)

(4.57)

and

sup
εn≤t0

∣∣∣∣∣ε
∑
k<n

lk(ω)λ
(√

ε, |x̃ε
k|
)∣∣∣∣∣ ≤ λ

(√
ε, sup

εn≤t0

|x̃ε
n

)
. (4.58)

Since

lim sup
ε→0

ε
∑

εk≤t0

lk(ω) = t0 El1(ω), (4.59)

and

lim sup
ε→0

∑
εk≤t0

|γε
k| = 0, (4.60)
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where

γε
k =

√
ε
(
ϕk(x̄ε

k +
√

ε x̃ε
k, ω) − ϕk(x̄ε

k)
)

− ∂ϕk

∂x
(x̄ε

k, ω) x̃ε
k, (4.61)

it follows from (4.55) that

x̃ε
n =

∑
k<n

ε
∂ϕk

∂x
(x̄ε

k, ω)x̃ε
k +
∑
k<n

γε
k + Ẑε(εn). (4.62)

Let

βε
k =

(
∂ϕk

∂x
(x̄ε

k, ω) − ∂ϕ̄

∂x
(x̄ε

k)
)

x̃ε
k.

Then

x̃ε
n =

∑
k<n

ε
∂ϕ̄

∂x
(x̄ε

k, ω)x̃ε
k +
∑
k<n

(γε
k + βε

k) + Ẑε(εn). (4.63)

Using the ergodicity of ∂ϕk

∂x (x, ω), the boundedness of supεk≤t0 |x̃ε
k|, and

the proofs of Lemmas 2 and 3 in Section 4.2, it is easy to show that

sup
nε<t0

∣∣∣∣∣
∑
k<n

βε
k

∣∣∣∣∣→ 0

in probability as ε → 0. If x̂ε
n is the solution of the equation

x̂ε
n = ε

∑
k<n

∂ϕ̄

∂x
(x̄ε

k)x̂ε
k + Ẑε(εn), (4.64)

then it follows from (4.63) and (4.64) that

sup
εn≤t0

|x̂ε
n − x̃ε

n| ≤ exp {ct0} sup
εn<t0

∣∣∣∣∣
∑
k<n

(γε
k + βε

k)

∣∣∣∣∣ ,
where

c = sup
εk<t0

∥∥∥∥∂ϕ̄

∂x
(x̄ε

k)
∥∥∥∥ .

With this, the proof of the theorem follows from the next lemma.
�

Lemma 4 Set

x̂ε(t) =
∑

n

x̂ε
n 1{εn≤t<ε(n+1)}.

Then the process x̂ε(t) converges weakly in C[0,t0] to the process x̂(t).

Proof Let x̄ε(t) =
∑

n x̄ε
n 1{εn≤t<ε(n+1)}. Let ˆ̂xε(t) be the solution of the

equation

ˆ̂xε(t) =
∫ t

0

∂ϕ̄

∂x
(x̄ε(s)) ˆ̂xε(s) ds + Ẑε(t),
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and let x∗
ε(t) be the solution of the equation

x∗
ε(t) =

∫ t

0

∂ϕ̄

∂x
(x̄(s)) x∗

ε(s) ds + Ẑε(t). (4.65)

Then

sup
t≤t0

∣∣∣x̂ε(t) − ˆ̂xε(t)
∣∣∣+ sup

t≤t0

∣∣∣ˆ̂xε(t) − x∗
ε(t)
∣∣∣→ 0

in probability. Since x∗
ε(t) converges weakly in C[0,t0] to x̂(t), we have the

same for x̂ε(t).
�

Remark 4 We can extend Theorem 4 to the case of difference equations
without any additional assumptions.



5
Diffusion Approximation

In this chapter we consider randomly perturbed systems of differential and
difference equations whose averaged systems are static. So, the solution of
the perturbed equation is expected to converge as ε → 0 to a constant de-
termined by the initial position of the system. It follows from the theorem
on normal deviations that the deviations of such solutions from the initial
position are asymptotically Gaussian random variables whose variance is
of order εt. Here we consider the problem farther out in time. We prove,
under some reasonable assumptions, that the stochastic process xε(t/ε),
where xε(t) is the solution of the perturbed system at time t, is asymptot-
ically a diffusion process as ε → 0. We derive here a detailed description
of these processes. Moreover, if the averaged equation has a first integral
(i.e., a function ϕ exists that is constant on any trajectory of the averaged
equation), then for any fixed time, say t1, the function ϕ(xε(t1)) is asymp-
totically constant, but the function ϕ(xε(t/ε)) is approximately a diffusion
process.

5.1 Differential Equations

We study differential equations involving various kinds of random pertur-
bations that are either Markov or stationary processes.
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5.1.1 Markov Jump Perturbations
Consider the solution xε(t) in Rd of the initial value problem

ẋε(t) = a

(
xε(t), y

(
t

ε

))
, xε(0) = x0, (5.1)

where y(t) is a homogeneous Markov process in a measurable space (Y, C)
and a(x, y) : Rd × Y → Rd is a measurable function. Furthermore, sup-
pose that y(t) is a jump process having a transition probability function
P (t, y, C), for t > 0, y ∈ Y , and C ∈ C, that satisfies the relation

lim
t→0

1
t

(
P (t, y, C) − 1C(y)

)
= π(y, C), (5.2)

where the limit π is of bounded variation, i.e.,

sup
y

Variation π(y, ·) < ∞.

In addition, suppose that y(t) is an ergodic process with ergodic
distribution ρ satisfying SMC II of Section 2.3. As before, we define

R(y, C) =
∫ ∞

0

[
P (t, y, C) − ρ(C)

]
dt. (5.3)

The following lemma is a direct consequence of formula (5.3)

Lemma 1 Let g : Y → R be a bounded measurable function for which∫
g(y)ρ(dy) = 0. Then

lim
t→0

1
t

[∫
P (t, ỹ, dy)

∫
R(y, dy′)g(y′) −

∫
R(ỹ, dy′)g(y′)

]
= −g(ỹ). (5.4)

The following corollary results from this lemma.

Corollary For any y ∈ Y and any C ∈ C,∫
π(y, dy′) R(y′, C) = −1C(y). (5.5)

Next, we formulate our assumptions about the function a(x, y):

(a1) For all x, x̃ ∈ Rd,
∫

|a(x, y)| ρ(dy) < ∞, and there exists a measurable
function l : Y → R+ for which

∫
l(y) ρ(dy) < ∞ and∣∣a(x, y) − a(x̃, y)
∣∣ ≤ l(y)|x − x̃|

for each y ∈ Y ;

(a2)
∫

a(x, y) ρ(dy) = 0.

Condition (a1) implies the existence and uniqueness of a solution to (5.1).

We are interested in the case where the noise in the system acts on a faster
time scale than that on which the system responds. So, we consider random
perturbations of the form yε(t) = y (t/ε).
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Lemma 2 The process
(
xε(t), yε(t)

)
is a homogeneous Markov process in

the phase space Rd × Y . Its generator is determined by the relation

lim
t→0

1
t

(
Ex,yg

(
xε(t), yε(t)

)
− g(x, y)

)

= (gx(x, y), a(x, y)) +
1
ε

∫
g(x, ỹ)π(y, dỹ),

(5.6)

which is defined on the functions g : Rd × Y → R for which g(x, y) and
gx(x, y) are measurable and bounded; Ex,y is the expectation under the
conditions that xε(0) = x, yε(0) = y.

Proof Denote by νε(t) the number of jumps of the process yε(t) on the
interval [0, t]. Let Py, Ey be the probability and the expectation, respec-
tively, related to the Markov process yε(t) under the condition yε(0) = y.
It follows from the theory of jump Markov processes (see [64, Chapter 7])
that

Py{νε(t) > 1} = o(t), Py{νε(t) = 1} =
1
ε

π(y, Y \ {y}) + o(t)

and

Eyg(yε(t)) − g(y) 1{νε(t)=1} = t
1
ε

∫
(g(y′) − g(y)) π(y, dy′) + o(t).

So

Ex,y {g(xε(t), yε(t)) − g(x, y)} = Ex,y

∫ t

0
(gx(xε(s), y), a(xε(s), y)) ds

× 1{νε(t)=0} +
t

ε

∫
(g(x, y′) − g(x, y)) π(y, dy′) + o(t).

This completes the proof of the lemma.
�

Denote by Fε
t the σ-algebra generated by

(
xε(s), yε(s)

)
, s ≤ t. It follows

from (5.6) that for functions g that are bounded and measurable and that
have the same gx, the following relation is valid: If t1 < t2, then

E

(
g
(
xε(t2), yε(t2)

)
− g
(
xε(t1), yε(t1)

)/
Fε

t1

)

= E

(∫ t2

t1

[(
gx

(
xε(s), yε(s)

)
, a
(
xε(s), yε(s)

))

+
1
ε

∫
g
(
xε(s), ỹ

)
π
(
yε(s), ỹ

)]
ds
/
Fε

t1

)
.

(5.7)

Note that the averaging theorem (see Chapter 3, Theorem 5) is valid for
xε(t). It follows from condition (a2) that ā(x) = 0. Therefore, as ε → 0,
xε(t) → x0 uniformly with probability 1 over any finite interval of t.
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We will investigate xε(t) for “large” t, which means here for t to be of order
1/ε. It will be shown that the process xε(t/ε) converges weakly in C to a
diffusion process under some additional assumptions. This diffusion process
then is referred to as a diffusion approximation to xε(t).

Theorem 1 Let y(t) satisfy condition SMC II of Section 2.3, and let
a(x, y) satisfy conditions (a1) and (a2) and the following additional
condition:
(a3) There exist the first derivative ax(x, y),

sup
x,y

[
|a(x, y)| + ‖ax(x, y)‖] < ∞,

and

lim
δ→0

sup{‖ax(x1, y) − ax(x2, y)‖ : |x1 − x2| ≤ δ, y ∈ Y } = 0.

We define the second–order differential operator L acting on functions

f ∈ C(2)(R)

by the relation

Lf(x) =
∫∫ (

∂

∂x

(
f ′(x), a(x, ỹ)

)
R(y, dỹ), a(x, y)

)
ρ(dy). (5.8)

We assume that L is the generator of a diffusion process x̂(t) in Rd. Finally,
define the process x̂ε(t) = xε(t/ε), where xε(t) is the solution to equation
(5.1) with xε(0) = x0. Then x̂ε(t) converges weakly in C as ε → 0 to the
diffusion process x̂(t) with initial value x̂(0) = x0.

Proof Let 0 ≤ t1 < t2 < ∞. Define

∆(t1, t2) = E
(
f(xε(t2)) − f(xε(t1))/Fε

t1

)
,

where f ∈ C(3)(Rd). Using the relation

d

dt
f(xε(t)) =

(
f ′(xε(t)), a(xε(t), yε(t))

)

we can write

∆(t1, t2) = E

(∫ t2

t1

(
f ′(xε(s)), a(xε(s), yε(s))

)
ds
/
Fε

t1

)
. (5.9)

The function A(x, y) =
∫

a(x, ỹ)R(y, dỹ) satisfies the equation
∫

π(y, dy)A(x, ỹ) = −a(x, ỹ). (5.10)
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It follows from formula (5.7) that

E
(
(f ′(xε(t2)), A(xε(t2), yε(t2))) − (f ′(xε(t1)), A(xε(t1), yε(t1)))

/
Fε

t1

)

= E

(∫ t2

t1

[(
∂

∂x
(f ′(xε(s)), A(xε(s), yε(s))) , a(xε(s), yε(s))

)

−1
ε

(f ′(xε(s), a(xε(s), yε(s)))
]

ds
/
Fε

t1

)
.

(5.11)
(Here relation (5.10) was used.) It follows from (5.11) and (5.9) that

∆(t1, t2) = εE

(
F (xε(t2), yε(t2)) − F (xε(t1), yε(t1))

+
∫ t2

t1

(Fx(xε(s), yε(s)), a(xε(s), yε(s))) ds
/
Fε

t1

)
,

where

F (x, y) = (f ′(x), A(x, y)).

Set

c(x, y) = (Fx(x, y), a(x, y)) − Lf(x).

Then

E

(
f

(
xε

(
t2
ε

))
− f

(
xε

(
t1
ε

))
−
∫ t2

t1

Lf
(
xε

(s

ε

))
ds
/
Fε

t1/ε

)

= E

(
∆
(

t1
ε

,
t2
ε

)
− ε

∫ t2/ε

t1/ε

Lf
(
xε(s)

)
ds/Fε

t1/ε

)

= O(ε) + E

(
ε

∫ t2/ε

t1/ε

c
(
xε(s), yε(s)

)
ds
/
Fε

t1/ε

)
. (5.12)

Note that
∫

c(x, y)ρ(dy) = 0. Define the function

C(ε, T ) = sup
{∣∣∣∣Exy

∫ t

0
c(xε(s), yε(s)) ds

∣∣∣∣ : x ∈ Rd, y ∈ Y, εt ≤ T

}
,

for ε > 0, T > 0. Set

λ(δ) = sup{|c(x1, y) − c(x2, y)| : |x1 − x2| ≤ δ, y ∈ Y }.

It follows from condition (a3) that λ(δ) → 0 as δ → 0. We estimate C(ε, T )
and show that εC(ε, T ) → 0 as ε → 0. This implies the relation

lim
ε→0

E

∣∣∣∣E
(

f
(
x̂ε(t2)

)
− f
(
x̂ε(t1)

)
−
∫ t2

t1

Lf
(
x̂ε(s)

)
ds/F̂ε

t1

)∣∣∣∣ = 0, (5.13)
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where F̂ε
t = Fε

t/ε. Using the relation
∣∣xε(t2) − xε(t1)

∣∣ ≤ α|t2 − t1|, where
α = supx,y |a(x, y)|, we have∣∣∣∣Ex,y

∫ t

0
c
(
xε(s), yε(s)

)
ds

∣∣∣∣
=
∣∣∣∣Ex,y

∫ t

0

[
c
(
xε(s), yε(s)

)
− c(x, yε(s))

]
ds

+
∫ t

0
c(x, y′)

(
P (

s

ε
, y, dy′) − ρ(dy′)

)
ds

∣∣∣∣
≤ λ(αt) t + ε

∣∣∣∣
∫ t/ε

0
c(x, y′)

[
P (s, y, dy′) − ρ(dy′)

]
ds

∣∣∣∣.
It follows from SMC II that

∫ t

0 c(x, y′)
[
P (s, y, dy′) − ρ(dy′)

]
ds = O(1)

uniformly in t, x, and y. So∣∣∣∣Ex,y

∫ t

0
c
(
xε(s), yε(s)

)
ds

∣∣∣∣ ≤ λ(αt) t + c∗ ε,

where c∗ is a constant. Therefore,∣∣∣∣Ex,y

(∫ t2

t1

c
(
xε(s), yε(s)

)
ds/Fε

t1

)∣∣∣∣ ≤ λ
(
α(t2 − t1)

)
(t2 − t1) + c∗ ε

with probability 1. Set τk = kh, h = t/nε. Then∣∣∣∣Ex,y

(∫ τk+1

τk

c
(
xε(s), yε(s)

)
ds/Fε

τk

)∣∣∣∣ ≤ λ(αh) h + c∗ ε,

ε

∣∣∣∣Ex,y

∫ t/ε

0
c
(
xε(s), yε(s)

)
ds

∣∣∣∣ ≤ εn
[
λ(αh) h + c∗ ε

]

= c∗ ε2n + t λ

(
α

t

nε

)
.

Let ε2n → 0 and nε → ∞. Then ε2n + t λ
(
αt/nε

)
→ 0. So relation (5.13)

is proved.
It follows from Theorem 2 of Chapter 2 that the process x̂ε(t) converges
weakly to the process x̂(t). To prove the theorem, we will prove that the
family of stochastic processes {x̂ε(t), ε ∈ (0, 1)} is weakly compact in C.
We need some auxiliary results to do this.

Lemma 3 Let φ(x) = 1 − exp{−|x|2}. Then a constant C > 0 exists for
which

Eyφ

(
xε

(
t

ε

)
− x0

)
≤ Ct (5.14)

and

Eyφ2
(

xε

(
t

ε

)
− x0

)
≤ C(ε2 + t2) (5.15)
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Proof Applying the relations (5.9) and (5.11) to the function f(x) =
φ(x − x0), with t1 = 0 and t2 = t/ε, we obtain the relations (here we write
tε for t/ε)

Eyφ (xε (tε) − x0) = −εEy (φ′ (xε (tε) − x0) , A (xε (tε) , yε (tε)))

+ Ey

∫ tε

0

(
∂

∂x
(φ′(xε(s) − x0), A(xε(s), yε(s))), a(xε(s), yε(s))

)
ds

= O(t) − εEy [(φ′ (xε (tε) − x0) , A (xε (tε) , yε (tε)) − A (x0, yε (tε)))
+ (φ′ (xε (tε) − x0) , A (x0, y (tε)))]

≤ O (t + εEyφ (xε (tε) − x0)) .

Here we have used the inequalities: |xε(t/ε) − x0| ≤ K t and

|(φ′(x − x0), A(x, y) − A(x0, y))| ≤ K φ(x − x0),

which are true for some K > 0. This completes the proof of (5.14).
Define Ψ(x) = φ2(x). Then in the same way as for φ we can obtain the
estimate

EyΨ (xε (tε) − x0) ≤ εEy (Ψ′ (xε (tε) − x0) , A (x0, y (tε)))

+ c1Ey

(
εΨ (xε (tε) − x0) + ε

∫ tε

0
φ(xε(s)) ds

)

≤ εc2t + c1εEyΨ (xε (tε) − x0) + c1ε

∫ tε

0
cεs ds,

since |Ψ′(x)| ≤ K1Φ(x) for some K1. This completes the proof of (5.15).
�

It follows from Lemma 3 that

Eyφ2(x̂ε(t2) − xε(t1)) = EyE(φ2(xε(t2) − xε(t1))/F̂ε
t1)

≤ c(ε2 + (t2 − t1)2).

Since

sup
|t2−t1|≤δ

|x̂ε(t2) − x̂ε(t1)| ≤ K̂ δ/ε,

where K̂ = supx,y |a(x, y)|, the family of stochastic processes {x̂ε(t), ε ∈
(0, 1)} is compact in C, which follows from Theorem 1 of Chapter 2.

�

Remark 1 The differential operator L defined in (5.8) is of the form

Lf(x) =
(
f ′(x), â(x)

)
+

1
2
Tr f ′′(x)B̂(x),

where

â(x) =
∫∫

a′
x(x, ỹ)a(x, y)R(y, dỹ) ρ(dy)
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and
(
B̂(x)z, z

)
= 2
∫∫ (

a(x, y), z
)(

a(x, ỹ), z
)
R(y, dỹ) ρ(dy), z ∈ Rd.

The function â(x) is bounded and continuous, and B̂(x) has a bounded
and continuous derivative. Under these conditions the generator L deter-
mines the transition probabilities of the process (and there exists a diffusion
process with this generator) if the following additional condition is satisfied:

(a4) inf |z|=1
(
B̂(x)z, z

)
> 0 for all x ∈ Rd.

5.1.2 Some Generalizations
We consider a family of Markov processes {

(
xε(t), yε(t)

)
, ε > 0} in the

space Rd × Y satisfying the following conditions:

(i) Let P ε(s, x, y, t, B, C), for 0 ≤ s < t, x ∈ Rd, y ∈ Y , B ∈ B(Rd),
and for C ∈ C be the transition probability function for the Markov
process (xε(t), yε(t)), i.e.,

P ε(s, x, y, t, B, C) = P{xε(t) ∈ B, yε(t) ∈ C/xε(s) = x, yε(s) = y}.

Then the following relation holds for any function g(x, y) for which
g(x, y) and gx(x, y) are bounded and continuous in x and are
C-measurable in y:

lim
h→0

1
h

(∫
P ε(t, x, y, t + h, dx′, dy′)g(x′, y′) − g(x, y)

)

= (a(t, x, y), gx(x, y)) +
1
ε

∫
g(x, y′)πx(y, dy′),

where a(t, x, y) is a bounded function from R+ ×Rd ×Y into Rd, and
πx(y, C) is a signed measure of bounded variation for all y ∈ Y and
x ∈ Rd.

(ii) The function a(t, x, y) is continuous in t and x and is C-measurable
in y, supx,y var πx(y, C) < ∞, and there exists a constant l for which

|a(t, x1, y) − a(t, x2, y)| ≤ l |x1 − x2|.

Remark 2 Under condition (ii) the transition probability P ε satisfies
the backward Kolmogorov equation: For any function g that satisfies the
conditions listed in (i), define the function

Gε(t, x, y) =
∫∫

g(x′, y′)P ε(t, x, y, T, dx′, dy′).
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This function satisfies the equation

− ∂Gε

∂t
(t, x, y) = (a(t, x, y), Gε

x(t, x, y)) +
1
ε

∫
Gε(t, x, y′)πx(y, dy′)

if t < T and limt→T Gε(t, x, y) = g(x, y).
This equation can be used to evaluate the transition probability Gε. In
particular, the processes (xε(t), yε(t)) satisfy the relation

ẋε(t) = a(t, xε(t), yε(t)).

(iii) Introduce the operator

Πxg(y) =
∫

g(y′)πx(y, dy′) for g ∈ B(Y )

where B(Y ) is the space of bounded C–measurable functions g : Y →
R. This is the generator of some homogeneous Markov jump process
in Y for any x ∈ X. We assume that the Markov process yx(t) with
the generator Πx is ergodic and satisfies condition SMC II of Sec-
tion 2.3. We denote by P x(t, y, C) the transition probability function
for the Markov process yx(t), and by ρx(c) its ergodic distribution.
Set

Rxg(y) =
∫ ∞

0
g(y′)(P x(t, y, dy′) − ρx(dy′)) dt for g ∈ B.

Remark 3 If g(x, y) is a function for which g(x, ·) ∈ B(Y ) for any fixed
x ∈ Rd, then Lemma 1 implies that

ΠxRxg(x, y) = −g(x, y).

Note that in the case a(t, x, y) = a(x, y) and πx(y, C) = π(y, C), the
stochastic processes xε(t) and yε(t) are the same as in Section 5.1.1. The
following theorem is an extension of Theorem 1 to the more general case
considered here.

Theorem 2 Let conditions (i)–(iii) be satisfied. In addition, assume that
the following conditions hold:

(iv)
∫

a(t, x, y) ρx(dy) = 0 for all t, x.

(v) There exist bounded and continuous derivatives in x and t,

∂a

∂x
(t, x, y),

∂2a

∂x2 (t, x, y),
∂a

∂t
(t, x, y),

∂2a

∂t2
(t, x, y),

∂Rx

∂x
g(y),

for any bounded measurable function g : Y → R.
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(vi) For f ∈ C(2)(Rd) there exists the limit

L̃f(x)

= lim
T→∞, S→∞

1
T

∫ T+S

T

(
∂Rx

∂x

(
f ′(x), a(t, x, y)

)
, a(t, x, y)

)
ρx(dy) dt

=
(
ã(x), f ′(x)

)
+

1
2
TrB̃(x)f ′′(x).

(5.16)

(vii) The differential operator L̃ is the generator of a unique diffusion
process in Rd.

Then the process x̂ε(t) = xε (t/ε) converges weakly in C as ε → 0 to the
diffusion process x̂(t) having generator L and initial value x0.

Proof Denote by Fε
t the σ-algebra generated by {(xε(s), yε(s)) : s ≤ t}.

We will establish that for 0 < t1 < t2,

lim
ε→0

E

∣∣∣∣E
(

f
(
x̃ε(t2)

)
− f
(
x̃ε(t1)

)
−
∫ t2

t1

L̃f
(
x̃ε(s)

)
ds/Fε

t1/ε

)∣∣∣∣ = 0. (5.17)

For this purpose we need some auxiliary statements that we establish in
four steps:
(1) Let g : R+ × Rd × Y → R be a measurable bounded function that has
bounded derivatives gt(t, x, y), gx(t, x, y) that are continuous in t, x. Then
for 0 ≤ t1 < t2 the following relation holds:

E
(
g(t2, xε(t2), yε(t2)) − g(t1, xε(t1), yε(t1))/Fε

t1

)

= E

[∫ t2

t1

(
gt(t, xε(t), yε(t)) + Ht

ε g(t, xε(t), yε(t))
)
dt/Fε

t1

]
, (5.18)

where

Ht
ε g(x, y) =

(
gx(x, y), a(t, x, y)

)
+

1
ε
Πxg(x, y).

To prove this we observe that it follows from (ii) that the derivatives of the
right-hand side and the left–hand side of (5.18) with respect to t2 coincide.

(2) Let Ψ : R+ × Rd × Y → R be a bounded measurable function having
the derivatives Ψt(t, x, y), Ψx(t, x, y) that are bounded and continuous in t
and x. Assume that

∫
Ψ(t, x, y)ρx(dy) = 0 for all t ≥ 0 and x ∈ Rd. Then

for any t ≥ 0 and h > 0,∣∣∣∣Et,x,y

∫ t+h

t

Ψ
(
s, xε(s), yε(s)

)
ds

∣∣∣∣ = O(ε + εh), (5.19)

where Et,x,y is the conditional expectation under the conditions that
xε(t) = x, yε(t) = y. To prove this statement we introduce the function

Z(t, x, y) = RxΨ(t, x, y).
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Then Zt(t, x, y) and Zx(t, x, y) are bounded and continuous in t and x.
Therefore, using (5.18) we write

Et,x,y

(
Z(t + h, xε(t + h), yε(t + h)) − Z(t, x, y)

)

= Et,x,y

∫ t+h

t

[
Zs(s, xε(s), yε(s)) +

(
Zx(s, xε(s), yε(s)), a(s, xε(s), yε(s)

)

+
1
ε
ΠxZ(s, xε(s), yε(s))

]
ds.

Since Πx Z(s, x, y) = −Ψ(s, x, y),

Et,x,y

∫ t+h

t

Ψ
(
s, xε(s), yε(s)

)
ds = εEt,x,y

(
Z(t, x, y) − Z(t + h, xε(t + h)

)

+εEt,x,y

∫ t+h

t

[
Zs(s, xε(s), yε(s))+(Zx(s, xε(s), yε(s)), a(s, xε(s), yε(s)))

]
ds.

Relation (5.19) is a consequence of this relation.
(3) Now we apply relation (5.18) to the function g(x, y) = f(x):

E
(
f(xε(t2)) − f(xε(t1))/Fε

t1

)

= E

(∫ t2

t1

(
f ′(xε(s)), a(s, xε(s), yε(s))

)
ds/Fε

t1

)
.

(5.20)

Set F (t, x, y) = Rx
(
f ′(x), a(t, x, y)

)
. Then

ΠxF (t, x, y) = −
(
f ′(x), a(t, x, y)

)
.

Applying relation (5.18) to the function F (t, x, y), we have

E
(
F (t2, xε(t2), yε(t2)) − F (t1, xε(t1), yε(t1))/Fε

t1

)

= E

(∫ t2

t1

[
Ft(s, xε(s), yε(s)) +

(
Fx(s, xε(s), yε(s)), a(s, xε(s), yε(s))

)

− 1
ε

(
f ′(xε(s)), a(s, xε(s), yε(s))

)]
ds/Fε

t1

)
,

so

E

(∫ t2

t1

(
f ′(xε(s)), a(s, xε(s), yε(s))

)
ds/Fε

t1

)

= εE

[
F (t1, xε(t1), yε(t1)) − F (t2, xε(t1), yε(t1))

+
∫ t2

t1

(
Ft(s, xε(s), yε(s)) +

(
Fx(s, xε(s), yε(s)), a(s, xε(s), yε(s))

))
ds
/
Fε

t1

]
.

(5.21)
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Set

Φ(s, x, y) =
(
Fx(s, x, y), a(s, x, y)

)
,

Φ̄(s, x) =
∫

Φ(s, x, y) ρx(dy), Φ̃(s, x, y) = Φ(s, x, y) − Φ̄(s, x).

Ψ(t, x, y) = Ft(t, x, y) + Φ̃(s, x, y).

It follows from relations (5.20) and (5.21) that

E
(
f(xε(t2)) − f(xε(t1))/Fε

t1

)

= E

(
ε

∫ t2

t1

Φ̄(s, xε(s)) ds + ε

∫ t2

t1

Ψ(s, xε(s), yε(s)) ds/Fε
t1

)
+ O(ε).

(5.22)
Note that O(ε) ≤ sup

∣∣F (t, x, y)
∣∣ε.

Since Ψ(s, x, y) satisfies the conditions of statement (2), relation (5.19) is
satisfied, and∣∣∣∣E

(∫ t2

t1

Ψ(s, xε(s), yε(s)) ds/Fε
t1

)∣∣∣∣ = O
(
ε(t2 − t1) + ε

)
. (5.23)

We substitute t1/ε and t2/ε for t1 and t2 in (5.22) and use relation (5.23).
In this way we get that

E
(
f(x̃ε(t2)) − f(x̃ε(t1))/Fε

t1/ε

)
= O(ε(t2 − t1) + ε2)

+εE

(∫ t2/ε

t1/ε

Φ̄(s, xε(s)) ds/Fε
t1/ε

)
,

and after changing s to s/ε in the integral on the right-hand side we obtain

E
(
f(x̃ε(t2)) − f(x̃ε(t1)) −

∫ t2

t1

Φ̄(εs, x̃ε(s)) ds/Fε
t1/ε

)
= O(ε). (5.24)

(4) To prove (5.17) it is enough to show that

lim
ε→0

E

∣∣∣∣E
(∫ t2

t1

(
Φ̄(εs, xε(s)) − Lf(xε(s))

)
ds|Fε

t1/ε

)∣∣∣∣ = 0. (5.25)

For this we show that

lim
ε→0

1
hε

sup
t,x,y

E t
ε ,x,y

∫ t+hε

t

(
Φ̄(εs, xε(s)) − Lf(xε(s))

)
ds = 0 (5.26)

for any hε > 0 for which hε → 0 as ε → 0.
Note that it follows from (5.24) that

E t
ε ,x,y

(
f(xε(t + h)) − f(xε(t))

)
= O(ε + h). (5.27)

Therefore, for some constant c1 the following relation is true:

P t
ε ,x,y

{∣∣xε(t + h) − xε(t)
∣∣ > δ

}
≤ c1

δ
(ε + h). (5.28)
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To prove this we apply relation (5.27) to the function

f(x) = 1 − exp{−|x − x̄|2}
under the condition that xε(t/ε) = x̄. The function φ(εs, x) − Lf(x) has a
bounded derivative in x, so∣∣∣∣E t

ε ,x,y

∫ t+h

t

[(
Φ̄(εs, xε(s)) − Lf(xε(s))

)

−
(
Φ̄(εs, x) − Lf(x)

)]
ds

∣∣∣∣ = O

(
hδ +

1
δ2 (ε + h)

)
.

(5.29)

Now,

1
hε

∫ t+hε

t

(
Φ̄(εs, x) − L̃f(x)

)
ds =

ε

hε

∫ t/ε+hε/ε

t/ε

Φ(s, x) ds − L̃f(x) → 0

uniformly in t, x, and y if hε/ε → ∞, due to condition (vi). The function
φ(εs, x) − Lf(x) has a bounded derivative in x, so∣∣∣∣Et/ε,x,y

∫ t+h

t

[(Φ̄(εs, xε(s)) − Lf(xε(s))) − (Φ̄(εs, x) − Lf(x))] ds

∣∣∣∣

= O

(
hδ +

1
δ2 (ε + h)

)
. (5.30)

Set hε =
√

ε, δ = δε = ε1/6. Then

E t
ε ,x,y

1
hε

∫ t+hε

t

(
Φ̄(εs, x̂ε(s)) − Lf(x̂ε(s))

)
ds = O(ε1/6) + o(1),

where o(1) → 0 as ε → 0 uniformly in t, x, and y. So relation (5.17) is
proved, and the process x̂ε(t) converges weakly to the process x̂(t) because
of Theorem 2 of Chapter 2. To prove the theorem we have to prove the
compactness in C of the family of stochastic processes {x̂ε(t), ε ∈ (0, 1)}.
This can be done in the same way as in Theorem 1 using the relation

E t
ε ,x,yφ(x̂ε(t + h) − x̂ε(t)) = O(ε + h), (5.31)

where φ(x) = 1 − exp{−x2}, which follows from equation (5.24).
�

5.1.3 General Markov Perturbations
Let Y now be a finite–dimensional Euclidean space. We consider a Markov
process

(
xε(t), yε(t)

)
in Rd × Y that satisfies the following conditions:

(A1) Denote by P ε(s, x, y, t, dx′, dy′) the transition probability of the
process. Then for g ∈ C(2)(Rd × Y ),

lim
h→0

1
h

(∫
P ε(t, x, y, t + h, dx′, dy′)g(x′, y′) − g(x, y)

)
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=
(
gx(x, y), a(t, x, y)

)
+

1
ε
Axg(x, y), (5.32)

where a(t, x, y) satisfies condition (ii) from Section 5.1.2 and Ax, for
fixed x, is the generator of a homogeneous Markov process in Y ,
which is defined for g ∈ C(2)(Y ). Note that Axg(x, y) is the result of
the action of Ax on the function g(x, y) as a function of y.

(A2) Denote by yx(t) the Markov process in Y having generator Ax, and let
Qx(t, y, dy′) denote its transition probability. We assume that yx(t) is
an ergodic process and that its ergodic distribution is ρx(dy). Finally,
we assume that yx(t) satisfies condition SMC II of Section 2.3. If

Rx(y, C) =
∫ ∞

0

(
Qx(t, y, C) − ρx(C)

)
dt, (5.33)

then
∫

g(x, y′)Rx(y, dy′) ∈ C(2)(Rd ×Y ),
∫

g(x, y) ρx(dy) ∈ C(2)(Rd)
for g ∈ C(2)(X × Y ), and

Ax

∫
g(x, y′)Rx(y, C) =

∫
g(x, y) ρx(dy) − g(x, y). (5.34)

(A3) We assume that a(t, x, y) satisfies conditions (iv), (v), (vi), and (vii)
in Section 5.1.2.

Theorem 3 Under conditions (A1), (A2), (A3) the statement of Theorem
2 is valid.

The proof is the same as in Theorem 2, and it is not presented here.

5.1.4 Stationary Perturbations
Let a(t, x, ω) be an Rd-valued random function on R×Rd. We assume that
∂a
∂x (t, x, ω) is a random function that is locally bounded in t and x. Let
xε(t) be the solution of the initial value problem

ẋε(t) = a(t/ε, xε(t), ω), xε(0) = x0. (5.35)

Assume that the random function a(t, x, ω) satisfies the following condi-
tions:

(F1) a is a stationary function in t; in particular, for any fixed h the random
functions a(t, x, ω) and a(t+h, x, ω) have the same finite–dimensional
distributions. It follows that ∂a

∂x (t, x, ω) is also a stationary random
function. We assume that

P

{
sup
t,x

∥∥∂a

∂x
(t, x, ω)

∥∥ < ∞
}

= 1.

(F2) Denote by Ft the σ-algebra generated by {a(s, x, ω), s ≤ t} and by
Fu the σ-algebra generated by {a(s, x, ω), s ≥ u}. Let La

2(P ) be the
space of F∞-measurable random variables ξ for which Eξ2 < ∞. We
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introduce the linear operator θs in La
2(P ) for which θs

(
a(t, x, ω), z

)
=(

a(t + s, x, ω), z
)
, t ∈ R, x ∈ Rd, z ∈ Rd. We assume that the

following weak mixing condition is satisfied: If ξ1 is F0-measurable,
ξ2 is F0-measurable, and ξ1, ξ2 ∈ La

2(P ), then

lim
t→∞(Eξ1θtξ2 − Eξ1Eξ2) = 0. (5.36)

Under condition (F2) the random operator θs satisfies the ergodic property
for all F-measurable ξ for which E|ξ| < ∞, namely,

lim
T→∞

1
T

∫ T

0
θsξ ds = Eξ. (5.37)

Denote by ā(x) = Ea(x, ω). It follows from Theorem 5 of Chapter 3 that
xε(t) converges uniformly as ε → 0 to the solution x̄(t) of the averaged
problem

˙̄x(t) = ā
(
x̄(t)
)
, x̄(0) = x0 (5.38)

on any finite interval [0, t0]. We will assume that ā(x) = Ea(t, x, ω) = 0.
The behavior of xε(t/ε) will be investigated under this condition and some
additional conditions that are formulated below.

(F3) We assume that for any F0-measurable random variable ξ0 with
E|ξ0| < ∞ and Eξ0 = 0 there exists

∫∞
0 E(θsξ0/F0) ds = Π0ξ0.

Define Πuξ0 = θuΠ0ξ0. Then Πuξ0 is a stationary process. Set

ΠT
0 ξ0 =

∫ T

0
E(θsξ0/F0) ds, T > 0.

We assume additionally that limT→∞ E|ΠT
0 ξ0 − Π0ξ0| = 0.

(F4) Introduce the functions

â(x) = E
(
Π0ax(0, x, ω)

)
a(0, x, ω) (5.39)

(this function is Rd-valued because ax is an L(Rd)-valued function)
and

B̂(x) = 2E
(
Π0a(0, x, ω)

)
∗ a(0, x, ω), (5.40)

where z1 ∗ z2 is the operator from L(Rd) for which

(z1 ∗ z2)x = (z1, x)z2, z1, z2 ∈ Rd.

Then Π0ax(0, x) and Π0a(0, x) are defined, because Ea(0, x, ω) = 0 and
Eax(0, x, ω) = 0. We assume that the functions â and B̂ are bounded and
continuous and that the differential operator

L̂f(x) =
(
f ′(x), â(x)

)
+

1
2
Tr f ′′(x)B̂(x) (5.41)

is the generator of a diffusion process; so, the transition probabilities of this
process are determined by â and B̂.
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(F5) We assume that

sup
x

(∣∣a(0, x, ω)
∣∣+ ∥∥ax(0, x, ω)

∥∥) < ∞

and

lim
T→∞

E sup
x

(∣∣ΠT
0 a(0, x, ω) − Π0a(0, x, ω)

∣∣+ ∥∥(ΠT
0 − Π0

)
ax(0, x, ω)

∥∥) = 0.

Theorem 4 Let conditions (F1)–(F5) be fulfilled. Then the process x̂ε(t) =
xε(t/ε) converges weakly as ε → 0 to the diffusion process x̂(t) having initial
value x0 and generator L̂ given by (5.40).

Proof We consider

E
(
f(x̂ε(t2)) − f(x̂ε(t1))/Ft1/ε2

)

= E

(∫ t2/ε

t1/ε

(
f ′(xε(s)), a(s/ε, xε(s), ω)

)
ds/Ft1/ε2

)
.

(5.42)

We transform the right-hand side of (5.42) using the following relations:
For 0 ≤ α < β,

∫ β

α

(
f ′(xε(s)), a(s/ε, xε(s), ω)

)
ds =

∫ β

α

(
f ′(xε(α)), a(s/ε, xε(α), ω)

)
ds

+
∫ β

α

∫ s

α

(
f ′′(xε(u))a(u/ε, xε(u), ω), a(s/ε, xε(u), ω)

)
du ds

+
∫ β

α

∫ s

α

(
f ′(xε(u)), ax(s/ε, xε(u), ω)a(u/ε, xε(u), ω)

)
du ds.

Note that

E

(∫ β

α

(
f ′(xε(α)), a(s/ε, xε(α), ω)

)
ds/Fα/ε

)

= ε
(
f ′(x), θα/εΠ

ε−1(β−α)
0 a(0, x, ω)

)
x=xε(α),

E
(∫ β

u

(
f ′′(xε(u))a(u/ε, xε(u), ω), a(s/ε, xε(u), ω)

)
ds/Fu

ε

)

= ε
(
f ′′(x)a(u/ε, x, ω), θu

ε
Πε−1(β−u)

0 a(0, x, ω)
)
x=xε(u),

E

(∫ β

u

(
f ′(xε(u)), ax(s/ε, xε(u), ω)a(u/ε, xα(u), ω)

)
ds/Fu

ε

)

= ε
(
f ′(x), θu

ε
Πε−1(β−u)

0 ax(0, x, ω)a(u/ε, x, ω)
)
x=xε(u).
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Therefore,

E
(
f(x̂ε(t2)) − f(x̂ε(t1))/F t1

ε2

)
= ε
(
f ′(x), θ t1

t2
Πε−2(t2−t1)

0 a(0, x, ω)
)
x=xε(t1/ε)

+ εE

(∫ t2
ε

t1
ε

(
f ′′(x)a

(u

ε
, x, ω

)
, θu

ε
Πε−2(t2−εu)

0 a(0, x, ω)
)

x=xε(u)
du/Ft1/ε2

)

+ εE

(∫ t2/ε

t1/ε

(
f ′(x),

[
θu

ε
Πε−2(t2−εu)

0 ax(0, x, ω)
])

x=xε(u) du/Ft1/ε2

)
.

We introduce the following random functions: For f ∈ C(2)(Rd) let

Z0f(x) =
(
f ′(x),

[
Π0ax(0, x, ω)

]
a(0, x, ω)

)
+
(
f ′′(x)a(0, x, ω), Π0a(0, x, ω)

)
(5.43)

and

ZT
0 f(x) =

(
f ′(x),

[
ΠT

0 ax(0, x, ω)
]
a(0, x, ω)

)
+
(
f ′′(x)a(0, x, ω), ΠT

0 a(0, x, ω)
)
.

(5.44)
It follows from condition (F5) that

sup
x

∣∣ZT
0 f(x) − Z0f(x)

∣∣ ≤ λ1(T ),

where λ1(T ) is a F0-measurable random variable for which limT→∞ Eλ1(T ) =
0. Then

εE

∫ t2/ε

t1/ε

∣∣∣∣
[
θu/ε

(
Z

ε−2(t2−εu)
0 f(x) − Z0f(x)

)]
x=xε(u)

∣∣∣∣ du

≤ ε

∫ t2/ε

t1/ε

Eλ1
( t2

ε
− u

ε

)
du =

∫ t2−t1

0
Eλ1

( t2 − t1 − v

ε2

)
dv. (5.45)

Using (5.45) and condition (F5) we can obtain from relation (5.42) the
following statement:

E

∣∣∣∣E
(

f(x̂ε(t2)) − f(x̂ε(t1)) − ε

∫ t2/ε

t1/ε

[
θu/εZ0f(x)

]
x=xε(u) du/Ft1/ε

)∣∣∣∣

≤ O

(
ε +
∫ t2−t1

0
Eλ1

( t2 − t1 − v

ε2

)
dv

)
.

So

lim
ε→0

E

∣∣∣∣E
(

f(x̂ε(t2))−f(x̂ε(t1))−
∫ t2

t1

[θu/ε2Z0f(x)]x=x̂ε(u) du/Ft1/ε2

)∣∣∣∣ = 0.

(5.46)
Now we prove that

lim
ε→0

E

∣∣∣∣E
(∫ t2

t1

(
[θu/ε2Z0f(x)]x=x̂ε(u) − L̂f(x̂ε(u))

)
du
/

Ft1/ε2

)∣∣∣∣ = 0.

(5.47)
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For any δ > 0 set

λ2(δ, ω) = sup{|Z0f(x) − Z0f(x′)| : |x − x1| ≤ δ}.

Then λ2(δ, ω) is an F0- measurable random variable for which Eλ2(δ, ω) →
0 as δ → 0. Note that |x̂ε(u)− x̂ε(v)| ≤ (c/ε)|u−v|, where c is the constant
from condition (F1). This implies the inequality∣∣∣∣[θu/ε2Z0f(x)]x=x̂ε(u) − [θu/ε2Z0f(x)]x=x̂ε(v)

∣∣∣∣ ≤ θu/ε2λ2

(
δc

ε
, ω

)
,

if |u − v| ≤ δ from which it follows that for δ > 0,

E

∣∣∣∣
∫ t2

t1

1
δ

∫ v+δ

v

([θu/ε2Z0f(x)]x=x̂ε(u) − [θu/ε2Z0f(x)]x=x̂ε(v)) du dv

∣∣∣∣

≤ (t2 − t1)Eλ2

(
c

ε
δ, ω

)
. (5.48)

It follows from the ergodic theorem that for all x,

lim
ε→0

1
δ

∫ v+δ

v

θu/ε2Z0f(x) du = L̂f(x) if δ = δε

satisfies the condition δε/ε2 → ∞.
Since

E

∣∣∣∣ sup
|x−x′|≤ρ

1
δ

∫ v+δ

v

(θu/ε2Z0f(x) − θu/ε2Z0f(x)) du

∣∣∣∣ ≤ Eλ2(ρ, ω),

we conclude that

lim
ε→0

E sup
|x|≤r

∣∣∣∣ 1
δε

∫ δε

0
θu/ε2Z0f(x) du − L̂f(x)

∣∣∣∣ = 0 (5.49)

for any r > 0 if δε/ε2 → ∞ as ε → 0. Then (5.49) and (5.48) imply (5.47),
and the last relation and (5.46) give us the relation

lim
ε→0

E

∣∣∣∣E
(

f(x̂ε(t2)) − f(x̂ε(t1) −
∫ t2

t1

L̂f(x̂ε(s)) ds
/

Ft1/ε2

)∣∣∣∣ = 0. (5.50)

With this the statement of the theorem follows as a consequence of
Theorem 2 of Chapter 2.

�

5.1.5 Diffusion Approximations to First Integrals
Consider the solution of equation (5.1) with the same assumptions on the
Markov process y(t) that were stated in Section 5.1.1. Assume that the
function a(x, y) satisfies condition (a1) of that section, and we write ā(x) =
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∫
a(x, y) ρ(dy). (We do not assume here that ā(x) = 0.) We consider the

case where the averaged equation

˙̄x(t) = ā
(
x̄(t)
)

(5.51)

has a first integral, say denoted by ϕ(x). That is, the function ϕ : Rd → R
is continuous and differentiable, and it satisfies the differential equation

(
ϕ′(x), ā(x)

)
= 0. (5.52)

Then ϕ
(
x̄(t)
)

= constant, and

∫ (
ϕ′(x), a(x, y)

)
ρ(dy) = 0.

We will investigate in this section the stochastic process ϕ(xε(t)). Note
that condition (a1) ensures that Theorem 5 of Chapter 3 can be applied to
study equation (5.1). Therefore, ϕ(xε(t)) converges to ϕ(x0) uniformly on
any finite interval as ε → 0 with probability 1. In this section we derive a
diffusion approximation to ϕ(xε(t)).
Some preliminary work is needed to formulate the results. First, assume
that the function a(x, y) satisfies, in addition, condition (a2) of Section 5.1.1
and that the derivatives ϕx, ϕxx exist as continuous and bounded functions.
Then, for any twice continuously differentiable function θ : R → R, we have

E
(
θ
(
ϕ(xε(t2))

)
− θ
(
ϕ(xε(t1))

)
/Ft1/ε

)

=
∫ t2

t1

θ′(ϕ(xε(s))
)(

ϕ′(xε(s)), a(xε(s), yε(s))
)
ds

= ε

[
G(xε(t1), yε(t1)) − G(xε(t2), yε(t2))

+
∫ t2

t1

(
Gx(xε(s), yε(s)), a(xε(s), yε(s))

)
ds/Ft1/ε

]
,

(5.53)

where

G(x, y) = θ′(ϕ(x))
∫

R(y, dy′)
(
ϕ′(x), a(x, y′)

)
.

(We used formula (5.7) here.) So,

E
(
θ
(
ϕ(xε(t2/ε))

)
− θ
(
ϕ(xε(t1/ε))

)
/Ft1/ε

)

= εE

(∫ t2/ε

t1/ε

H
(
ϕ(xε(s)), xε(s), yε(s)) ds/Ft1/ε

)
+ O(ε),

(5.54)
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where

H(ϕ, x, y) = θ′′(ϕ)
∫ (

R(y, dy′)(ϕ′(x), a(x, y′)) ·
(
ϕ′(x), a(x, y)

)

+ θ′(ϕ)
∫ (

R(y, dy′)(ϕ′′(x)a(x, y′), a(x, y)
)

+ θ′(ϕ)
∫ (

R(y, dy′)(ϕ′(x), ax(x, y′)a(x, y)
)
.

Set Ĥ(ϕ, x) =
∫

H(ϕ, x, y)ρ(dy). Since
∫

[H(ϕ, x, y)− Ĥ(ϕ, x)]ρ(dy) = 0, it
follows from the proof of Theorem 1 that

lim
ε→0

ε

∣∣∣∣
∫ t2/ε

t1/ε

(
H
(
ϕ(xε(s)), xε(s), yε(s)

)
− Ĥ

(
ϕ(xε(s)), xε(s)

))
ds

∣∣∣∣ = 0.

(5.55)
Define

β(x) =
∫∫

R(y, dy′)ρ(dy)
(
ϕ′(x), a(x, y′)

)(
ϕ′(x), a(x, y)

)

and

α(x)
2

=
∫∫

R(y, dy′)ρ(dy)
[(

ϕ′′(x)a(x, y′), a(x, y)
)
+
(
ϕ′(x), ax(x, y′)a(x, y)

)]
.

Then, it follows from relations (5.54) and (5.55) that

0 = lim
ε→0

E

∣∣∣∣E
(

θ
(
ϕ(xε(t2/ε))

)
− θ
(
ϕ(xε(t1))

)

− ε

∫ t2/ε

t1/ε

[
α(xε(s))θ′(ϕ(xε(s))

)
+

1
2
β(xε(s))θ′′(ϕ(xε(s))

)]
ds/Ft1/ε2

)∣∣∣∣.
(5.56)

We need an assumption concerning the ergodic behavior of the solution of
the averaged equation:
EAE1 Denote by x̄(t, x0) the solution of equation (5.51) for which

x̄(0, x0) = x0.

For any constant c for which the set Φc = {x : ϕ(x) = c} is not empty,
this set is compact, and there exists a probability measure mc(dx) on Rd

for which

lim
T→∞

1
T

∫ T

0
g
(
x̄(t, x0)

)
dt =

∫
g(x) mϕ(x0)(dx)

uniformly in x0, |x0| ≤ r for any r > 0 and every g ∈ C(Rd).
Set

α̂(c) =
∫

α(x) mc(dx)



5.1 Differential Equations 153

and

β̂(c) =
∫

β(x) mc(dx),

and define ĉ− = infx ϕ(x), ĉ+ = supϕ(x). The functions α̂(z) and β̂(z)
are defined for z ∈ (ĉ−, ĉ+). The conditions on a(x, y) and ϕ(x) ensure
that these functions are bounded, and condition (EAE1) implies that α̂(z)
and β̂(z) are continuous. Note that β̂(z) ≥ 0. Assume that β̂(z) > 0 for
z ∈ (ĉ−, ĉ+). Then the differential operator Lϕ, which is defined by the
relation

Lϕθ(z) = α̂(z)θ′(z) +
1
2
β̂(z)θ′′(z), z ∈ R, (5.57)

for θ ∈ C(2)(ĉ−, ĉ+), is the generator of a diffusion Markov process in the
interval (ĉ−, ĉ+) with absorbing boundary.

Theorem 5 Assume that the following conditions are fulfilled:

(i) The function a(x, y) satisfies the conditions (a1) and (a2) of
Section 5.1.1.

(ii) The Markov process y(t) satisfies condition SMC II of Section 2.3.

(iii) Condition (EAE1) is satisfied by a function ϕ : Rd → R that has
continuous bounded derivatives ϕx, ϕxx and satisfies equation (5.52).

(iv) The differential operator Lϕ given by the formula (5.57) has posi-
tive coefficient β(z) for z ∈ (ĉ−, ĉ+), where ĉ− = infx ϕ(x), ĉ+ =
sup ϕ(x), so Lϕ is the generator of the diffusion process on the inter-
val (ĉ−, ĉ+) with absorbing boundary. Denote by τε = max{t : xε(s) ∈
(ĉ−, ĉ+), s < t}.

Then the stochastic process zε(t) = ϕ(xε(t∧τε/ε)) converges weakly in C to
the diffusion process with generator Lϕ and absorbing boundary satisfying
the initial condition z(0) = ϕ(x0), where

x0 = xε(0) for all ε > 0.

Proof First we prove the relation

lim
ε→0

E

∣∣∣∣
(

θ(zε(t2)) − θ(zε(t1)) −
∫ t2

t1

Lϕθ(zε(s)) ds
/

Ft1/ε2

)∣∣∣∣ = 0 (5.58)

for any function θ(z) ∈ C(2)(R) for which such a z1 < z2 exists for ĉ− <
z1 < z2 < ĉ+ that θ(z) = 0 if z ≤ z1, z ≥ z2. We derive next some auxiliary
statements.

Lemma 4

P{|zε(t) − zε(0)| > c} ≤ O

(
ε + tλ

1 − e−λc2

)
(5.59)

for every λ > 0 and c > 0.
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Proof The proof follows from formula (5.54) if we set t1 = 0, t2 = t, and
θ(z) = exp{−λz2} there and take into account that H = O(λ).

�

Lemma 5 Let Ψ ∈ C(Rd) and Ψ̂(z) =
∫

Ψ(x) mz(dx). Then

lim
ε→0

E

∣∣∣∣ε
∫ t2/ε

t1/ε

Ψ(xε(s)) ds −
∫ t2

t1

Ψ̂(zε(s)) ds

∣∣∣∣ = 0.

Proof It follows from Theorem 5 of Chapter 3 that for any T > 0,

lim
ε→0

E

∣∣∣∣ 1T
∫ T

0
[Ψ(x̄(xε(s), u) − Ψ(xε(s + u))] du

∣∣∣∣ = 0

uniformly in s. So

lim
ε→0

E

∣∣∣∣ε
∫ t2/ε

t1/ε

Ψ(xε(s)) ds − ε

∫ t2/ε

t1/ε

1
T

∫ T

0
Ψ(x̄(xε(s), u)) du ds

∣∣∣∣ = 0.

It follows from condition (EAE1) that for any c > 0,

lim
T→∞

sup
s<(t/ε)

E

∣∣∣∣ 1T
∫ T

0
Ψ(x̄(xε(s), u) du − Ψ̂(zε(s))

∣∣∣∣1{|zε(s)|≤c} = 0.

This relation and Lemma 3 imply the relation

lim sup
ε→0,T→∞

E

∣∣∣∣ε
∫ t2/ε

t1/ε

1
T

∫ T

0
Ψ(x̄(xε(s), u)) du −

∫ t2

t1

Ψ̂(zε(s)) ds

∣∣∣∣ = 0.

�

We return now to the proof of the theorem. Relation (5.58) is a consequence
of relation (5.56) and Lemma 5. Relation (5.58) and Remark 8 of Chapter
2 imply the weak convergence of the processes zε(t) to the process z(t) as
ε → 0. To prove that the family of stochastic processes {zε(t), ε ∈ (0, 1)}
is weakly compact in C, we use the same method as in Theorem 1 using
Lemma 3.

�

Remark 4 The behavior of the diffusion process z(t) in the case (ĉ−, ĉ+) =
(0,∞) (i.e., infx ϕ(x) = 0 and ϕ(x) → +∞ as |x| → ∞) is determined by
the coefficients of the differential operator Lϕ: Set

U(z) = exp
{

−
∫ z

z0

2α̂(u)β̂−1(u) du

}
, z0 > 0,

I1 =
∫ z0

0
U(z) dz, I2 =

∫∫
0<u<z<z0

U(z)

U(u)β̂(u)
du dz.
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(i) If I1 = +∞, I2 = +∞, then 0 is a natural boundary for z(t)
(this means that P{τ0 = +∞} = 1, τ0 = inf{t : z(t) = 0}, and
P{limt→∞ z(t) = 0} = 0). The point z = 0 is inaccessible.

(ii) If I1 < ∞, I2 < ∞, then 0 is a regular boundary, P{τ0 < ∞} > 0,
and P{τ0 < ∞/z(0)} → 1 as z(0) → 0.

(iii) If I1 < ∞, I2 = +∞, then 0 is an attracting boundary:

P{τ0 < ∞} = 0, lim
z(0)→0

P
(

lim
t→∞ z(t) = 0/z(0)

)
= 1.

(iv) If I1 = +∞, I2 < ∞, then 0 is a repelling boundary; let τ(0, z) be the
exit time from the interval (0, z). Then for u ∈ (0, z), P (z(τ(0, z) =
z/z(0) = 0) = 1, and E(τ(0, z)/z(0) = u) is uniformly bounded in
u ∈ (0, z). The point 0 is inaccessible.

The proof of these remarks is available in [40].
Now we consider the case when equation (5.51) has m first integrals, say
ϕ1(x), . . . , ϕm(x) satisfying equation (5.51). We assume that the mapping
x → (ϕ1(x), . . . , ϕm(x)) of Rd into Rm is continuous. Denote by φ the
image of Rd under this mapping: If (zi, . . . , zm) ∈ φ, then x ∈ Rd exists for
which ϕk(x) = zk, k = 1, . . . , m.
We introduce an extension of EAE1 to this case:
EAE2 Denote by φz1,...,zm the set of those x for which ϕk(x) = zk1 , k =
1, . . . , m, (z1, . . . , zm) ∈ φ. Assume that φz1,...,zm

is a compact set and that
a measure mz exists, z = (z1, . . . , zm) ∈ Rm for which

lim
T→∞

1
T

∫ T

0
g(x̄(t, x0)) dt =

∫
g(x)mz(dx) (5.60)

if (ϕ1(x0), . . . , ϕm(x0)) = z for g ∈ C(2)(Rm) uniformly in z, |z| ≤ C, for
all C > 0.
Define a second–order differential operator L̃ by the relation

L̃Ψ(z) =
∫∫∫ (

∂

∂x
([Ψ(ϕ1(x), . . . , ϕm(x))]x, a(x, y′)), a(x, y)

)

× R(y, dy′) ρ(dy) mz(dx)
(5.61)

for functions Ψ ∈ C(2)(Rm) for which supp Ψ ⊂ intφ, provided that con-
tinuous bounded derivatives ∂ϕk

∂x (x), ∂2ϕk

∂x2 (x), k = 1, . . . , m, exist. Here
supp Ψ is the closure of the set {z : |Ψ(z) > 0} and intφ is the set of
interior points of φ.

Theorem 6 Assume that the following conditions are fulfilled:

(i-ii) (i) and (ii) of Theorem 1 hold.

(iii) Condition (EAE2), and ∂
∂xϕk(x), ∂2

∂xϕk(x) are bounded and continu-
ous for k = 1, . . . , m.
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(iv) The differential operator L̃ is the generator of a diffusion process z(t)
in the set intφ with absorbing boundary.

Set

zε(t) =
(

ϕ1

(
x

(
t

ε

))
, . . . , ϕm

(
x

(
t

ε

)))
, τε = max{t : zε(s) ∈ intφ, s < t}.

Then the stochastic process zε(t ∧ τε) converges weakly in C as ε → 0 to
the stochastic process z(t) with generator Lϕ, absorbing boundary, and with
initial value z(0) = (ϕ1(x0), . . . , ϕm(x0)).

The proof is the same as the proof of Theorem 5 and is not presented here.

5.2 Difference Equations

In this section we consider discrete–time systems described by difference
equations that are also perturbed by random noise.

5.2.1 Markov Perturbations
Let {yn, n ∈ Z+} be a homogeneous Markov process in a measurable space
(Y, C). Denote by Pk(y, C) its transition probability for k steps. We consider
the difference equation

xε
n+1 − xε

n = εϕ(xε
n, yn), n ≥ 0, xε

0 = x0, (5.62)

where ϕ : Rd × Y → Rd is a measurable function.
Assume that {yn} is an ergodic process with ergodic distribution ρ(dy),
that the function ϕ satisfies the condition

∫
|ϕ(x, y)| ρ(dy) < ∞, and that∫

ϕ(x, y) ρ(dy) = 0.

We define a continuous–time stochastic process in Rd by

x̃ε(t) =
∑

n

1{ε2n≤t<ε2(n+1)}
[
(t ε−2 − n)xε

n+1 + (n + 1 − t ε−2)xε
n

]
, (5.63)

so x̃ε(t) is a continuous function of t and

x̃ε(nε2) = xε
n.

We will prove that under general conditions the process x̃ε(t) converges
weakly in C to a diffusion process in Rd.

Theorem 7 Assume that the Markov process {yn, n ∈ Z+} satisfies condi-
tion SMC II of Section 2.3 and that ϕ is a measurable function that satisfies
the following conditions:
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(a) ϕ(x, y) is continuous in x and has a continuous derivative ϕx(x, y) with

sup
x,y

(|ϕ(x, y)| + ‖ϕx(x, y)‖) < ∞;

(b) limδ→0 sup{‖ϕx(x, y) − ϕx(x′, y)‖ : |x − x′| < δ, y ∈ Y } = 0;
(c)
∫

ϕ(x, y) ρ(dy) = 0.
Let an operator L be defined for functions f ∈ C(2)(Rd) by the formula

Lf(x) =
∫ (

∂

∂x

∫ (
fx(x), ϕ(x, ỹ)

)
R(y, dỹ), ϕ(x, y)

)
ρ(dy)

+
1
2

∫ (
fxx(x)ϕ(x, y), ϕ(x, y)

)
ρ(dy),

(5.64)

where

R(y, C) = 1{y∈C} +
∞∑

k=1

(Pk(y, C) − ρ(C)) , c ∈ C.

Assume that L is the generator of a diffusion process x̃(t). Then as ε → 0
the stochastic process x̃ε(t) converges weakly in C to the diffusion process
x̃(t) having initial condition x̃(0) = x0.

Before proving this theorem, we establish several supporting facts.

Lemma 6 Let g : Y → R be a measurable function for which∫
g(y) ρ(dy) = 0. Then the operator Rg(y) =

∫
R(y, dy′)g(y′) satisfies the

relation ∫
P (y, dy′)Rg(y′) = Rg(y) − g(y).

Proof

Rg(y) =
∞∑

k=1

∫
Pk(y, dy′)g(y′) + g(y),

since
∫

g(y) ρ(dy) = 0. So,
∫

P (y, dy′)Rg(y′) =
∞∑

k=1

∫
Pk(y, dy′)g(y′).

This completes the proof of Lemma 6.
�

Lemma 7 Let ψ(x, y) : Rd × Y → R satisfy the following conditions:

(α) ψ(x, y) and ψx(x, y) are bounded measurable functions continuous in
x.

(β) If λ(δ) is defined by the relation

λ(δ) = sup{|Ψx(x, y) − Ψx(x′, y)| : |x − x′| < δ, y ∈ Y },

then limδ→0 λ(δ) = 0.
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(γ)
∫

ψ(x, y) ρ(dy) = 0.

Set

Ψ(x, y) =
∫

ψ(x, ỹ)R(y, dỹ). (5.65)

Denote by Fn the σ-algebra generated by {y0, . . . , yn}. Then for any n1 <
n2,

E

( n2∑
k=n1

ψ(xε
k, yk)

/
Fn1

)
=E

(
Ψ(xε

n1
, yn1) − Ψ(xε

n2+1, yn2+1)
/

Fn1

)

+ εE

( n2∑
k=n1

(
Ψx(xε

k, yk+1), ϕ(xε
k, yk+1)

)/
Fn1

)

+ O
(
ελ(ε)(n2 − n1)

)
.

Proof It follows from Lemma 6 that

E
(
Ψ(xε

k+1, yk+1) − Ψ(xε
k, yk)

/
Fk

)
= E

(
Ψ(xε

k, yk+1) − Ψ(xε
k, yk)

/
Fk

)
+ E

(
Ψ(xε

k+1, yk+1) − Ψ(xε
k, yk+1)

/
Fk

)
= −ψ(xε

k, yk) + εE
((

Ψx(xε
k, yk+1), ϕ(xε

k, yk)
)/

Fk

)

+ E

(
Ψ(xε

k + εϕ(xε
k, yk+1), yk) − Ψ(xε

k, yk+1)

− ε
(
Ψx(xε

k, yk+1), ϕ(xε
k, yk)

)/
Fk

)
.

It follows from condition (β) that∣∣Ψ(x + εϕ(x, y), y) − Ψ(x, y) − ε(Ψx(x, y), ϕ(x, y))
∣∣ = O

(
ελ(ε)

)
.

So

E

(
Ψ(xε

n2+1, yn2+1) − Ψ(xε
n1

, yn1)/Fn1

)

= E

( n2∑
k=n1

[
ε(Ψx(xε

k, yk+1), ϕ(xε
k, yk)) − ψ(xε

k, yk)
]/

Fn1

)

+ O
(
(n2 − n1)ελ(ε)

)
.

This completes the proof of Lemma 7.
�

Lemma 8 Assume that a function θ(x, y) : Rd × Y → R satisfies the
following conditions:

(1) θ(x, y) is a measurable bounded real-valued function.

(2) Let ρ(δ) = sup{|θ(x, y) − θ(x′, y)| : |x − x′| ≤ δ, y ∈ Y }. Then
limδ→0 ρ(δ) = 0.
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Set θ̄(x) =
∫

θ(x, y)ρ(dy). Then for any integers n1 < n2,

E

( n2∑
k=n1

θ(xε
k, yk)

/
Fn1

)
= E

( n2∑
k=n1

θ̄(xε
k)
/

Fn1

)
+o(n2−n1)+(n2−n1)β(ε),

where limε→0 β(ε) = 0.

Proof Denote by Ey the conditional expectation operator under the
condition y0 = y. It follows from condition SMC II that

lim sup
x∈Rd,y∈Y

Ey

∣∣∣∣ 1n
n−1∑
k=0

θ(x, yk) − θ̄(x)
∣∣∣∣ = 0.

Let m < n2 − n1. Then
n2∑

k=n1

θ(xε
k, yk)

=
n2∑

k=n1

(
1
m

m−1∑
i=0

θ(xε
k, yk+i) +

1
m

m−1∑
i=0

(
θ(xε

k+1, yk+i) − θ(xε
k, yk+1)

)

+ O(m).

If |ϕ(x, y)| ≤ c, then |θ(xε
k+i, y) − θ(xε

k, y)| ≤ ρ(cmε) for 0 ≤ i ≤ m due to
condition (2). So

E

( n2∑
k=n1

(
θ(xε

k1
yk) − θ̄(xε

k)
)/

Fn1

)

≤ E

( n2∑
k=n1

E

(∣∣∣∣ 1
m

m−1∑
k=0

θ(xε
k, yk+i

))
− θ̄(xε

k)
∣∣∣∣
/

Fk

)/
Fn1

)

+ O(m + (n2 − n1)ρ(cmε)) = O(m + (n2 − n1)(ρ(cmε) + αm)),

where

αm = sup
{

Ey

∣∣∣∣ 1
m

m−1∑
k=0

θ(x, yk) − θ̄(x)
∣∣∣∣ : x ∈ Rd, y ∈ Y

}
.

As a result, αm → 0 as m → ∞. This completes the proof of Lemma 8.
�

We now return to prove the theorem.
Proof
Let f ∈ C(3)(Rd). Then

f(xε
k+1) − f(xε

k) =ε
(
fx(xε

k), ϕ(xε
k, yk+1)

)

+
1
2
ε2(fxx(xε

k)ϕ(xε
k, yk+1), ϕ(xε

k, yk+1)
)

+ O(ε3).

(5.66)
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Set ψ(x, y) =
∫ (

fx(x), ϕ(x, ỹ)
)
P (y, dỹ).

It follows from conditions (a) and (b) that the function ψ(x, y) satisfies the
conditions of Lemma 7 with λ(ε) = c1ε, c1 > 0 a constant. So for n1 < n2,

E

( n2∑
k=n1

ψ(xε
k, yk)

/
Fn1

)
= O(1) + O

(
ε2(n2 − n1)

)

+ εE

( n2∑
k=n1

(
Ψx(xε

k, yk+1), ϕ(xε
k, yk+1)

)/
Fn1

)
,

where Ψ(x, y) is determined by formula (5.65).
So for 0 < n1 < n2 we have

E
(
f(xε

n2
) − f(xε

n1
)
/
Fn1

)
= O(ε) + O

(
ε3(n2 − n1)

)

+ ε2E

(n2−1∑
k=n1

[1
2
(
fxx(xε

k)ϕ(xε
k, yk+1), ϕ(xε

k, yk+1)
)

+
(
Ψx(xε

k, yk+1), ϕ(xε
k, yk+1)

)]/
Fn1

)
.

(5.67)
Let

θ(x, y) =
∫ [

1
2

(fxxϕ(x, ỹ), ϕ(x, ỹ)) +
(
Ψx(x, ỹ), ϕ(x, ỹ)

)]
P (y, dỹ).

Then the function θ(x, y) satisfies the conditions of Lemma 8. We apply
Lemma 8 to the last sum in equality (5.67). This gives us the relation

E
(
f(xε

n2
)−f(xε

n1
)
/
Fn1

)
= ε2E

( n2∑
k=n1

θ̄(xε
k)
/

Fn1

)
+O
(
ε3(n2−n1)

)
+O(ε),

(5.68)
where

θ̄(x) =
∫

θ(x, y)ρ(dy)

=
∫ [

1
2
(
fxx(x)ϕ(x, y), ϕ(x, y)

)
+
(
Ψx(x, y), ϕ(x, y)

)]
ρ(dy)

= Lf(x).

Let Fε
t =

∨
k≤ε2n Fk and assume that ti ∈ [niε

2, (ni + 1)ε2), i = 1, 2. Then
it follows from (5.68) that

E
(
f(x̃ε(t2)) − f(x̃ε(t1))

/
Fε

t1

)

= E

(∫ t2

t1

Lf
(
xε(t)

)
dt

/
Fε

t1

)
+ O(ε) + O

(
ε(t2 − t1)

)
.

(5.69)

Theorem 2 of Chapter 2 implies that the stochastic processes x̃ε(t) converge
weakly to the process x̃(t).
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Now we prove that the family of stochastic processes {x̃ε(t), ε ∈ (0, 1)} is
weakly compact in C. Let
φ(x) = 1 − exp{−|x − x0|2}. First we prove that

Ey(φ(xε
n) − x0) = O(ε2n).

Applying Lemma 7 to the function

ψ(x, y) = (φ(x)
x , ϕ(x, y)),

we can write

Egφ(xε
n) = εEy

n∑
k=0

Ψ(xε
k, yk) + O(ε2n)

= −εEyΨ(xε
n, yn) + O(ε2n) = O(ε2n),

since |Ψ(xε
n, y)| = O(|xε

n − x0|) = O(εn). This implies the inequality

Eyφ(x̃ε(t)) ≤ kt,

where k does not depend on ε ∈ (0, 1). In the same way as in Lemma 3 we
can prove that

Eyφ2(x̃ε(t)) ≤ k(ε2 + t).

Now we can apply Theorem 1 of Chapter 2 in the same way as in the proof
of compactness in Theorem 1.
This completes the proof of the theorem.

�

5.2.2 Diffusion Approximations to First Integrals
We consider the averaged differential equations we obtained for the
difference equation (5.62): It is of the form

˙̄x(t) = ϕ̄
(
x̄(t)
)
, x̄(0) = x0, (5.70)

where

ϕ̄(x) =
∫

ϕ(x, y) ρ(dy). (5.71)

It is assumed that the function ϕ(x, y) satisfies conditions (a) and (b) of
Theorem 7, except possibly for the condition

∫
ϕ(x, y) ρ(dy) = 0.

Let φ(x) be a first integral for equation (5.70), so φ(x) has a first derivative
φ′(x) that satisfies the relation

(φ′(x), ϕ̄(x)) = 0.

Denote by x̄(x0, t) the solution to the initial value problem (5.70) satisfying
the initial condition x̄(x0, 0) = x0. Then φ(x̄(x0, t)) = φ(x0). It follows from
the averaging theorem for difference equations (Theorem 8 of Chapter 3)
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that |xε
n−x̄(x0, εn)| → 0 with probability 1 as ε → 0 uniformly in n ≤ uε−1

for all u > 0. So

sup
n≤uε−1

|φ(x0) − φ(xε
n)| → 0

with probability 1 as ε → 0.
Set c− = inf{φ(x) : x ∈ Rd}, c+ = sup{φ(x) : x ∈ Rd}, zε

n = φ(xε
n∧νε

), and
νε = sup{n : φ(xε

k) ∈ (c−, c+), k ≤ n} for n = 0, 1, . . . . We will investigate
the asymptotic behavior of the stochastic process

zε(t) =
∑

n

[(tε−2 − n)zε
n+1 + (n + 1 − tε−2)zε

n]1{ε2n≤t≤ε2(n+1)}. (5.72)

In particular, we will show that zε(t) converges weakly in C to a diffusion
process on an interval in R.
First, we introduce some restrictions on the function φ(x).

(φ1) φ(x) is a continuous function with the bounded continuous derivatives
φ′(x) and φ′′(x), and φ′′(x) is uniformly continuous in Rd.

(φ2) Denote by φc the level set Uc = {x : φ(x) = c}. For all c ∈ (c−, c+)
the set Uc is compact in Rd, and a probability measure mc exists in
Rd for which

lim
T→∞

sup
|x0|≤r

∣∣∣∣ 1T
∫ T

0
g(x̄(x0, t)) dt −

∫
g(x′) mφ(x0)(dx′)

∣∣∣∣ = 0

for g ∈ C(Rd), and r > 0. For all g ∈ C,
∫

g(x) mu(dx) is continuous
in u.

We introduce the differential operator Lzθ(u) in C(2)(R) by the formula
∫∫∫ (

∂

∂x
[θ′(φ(x))(φ′(x), ϕ(x, y′))], ϕ(x, y)

)
R(y, dy′) ρ(dy) mu(dx)

+
1
2

∫∫ (
∂2

∂x2 θ(φ(x))ϕ(x, y), ϕ(x, y)
)

ρ(dy) mu(dx).

(5.73)

Theorem 8 Assume that the stochastic process {yn, n ∈ Z+} satisfies con-
dition SMC II of Section 2.3, the function ϕ(x, y) satisfies conditions (a)
and (b) of Theorem 7; the function φ(x) satisfies conditions (φ1), (φ2),
and the differential operator Lθ(u) is the generator of a diffusion process
z(t) in the interval (c−, c+) with absorbing boundary. Then the stochastic
process zε(t) converges weakly in C as ε → 0 to the diffusion process z(t)
with the initial value z(0) = φ(x0), where x0 = xε

0 for all ε > 0.

Proof Let

G(x) = θ(φ(x)),
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where θ ∈ C(3)(R) and supp θ ⊂ (c−, c+). Then

θ(zε
k+1)−θ(zε

k)

= ε(G′(xε
k), ϕ(xε

k, yk)) +
1
2
ε2(G′′(xε

k)ϕ(xε
k, yk), ϕ(xε

k, yk)) + o(ε2).

Set Ψ(x, y) = (G′(x), ϕ(x, y)). Then∫
Ψ(x, y) ρ(dy) = θ′(φ(x))(φ′(x), ϕ̄(x)) = 0.

It follows from Lemma 7 that

E
(
θ(zε

n2+1) − θ(zε
n1

)/Fn1

)
= E

(
ε2

n2∑
k=n1

ψ(xε
k, yk)

/
Fn1

)

+
1
2
ε2E

( n2∑
k=n1

(
G′′(xε

k)ϕ(xε
k, yk)

)
, ϕ(xε

k, yk)
/

Fn1

)
+ O(ε),

where Ψ(x, y) is related to ψ(x, y) by formula (5.66).
Set

H(x, y) = Ψ(x, y) +
1
2
(G′′(x)ϕ(x, y), ϕ(x, y))

and

H(x) =
∫

H(x, y) ρ(dy).

It follows from Lemma 8 that∣∣∣∣E
( n2∑

k=n1

(
H(xε

k, yk) − H(xε
k)
/

Fn1

))∣∣∣∣ = o(n2 − n1) + (n2 − n1)β(ε),

where β(ε) → 0 as ε → 0. This implies that

E
(
θ(zε

n2+1) − θ(zε
n1

)/Fn1

)
=ε2E

( n2∑
k=n1

H(xε
k)
/

Fn1

)
+ O(ε)

+ o(n2 − n1) + (n2 − n1)β(ε).

(5.74)

At this point, we need another auxiliary result.

Lemma 9 Let

Ĥ(u) =
∫

H(x) mu(dx).

Then

lim
ε→0

sup
n2≤u/ε2

E

∣∣∣∣ε2
n2∑

k=n1

(
Ĥ(zε

k) − H(xε
k)
)∣∣∣∣ = 0. (5.75)
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Proof For any N we have the inequality

E

∣∣∣∣
n2∑

k=n1

(
Ĥ(zε

k) −
n2∑

k=n1

H(xε
k)
)∣∣∣∣ ≤ E

∣∣∣∣
n2∑

k=n1

(
1
N

N∑
i=1

H(xε
k+i) − Ĥ(zε

k)
)∣∣∣∣

+ O(N) ≤ E

∣∣∣∣
n2∑

k=n1

1
N

( N∑
i=1

H(xε
k+i) − H(x̄(xε

k, iε))
)∣∣∣∣

+ E

∣∣∣∣
n2∑

k=n1

(
1
N

N∑
i=1

H(x̄(xε
k, iε)) − Ĥ(zε

k)
)∣∣∣∣+ O(N).

It follows from the averaging theorem for difference equations (Theorem 8 of
Chapter 3) that a function N(ε) : (0, 1) → Z+ exists for which εN(ε) → ∞
and

lim
ε→0

sup
x,y

Ey

∣∣∣∣ 1
N(ε)

N(ε)∑
i=1

H(x̃ε
i ) − H(x̄(x, iε))

∣∣∣∣ = 0.

Here x̃ε
i is the solution to the difference equation (5.63) with x0 = x. This

implies that

lim
ε→0

sup
n2≤u/ε2

E

∣∣∣∣
n2∑

k=n1

1
Nε

Nε∑
i=1

H(xε
k+i) − H(x̄(xε

k, iε))
∣∣∣∣ = 0. (5.76)

It follows from condition (φ(2) that for any r > 0,

lim
ε→0

sup
|x|≤r

E

n2∑
k=n1

(
1

Nε

Nε∑
i=1

(H(x̄(xε
k, iε)) − Ĥ(zε

k))
)

1{|xε
k|≤r} = 0 (5.77)

if εNε → 0.
Using relation (5.74) we can prove in the same way as in Lemma 4 that

lim
r→∞ lim sup

ε→0
sup

n2≤u/ε2
E

n2∑
k=n1

ε21{|xε
k|>r} = 0. (5.78)

Relations (5.76), (5.77), and (5.78) imply relation (5.75), and the proof of
the lemma, if εNε → ∞, ε2Nε → 0.

�

We return to the proof of the theorem. It follows from equations (5.74) and
(5.75) that for 0 ≤ t1 < t2,

lim
ε→0

E

∣∣∣∣E(θ(zε(t2)) − θ(zε(t1)) −
∫ t2

t1

Lz(θ(zε(s)) ds Fε
t1)
∣∣∣∣ = 0, (5.79)

where Fε
t = ∨ε2k≤tFk. Here we have used the fact that

Ĥ(u) = Lzθ(u).
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This is true for all θ ∈ C(2), so Theorem 2 of Chapter 2 implies that the
process zε(t) converges to the process z(t) weakly. To prove the theorem
we have to show that the family of stochastic processes {zε

1(t), ε ∈ (0, 1)} is
weakly compact in C. This can be proved in the same way as in Theorems
5 and 7. This completes the proof of Theorem 8.

�

Remark 5 The differential operator Lzθ(u) can be represented in the
form

Lzθ(u) = α(u)θ′(u) +
1
2
β(u)θ′′(u), (5.80)

where

α(u) =
∫∫∫ (

∂

∂x
(φ′(x), ϕ(x, y′)), ϕ(x, y)

)
R(y, dy′) ρ(dy) mu(dx)

+
1
2

∫∫
(φ′′(x)ϕ(x, y), ϕ(x, y)) ρ(dy) mu(dx)

(5.81)

and

β(u) = 2
∫∫∫

(φ′(x), ϕ(x, y′))(φ′(x), ϕ(x, y))R(y, dy′) ρ(dy) mu(dx)

+
∫∫

(φ′(x), ϕ(x, y))2 ρ(dy) mu(dx).

(5.82)
It follows from the conditions of Theorem 8 that α(u) and β(u) are
continuous.

Remark 6 Assume that φ(x) ≥ 0, φ(x) → ∞ as |x| → ∞, and there
is a unique point x̄ for which φ(x̄) = 0. Then m0(B) = 1{x̄∈B}. We can
calculate α(0) and β(0); namely,

α(0) =
1
2

∫
(φ′′(x̄)ϕ(x̄, y), ϕ(x̄, y)) ρ(dy),

β(0) = 0.

Assume in addition that
∫

|ϕ(x̄, y)|2 ρ(dy) > 0 and the Jacobian determi-
nant detφ′′(x̄) > 0. Then the point 0 is either a natural or a repelling
boundary for the diffusion process z(t) on the interval (0,∞). (See Re-
mark 3.) Also, +∞ is the natural boundary for this process. Let τ be the
stopping time for which z̃(s) ∈ (0, +∞) and

sup
s≤τ

z̃(s) ∧ (z̃(s))−1 = 0.

Then P{τ = +∞} = 1.
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Remark 7 Assume that ϕ(x, y1) has a continuous conditional distribution
for all x ∈ Rd and y0 ∈ Y . Then P{νε = +∞} = 1.

5.2.3 Stationary Perturbations
We consider the difference equation

xε
k+1 − xε

k = εϕk+1(xε
k, ω), k = 0, 1, . . . , xε

0 = x0, (5.83)

where x0 ∈ Rd is a nonrandom initial value, and the sequence of random
functions {ϕk(x, ω), k = 1, 2, . . . } satisfies the following conditions:

(1) There exists an F-measurable transformation T : Ω → Ω that pre-
serves the measure P (here (Ω, F , P ) is the probability space on which
the sequence {ϕk(x, ω)} is defined) for which ϕk(x, ω) = ϕ0(x, T kω).

(2) There exists a σ-algebra F0 satisfying the condition that for all F0-
measurable bounded random variables ξ(ω) the series

Rξ(ω) ≡
∞∑

k=0

[
E
(
ξ(T k(ω))

/
F0
)

− Eξ
]

(5.84)

is convergent and supω |Rξ(ω)| < ∞.

(3) ϕ0(x, ω) is F0-measurable and Eϕ0(x, ω) = 0.

(4) ϕ0(x, ω) is a twice differentiable function in x, and ϕ0(x, ω),
∂ϕ0
∂x (x, ω), ∂2ϕ0

∂x2 (x, ω) are bounded continuous functions of x.

(5) the transformation T is ergodic.

Theorem 9 Assume that conditions (1)–(5) are satisfied. Then the
stochastic process x̃ε(t) defined by equation (5.63) with {xε

n} given in equa-
tion (5.83) converges in C, as ε → 0, to the diffusion process x̃(t) having
generator L̃ that is defined for functions f ∈ C(2)(Rd) by the formula

L̃f(x) =

E

[(
∂

∂x

(
f ′(x), Rϕ0(x, Tω)

)
, ϕ0(x, ω)

)
+

1
2
(
f ′′(x)ϕ0(x, ω), ϕ0(x, ω)

)]

(5.85)
with initial condition x̃(0) = x0.
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Proof Let n1 < n2. Then for f ∈ C(3)(Rd) we can write

f(xε
n2

) − f(xε
n1

) =
n2−1∑
k=n1

[
f(xε

k+1) − f(xε
k)
]

=
n2−1∑
k=n1

[
ε
(
f ′(xε

k), ϕ0(xε
k, T k+1ω)

)

+
ε2

2
(
f ′′(xε

k)ϕ0(xε
k, T k+1ω), ϕ0(xε

k, T k+1ω)
)

+ O(ε3)
]
.

Let ψ(x, ω) =
(
f ′(x), ϕ0(x, ω)

)
. We consider the sum

S1 =
n2−1∑
k=n1

ψ(xε
k, T k+1ω).

Note that for any bounded F-measurable random variable ξ,

E
(
Rξ(Tω) − Rξ(ω)

/
F0
)

= −ξ(ω).

So

ψ(x, Tω) = E
(
Rψ(x, Tω) − Rψ(x, T 2ω)

/
F1
)
,

and

ψ(xε
k, T k+1ω) = E

(
Rψ(xε

k, T k+1ω) − Rψ(xε
k, T k+2ω)

/
Fk+1

)
= E

(
Rψ(xε

k, T k+1ω) − Rψ(xε
k+1, T

k+2ω)

+ εR
(∂ψ

∂x
(xε

k, T k+2ω), ϕ0(xε
k, T k+1ω)

)/
Fk+1

)
+ O(ε2).

Using the last equality we obtain the following representation for E(S1/Fn1):

E(S1/Fn1) = εE

(n2−1∑
k=n1

R

(
∂ψ

∂x
(xε

k), T k+2ω

)
, ϕ0(xε

k, T k+1ω)
)

+ Rψ(xε
n1

, Tn1+1ω) − Rψ(xε
n2

, Tn2+1ω)
/

Fn1

)

+ (n2 − n1)O(ε2).
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Let nk −1 < tkε−2 ≤ nk, k = 1, 2. Then using the boundedness of Rψ(x, ω)
we can write

E
(
f(x̃ε(t2)) − f(x̃ε(t1)

/
Fε

t1

)

= E

(
ε2

n2−1∑
k=n1

[
R
(∂ψ

∂x
(xε

k), T k+2ω), ϕ0(xε
k, T k+1ω)

)

+
1
2
(
f ′′(xε

k)ϕ0(xε
k, T k+1ω), ϕ0(xε

k, T k+1ω)
)]/

Fn1

)
+ O(ε2)

= E

(∫ t2

t1

L̃f(x̃ε(t)) dt

/
Fε

t1

)
+ O(ε2) + ∆(ε),

(5.86)
where

∆ε = E

(
ε2

n2−1∑
k+n1

[
g(xε

k, T k+1ω) − L̃f(xε
k)
]/

Fn1

)
(5.87)

and

g(x, ω) = E

(
R

(
∂ψ

∂x
(x, Tω), ϕ0(x, ω)

)/
F0

)
+

1
2
(
f ′′(x)ϕ0(x, ω), ϕ0(x, ω)

)
.

(5.88)
Now we can prove the relation

lim
ε→0

E

∣∣∣∣E
(
f(x̃ε(t2)

)
− f
(
x̃ε(t1)

)
−
∫ t2

t1

L̃f
(
x̃ε(t)

)
dt
/

Fε
t1

)∣∣∣∣ = 0 (5.89)

for f ∈ C(3)(Rd), where Fε
t = ∨k<tε−2Fk. Since Eg(x, ω) = L̃f(x), to

prove this we will prove that

lim
ε→0

E|∆ε| = 0.

This is a consequence of the following lemma:

Lemma 10 Assume that a bounded function h : Rd × Ω → R satisfies the
following conditions:

(a) it is F0-measurable in ω;

(b) there exists a constant l for which

|h(x1, ω) − h(x2, ω)| ≤ l|x1 − x2|

for all x1, x2,∈ Rd and ω ∈ Ω. Let ĥ(x) = Eh(x, ω).

Then for any u > 0,

lim
ε→0

Eε2
∣∣∣∣
∑

k≤u/ε2

(
h(xε

k, T k+1ω) − ĥ(x)
)∣∣∣∣ = 0. (5.90)
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Proof It follows from relations (5.86), (5.87), and (5.88) that

E(1 − exp{−λ|x̃ε(t) − x0|2}) = O(ε) + O(λt). (5.91)

To obtain this we apply these relations to the function

f(x) = 1 − exp{−λ|x − x0|2}
and t1 = 0, t2 = t and take into account that f ′(x) = O(λ), f ′′(x) = O(λ).
So

P{|xε
k − x0| > r} = O

(
ε + λ

1 − e−λr2

)
if k ≤ uε−2,

and

P{|xε
k − x0| > r} = O

(
ε +

kε2
√

r

)
. (5.92)

Condition (5) implies the relation

lim
N→∞

1
N

N∑
k=1

h(x, T k
ω ) = ĥ(x)

with probability 1 for all x ∈ Rd. Since the function

1
N

N∑
k=1

h(x, T kω) − ĥ(x)

is uniformly continuous in x with respect to ω due to condition (b), the
function

α(N, r) = E sup
|x|≤r

∣∣∣∣
N∑

k=1

h(x, T kω) − ĥ(x)
∣∣∣∣ (5.93)

satisfies the relation

lim
N→∞

α(N, r) = 0, r > 0. (5.94)

Let N be a fixed integer in Z+. Then

ε2E
∑

k≤uε2

(
h(xε

k, T k+1
ω ) − ĥ(xε

k)
)

= Z1
ε,N + Z2

ε,N + Z3
ε,N , (5.95)

where

Z1
ε,N = ε2E

∑
k≤uε−2

(
1
N

N∑
i=1

h(xε
k, T k+i

ω ) − ĥ(xε
k)
)

, (5.96)

Z2
ε,N = ε2E

∑
k≤uε−2

1
N

N∑
i=1

(
h(xε

k+i−1, T
k+i
ω

)
− h(xε

k, T k+i
ω )

)
, (5.97)
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and

Z3
ε,N = ε2E

∑
k≤uε−2

(
− 1

N

N∑
i=1

h(xε
k+i−1, T

k+i
ω ) + h(xε

k,lT
k+1ω)

)
. (5.98)

We have the next inequalities for |Zj
ε,N |, j = 1, 2, 3:

|Z1
ε,N | ≤ u

(
α(N, r) + 2c2

u√
r − |x0|

)
+ O(ε), (5.99)

|Z2
ε,N | ≤ ulNc1ε, (5.100)

and

|Z3
ε,N | ≤ 2Nc2ε

2, (5.101)

where c1 = supx,ω |ϕ0(x, ω)| and c2 = supx,ω h(x, ω). Inequality (5.99) is a
consequence of the relation

E

∣∣∣∣ 1
N

N∑
i=1

h
(
xε

k, T k+i(ω)
)

− ĥ(xε
k)
∣∣∣∣ ≤ α(N, r) + 2c2P{|xε

k| > r}

and (5.92). Inequality (5.100) is a consequence of condition (b) and the
inequality

|xε
k − xε

l | ≤ c1ε|k − l|.
Inequality (5.101) follows from the identity

n∑
k=0

ak −
n∑

k=0

1
N

N−1∑
i=0

ak+i =
N−1∑
i=0

N − 1 − i

N
ai +

N−1∑
i=0

N − i

N
an+i.

Relation (5.94) implies that

lim
N→∞

lim sup
ε→0

( 3∑
l=1

|Zl
ε,N |
)

= 0.

�

We return to the proof of the theorem. Relation (5.90) and Theorem 2 of
Chapter 2 imply the weak convergence of the process x̃ε(t) to the process
x̃(t). To prove the theorem we have to prove the weak compactness of the
family of stochastic problems {x̃ε(t), ε ∈ (0, 1)}. It follows from relation
(5.87) that

E(1 − exp{|x̃ε(t) − x0|2}) = O(ε + t).

This equation implies that

E(1 − exp{|x̃ε(t) − x̃ε(0)|2})2 = O(ε2 + t2)
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and therefore

E(1 − exp{−|x̃ε(t2) − x̃ε(t1)|2})2 = O(ε2 + |t1 − t2|2)
for 0 ≤ t1 < t2. Note that

|x̃ε(t2) − x̃ε(t1)| ≤ c1

ε
|t2 − t1|.

So compactness of {x̃ε(t), ε ∈ (0, 1)} follows from Theorem 1 of Chapter 2.
�

Consider difference equation (5.83) with the function ϕk(x, ω) satisfying
conditions (1), (2), (4), (5) and the additional condition
(3′) ϕ0(x, ω) is F0-measurable.
Let ϕ̄(x) = Eϕ0(x, ω). The conditions listed here are sufficient to use the
averaging theorem (Theorem 8 of Chapter 3). We assume that the averaged
equation

˙̄x(t) = ϕ̄(x̄(t)) (5.102)

has a first integral φ(x) that satisfies conditions (φ1) and (φ2) of
Section 5.2.2. Set

zε
k = φ(xε

k∧νε
),

where νε is determined in Section 5.2.2, and define zε(t) by formula (5.73),
with

c− = inf{φ(x) : x ∈ Rd}, c+ = sup{φ(x) : x ∈ Rd}.

With these preliminaries, we have the following theorem.

Theorem 10 Assume that the sequence of functions {ϕk(x, ω), k = 0, 1}
satisfies conditions (1), (2), (3’), (4), (5), that the first integral φ(x) to
equation (5.102) satisfies condition (φ1), (φ2), and that the differential
operator Lzθ, which is defined by formula (5.73), is the generator of a
diffusion process z(t) in the interval (c−, c+) with absorbing boundary. Then
the stochastic process zε(t) converges weakly in C as ε → 0 to the diffusion
process z(t) with the initial value z(0) = φ(x0), where x0 = xε

0 for all ε > 0.

The proof of the theorem is the same as the proof of Theorem 8 if we use
Lemma 10 instead of Lemma 8. The details are left to the reader.



6
Stability

In this chapter we consider a variety of stability problems for differential
and difference equations when they are perturbed by random noise. This
entails an investigation of the behavior of solutions xε(t) as t → ∞ for
small values of ε. In addition, we describe the growth of solutions to cer-
tain randomly perturbed convolution equations. A number of examples of
stability phenomena are presented here, also.

6.1 Stability of Perturbed Differential Equations

To begin the discussion of stability properties, we consider systems of
differential equations in Rd of the form

ẋε(t) = a

(
y

(
t

ε

)
, xε(t)

)
, (6.1)

where the perturbing process y(t) is either an ergodic Markov process in a
measurable space (Y, C) or a Y -valued ergodic stationary process. We will
assume that the corresponding averaged equation has an equilibrium point
x̄, so x̄(t) = x̄ is a solution to the averaged equation, and we investigate
the behavior of the solution to equation (6.1) as t → ∞ for xε(0) close to x̄
and for ε small. The solution to equation (6.1) is stable in a neighborhood
of the stationary point x̄ if for any δ > 0 there are numbers ε0 > 0 and
ε1 > 0 for which

P
{

lim
t→∞ xε(t) = x̄

}
> 1 − δ if ε < ε0 and |xε(0) − x̄| < ε1.
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6.1.1 Jump Perturbations of Nonlinear Equations
First, consider a linear initial value problem of the form

ẋε(t) = A

(
y

(
t

ε

))
xε(t), xε(0) = x0, (6.2)

where A(y) is a measurable function from Y to L(Rd). (Note that in this
case, x ≡ 0 is a static state of the system.)
Our first stability results are summarized in the following theorem.

Theorem 1 Let y(t) be a Markov process that is uniformly ergodic, and
suppose that A is bounded: For all y ∈ Y , ‖A(y)‖ ≤ b for some finite
constant b. Let Ā =

∫
Y

A(y) ρ(dy). If xε(t) is the solution to equation (6.2),
then the following statements are equivalent:

(i) There exists t0 > 0 for which
∥∥et0Ā

∥∥ < 1.

(ii) There exist δ > 0 and ε0 > 0 for which

P

{
sup
t>0

∣∣xε(t)
∣∣eδt < ∞

}
= 1 (6.3)

for any ε ≤ ε0 and x0 ∈ Rd.

(iii) For any α > 0, x0 ∈ Rd, and c > 0 there exist ε0 > 0 and t0 > 0 for
which

P
{∣∣xε(t)

∣∣ > c
}

< α

for t ≥ t0, ε ≤ ε0.

Proof Using the relation

d

dt
(xε(t), xε(t)) = 2

(
A

(
y

(
t

ε

))
xε(t), xε(t)

)
≤ 2b (xε(t), xε(t))

we can prove that ∣∣xε(t)
∣∣ ≤ |x0| exp {bt}. (6.4)

It follows from the averaging theorem (Theorem 6 of Chapter 3) that

sup
t≤t1

∣∣xε(t) − etĀx0
∣∣→ 0

in probability as ε → 0 for any t1 > 0, uniformly in y = y(0), where
x̄(t) = etĀx0 is the solution of the averaged equation, ˙̄x(t) = Āx̄(t), having
initial condition x̄(0) = x0.
Therefore,

lim
ε→0

Ey

∣∣xε(t)
∣∣ ≤ ∥∥etĀ

∥∥ · |x0|. (6.5)

Here Ey is the expectation under the condition that y(0) = y.
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(i) ⇒ (ii). If (i) is satisfied, then there are numbers q < 1 and ε0 > 0 for
which

Ey

∣∣xε(t)
∣∣ ≤ q|x0| for ε ≤ ε0.

Let Uε(t1, t) be an L(Rd)-valued stochastic process that is a fundamental
solution of the differential equation

d

dt
Uε(t1, t) = A

(
y

(
t

ε

))
Uε(t1, t) for t > t1 (6.6)

with the initial value Uε(t1, t1) = I. Then

E
(∣∣Uε(t1, t1 + t0)x0

∣∣/Ft1/ε

)
≤ q|x0|,

so

Ey

∣∣xε(kt0)
∣∣ = E

∣∣EyUε

(
(k − 1)t0, kt0

)
xε

(
(k − 1)t0

)∣∣
≤ qEy

∣∣xε

(
(k − 1)t0

)∣∣ ≤ qk|x0|
(6.7)

if ε ≤ ε0. Let t ∈ [kt0, (k + 1)t0]. Then

Ey

∣∣xε(t)
∣∣ ≤ qkEy

∣∣xε(t − kt0)
∣∣ ≤ qkebt0 |x0| ≤ Ce−αt|x0|, (6.8)

where C = ebt0/q and α = −log q/t0, since qk+1 ≤ q(t/t0) = exp {t log q/t0}.
Let 0 < δ < α. Then

d

dt
(eδtxε(t)) = δeδtxε(t) + eδtA

(
y

(
t

ε

))
xε(t).

Integrating gives

eδt2xε(t2) − eδt1xε(t1) =
∫ t2

t1

(
δxε(t) + A

(
y

(
t

ε

))
xε(t)

)
eδt dt,

and so

eδt1
∣∣xε(t1)

∣∣ ≤
∫ t2

t1

(
δ
∣∣xε(t)

∣∣+ C
∣∣xε(t)

∣∣)eδt dt + eδt2
∣∣xε(t2)

∣∣.
So using (6.8) we can write

eδ|t1|∣∣xε(t1)
∣∣ ≤ (C + δ)

∫ ∞

t1

∣∣xε(t)
∣∣eδt dt, (6.9)

so

sup
t1>0

eδ|t1|∣∣xε(t1)
∣∣ ≤ (C + δ)

∫ ∞

0

∣∣xε(t)
∣∣eδt dt; (6.10)

and relation (6.3) is proved.
(ii) ⇒ (iii). This is obvious, and the proof is left to the reader.
(iii) ⇒ (i). Let {e1, . . . , ed} be a basis in Rd, and let xk

ε(t) be the solution
of equation (6.2) with x0 = ek for k = 1, . . . , d. If (iii) is satisfied, then
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numbers ε0 > 0 and t0 exist such that

P

{∣∣xk
ε(t)
∣∣ > 1

2d

}
≤ 1

2d
,

for ε ≤ ε0 and t ≥ t0, where d is the dimension of Rd. Let

x0 =
d∑

k=1

αkek.

Then

P

{
sup

α1,...,αd

∣∣xε(t0)
∣∣ > 1

2
|x0|
}

≤
d∑

k=1

P

{∣∣xk
ε(t)
∣∣ > 1

2d

}
≤ 1

2
.

Therefore,

‖et0Ā‖ = lim
ε→0

sup{|xε(t0)| : α2
1 + · · · + α2

d ≤ 1} ≤ 1
2
.

This means that (i) is satisfied, and the proof of Theorem 1 is complete.
�

Remark 1 If the solution xε(t) satisfies condition (ii), it is said to be
exponentially stable, and if it satisfies condition (iii), it is said to be stable in
probability. Condition (i) means that the solution to the averaged equation
is asymptotically stable. The theorem shows that stability in probability,
exponential stability of the perturbed system, and asymptotic stability of
the averaged system are equivalent for this linear system.

Next we consider a nonlinear initial value problem of the form (6.1):

ẋε(t) = a

(
y

(
t

ε

)
, xε(t)

)
xε(0) = x0, (6.11)

with the same assumptions on y(t). We assume also that the function a :
Y × Rd → R satisfies the following conditions:

(1) There exists a continuous (in x) derivative ax(y, x) and
∥∥ax(y, x)

∥∥ ≤
b, where b is a constant.

(2) supy∈Y

∣∣a(y, 0)
∣∣ ≤ b1, for some constant b1 > 0.

Set ā(x) =
∫

a(y, x) ρ(dy), and let x̄(t) be the solution of the averaged
initial value problem

˙̄x(t) = ā
(
x̄(t)
)
, x̄(0) = x0. (6.12)

Conditions (1) and (2), the assumptions on y(t), and Theorem 6 of Chapter
3 imply the uniform convergence as ε → 0 of xε(t) to x̄(t) with probability
1 on any finite interval.
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(3) Assume that x̄ is a stationary point for equation (6.12), i.e., ā(x̄) = 0,
and that Ā = āx(x̄) satisfies the condition

lim
t→∞

∥∥etĀ
∥∥ = 0. (6.13)

It is known in the theory of stability for ordinary differential equations (see
[134, p.321]) that in this case there exists δ > 0 for which

lim
t→∞

∣∣x̄(t) − x̄
∣∣ = 0 if

∣∣x̄(0) − x̄
∣∣ < δ. (6.14)

We will formulate some additional conditions on a(y, x) under which xε(t)
is stable at the point x̄ in a probabilistic sense. Consider the following
condition:

(4) a(y, x̄) = 0 for all y ∈ Y and

sup
y∈Y

∣∣a(y, x) − A(y)(x − x̄)
∣∣ = o(|x − x̄|), (6.15)

where A(y) = ax(y, x̄) and
∫

A(y)ρ(dy) = Ā.

With these preliminaries, we have the following theorem:

Theorem 2 Assume that the Markov process y(t) satisfies condition SMC
II of Section 2.3 and that a(y, x) satisfies conditions (1) through (4). Then
there exists ε0 > 0 for which

lim
x0→x̄

P
{

lim
t→∞ sup |xε(t) − x̄| = 0

}
= 1 (6.16)

for all ε ≤ ε0.

Proof We divide the proof into several parts.
(1) There exists a symmetric positive matrix C ∈ L(Rd) for which B̄ =
CĀ∗ + ĀC is a strictly negative matrix (for example, we can set C =
−(Ā + Ā∗ + µI)−1, where µ > 0 is small enough).
Set Ã(y) = A(y) − Ā, B̃(y) = CÃ∗(y) + Ã(y)C.
We introduce the function

Ψε(x, y) = (Cx̃, x̃) + ε

(∫
B̃(y′)R(y, dy′)x̃, x̃

)
= (Cx̃, x̃) + ε

(
D̃(y)x̃, x̃

)
,

where x̃ = x − x̄ and the function R(y, dy′) was introduced in Section 2.2.
Under the assumptions of the theorem there exists a constant b1 > 0 for
which

∣∣(D̃(y)x̃, x̃)
∣∣ ≤ b1(x̃, x̃) for all x̃ ∈ Rd, y ∈ Y .

(2) Recall that
(
xε(t), y

(
t/ε
))

is a homogeneous Markov process in X × Y
with generator

Gεf(x, y) =
(
a(y, x), fx(x, y)

)
+

1
ε

∫ [
f(x, y′) − f(x, y)

]
π(y, dy′), (6.17)

which is defined for functions f that are bounded, measurable, and contin-
uous (in x) and whose derivative fx(x, y) has the same properties as stated
in Lemma 2, Chapter 5.
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It follows from Lemmas 1 and 2 in Chapter 5 that

GεΨε(x, y) =
(
Ca(y, x), x̃

)
+
(
Cx̃, a(y, x)

)
+ ε
(
D̃(y)A(y)x̃, x̃

)
+ ε
(
D̃(y)x̃, A(y)x̃

)
−
(
B̃(y)x̃, x̃

)
=
(
CA(y)x̃, x̃

)
+
(
A∗(y)Cx̃, x̃

)
−
(
B̃(y)x̃, x̃

)
+ o(|x̃|2) + O(ε|x̃|2)

=
(
Bx̃, x̃

)
+ o(|x̃|2) + O(ε|x̃|2).

This relation implies that δ > 0, ε0 > 0, b2 > 0, and b3 > 0 exist such that
for ε ≤ ε0 and |x − x̄| ≤ δ we have

Ψε(x, y) ≥ b2(x̃, x̃) and GεΨε(x, y) ≤ −b3(x̃, x̃).

(3) Let x̃ε(t) = xε(t) − x̄, and let τε be the stopping time with respect to
the filtration (Fε

t , t ≥ 0) generated by the stochastic process y(t/ε) defined
by the relation τε = inf

{
t :
∣∣x̃ε(t)

∣∣ > δ
}
. Then for t ≤ τε,

|x̃ε(t)|2 ≤ 1
b2

Ψε

(
xε(t), y

(
t

ε

))

=
1
b2

[∫ t

0
GεΨε

(
xε(s), y

(s

ε

))
ds + Ψε(x0, y0) + ζε(t)

]
,

where

ζε(t) = Ψε

(
xε(t), y

(
t

ε

))
−
∫ t

0
GεΨε

(
xε(s), y

(s

ε

))
ds − Ψε(x0, y0)

is a locally bounded martingale with respect to the filtration and Eζε(t) =
0.
As a result of this,

|x̃ε(t ∧ τε)|2 ≤ 1
b2

(∫ t∧τε

0
GεΨε

(
xε(s), y

(s

ε

))
ds + Ψε(x0, y0) + ζε(t)

)

≤ 1
b2

(
Ψε(x0, y0) −

∫ t∧τε

0
b3 |x̃ε(s)|2 ds

)
+ ζε(t ∧ τε).

(6.18)
Therefore,

P
{
τε < ∞

}
≤ 1

δ2b2
b4|x0 − x̄|2, (6.19)

where b4 = ‖C‖ + ε0b1 and

lim
x0→x̄

P{τε < ∞} = 0. (6.20)

(4) The function Ψε

(
xε(t), y

(
t/ε
))

is a bounded supermartingale (see, for
example, [90] for definitions) on the interval [0, τε); therefore, there exists

lim
t→τε

Ψε

(
xε(t), y

(
t

ε

))
.
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Equation (6.18) implies the inequality

E

∫ t∧τε

0
|x̃ε(s)|2 ds < ∞,

and b2(x̃, x̃) ≤ Ψε(x, y) ≤ b4(x̃, x̃), so

E

∫ t∧τε

0
Ψε

(
xε(s), y

(s

ε

))
ds < ∞.

Therefore,

P
{

lim
t→∞ |x̃ε(t)| = 0

/
τε = +∞

}
= 1. (6.21)

Equations (6.20) and (6.21) complete the proof of the theorem.
�

Remark 2 Let λ < b3/b4, and set ηε(t) = eλtΨε (xε(t), y (t/ε)). The
function ηε(t) is a supermartingale on the interval [0, τε), since

ηε(t) = ηε(0) +
∫ t

0
eλsdζε(s)

+
∫ t

0
eλs
[
GεΨε

(
xε(s), y

(s

ε

))
+ λΨε

(
xε(s), y

(s

ε

))]
ds,

The first integral is a martingale, and the second integral is a decreasing
function for t < τε, since for |x̃| < δ we have

GεΨε(x̃, y) + λΨε(x̃, y) ≤ −b3(x̃, x̃) + λb4(x̃, x̃) ≤ (λb4 − b3)(x̃, x̃),

and λb4 − b3 < 0. In the same way as in part (4) of the proof we can prove
that

lim
x0→x̄

P
{

lim
t→∞ |x̃ε(t)|2 etλ = 0

}
= 1. (6.22)

We consider next a generalization of Theorem 2.

Theorem 3 Assume that the Markov process y(t) satisfies condition SMC
II of Section 2.3 and that a(y, x) satisfies the following conditions:

(A) a(y, x) and ax(y, x) are measurable and locally bounded in x.

(B) There exists a function Ψε(x, y) that is continuously differentiable in
x and measurable in y with the properties that

lim
x→x̄

sup
y

Ψε(x, y) = 0,

Ψε(x, y) ≥ g(x), and GεΨε(x, y) ≤ −g(x)
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for y ∈ Y , |x− x̄| ≤ δ, where g(x) is a continuous function, g(x) > 0,
for |x− x̄| > 0, g(x̄) = 0, and Gε is as in (6.17), and δ is sufficiently
small.

Then

lim
x0→x̄

P
{

lim
t→∞ g (xε(t)) eλt = 0

}
= 1 (6.23)

for any ε > 0 and λ < 1.

Proof We consider the stopping time τε introduced in the proof of Theo-
rem 2. Then Ψε (xε(t), y (t/ε)) is a supermartingale on the interval [0, τε).
Set α = inf{g(x) : |x − x̄| = δ} > 0 and ϕ(x) = supy Ψε(x, y). Since

αP{τε < ∞} ≤ ϕ(x0),

we have limx0→x̄ P{τε = ∞} = 1.
For any λ < 1, we can prove in the same way as in Remark 2 that
Ψε

(
xε(t), y

(
t/ε
))

eλt is a supermartingale on the interval [0, τε). So

P

{
sup
t<τε

[
Ψε

(
xε(t), y

(
t

ε

))
eλt

]
< ∞

}
= 1.

Therefore,

P

{
sup
t<τε

[
g (xε(t)) eλt

]
< ∞

}
= 1,

and

P

{
sup

t
g (xε(t)) eλt < ∞

}
> 1 − P{τε < ∞}.

This completes the proof of the theorem.
�

Suppose that there exists a Liapunov function for the averaged equation

˙̄x(t) = ā
(
x̄(t)
)

at the point x̄, i.e., there exists a function f0(x) that satisfies the following
conditions:

(α) f0(x) is continuous, f0(x̄) = 0, and f0(x) > 0 for x �= x̄;

(β) f0(x) has a continuous derivative for x �= x̄ and

(ā(x),∇f0(x)) < 0 for x �= x̄.

We consider the function Ψε(x, y) = f0(x) + εf1(x, y), where

f1(x, y) =
∫

R(y, dy′) (a(x, y′), ∇f0(x)) .
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Then

GεΨε(x, y) = (a(x, y),∇f0(x)) − Πf1(x, y) + ε (a(x, y),∇f1(x, y))

=
(

ā(x),
∂f0

∂x
(x)
)

+ ε

∫
R(y, dy′)

[(
ax(x, y′)a(x, y),

∂f0

∂x
(x)
)

+
(

∂2f0

∂x2 (x)a(x, y), a(x, y′)
)]

.

Remark 3 Assume that there exist constants c1, c2, c3 for which∣∣(a(x, y), ∇f0(x)
)∣∣ ≤ c1f0(x), (6.24)

∣∣(ax(x, y′)a(x, y),∇f0(x)
)∣∣ ≤ c2

∣∣(ā(x),∇f0(x)
)∣∣, (6.25)

and ∣∣∣∣
(

∂2f0

∂x2 (x)a(x, y), a(x, y′)
)∣∣∣∣ ≤ c3

∣∣∣∣
(

ā(x),
∂f0

∂x
(x)
)∣∣∣∣ (6.26)

for 0 < |x − x̄| ≤ δ and y, y′ ∈ Y . Then Ψε(x, y) satisfies the conditions of
Theorem 3 with the function

g(x) = [(1 − c1ε)f0(x)] ∧
[
−(1 − (c1 + c3)ε)

(
ā(x),

∂f0

∂x
(x)
)]

if ε < (1/c1) ∧ (1/(c2 + c3)).

Example 1 Liapunov Function for a Noisy Planar System
Consider a system in the plane R2, where we write x = (x1, x2), a =
(a1, a2). In particular, we take

a1(x, y) = α(y)x1 + β(y)x3
2, a2(x, y) = γ(y)x3

2 + δ(y)x1,

where α(y), β(y), γ(y), δ(y) are bounded measurable functions. Suppose
that

ᾱ =
∫

α(y)ρ(dy) < 0, γ̄ =
∫

γ(y)ρ(dy) < 0, β̄ = δ̄ = 0.

The averaged system is

˙̄x1 = ᾱx̄1, ˙̄x2 = γ̄x̄3
2,

for which the function f0(x) = x2
1/2+x4

2/4 is a Liapunov function at (0, 0).
Then (

a(x, y),
∂f0

∂x
(x)
)

= α(y)(x1)2 + γ(y)(x2)6 + (β(y) + γ(y)) x1(x2)3 = O (f0(x)) ,

ax(x, y) =
(

a(x, y) 3β(y)(x2)2

δ(y) 3γ(y)(x2)2

)
,

∂2f0

∂x2 =
(

1 0
0 3(x2)2

)
,
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where
(
ā(x), ∂f0

∂x (x)
)

= ᾱ(x1)2 + γ̄(x2)6 and |a(x, y)| = O
(
(x1)2 + (x2)6

)
.

So the inequalities (6.24)–(6.26) are satisfied, and the statement of Theorem
3 holds with g(x) = θ

[
x2

1 + x6
2
]

if θ is small enough.

Example 2 Randomly Perturbed Gradient Systems in Rd

Consider a gradient system of the form

ẋ(t) = −∇F (x(t)) , (6.27)

where F : Rd → R is a sufficiently smooth function and where

∇F =
(

∂F

∂x1
, . . . ,

∂F

∂xd

)T

is the gradient of F . If x̄ is a local minimum of the function F , then F (x)−
F (x̄) is a Liapunov function for equation (6.27), since

(
∇F, −∇F (x)

)
= −

∣∣∇F (x)
∣∣2. (6.28)

Let xε(t) be the solution of the equation

ẋε(t) = −∇F

(
y

(
t

ε

)
, xε(t)

)
, (6.29)

where ∇ contains derivatives only with respect to the components of x, the
function F : Y × Rd → R is measurable in y, and it satisfies the following
additional conditions:

(i) F (y, x̄) = 0 for all y ∈ Y , the first and second derivatives of F with
respect to the components of x exist, the functions F (y, x), ∇F (y, x),
∇∇T F (y, x) are continuous in x and locally bounded for |x − x̄| < δ.

(ii) ∇F (y, x̄) = 0 for all y ∈ Y .

(iii) If F̄ (x) =
∫

F (y, x) ρ(dy), then for 0 < |x − x̄| < δ,
∣∣∇F̄ (x)

∣∣ > 0,
F̄ (x) > 0,

|∇F (y, x)| = O
(∣∣∇F̄ (x)

∣∣) ,
and ∣∣∇F̄ (x)

∣∣2 = O
(
F̄ (x)

)
.

Set Ψε(x, y) = f0(x) + εf1(x, y), where f0(x) = F̄ (x) and

f1(x, y) =
∫

R(y, dy′)
(
−∇F (y′, x), ∇F̄ (x)

)
.

Then

|f1(x, y)| = O
(∣∣∇F̄ (x)

∣∣2) = O (f0(x))

and

|(∇F (y, x),∇f1(x, y))| = O
(∣∣∇F̄ (x)

∣∣2) = O
(∣∣(∇F̄ (x),∇f0(x)

)∣∣) .
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It follows from these assumptions that the statement of Theorem 3 holds
for this example.

6.1.2 Stationary Perturbations of Differential Equations
First, we consider linear differential equations of the form

ẋε(t) = A

(
t

ε

)
xε(t), (6.30)

where A(t) is an L(Rd)-valued stationary process. Set Ā = EA(t). We
prove the following theorem.

Theorem 4 Suppose that

(1) limt→∞
∥∥etĀ

∥∥→ 0,
and

(2) A(t) is an ergodic stationary process satisfying the condition
E exp

{
λ‖A(t)‖

}
< ∞ for all λ > 0.

Denote by Uε(t) the L(Rd)-valued stochastic process that solves the
differential equation

U̇ε(t) = A

(
t

ε

)
Uε(t) (6.31)

with the initial condition

Uε(0) = I. (6.32)

Then ε0 > 0 exists for which

P
{

lim
t→∞ ‖Uε(t)‖ = 0

}
= 1 (6.33)

for all ε ≤ ε0.

Proof Note that the solution of equation (6.30) satisfying the initial
condition xε(0) = x0 can be written in the form

xε(t) = Uε(t)x0. (6.34)

Condition (2) of the theorem implies that the statement of Theorem 5 in
Chapter 3 is satisfied, so

∥∥Uε(t) − exp {tĀ}
∥∥ → 0 uniformly in t on any

finite interval with probability 1. Using the relations

Uε(t) = I +
∫ t

0
A
(s
ε

)
Uε(s) ds

and

‖Uε(t)‖ ≤ 1 +
∫ t

0

∥∥∥A
(s

ε

)∥∥∥ ‖Uε(s)‖ ds
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and Gronwall’s inequality we can prove that

‖Uε(t)‖ ≤ exp
{∫ t

0

∥∥∥A
(s

ε

)∥∥∥ ds

}
. (6.35)

It follows from condition (2) and Jensen’s inequality that

E‖Uε(t)‖α ≤ E exp
{

αt · 1
t

∫ t

0

∥∥∥A
(s

ε

)∥∥∥ ds

}

≤ E
1
t

∫ t

0
exp
{

αt

∥∥∥∥A
(

s

ε

)∥∥∥∥
}

ds < ∞.

So limε→0 E‖Uε(t)‖ = exp {tĀ} for any t > 0; hence, there exist ε0, q < 1
and t̄ for which E‖Uε(t̄)‖ ≤ q for ε ≤ ε0.
Let Uε(t0, t) for t > t0 be the solution of the differential equation

U̇ε(t0, t) = A

(
t

ε

)
Uε(t0, t),

with the initial condition Uε(t0, t0) = I. It is easy to see using the semigroup
property of Uε that for 0 < t1 < · · · < tk the following relation holds:

Uε(tk) = Uε(tk−1, tk) · · ·Uε(0, t1).

Denote by A the σ-algebra generated by {A(t), t ∈ R}. Let R(A) be the
linear space of A-measurable random variables. We introduce the family of
mappings {θh, h > 0} acting in R(A) that is defined by the relation

θh

(
A(t)x1, x2

)
=
(
A(t + h)x1, x2

)
, x1, x2 ∈ Rd, t ∈ R.

Then Uε(t0, t) = θt0/εUε(0, t − t0) (θh acts on all elements of the matrix
Uε(0, t − t0)).
The sequence of L(Rd)-valued random variables

Vε(k) = Uε

(
(k − 1)t̄, kt̄

)
is stationary and ergodic. In the same way as in the derivation of inequality
(6.35), we obtain the following inequality:

‖Uε(t0, t)‖ ≤ exp
{∫ t

t0

∥∥∥∥A
(

s

ε

)∥∥∥∥ ds

}
.

If t ∈ [nt̄, (n + 1)t̄], then

‖Uε(t)‖ ≤ exp

{
n∑

k=1

log ‖Vε(k)‖ +
∫ (n+1)t̄

nt̄

∥∥∥A
(s

ε

)∥∥∥ ds

}
. (6.36)

Note that

E log ‖Vε(k)‖ = E log ‖Uε(t̄)‖ ≤ log q < 0
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and

1
n

(∫ (n+1)t̄

nt̄

∥∥∥A
(s

ε

)∥∥∥ ds

)

=
1
n

∫ (n+1)t̄

0

∥∥∥A
(s

ε

)∥∥∥ ds − 1
n

∫ nt̄

0

∥∥∥A
(s

ε

)∥∥∥ ds → 0

with probability 1 as n → ∞ due to the ergodic theorem. So

1
n

(
n∑

k=1

log Vε(k) +
∫ (n+1)t̄

nt̄

∥∥∥A
(s

ε

)∥∥∥ ds

)
→ E log ‖Uε(t̄)‖ < 0,

as n → ∞. This completes the proof of the theorem.
�

Next, we consider a nonlinear differential equation of the form

ẋε(t) = a

(
t

ε
, xε(t)

)
, (6.37)

where a(t, x) is an Rd-valued random function that is defined on R+ × Rd.
We assume that this random function satisfies the following conditions:

(a1) For fixed x, a(t, x) is an ergodic stationary process in t; there exists
the derivative ax(t, x); and for fixed x, ax is an L(Rd)-valued ergodic
stationary process.

(a2) There exists a stationary process λ(t) for which |a(t, x)|+‖ax(t, x)‖ ≤
λ(t) and Eλ2(t) < ∞.

Under these conditions Theorem 5 of Chapter 3 may be used; therefore, if
ā(x) = Ea(t, x) and x̄(t) is the solution of the equation ḋx̄ = ā(x̄(t)) with
the initial condition x(0) = x0, then with probability 1,

sup
t≤T

|xε(t) − x̄(t)| → 0

as ε → 0, for all T > 0, where xε(t) is the solution of equation (6.37) with
the initial condition xε(0) = x0.
Suppose that x̄ is a stable stationary point for the averaged equation; i.e.,
there exists δ > 0 for which limt→∞ x̄(t) = x̄ if |x0 − x̄| < δ.
We investigate next additional conditions under which x̄ is a stable sta-
tionary point for equation (6.37). In particular, we require some additional
assumption about the random field a(t, x).

(a3) For all n and x1, x2, . . . , xn ∈ Rd the stochastic process
(
a(t, x1), a(t, x2), . . . , a(t, xn)

)
in (Rd)n is stationary and ergodic.
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Let Fs be the σ-algebra generated by the history of a up to time s,
{a(t, x), t ≤ s, x ∈ Rd}. We will make use of the translation operator
θh that was introduced in the proof of Theorem 4.
Denote by D0

2 the set of F-measurable random variables ξ for which Eξ =
0, Eξ2 < ∞, and limh→0 E(θhξ − ξ)2 = 0. Suppose there exists an F-
measurable random variable R(ξ) for which

lim
T→∞

E

(∫ T

0
E(θsξ/F0) ds − R(ξ)

)2

= 0. (6.38)

We write this as

R(ξ) =
∫ ∞

0
E(θsξ/F0) ds, (6.39)

where the integral on the right-hand side of (6.39) converges in the mean
square sense.

Lemma 1 Let ξ ∈ D0
2. Set

µt(ξ) = θtR(ξ) − R(ξ) +
∫ t

0
θsξ ds. (6.40)

Then µt(ξ) is a square integrable martingale, and its square characteristic
〈µ(ξ)〉t satisfies the relation

E〈µ(ξ)〉t = 2tE(ξR(ξ)). (6.41)

Proof µt(ξ) is square integrable because ξ ∈ D0
2, so

E(θtR(ξ))2 = E
(
R(ξ)

)2
< ∞, E

(∫ t

0
E(θsξ/F0) ds

)2

< ∞.

For t ≥ 0, h > 0 we have

E
(
θt+hR(ξ) − θtR(ξ)/Ft

)
= θtE

(
θhR(ξ) − R(ξ)/F0

)

= θtE

(∫ ∞

h

E(θsξ/Fh) ds −
∫ ∞

0
E(θsξ/F0 ds/F0

)

= −θtE

(∫ h

0
E(θsξ/F0) ds

)
= −E

(∫ t+h

t

θsξ ds/F0

)
.

So for 0 ≤ t1 < t2,

E

(
θt2R(ξ) − θt1R(ξ) +

∫ t2

t1

θsξ ds/Ft1

)
= 0. (6.42)

This relation means that µt(ξ) is a martingale.
Next, we calculate E

(
θhR(ξ) − R(ξ)

)2 ≡ ∆h.
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We have

∆h = E
(
θhR(ξ)

)2 + E
(
R(ξ)

)2 − 2ER(ξ)θhR(ξ)

= 2E
(
R(ξ)

)2 − 2ER(ξ)E
(
θhR(ξ)/F0

)
= 2ER(ξ)E

(
R(ξ) − θhR(ξ)/F0

)

= 2ER(ξ)
∫ h

0
θsξ ds

(here we used formula (6.42)). Note that

E

(∫ h

0
θsξ ds

)2

=
∫ h

0

∫ h

0
Eθsξθuξ ds du ≤ Eξ2h2.

Therefore,

E
(
µt+h(ξ) − µt(ξ)

)2 = E(µh

(
ξ)
)2 = 2ER(ξ)

∫ h

0
θsξ ds + O(h2).

For all n,

Eµ2
t (ξ) = nEµ2

t
n
(ξ) = 2nER(ξ)

∫ t/n

0
θsξ ds + O

(
n

t2

n2

)
.

This relation implies formula (6.41).
�

Lemma 2 Let ξ ∈ D0
2 and g ∈ C(1)(Rd). Set

G(t, x) = θtR(ξ)g(x).

Assume that conditions (1)–(3) are fulfilled. Then for 0 ≤ t1 < t2 and
ε > 0,

E

(
G

(
t2
ε

, xε(t2)
)

− G

(
t1
ε

, xε(t1)
)/

Ft1/ε

)

= E

(∫ t2

t1

[
−

θ s
ε

ε
ξ · g(xε(s)) +

[
θ s

ε
R(ξ)

]

×
(
gx(xε(s)), a

(s

ε
, xε(s)

))]
ds
/
Ft1/ε

)
.

(6.43)

Proof For t ≥ 0, h > 0 we have

G

(
t + h

ε
, xε(t + h)

)
− G

(
t

ε
, xε(t)

)
= θ t

ε

[
G

(
h

ε
, xε(h)

)
− G (0, xε(0))

]

= θ t
ε

[
θh

ε
R(ξ) − R(ξ)

]
[g(xε(h)) − g(xε(0))] +

θ t
ε

[
θh

ε
R(ξ) − R(ξ)

]
g(xε(0)) + θ t

ε
R(ξ)

∫ h

0

(
gx(xε(s)), a

(s

ε
, xε(s)

))
ds.
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Denote the function that is integrated on the right-hand side of equation
(6.43) by Hε(s, ξ, g). Then

E

(
G

(
t + h

ε
, xε(t + h)

)
− G

(
t

ε
, xε(t)

)
−
∫ t+h

t

Hε(s, ξ, g) ds/Ft/ε

)

= E

({
θ t

ε

[
θh

ε
R(ξ) − R(ξ)

]
[g(xε(h)) − g(xε(0))]

−
∫ t+h

t

(
gx(xε(s)), a

(s

ε
, xε(s)

))(
θ s

ε
R(ξ) − θ

t

ε
R(ξ)

)
ds

+
1
ε

∫ t+h

t

θ s
ε
ξ (g(xε(s)) − g(xε(t))) ds

}/
Ft/ε

)
.

Using the inequalities

E
[
θhR(ξ) − R(ξ)

]2 ≤ c1h

and

E
[
g(xε(h)) − g(xε(0))

]2 ≤ c2h
2

we can prove that

E

(
G

(
t + h

ε
, xε(t+h)

)
−G

(
t

ε
, xε(t)

)
−
∫ t+h

t

Hε(s, ξ, g) ds/Ft/ε

)
= o(h)

uniformly in t. This implies relation (6.43).
�

Remark 4 Let g(t, x) = θtξg(x). Then g(t, x) is a stationary process for
all x and g(0, x) ∈ D0

2.
Set

G(t, x) = θtR
(
g(0, x)

)
. (6.44)

The statement of Lemma 2 is equivalent to the following one: The stochastic
process

ηε(t) =G

(
t

ε
, xε(t)

)

+
∫ t

0

[
1
ε
g
(s

ε
, xε(s)

)
−
(

∂

∂x
G
(s

ε
, xε(s)

)
, a
(s

ε
, xε(s)

))]
ds

(6.45)
is a martingale.

We show next that relation (6.44) implies that the stochastic process ηε(t)
given by formula (6.45) is a martingale under more general conditions.
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Lemma 3 Assume that g(t, x) = θtg(0, x), where g(0, x) ∈ D0
2 for all x,

and that G(t, x) is defined by formula (6.44). We assume, in addition, that
g(t, x) and G(t, x) satisfy the following conditions:

I.
∣∣g(t, x1) − g(t, x2)

∣∣ ≤ γ(t)|x1 − x2|, where γ(t) is a stationary
stochastic process, Eγ2(t) < ∞.

II. There exists ∂G
∂x (t, x)as a continuous function of x, and

∣∣∂G
∂x (t, x)

∣∣ ≤
γ(t), where γ(t) is the same as in condition I. Moreover,

E

(∣∣∣∣∂G

∂x
(t + h, x) − ∂G

∂x
(t, x)

∣∣∣∣
/
Ft

)
≤ α(h)γ(t),

where α(h) is a nonrandom increasing function from R+ to R and
α(0+) = 0.

Then the process ηε(t) determined by (6.45) is a martingale.

Proof Let 0 ≤ t < t + h and ε > 0. Then

G

(
t + h

ε
, xε(t + h)

)
− G

(
t + h

ε
, xε(t)

)

=
∫ t+h

t

(
Gx

(
t + h

ε
, xε(s)

)
, a

(
s

ε
, xε(s)

))
ds

=
∫ t+h

t

(
Gx

(
s

ε
, xε(s)

)
, a

(
s

ε
, xε(s)

))
ds

+
∫ t+h

t

(
Gx

(
t + h

ε
, xε(s)

)
− Gx

(
s

ε
, xε(s)

)
, a

(
s

ε
, xε(s)

))
ds

and

E

∣∣∣∣
∫ t+h

t

(
Gx

(
t + h

ε
, xε(s)

)
− Gx

(
s

ε
, xε(s)

)
, a

(
s

ε
, xε(s)

))
ds

∣∣∣∣
≤ α

(
h

ε

)∫ t+h

t

Eγ

(
s

ε

)
λ

(
s

ε

)
ds ≤ α

(
h

ε

)
ch,

where c > 0 is a constant. Further,

E

(
G

(
t + h

ε
, xε(t)

)
− G

(
t

ε
, xε(t)

)
/Ft/ε

)

= E

(
−1

ε

∫ t+h

t

g

(
s

ε
, xε(t)

)
ds/Ft/ε

)

= E

(
−1

ε

∫ t+h

t

g

(
s

ε
xε(s)

)
ds

+
1
ε

∫ t+h

t

(
g

(
s

ε
, xε(s)

)
− g

(
s

ε
, xε(t)

))
ds
/
Ft/ε

)
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and

E

∣∣∣∣
∫ t+h

t

(
g

(
s

ε
, xε(s)

)
− g

(
s

ε
, xε(t)

))
ds

∣∣∣∣
≤ E

∫ t+h

t

γ

(
s

ε

)∣∣xε(s) − xε(t)
∣∣ ds

≤ E

∫ t+h

t

γ

(
s

ε

)∫ s

t

∣∣∣∣a
(

u

ε
, xε(u)

)∣∣∣∣ du ds ≤ c1h
2.

So
E
∣∣E(ηε(t + h) − ηε(t)/Ft/ε

)∣∣
= E

∣∣∣∣E
([

G

(
t + h

ε
, xε(t + h)

)
− G

(
t

ε
, xε(t)

)]

+
[
G

(
t + h

ε
, xε(t)

)
− G

(
t

ε
, xε(t)

)]
+

1
ε

∫ t+h

t

g
(s

ε
, xε(s)

)
ds

−
∫ t+h

t

(
Gx

(s

ε
, xε(s)

)
, a
(s

ε
, xε(s)

))
ds

)∣∣∣∣ ≤ h

(
cα

(
h

ε

)
+

1
ε
c1h

)
.

This implies the statement of the lemma.
�

Next we make some additional assumptions about the random function
a(t, x).

(a4) Assume that a(t, 0) = 0 for all t,

a(0, x) − ā(x) ∈ D0
2,

∂a

∂x
(0, x) − ∂ā

∂x
(x) ∈ D0

2 for all x ∈ Rd;

a constant c > 0 exists for which ‖ ∂a
∂x (t, 0)‖ ≤ c,∥∥∥∥∂R

∂x
(a(0, x) − ā(x))

∥∥∥∥ ≤ c, |R(a(0, x) − ā(x))| ≤ c|x|,

and

|a(t, x) − ax(t, 0)x| ≤ c|x|2 if |x| ≤ 1.

Theorem 5 Let conditions (a1)–(a4) be fulfilled. Set Ā = EA(t). Assume
that there exists a positive matrix C ∈ L(Rd) such that the matrix ĀC+CĀ∗

is strictly negative.
Then the point x̄ = 0 is stable for xε(t) with probability 1: That is,

lim
x0→0

P

{
lim sup

t→∞
|xε(t)| = 0

}
= 1.

Proof Define g ∈ C(2)(Rd) by g(x) = (Cx, x) for |x| ≤ 1.
Let us introduce the random fields

g(0, x) =
(
gx(x), a(0, x)

)
, G(0, x) = R

(
g(0, x)

)
, G(t, x) = θtG(0, x).
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It follows from Lemma 3 that the stochastic process

ηε(t) = G

(
t

ε
, xε(t)

)
+

1
ε

∫ t

0

(
∂g

∂x
(xε(s)), a

(
s

ε
, xε(s)

)
− ā(xε(s))

)
ds

−
∫ t

0

(
∂G

∂x

(
s

ε
, xε(s)

)
, a

(
s

ε
, xε(s)

))
ds

is a martingale. Using the relation
∫ t

0

(
∂g

∂x
(xε(s)), a

(
s

ε
, xε(s)

))
ds = g

(
xε(t)

)
− g(x0)

we can write

g
(
xε(t)

)
= g(x0) +

∫ t

0

(
ā(xε(s)),

∂g

∂x
(xε(s))

)
ds + εηε

+ εG

(
t

ε
, xε(t)

)
+ ε

∫ t

0

(
∂G

∂x

(
s

ε
, xε(s)

)
, a

(
s

ε
, xε(s)

))
ds.

(6.46)
Assume that |x0| < δ < 1 and set

τε = inf{t : |xε(t)| = δ}.

For t ≤ τε we have

(
Cxε(t), xε(t)

)
= (Cx0, x0) +

∫ t

0

(
[ĀC + CĀ∗]xε(s), xε(s)

)
ds

+
∫ t

0

[(
Cᾱ(xε(s)), xε(s)

)
+
(
ᾱ(xε(s)), Cxε(s)

)]
ds

+ ε

∫ t

0

(
∂G

∂x

(
s

ε
, xε(s)

)
, a

(
s

ε
, xε(s)

)
ds + εG

(
t

ε
, xε(t)

)
+ εηε(t),

(6.47)
where ᾱ(x) = ā(x) − Āx, |ᾱ(x)| ≤ c|x|2.
Using condition (a4) we obtain the inequality

(
Cxε(t), xε(t)

)
≤ (Cx0, x0) +

∫ t

0

(
[ĀC + CĀ∗]xε(s), xε(s)

)
ds

+2‖C‖cδ

∫ t

0
|xε(s)|2 ds + εc1

∫ t

0
|xε(s)|2 + εc1‖xε(t)‖2 + εηε(t)

if t < τε. There exist λ > 0 for which
(
(ĀC + CĀ∗)x, x

)
≤ −λ(x, x) and

µ > 0 for which (Cx, x) ≥ µ(x, x). So

(µ−εc1)
(
xε(t), xε(t)

)
≤ (Cx0, x0)−(λ−εc1−2‖C‖cδ)

∫ t

0
|xε(s)|2 ds+εηε(t)

for t ≤ τε.
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Let ε0 > 0 and δ > 0 satisfy the inequalities

c1ε0 ≤ 1
2
µ, c1ε0 + 2‖C‖cδ <

1
2
λ.

Then for ε ≤ ε0 and t ≤ τε,

µ

2
|xε(t)|2 ≤ (Cx0, x0) − λ

2

∫ t

0
|xε(s)|2 ds + εηε(t). (6.48)

The proof of Theorem 5 follows from this relation in the same way as the
proof of Theorem 2 followed from relation (6.18).

�

Let conditions (a1), (a2), (a3), (a4) be fulfilled and let the averaged equa-
tion have a Liapunov function g at the point x = 0 (see Remark 3). We
will show that under some additional assumptions the solution xε(t) of the
perturbed equation is stable at the point x = 0 with probability 1; i.e., the
statement of Theorem 5 is true.
We use the functions g(0, x), G(0, x), and G(t, x) that were introduced in
the proof of the theorem, but now using for g the Liapunov function for the
averaged equation. Then relation (6.46) is true, where ηε(t) is a martingale.

Remark 5 Assume that there exist δ > 0 and a constant c > 0 for which

|G(0, x)| ≤ cg(x),
∣∣∣∣
(

∂G

∂x
(0, x), a(0, x)

)∣∣∣∣ ≤ c |(gx(x), ā(x))|

for |x| ≤ δ. Then the statement of Theorem 5 is valid.
To prove this, we note that for t ≤ τε, where τε was introduced in the proof
of Theorem 5, we have

g
(
xε(t)

)
≤ g(x0)+

∫ t

0
h
(
xε(s)

)
ds+εcg

(
xε(t)

)
+ε

∫ t

0
c
∣∣h(xε(s)

)∣∣ ds+εηε(t),

where h(x) = −
(
ā(x), g(x)

)
> 0.

So

(1 − cε)g
(
xε(t)

)
≤ g(x0) − (1 − cε)

∫ t

0
h
(
xε(s)

)
ds + εηε(t).

Let cε < 1. Then

Eg
(
xε(τε)

)
≤ g(x0)

1 − cε
.

Let inf{g(x) : |x| = δ} = m > 0. Then

mP{τε < ∞} ≤ g(x0)
1 − cε

, lim
x0→0

P{τε < ∞} = 0. (6.49)

Set

f(x) = (1 − cε)g(x) ∧ h(x).
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Since the function f(x) is strictly positive for 0 < |x| ≤ δ,

f
(
xε(t ∧ τε)

)
≤ g(x0) −

∫ t∧τε

0
f
(
xε(s)

)
ds + εηε(t ∧ τε)

and

E

∫ τε

0
f
(
xε(s)

)
ds ≤ g(x0). (6.50)

The relations (6.49) and (6.50) imply the statement of Remark 5.

Example 3 Stationary Gradient System
We consider a gradient system that is perturbed by stationary noise: Say,

ẋε(t) = −∇F
(
t, xε(t)

)
, (6.51)

where F (t, x) is a stationary random field in t that has first and second
derivatives with respect to the components of x. Let a(t, x) = −∇F (t, x),
and suppose that this function satisfies conditions (a1), (a2), (a3), (a4).
Set F̄ (x) = EF (t, x). Then the averaged equation

˙̄x(t) = −∇F̄
(
x̄(t)
)

has the Liapunov function F̄ (x)−F̄ (0) at the point 0, if 0 is a local minimum
for F̄ (x). In this case

h(x) = −
(

∇F̄ (x),−∇F̄ (x)
)

=
∣∣∇F̄ (x)

∣∣2.
We have assumed that the second derivatives ∇∇T F (0, x) are defined. So,

G(0, x) = −
(
∇F̄ , R

(
∇F (0, x) − ∇F̄ (x)

))
,(

∇G(0, x), a(0, x)
)

=
(
∇∇T F̄ (x)∇F (0, x), R

(
∇F (0, x) − ∇F̄ (x)

))
+
(
R
(
∇∇T F (0, x) − ∇∇T F̄ (x)

)
∇F̄ (x), ∇F (0, x)

)
.

Suppose that the following conditions are fulfilled for |x| < δ:
∣∣∇F̄ (x)

∣∣2≤ c
∣∣F̄ (x) − F (0))

∣∣2
and

|∇F (0, x)|2 +
∣∣R(∇F (0, x) − ∇F̄ (x))

∣∣+ ∥∥R(∇∇T F (0, x) − ∇∇T F̄ (x))
∥∥

≤ c|∇F̄ (x)|2,

where δ > 0 and c > 0 are some constants.
Under these assumptions all the conditions of Remark 4 are fulfilled, so

lim
x0→x̄

P

{
lim sup

t→∞
|xε(t)| = 0

}
= 1. (6.52)
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6.2 Stochastic Resonance for Gradient Systems

Let Y be a compact space, and let y(t), for t ∈ R+, be a homogeneous
Markov process in Y satisfying all conditions of Section 2.4. In particular,
ρ is the ergodic distribution of the process, and the function I(m) is defined
by formula (2.10). We consider the stochastic process xε(t) in Rd satisfying
the differential equation

ẋε(t) = ∇F (xε(t), y(t/ε)), (6.53)

with initial condition xε(0) = x0, where ε is a positive number and F :
Rd × Y → R is a continuous function with continuous derivatives in x of
the first and the second order. We use in this section the notations of vector
field theory; in particular, by ∇F we denote the gradient of the function
F with respect to the components of x; i.e., ∇F = Fx. We will investigate
the asymptotic behavior of the function xε(t) as ε → 0 and t → ∞.
Set

F̄ (x) =
∫

F (x, y) ρ(dy).

The equation

˙̄x(t) = ∇F̄ (x̄(t)) (6.54)

is the averaged equation for equation (6.53). We assume that the function
F̄ satisfies the conditions

(1) F̄ (x) → ∞ as |x| → ∞, and (x,∇F̄ (x)) > 0 if |x| is sufficiently large,

(2) the set {x : ∇F̄ (x) = 0} is finite.

Note that a point x̄ ∈ Rd is a stable static state for the averaged system if
and only if it is a local minimum of the function F̄ .

6.2.1 Large Deviations near a Stable Static State
Assume that x̄ is a local minimum of the function F̄ , and∫∫

(∇F (x̄, y), ∇F (x̄, y′)R(y, dy′)ρ(dy) > 0,

where the function

R(y, B) for y ∈ Y, B ∈ B(Y )

is defined in Section 2.3. It follows from Theorem 2 of Chapter 4 (equation
(4.19)) that with the initial condition x0 = x̄ the stochastic process

xε(t) − x̄√
ε
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converges weakly in C[0,T ] to a Gaussian stochastic process with indepen-
dent increments, z(t), in Rd for all t > 0. The distribution of the random
variable z(t) is determined by the formula

E(z(t), v)2 = 2t

∫∫
(v,∇F (x̄, y))(v,∇F (x̄, y′)R(y, dy′) ρ(dy). (6.55)

So x̄ cannot be a static point for equation (6.53) if ε is small enough.
We will consider gradient systems with additive noise; that is, the function
F (x, y) in equation (6.53) has the form

(GSAN)

F (x, y) = F̄ (x) + (a(x), b(y)),

where the functions F̄ : Rd → R and a : Rd → Rd are continuous and have
continuous bounded derivatives of the first and the second order, and the
Jacobian matrix B(x) = ax(x) is invertible for all x ∈ Rd. The function
b : Y → Rd is continuous and satisfies the relation

∫
b(y)ρ(dy) = 0. As

before, the notation (a, b) is the usual dot product of the two vectors.
We will use the notation of Section 3.4.3 for the set V ⊂ Rd and the
functions I∗(v), S(x, v), and HT (f). Using Theorem 10 of Chapter 3 we
can prove the following lemma.

Lemma 11 Let x �= x̄. Set

τ(x0, x̄, ε, δ) = inf{t : |xε(t) − x| ≤ δ},

where x0 = xε(0), δ > 0. We set inf{∅} = +∞. Let

GT (x0, x, δ)

= inf{Hu(f) : f ∈ C[0,T ](Rd), f(0) = x0, |f(u) − x| ≤ δ, u ∈ [0, T ]}.

Then we have that

lim
ε→0

ε log P{τ(x0, x, ε, δ) ≤ T} = −GT (x0, x, δ).

Introduce the functions

GT (x0, x) = inf
f,u

{Hu(f) : f ∈ C[0,T ](Rd), f(0) = x(0), f(u) = x, u ∈ [0, T ]}

and

G(x0, x) = lim
T→∞

GT (x0, x).

The existence of the last limit follows from the inequality GT (x0, x) ≥
GT ′(x0, x) for T ′ > T . It is easy to see that

lim
δ→0

GT (x0, x, δ) = GT (x0, x),

and that the function G(x, x′) satisfies the inequality

G(x1, x2) ≤ G(x1, x) + G(x, x2), x1, x2, x ∈ Rd. (6.56)



6.2 Large Deviations and Stochastic Resonance 195

Set

RA(x̄) =
{

x0 ∈ Rd : lim
t→∞ x̄(t) = x̄

}
,

where x̄(t) is the solution to equation (6.54) satisfying the initial condition
x̄(0) = x0. We need an additional assumption about the function I∗(·):

(PI) The relation I∗(v) = 0 holds only for v = 0.

Remark Let condition (PI) be satisfied. Set

θ(s) = inf{I∗(v) : |v| = s}, s ∈ [0, b], b = sup{|v| : v ∈ V }.

Then θ(s) is a continuous increasing function, and it is positive for s > 0.
Introduce the function θ∗(s) by the formula

inf{αθ(u1) + (1 − α)θ(u2) : u1, u2 ∈ [0, b], α ∈ [0, 1], αu1 + (1 − α)u2 = s},

for s ∈ [0, b]. Then θ∗(s) is a convex positive function for s > 0 satisfying
the inequality θ∗(s) ≤ θ(s), for s ∈ [0, b].

Lemma 12 (i) For all x0 ∈ RA(x̄) the equation G(x0, x) = G(x̄, x) holds.
(ii) G(x̄, x) > 0 if x �= x̄.

Proof Let x̄(t) be the solution of equation (6.54) satisfying the initial
condition x̄(0) = x0. Then

GT+t(x0, x) ≤ GT (x̄(t), x),

so

G(x0, x) ≤ G(x̄(t), x).

It is easy to see that the function G(x, x′) is continuous, so

G(x0, x) ≤ lim
t→∞ G(x̄(t), x) = G(x0, x̄).

To prove statement (ii) we use the formula

HT (f) =
∫ T

0
I∗(B−1(f(t))(f ′(t) + ∇F̄ (f(t)))) dt, (6.57)

which follows from condition (GSAN), equation (6.53), and Remark 2 of
Chapter 3. We estimate Hu(f) for a function f ∈ C[0,u](Rd) satisfying the
relations

f(0) = x̄, f(u) = x, |x − x̄| = δ, |f(t) − x̄| ≤ δ, t ∈ [0, u],

where δ > 0 is small. The functions B−1(x′) and ∇F̄ (x′) are continuous
and have continuous derivatives, so

B−1(x′) = B̄ + O(δ), ∇F̄ (x′) = Āx′(1 + O(δ))
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for |x′ − x̄| ≤ δ, where B̄ = B−1(x̄) is an invertible matrix, and Ā = F̄xx(x̄)
is a positive matrix, since x̄ is a minimum of the function F̄ . We can write

Hu(f) =
∫ u

0
I∗(B̄(f ′(t) + Āf(t))) dt (1 + O(δ)).

The remark preceding the statement of the lemma implies the inequality∫ u

0
I∗(B̄(f ′(t) + Āf(t))) dt ≥

∫ u

0
θ∗ (c|f ′(t) + Āf(t)|

)
dt

≥ uθ∗
(

c

u

∫ u

0
|f ′(t) + Āf(t)| dt

)

≥ uθ∗
(

c1

u

∫ u

0
|f ′(t) + Āf(t)|2

)
dt,

since the function θ∗ is convex. Here c1 is another constant. Using the
methods of the calculus of variations, we can prove that there exists a
positive constant c(δ, Ā) depending only on δ and on a positive matrix Ā
for which ∫ 1

0
|f ′(t) + Āf(t)|2 dt ≥ c(δ, Ā).

As a result, we have the inequality

Hu(f) ≥ θ∗(c(δ, Ā)),

which completes the proof.
�

Now we investigate the distribution of the stopping times τ(x̄, x, ε, δ) for
small δ as ε → 0 and T → ∞.

Theorem 11 Set

UT (x̄, x, ε, δ) = P{τ(x̄, x, ε, δ) < T}.

Let T (·) : R+ → R+ be a decreasing function for which

lim
ε→0

T (ε) = +∞.

Then
(i) the relation

lim
ε→0

UT (ε)(x̄, x, ε, δ) = 0

holds if

lim sup
ε→0

(T (ε)UT (x̄, x, ε, δ)) = 0;

(ii) the relation

lim
ε→0

UT (ε)(x̄, x, ε, δ) = 1
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holds if

lim inf
ε→0

(T (ε)UT (x̄, x, ε, δ)) = +∞.

The proof of this theorem rests on the following lemma.

Lemma 13 Let {Fk, k = 1, 2, . . . } be an increasing sequence of σ-algebras,
and let Ak ∈ Fk be a sequence of subsets satisfying the relations

c1 pk < P{Ak/Fk−1} < c2 pk, k = 2, . . . ,

where 0 < c1 < c2 are constants. Then

P

{⋃
k

Ak

}
> 1 − c2

∑
k pk

c2
1(
∑

k pk − 1)2

if
∑

k pk is large enough, and

P

{⋃
k

Ak

}
< c2

∑
k

pk.

Proof The second statement of the lemma is evident. To prove the first
we introduce the random variables ξk = 1Ak

, k = 1, 2, . . . . Then we have
the relation

P

{⋃
k

Ak

}
= P

{∑
k

ξk ≥ 1

}
.

Using Chebyshev’s inequality we can write

P

{∑
k

ξk < 1

}
= P

{∑
k

(ξk − E(ξk/Fk−1)) < −
∑

k

(Eξk/Fk−1) + 1

}

≤ P

{
|
∑

k

(ξk − E(ξk/Fk| > c1

∑
k

pk − 1

}

≤ c2
∑

k pk

c2
1(
∑

k pk − 1)2
.

The lemma is proved.
�

For the proof of the theorem we consider the sequence of stopping times
τε
k , where τε

0 = 0, and

τ ε
k = inf{t ≥ τε

k−1 + T : |xε(t) − x̄| ≤ δ}, k > 0,

where T > 0 is sufficiently large and δ > 0 is sufficiently small. We set

Fk = Fε
τε

k
,

where Fε
t is the σ-algebra generated by y(s), s ≤ t/ε, and

Ak = {inf{|xε(t) − x̄| ≤ δ : t ∈ [τ ε
k−1, τ

ε
k ]}}.
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Remark Let the function T (ε) be such that lim(ε log T (ε)) = λ. Then
the relation

lim
δ→0

lim
ε→0

P{τ(x̄, x, ε, δ) ≤ T (ε)} = 1{λ≥G(x̄,x)}

holds.

6.2.2 Transitions Between Stable Static States
Denote by {x̄k, k = 1, . . . , m} the set of all stable static states of the
unperturbed system. It can be proved that

lim
ε→0

lim sup
T→∞

E
1
T

∫ T

0
1{mink≤m |xε(t)−x̄k|≥δ} dt = 0.

This means that the perturbed systems is almost all of the time in a neigh-
borhood of the set of stable static states, but the system can change from
near one stable static state to a neighborhood of another. To describe these
changes we need some preliminaries.
Assume that for all k ≤ N we have

G(x̄k, x̄i) �= G(x̄k, x̄j)

if i �= j. Introduce the function ι : {1, . . . , N} → {1, . . . , N} for which
ι(k) = i if

inf
j≤N

G(x̄k, x̄j) = G(x̄k, x̄i).

We use the notation

ι1(·) = ι(·), ιn(·) = ι(ιn−1(·)), n > 1

for iterates of ι.
The following theorem shows that if ι(i) = k, then the solution probably
passes from near xi to near xk before any other minimum, and it describes
the (approximate) distribution of passage times.

Theorem 12 Let i ≤ N , ι(i) = k, and let δ > 0 satisfy the relation

Bδ(x̄l) ∈ RA(x̄l), l ≤ N,

where Br(·) is the ball of the radius r. Then
(i) for all x ∈ RA(x̄i), and all j ≤ N , j �= i, j �= k, we have the relation

lim
ε→0

P{τ(x, x̄k, ε, δ) < τ(x, x̄j , ε, δ)} = 1;

(ii) for some function Λi(·) : R+ → R+ we have the relation

lim
ε→0

P{τ(x, x̄k, ε, δ) > sΛ(ε)} = e−s, s > 0.
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Proof Statement (i) follows from the inequality G(x̄i, x̄k) < G(x̄i, x̄j)
and the above remark, which implies the relations

lim
ε→0

P
{

τ(x, x̄k, ε, δ) < exp
{g

ε

}}
= 1

and

lim
ε→0

P
{

τ(x, x̄j , ε, δ) > exp
{g

ε

}}
= 1

for g ∈ (G(x̄i, x̄k), G(x̄i, x̄j)).
To prove statement (ii) we note that the random variable τ(x̄i, x̄k, ε, δ) has
a continuous distribution, so for some positive value Λi(ε) the relation

P{τ(x̄i, x̄k, ε, δ) > Λi(ε)} = e−1

holds. Now the proof follows from the relations

P{τ(x̄i, x̄k, ε, δ) > (s + t)Λi(ε)}
= E1{τ(x̄i,x̄k>tΛi(ε)}P{τ(x̄i, x̄k, ε, δ) > (s + t)Λi(ε)/Fε

tΛi(ε)}
≈ P{τ(x̄i, x̄k, ε, δ) > tΛi(ε)}P{τ(x̄i, x̄k, ε, δ) > Λi(ε)}.

This completes the proof.
�

6.2.3 Stochastic Resonance
Now consider a gradient system that depends on some parameter, say α:

ẋ(t) = ∇F (α, x(t)),

where the function F (α, x) for fixed α ∈ R satisfies the conditions intro-
duced in the preceding section, and it is a continuous, periodic function
of α with period 1. We assume that α is slowly varying in time, say
α(t) = t/T (ε), and we consider this system perturbed by additive noise,
i.e., satisfying the additional condition (GSAN), which has the form

ẋε(t) = ∇F (t/T (ε), xε(t)) + B(xε(t))v(y(t/ε)).

Theorem 13 Let the function F (α, x) for all α have two minima,
x̄k(α), k = 1, 2, and let the functions

g1(α) = G(x̄1(α), x̄2(α)), g2(α) = G(x̄2(α), x̄1(α))

satisfy the relations

g1(0) > g1(α) > g1

(
1
2

)
< g1

(
1
2

+ α

)
< g1(1)

and

g2(0) < g2(α) < g2

(
1
2

)
> g2

(
1
2

+ α

)
> g2(1)
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for α ∈
(
0, 1

2

)
, and g2(0) = g1

( 1
2

)
= g. Let the function T (ε) satisfy the

relation

lim
ε→0

ε log T (ε) = g.

Assume that the initial conditions satisfy the relation xε(0) ∈ RA(x1(0)).
Then, for all t > 0 we have that

lim
ε→0

E

∫ t

0
|xε(sT (ε)) − χ(s)| ds = 0,

where

χ(α) = x̄k(α)(α), k(α) =
∑

n

(1 + 1{α∈[n−1/2,n)}).

Functions g satisfying the conditions of this theorem were drawn in
Figure 10 in the Introduction. The proof follows from Remark 7.

Remark For every t > 0 we have the relation

lim
ε→0

1
T (ε)

E

∫ tT (ε)

0
|xε(s) − χ(s/T (ε)| ds = 0.

So the transitions from a neighborhood of a stable static state to a neighbor-
hood of another one occurs at essentially nonrandom times! These occur
periodically, but with a very large period. This phenomenon illustrates
stochastic resonance, in which a pattern of an entire system emerges when
noise is applied to it, while in the absence of noise only one mode of the
system’s dynamics emerges.

6.3 Randomly Perturbed Difference Equations

Consider the initial value problem for a difference equation of the form

xε
n+1 − xε

n = εϕn+1(xε
n, ω), xε

0 = x0 (6.58)

that was introduced and studied in Section 3.3. Assume that there exists
a nonrandom x̂ ∈ Rd for which ϕn(x̂, ω) = 0 for all n ∈ Z+ and all ω ∈ Ω.
Then xε

n = x̂ is the solution of equation (6.58) when x0 = x̂. This solution
is said to be stable with probability 1 if

lim
ε→0

lim
x0→x̂

P
{

lim
n→∞ xε

n = x̂
}

= 1. (6.59)

If the conditions of the averaging theorem (see Theorem 8 of Chapter 3)
are satisfied, we can consider the differential equation

˙̄x(t) = ϕ̄
(
x̄(t)
)
, (6.60)

where ϕ̄(x) = Eϕn(x, ω). Since ϕ̄(x̂) = 0, the point x̂ is a static state for
equation (6.60). The main problem we consider here is the following: Let
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x̂ be an asymptotically stable state for equation (6.60) (this means that
limt→∞ x̄(t) = x̂ if |x0 − x̂| is small enough). Under what additional condi-
tions will x̂ be stable with probability 1 for the solution of equation (6.58)?
We investigate this question in a series of steps of increasing complexity.

6.3.1 Markov Perturbation of a Linear Equation
Let {y∗

n, n ∈ Z+} be an ergodic Markov chain in a measurable space (Y, C)
with transition probability matrix for one step P (y, C) and an ergodic dis-
tribution ρ(dy). Let A(·) : Y → L(Rd) be a measurable function for which∫

‖A(y)‖ ρ(dy) < ∞. We consider the solution xε
n to the linear difference

equation

xε
n+1 − xε

n = εA(y∗
n) xε

n, xε
0 = x0. (6.61)

Set

Ā =
∫

A(y) ρ(dy).

In this case x̂ = 0, and the solution x̄ ≡ 0 of the averaged equation

˙̄x(t) = Ā x̄(t) (6.62)

is asymptotically stable if and only if there exists a positive symmetric
matrix C ∈ L(Rd) for which CĀ+Ā∗C < 0 (i.e., Ā is a negative symmetric
matrix). Then ∥∥etĀ

∥∥ ≤ be−αt

for some positive constants b > 0 and α > 0.

Theorem 6 Assume that

a) ‖A(y)‖ ≤ b1 for y ∈ Y where b1 > 0 is a constant,

b) ‖ exp {tĀ}‖ → 0 as t → ∞,

c) The Markov chain {y∗
n} is uniformly ergodic.

Then there exist δ > 0 and ε0 > 0 for which

P
{

lim
n→∞ |xε

n|eεnδ = 0
}

= 1

for all ε < ε0.

Proof It follows from Theorem 8 in Chapter 3 that for any T > 0 and
x0 ∈ Rd,

lim
ε→0

sup
y

E sup
nε≤T

∣∣xε
n − enεĀx0

∣∣ = 0.

Since xε
n = (I + εA(y∗

n−1)) · · · (I + εA(y∗
0))x0,

lim
ε→0

sup
|x0|≤1

sup
y

E sup
nε≤T

∣∣xε
n − enεĀx0

∣∣ = 0.
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Let T satisfy the condition

∥∥etĀ
∥∥ ≤ 1

2
for t ≥ T

2
.

There exists ε0 > 0 for which

sup
|x0|≤1

sup
y

E sup
nε≤T

∣∣xε
n − enεĀx0

∣∣ ≤ 1
4

(6.63)

if ε ≤ ε0. Then

sup
y

E|xε
n| ≤ 3

4
|x0| if

T

2
≤ nε ≤ T.

It is easy to see that

E
(
|xε

m+n|/Fm

)
≤ 3

4
|xε

m| if
T

2
≤ nε ≤ T

for any m, where Fm is the σ-algebra generated by {y∗
1 , . . . , y∗

m}. Therefore,
for l ≤ n and any k,

E
(
|xε

l+kn|/Fl

)
≤
(

3
4

)k

|xε
l |.

Note that for n1 < n2,

|xε
n2

| ≤
n2−1∏
k=n1

∥∥I + εA(y∗
k)
∥∥ · |xε

n1
| ≤ exp {(n2 − n1)εb1} · |xε

n1
|.

So we have for α > 0,

P
{

sup
kn≤m≤(k+1)n

eεmα|xε
m| ≥ 1

}
≤ P

{
|xε

kn| ≥ e−ε(k+1)nαe−εnb1
}

≤ P
{

|xε
kn| ≥ e−(k+1)αT e−Tb1

}
≤
(

3
4

)k

ekαT eT (δ+b1).

If log 3
4 + αT < 0, then

∑
P

{
sup

kn≤m≤(k+1)n
eεmα|xε

m| ≥ 1

}
< ∞

and

P

{
lim sup
m→∞

eεmα|xε
n| ≤ 1

}
= 1.

This shows that the conclusions of the theorem hold for any δ < α.
�
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Remark 6 Assume that conditions (a) and (c) of Theorem 6 hold, and
for any c > 0 and for any x0 ∈ Rd,

lim
ε→0, t→∞

sup
εn≥t

P
{
|xε

n| > c
}

= 0. (6.64)

Then

lim
t→∞

∥∥exp {tĀ}
∥∥ = 0. (6.65)

To prove this statement we note that relation (6.64) implies the following:
For any c > 0,

lim
ε→0, t→∞

sup
εn≥t

sup
|x0|≤1

P
{
|xε

n| > c|x0|
}

= 0, (6.66)

which is a consequence of the fact that xε
n is a linear function of x0.

Assume that for ε < ε0 and εn ≥ T
2 ,

P

{
|xε

n| >
1
4
|x0|
}

≤ 1
4
.

Together with relation (6.63) this implies that

∥∥exp {εnĀ}
∥∥ ≤ 1

2
if

T

2
≤ nε ≤ T,

so
∥∥exp {tĀ}

∥∥ ≤ 1
2

if t ∈
[
T

2
, T

]
.

Thus, relation (6.65) is proved.

6.3.2 Stationary Perturbations of a Linear Equation
Let {An(ω), n = 0, 1, 2, . . . } be an L(Rd)-valued stationary sequence.
Consider the difference equation

xε
n+1 − xε

n = εAn(ω)xε
n, xε

0 = x0. (6.67)

The solution of this equation can be represented in the form

xε
n+1 = Uε

n+1(ω)x0, (6.68)

where

Uε
0 = I, Uε

n(ω) =
(
I + εAn(ω)

)(
I + εAn−1(ω)

)
· · ·
(
I + εA0(ω)

)
. (6.69)

Note that Uε
n(ω) also satisfies the difference equation

Uε
n+1(ω) − Uε

n(ω) = εAn(ω)Uε
n(ω). (6.70)
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Assume that E‖An(ω)‖ < ∞ and denote by Ū(t) the solution of the
averaged equation

˙̄U(t) = ĀŪ(t), Ū(0) = I. (6.71)

It follows from Theorem 8 of Chapter 3 that for any T > 0 we have the
relation

lim
ε→0

P

{
sup

εn≤T
‖Uε

n(ω) − Ū(εn)‖ > δ

}
= 0. (6.72)

Theorem 7 Assume that the following conditions are satisfied:

(1) The stationary sequence {An(ω)} is ergodic.

(2) For all λ > 0, E exp {λ‖A0(ω)‖} < ∞.

(3) limt→∞ ‖Ū(t)‖ = 0.

Then there exist ε0 > 0 and δ > 0 for which

P

{
sup

n
‖Uε

n‖eεnδ < ∞
}

= 1 for ε < ε0. (6.73)

Proof Note that for α > 0,

E‖Uε
n(ω)‖α ≤ E

n∏
k=0

exp {αε‖Ak(ω)‖}

≤
( n∏

k=0

E exp {(n + 1)αε‖Ak(ω)‖}
) 1

n+1

= E exp {(n + 1)αε‖A0(ω)‖}.

(6.74)

(Here we used Hölder’s inequality.) So

sup
ε(n+1)≤T

E‖Uε
n(ω)‖α ≤ E exp {αT‖A0(ω)‖}. (6.75)

Assume that ‖Ū(t)‖ < 1
2 . Let εnε ≤ T and limε→0(εnε) = T . Since

lim
ε→0

E‖Uε
nε

(ω)‖ = ‖Ū(T )‖ (6.76)

because of relations (6.72) and (6.75), there exists ε0 for which E‖Uε
nε

(ω)‖ ≤
1
2 for ε ≤ ε0.
First we show that

P

{
lim

k→∞
‖Uε

knε
(ω)‖eknεεδ1 = 0

}
= 1 (6.77)

if δ1 < T−1 log 2. Consider the sequence of random variables

ζε
k = ‖(I + εAknε

(ω))(I + εAknε−1(ω)) · · · (I + εA(k−1)nε+1(ω))‖. (6.78)
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It is easy to see that {ζε
k, k = 1, 2, . . . } is an ergodic stationary sequence

and ζε
1 = ‖Uε

nε
(ω)‖. Since

‖Uε
knε

(ω)‖ ≤
k∏

i=1

ζε
i = exp

{ k∑
i=1

log ζε
i

}

and

‖Uε
knε

(ω)‖eknεεδ1 ≤ exp
{ k∑

i=1

log ζε
i + kTδ

}

= exp
{

k

(
Tδ1 +

1
k

k∑
i=1

log ζε
i

)}
,

it follows that E log ζε
i ≤ − log 2, so relation (6.77) is a consequence of the

ergodic theorem.
It is easy to see that for 0 ≤ l ≤ nε we can write the inequality

‖Uε
knε+l(ω)‖ ≤ ‖Uε

knε
(ω)‖vε

k, (6.79)

where

vε
k = exp

{
ε

(k+1)nε∑
i=knε+1

‖Ai(ω)‖
}

,

and {vε
k, k = 0, 1, 2, . . . } is an ergodic stationary sequence. Let a < 1. Then

with probability 1,

lim
k→∞

akvε
k ≤ lim

k→∞
(kak)

1
k

k∑
i=1

vε
i = 0,

which follows from the ergodic theorem. So for any δ2 > 0,

P

{
lim

k→∞
vε

k exp {−knεεδ2} = 0
}

= 1. (6.80)

Relations (6.77), (6.80) and inequality (6.79) imply the statement of the
theorem with δ = δ1 − δ2.

�

6.3.3 Markov Perturbations of Nonlinear Equations
Consider now the difference equation

xε
n+1 − xε

n = εϕ(xε
n, y∗

n), (6.81)

where {y∗
n} is the same Markov chain as in Section 6.3.1. We assume that

the function ϕ : Rd × Y → Rd is measurable, and in addition that it
satisfies the following conditions:
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I. There exists x̄ ∈ Rd for which ϕ(x̄, y) = 0 for all y ∈ Y .

II. ϕ(x, y) is continuous in x if |x − x̄| is small enough, and there exists
the derivative ϕx(x̄, y) = A(y), where ‖A(y)‖ ≤ b for all y ∈ Y , where
b > 0 is a constant.

III. For some c > 0

|ϕ(x, y) − A(y)(x − x̄)| ≤ c|x − x̄|2.
IV. If Ā =

∫
A(y) ρ(dy), there exists a positive matrix B ∈ L(Rd) for

which (BĀx, x) + (Āx, Bx) < 0 if |x| > 0.

Theorem 8 Assume that conditions I–IV are satisfied and that the Markov
chain {y∗

n} satisfies condition SMC II of Section 2.3. Then there exists
ε0 > 0 for which

lim
x→x̄

P
{

lim
n→∞ xε

n = x̄
}

= 1 if ε < ε0.

Proof Denote by Pn(y, C) the transition probability of the Markov chain
for n steps:

P (y∗
n ∈ C/y∗

0) = Pn(y∗
0 , C).

It follows from condition SMC II that the function

R(y, C) =
∞∑

n=1

[Pn(y, C) − ρ(C)]

is a signed measure for C ∈ C with its variation uniformly bounded in
y ∈ Y . Set

R̂(y, C) = 1{y∈C} + R(y, C).

Then ∫
P (y, dy′)R̂(y′, C) = R̂(y, C) − 1{y∈C} + ρ(C).

Define the function

ψε(x, y) = (B(x − x̄), x − x̄)

+ ε

∫ {
(BA(y′)[x − x̄], x − x̄) + (B[x − x̄], A(y′)[x − x̄])

}
R̂(y, dy′).

(6.82)
Using formula (6.81) we can show that∫

ψε(x + εϕ(x, y), y′)P (y, dy′) − ψε(x, y)

= ε
(
Ā[x − x̄], B[x − x̄]

)
+ ε
(
BĀ[x − x̄], x − x̄

)
+ ε
(
B[x − x̄], ϕ(x, y) − A(y)[x − x̄]

)
+ ε
(
B
[
ϕ(x, y) − A(y)[x − x̄]

]
, x − x̄

)
+ O

(
ε2|x − x̄|2

)
.

(6.83)
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It follows from formula (6.82) that for some c1 > 0 we can write the
inequality

(1 − c1ε)
(
B(x − x̄), x − x̄

)
≤ ψε(x, y) ≤ (1 + c1ε)

(
B(x − x̄), x − x̄

)
. (6.84)

Using condition III and relation (6.83) we can find δ > 0 for which∫
ψε(x+ εϕ(x, y), y′)P (y, dy′)−ψε(x, y) ≤ −ε

(
Ā[x− x̄], B[x− x̄]

)
(6.85)

if |x − x̄| ≤ δ.
So taking into account this inequality (6.83) we have the inequality∫

ψε(x + εϕ(x, y), y′)P (y, dy′) − ψε(x, y) ≤ −c2εψε(x, y) (6.86)

for |x − x̄| ≤ δ, where c2 > 0 is a constant.
We consider the sequence of random variables

ηε
n = ψε(xε

n, y∗
n).

If Fn is the σ-algebra generated by y∗
0 , . . . , y∗

n then

E(ηε
n+1/Fn) ≤ (1 − c2ε)ηε

n if |xε
n − x̄| ≤ δ, (6.87)

which is a consequence of relation (6.86). Set

ζn = 1{supk≤n |xε
k−x̄|≤δ}. (6.88)

Then ζn+1 ≤ ζn, and ζn is an Fn-measurable random variable. It follows
from (6.87) that

E(ηε
n+1ζn+1/Fn) ≤ (1 − c2ε)ηε

nζn. (6.89)

So ηε
nζn is a nonnegative supermartingale, and there exists limn→∞ ηε

nζn.
It is easy to see that

P
{

lim
n→∞ ηε

nζn = 0
}

= 1.

Note that

ηε
0ζ0 = ψε(x0, y

∗
0) 1{|x0−x̄|≤δ},

so

P

{
sup

n
ηε

nζn > δ1

}
≤

(1 + c1ε)
(
B(x0 − x̄), x0 − x̄

)
δ1

(here we use inequality (6.84)). Assume that

sup
n

ηε
nζn ≤ δ1

and ν = sup{k : ζk = 1}. Then

δ1 ≥ ψε
ν(xε

ν , y∗
ν) ≥ (1 − c1ε)

(
B(xε

ν − x̄), xε
ν − x̄

)
≥ (1 − c1ε)b1|xε

ν − x̄|2,
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where b1 = ‖B−1‖−1. So

|xε
ν+1 − x̄| ≤ |xε

ν − x̄| + ε|ϕ(xε
ν , y∗

ν)| ≤ (1 + εb2)|xε
ν − x̄|

≤ (1 + εb2)
1
2 (1 − c1ε)− 1

2 b
− 1

2
1 δ

1
2
1 .

If ε0 < 1
c1

, then

|xε
ν+1 − x̄| ≤ θ0δ

1
2
1 for ε ≤ ε0,

where θ0 is a constant that does not depend on ε. Assume that ζ0 = 1 and
θ0δ

1
2
1 ≤ δ. Then ν = +∞. So

P
{

lim
n→∞ ηε

n = 0
}

≥ 1 −
(1 + c1ε)

(
B(x0 − x̄), x0 − x̄

)
δ1

,

and

lim
x0→x̄

P
{

lim
n→∞ ηε

n = 0
}

= 1.

It follows from inequality (6.84) that

P
{

lim
n→∞ ηε

n = 0
}

= P
{

lim
n→∞ xε

n = x̄
}

.

�

Remark 7 Inequality (6.89) implies that

(1 − c2ε)−nηε
nζn

is a nonnegative supermartingale. So

P

{
sup

n
ηε

nζn(1 − c2ε)−n > h

}
≤

(1 + c1ε)
(
B(x0 − x̄), x0 − x̄

)
h

.

We have proved that limx0→x̄ P{ν = +∞} = 1. Therefore,

lim
x0→x̄

P
{

lim
n→∞ |xε

n − x̄|eεαn = 0
}

= 1 (6.90)

if 1 < e2εα < 1
1−εc2

.

Remark 8 Let an operator Ĝε acting in the space B(Rd ×Y ) of bounded
measurable functions f : Rd × Y → R be defined by the formula

Ĝεf(x, y) = ε−1
∫ [

f(x + εϕ(x, y), y′) − f(x, y)
]
P (y, dy′). (6.91)

Assume that the Markov chain {y∗
n} satisfies condition SMC II of Sec-

tion 2.3, that ϕ(x, y) satisfies condition I, and that there exists a bounded
measurable function Fε(x, y) for which:

(a) Fε(x, y) ≥ 0, Fε(x̄, y) = 0, Fε(x, y) ≥ λ(x), where λ(x) is a
continuous function with λ(x) > 0 if x �= x̄ and λ(x̄) = 0.
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(b) ĜεFε(x, y) ≤ −λ(x) if |x − x̄| ≤ δ, y ∈ Y , where δ > 0 is a constant.

Then there exists ε0 > 0 for which

lim
x0→x̄

P
{
limxε

n = x̄
}

= 1 for ε < ε0.

If in addition we have:

(c) For some constant c3,

Fε(x, y) ≤ c3λ(x).

Then

lim
x0→x̄

P
{

lim
n→∞ λ(xε

n)eεαn = 0
}

= 1

for α < 1/c3.

The proof of these statements is based on the formula

E
(
Fε(xε

n+1, y
∗
n+1)/Fn

)
= Fε(xε

n, y∗
n) + εĜεFε(xε

n, y∗
n)

and can be completed in the same way as the proofs of Theorem 8 and
Remark 6.

Remark 9 Assume that the averaged differential equation for the
difference equation (6.81); i.e.,

˙̄x(t) = ϕ̄(x̄(t)),

has Liapunov function f0(x) at the point x̄ (see Remark 2 in Section 6.1),
which satisfies conditions (α), (β) of Remark 2. Let

Fε(x, y) = f0(x) + εf1(x, y), (6.92)

where

f1(x, y) =
∫

R̂(y, dy′)
(

ϕ(x, y′),
df0

dx
(x)
)

. (6.93)

Then

ĜεFε(x, y) =
1
ε

[
f0(x + εϕ(x, y)) − f0(x) −

(
df0

dx
(x), ϕ(x, y)

)]

+
(

ϕ̄(x),
df0

dx
(x)
)

+
∫ [

f1(x + εϕ(x, y), y′) − f1(x, y′)
]
P (y, dy′). (6.94)

Using this representation for Fε(x, y) and ĜεFε(x, y), we can check whether
conditions (a), (b), (c) of Remark 8 are fulfilled.
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6.3.4 Stationary Perturbations of Nonlinear Equations
Now we consider the difference equation (6.58), where

{ϕn(x, ω), n = 0,±1, ±2, . . . }
is a stationary sequence of random functions; this means that the following
condition holds:

(d1) for all m > 0 and any x1, x2, . . . , xm ∈ Rd the sequence

{(ϕn(x1, ω), . . . , ϕn(xm, ω)), n = 0, 1, 2, . . . } (6.95)

is a stationary sequence in (Rd)m.

We assume that the sequence {ϕn(x, ω)} satisfies the following additional
conditions:

(d2) The sequence (6.95) is ergodic.

(d3) Denote by Fn the σ-algebra that is generated by the random variables
{ϕk(x, ω) : x ∈ Rd, k ≤ n}; introduce on the space Lϕ

2 of all square
integrable F∞-measurable random variables, the operator θ for which
θ(ξ1 · ξ2) = θξ1 · θξ2 and θϕk(x, ω) = ϕk+1(x, ω). We assume that for
any F0-measurable random variable ξ ∈ F∞ with Eξ = 0 the series

Rξ =
∞∑

k=0

E(θkξ/F0) (6.96)

converges in Lϕ
2 .

(d4) There exists a point x̂ ∈ Rd for which ϕk(x̂, ω) = 0 for all ω ∈ Ω and
k ≥ 0, and this point x̂ is an asymptotically stable equilibrium for
the averaged differential equation

˙̄x(t) = ϕ̄(x̄(t)).

(d5) There exist derivatives

∂ϕk

∂x
(x̂, ω) = Ak(ω) and

∂ϕ̄

∂x
(x̂) = Ā, with EAk(ω) = Ā,

and there exists a positive operator B for which operator BĀ + Ā∗B
is negative.

(d6) There exist c > 0 and δ > 0 for which

P
{
‖A0(ω)‖ + ‖R(A0(ω) − Ā)‖ + sup

|x−x̂|≤δ

‖ϕ0(x, ω)‖ ≤ c
}

= 1,

‖Ak(ω)‖ ≤ c, ‖ϕk(x, ω)−Ak(ω)(x−x̂)‖ ≤ c|x−x̂|2 if |x−x̂| ≤ δ,

and for every β > 0 there exists γ > 0 for which

P

{
sup

|x−x̂|≤γ

∣∣ϕ0(x, ω) − A0(ω)(x − x̂)
∣∣ ≤ β|x − x̂|2

}
= 1.
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Theorem 9 Let conditions (d1)–(d6) be satisfied. Then there exist ε0 > 0
and α > 0 for which

lim
x0→x̂

P
{

lim
n→∞ |xε

n − x̂|eεnα = 0
}

= 1, (6.97)

for ε ≤ ε0.

Proof We define a stationary L(Rd)-valued sequence by the formula

Dn(ω) = θn
(
BR[A0(ω) − Ā]

)
. (6.98)

It follows from the definition of the operator R that for all m ≥ 0,

E(θm+1Rξ/Fm) = θmRξ − θmξ, (6.99)

for any ξ that is an F0-measurable random variable from Lϕ
2 . So

E(Dn+1(ω)/Fn) = Dn(ω) − B[An(ω) − Ā]. (6.100)

Next, we consider the sequence

ζn =
(
B(xε

n − x̂), xε
n − x̂

)
+ ε
(
Dn(ω)(xε

n − x̂), xε
n − x̂

)
. (6.101)

Note that

E(ζn+1/Fn) = ζn + 2ε
(
B(xε

n − x̂), ϕn(xε
n, ω)

)
+ ε2(ϕn(xε

n, ω), ϕn(xε
n, ω)

)
+ εE

[(
Dn+1(ω)(xε

n − x̂), xε
n − x̂

)
/Fn

]
− ε
(
Dn+1(ω)(xε

n − x̂), xε
n − x̂

)
= 2ε

(
BĀ(xε

n − x̂), xε
n − x̂

)
+ ε2µn|xε

n − x̂|2

(here we use relation (6.100) and condition (d6)), where the random vari-
able µn is bounded by some nonrandom c1 if |xε

n − x̂| < δ (δ was introduced
in condition (d6)). The remainder of the proof is the same as in Theorem
8.

�

6.3.5 Small Perturbations of a Stable System
Consider equation (6.81) with the function ϕ(x, y) not satisfying condition
I of Section 6.3.3. Rather we assume here that the averaged equation has an
asymptotically stable state x̄ ∈ Rd. We investigate the asymptotic behavior
of xε

n for small ε and large n in this case.

Theorem 10 Assume that the Markov chain {y∗
n} satisfies condition SMC

II of Section 2.3 and that the functions ϕ(x, y) and ϕ̄(x) satisfy the
following conditions:

(1) ϕ(x, y) is a continuous function of x for |x − x̄| ≤ δ, where δ > 0,
there exists the derivative dϕ

dx (x̄, y) = A(y) for which

sup
y

(
‖A(y)‖ + sup

|x−x̄|≤δ

|ϕ(x, y)|
)

< ∞,
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and there exists c > 0 for which

|ϕ(x, y) − ϕ(x̄, y) − A(y)(x − x̄)| ≤ c|x − x̄|2 if |x − x̄| ≤ δ.

(2) ϕ̄(x) =
∫

ϕ(x, y)ρ(dy) is such that ϕ̄(x̄) = 0, and there exists a posi-
tive operator C ∈ L(Rd) for which CĀ + Ā∗C is a negative operator,
where

Ā =
dϕ̄

dx
(x)
∣∣∣∣
x=x̄

=
∫

A(y) ρ(dy).

Let N ∈ Z+, and define

zε,N
n =

xε
N+n − x̄√

ε
, n ≥ −N,

and

zε
N (t) =

∑
n

1{n≥−N}1{εn≤t<ε(n+1)}zε,N
n , t ∈ R.

Introduce an Rd-valued Gaussian stationary process ψ(t)

ψ(t) =
∫ t

−∞
exp {(t − s)Ā} Φ̂(ds), (6.102)

where Φ̂(ds) is an Rd-valued Gaussian measure with independent
values on Rd, and

EΦ̂(ds) = 0,

E(z, Φ̂(ds))2 = (Bz, z) ds,

where

(Bz, z) =
∫ (

ϕ(x̄, y), z
)2

ρ(dy)

+ 2
∫ ∫ (

ϕ(x̄, y), z
)(

ϕ(x̄, y′), z
)
R(y, dy′)ρ(dy).

(6.103)

(R(y, C) was introduced in Theorem 8.)

Finally, assume that εN → ∞, N = o
( 1

ε log 1
ε

)
as ε → 0, and xε

0 = O(
√

ε).
Then the stochastic process zε

N (t) converges weakly in C to the process ψ(t)
on any finite interval as ε → 0.

Proof Consider the stochastic sequences

zε
n =

xε
n − x̄√

ε
,

uε
n =

√
ε
[
ϕ(x̄ +

√
εzε

n, y∗
n) − ϕ(x̄, y∗

n) −
√

εA(y∗
n)zε

n

]
,

and

ẑε
n = Uε(0, n)zε

0 +
√

ε
n∑

k=1

Uε(k, n)ϕ(x̄, y∗
k−1),
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where

Uε(k, n) = (I + εA(y∗
n−1)) · · · (I + εA(y∗

k)) if k < n,

Uε(n, n) = I.
(6.104)

Then {zε
n} and {ẑε

n} satisfy the difference equations

zε
n+1 − zε

n = εA(y∗
n)zε

n +
√

εϕ(x̄, y∗
n) + u∗

n,

ẑε
n+1 − ẑε

n = εA(y∗
n)ẑε

n +
√

εϕ(x̄, y∗
n),

with the same initial conditions

zε
0 = ẑε

0 =
x0 − x̄√

ε
.

So

(zε
n − ẑε

n) =
n∑

k=1

Uε(k, n)uε
k−1

and

zε
n = Uε(0, n)

x0 − x̄√
ε

+
√

ε

n∑
k=1

Uε(k, n)ϕ(x̄, y∗
k−1) +

n∑
k=1

Uε(k, n)uε
k−1.

(6.105)
First, we investigate the limit behavior of the sequence {ẑε

n}. Note that
the operator (I + εA(y)) is invertible for ε > 0 small enough, because
supy ‖A(y)‖ < ∞. So the operators Uε(0, n) and Uε(k, n) are invertible.
Let

vε
n =

[
Uε(0, n)

]−1
ẑε

n.

It follows from (6.104) and the formula

Uε(0, n) = Uε(k, n)Uε(0, k)

that vε
n can be written as

vε
n = zε

0 +
√

ε
n∑

k=1

[
Uε(0, k)

]−1
ϕ(x̄, y∗

k−1). (6.106)

Set

v̂ε
n = zε

0 +
√

ε

n∑
k=1

V̄ ε
k ϕ(x̄, y∗

k−1), (6.107)

where

V̄ ε
k = (I + εĀ)−k. (6.108)

Next, we estimate E|vε
n − v̂ε

n|2. Set

V ε
k =

[
Uε(0, k)

]−1
.
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Then

vε
n − v̂ε

n =
√

ε

n∑
k=1

[V ε
k − V̄ ε

k ]ϕ(x̄, y∗
k−1)

=
√

ε
n∑

k=1

[V ε
k−1 − V̄ ε

k−1]ϕ(x̄, y∗
k−1)

+ O

(
ε

3
2

n∑
k=1

(
‖V̄ ε

k−1‖ + ‖V ε
k−1 − V̄ ε

k−1‖
))

.

(6.109)

Using the representation

V ε
n −V̄ ε

n =
∑
k<n

V ε
k ∆ε

kV̄ ε
n−k−1 =

∑
k<n

(V ε
k −V̄ ε

k )∆ε
kV̄ ε

n−k−1+
∑
k<n

V̄ ε
k ∆ε

kV̄ ε
n−k−1,

where

∆ε
k = (I + εA(y∗

k))−1 − (I + εĀ)−1,

and the estimate

‖V̄ ε
k ‖ ∼ exp {kερ},

where ρ > 0 is a constant, we can establish the inequalities

E

∥∥∥∥
∑
k<n

V̄ ε
k ∆ε

kV̄ ε
n−k−1

∥∥∥∥
2

≤ c1
[
ε2 exp {2ερn}n + ε4 exp {4ερn}n2]

and

E‖V ε
n −V̄ ε

n ‖2 ≤ c1
[
ε2 exp {2ερn}n+ε4 exp {4ερn}n2][∑

k<n

E‖V ε
n −V̄ ε

n ‖2+n

]
,

(6.110)
where c1 > 0 is a constant.
It follows from relation (6.110) that

E‖V ε
n − V̄ ε

n ‖2 ≤ c2nε2 exp {2ερn} (6.111)

if nε2 exp {2ερn} is small enough.
From relation (6.107) we can obtain that for some constant c3 the inequality

E|vε
n − v̂ε

n|2 ≤ c3ε

(∑
k<n

E‖V ε
n − V̄ ε

n ‖2 + ε3
∑
k<n

E‖V̄ ε
n ‖2
)

is satisfied. So

E|vε
n − v̂ε

n|2 = O
(
n2ε3 exp {2ερn}

)
(6.112)

if

n2ε3 exp {2ερn} = o(1). (6.113)
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Note that in the same way that we established relation (6.111) we can prove
the relation

E‖Uε(0, n) − Ūε
n‖2 = O(nε2), Ūε

n = (I + εĀ)n (6.114)

(in this case ρ = 0 because ‖Ūε
n‖ = O(1)). We can write the representation

for ẑε
n as

ẑε
n = Uε

nvε
n = Ūε

nv̂ε
n + Ūε

n(vε
n − v̂ε

n) + [Uε(0, n) − Ūε
n]vε

n. (6.115)

It follows from formula (6.107) that

E|v̂ε
n|2 = O(exp {2ερn});

therefore,

ẑε
n = Ūε

nv̂ε
n + O

(
‖Ūε

n‖|vε
n − v̂ε

n| + ‖Uε(0, n) − Ūε‖(|vε
n| + |vε

n − v̂ε
n|
)

and

E|ẑε
n − Ūε

nv̂ε
n|2 = O

(
n2ε3 exp {2ερn} +

√
nε(n2ε3 + 1)

1
2 exp {ερn}

)
,

if relation (6.113) is fulfilled.
Using the representation

zε
n = ẑε

n +
√

εUε
n

n∑
k=1

V ε
k uε

k−1

and the inequality

|uε
k−1| ≤ O

(
ε

3
2 |zε

n|2
)

we can prove that if relation (6.113) is satisfied, then

E|zε
n−Ūε

nv̂ε
n|2 = O

(
n2ε3 exp {2ερn}+

√
nε(n2ε3+1)

1
2 exp {ερn}

)
. (6.116)

Assume that n = o
( 1

ε log 1
ε

)
. Then it follows from relation (6.116) that

E|zε
n − Ūε

nv̂ε
n|2 = o(1), |Ūε

nzε
0| = o(1).

Therefore, the stochastic process zε
N (t) coincides asymptotically with the

stochastic process

z̃ε
N (t) =

∑
k<N+tε−1

(I + εĀ)N−k+ t
ε ϕ(x̄, y∗

k−1). (6.117)

This process converges weakly in C to the stochastic process ψ(t), because
of Theorem 4 in Section 6.3.2 and the fact that

(I + εĀ)N−k+t/ε ∼ exp {tĀ + (N − k)εĀ}.

�

Remark 10 Let τ ε be a stopping time with respect to the filtration {Fn}
for which xε

τε = O(
√

ε). Then the theorem can be applied to the sequence
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xε
τε+n. So the point x̄ is not a stable point for xε

n, since E|xε
n − x̄|2 ≤ αε

for n large enough and some positive constant α > 0. The behavior of
xε

n in a neighborhood of x̄ can be described in the following way: First xε
n

approaches x̄ according to the averaging theorem until the distance |xε
n − x̄|

becomes of order
√

ε. After this, xε
n moves in a neighborhood of x̄ like the

stationary Gaussian process that was introduced in the theorem.

6.4 Convolution Integral Equations

Consider an integral equation of the form

xε(t) = ϕ(t) +
∫ t

0
M
(
t − s, y

( t
ε

))
xε(s) ds, (6.118)

where ϕ : R+ → R and M : R+ ×Y → R are measurable, locally bounded
functions of t, and y(t) is a homogeneous Markov process in the space (Y, C)
satisfying SMC II of Section 2.3.
Set

M̄(t) =
∫

M(t, y) ρ(dy)

and let x̄(t) be the solution of the average integral equation

x̄(t) = ϕ(t) +
∫ t

0
M̄(t − s)x̄(s) ds. (6.119)

It follows from Theorem 1 of Chapter 3 that xε(t) − x̄(t) → 0 uniformly in
t on any finite interval with probability 1.
In this section we investigate the characteristic value

lim sup
t→∞

1
t

log |xε(t)|

for small ε > 0.
We need some auxiliary results.

Lemma 4 The solution of equation (6.119) is represented by the formula

x̄(t) = ϕ(t) +
∫ t

0
Γ(t − s)ϕ(s) ds, (6.120)

where Γ is given by the resolvent series

Γ(t) = M̄(t)

+
∞∑

n=1

∫
0<s1<···<sn<t

M̄(t − sn)M̄(sn − sn−1) · · · M̄(s1) ds1 · · · dsn.

(6.121)
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Proof Let B(t) = sups≤t |M̄(s)|. Then
∣∣∣∣
∫

0<s1<···<sn<t

M̄(t − sn)M̄(sn − sn−1) · · · M̄(s1) ds1 · · · dsn

∣∣ ≤ Bn(t)tn

n!
.

So the series on the right-hand side of equality (6.121) is absolutely and
uniformly convergent on any finite interval. Therefore,

∫ t

0
M̄(t − s)Γ(s) ds = Γ(t) − M̄(t). (6.122)

As a result,
∫ t

0
x̄(u)Γ(t − u) du

=
∫ t

0
ϕ(u)Γ(t − u) du +

∫ t

0
Γ(t − u)

∫ u

0
M̄(u − s)x̄(s) ds du

=
∫ t

0
ϕ(u)Γ(t − u) du +

∫ t

0
[Γ(t − s) − M̄(t − s)]x̄(s) ds

and ∫ t

0
ϕ(u)Γ(t − u) du =

∫ t

0
M̄(t − u)x̄(u) du. (6.123)

Relation (6.120) is a consequence of relations (6.123) and (6.119).
�

Lemma 5 Let M̃(t, y) = M(t, y) − M̄(t) and

L(t, y) = M̃(t, y) +
∫ t

0
Γ(t − s)M̃(s, y) ds. (6.124)

Then the solution xε(t) of equation (6.118) satisfies the equation

xε(t) = x̄(t) +
∫ t

0
L
(
t − s, y

(s

ε

))
xε(s) ds. (6.125)

Proof It follows from (6.118) and (6.119) that

xε(t)− x̄(t) =
∫ t

0
M̃
(
t − s, y

(s

ε

))
xε(s) ds+

∫ t

0
M̄(t−s)[xε(s)− x̄(s)] ds.

Therefore, using relation (6.122) we obtain

xε(t) − x̄(t) +
∫ t

0
Γ(t − s)[xε(s) − x̄(s)] ds

=
∫ t

0
L
(
t − s, y

(s

ε

))
xε(s) ds +

∫ t

0
Γ(t − s)[xε(s) − x̄(s)] ds.

(6.126)

�
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It is easy to see that ∫
L(t, y)ρ(dy) = 0 for all t.

Lemma 6

xε(t) = x̄(t)+
∞∑

n=1

∫
· · ·
∫

0<s1<···<sn<t

L

(
t − sn, y

(
sn

ε

))
× · · ·

× L

(
s2 − s1, y

(
s1

ε

))
x̄(s1) ds1 · · · dsn.

(6.127)

Proof The local boundedness of the function L(t, y) in t ensures that
equation (6.124) has a unique solution. If B1(t) = supy∈Y, s≤t |B(t, y)|,
then∣∣∣∣
∫

· · ·
∫

0<s1<.<sn<t

L
(
t − sn, y

(sn

ε

))
· · ·L

(
s2 − s1, y

(s1

ε

))
x̄(s1)ds1.dsn

∣∣∣∣
≤ Bn

1 (t)
n!

tnct,

where ct = sups≤t |x̄(s)|. Therefore, the series on the right-hand side of
equality (6.127) is uniformly and absolutely convergent. It is easy to check
that the sum on the right-hand side of equality (6.127) satisfies equation
(6.124).

�

6.4.1 Laplace Transforms and Their Inverses
Nonperturbed convolution equations can be solved using Laplace transfor-
mations (see [200]). We describe this technique for equation (6.119): The
Laplace transformations for the functions ϕ(t), M̄(t), and x̄(t) are

ϕ̂(p) =
∫ ∞

0
ϕ(t)e−pt dt,

M̂(p) =
∫ ∞

0
M̄(t)e−pt dt,

x̂(p) =
∫ ∞

0
x̄(t)e−pt dt,

respectively, where the complex number p is the transform variable. We
assume that there exists α ∈ R+ for which

|ϕ(t)| + |M̄(t)| = O(eαt). (6.128)

Then the functions ϕ̂(p) and M̂(p) are analytic in the half-plane {p :
Re p > α}, where Re p is the real part of the complex number p. Let
α1 satisfy the inequality

|M̂(p)| < 1 for Re p ≥ α1,
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The existence of such α1 follows from the relations

|M̂(p)| ≤
∫ ∞

0
|M̄(t)|e−(Re p)t dt, lim

λ→+∞

∫ ∞

0
|M̄(t)|e−λt dt = 0.

Since∫ ∞

0
e−pt

∫ t

0
M(t − s)N(s) ds =

∫ ∞

0
e−ptM(t) dt ·

∫ ∞

0
e−ptN(t) dt

if
∫∞
0

∣∣e−ptM(t)
∣∣ dt < ∞ and

∫∞
0

∣∣e−ptN(t)
∣∣ dt < ∞, it follows from (6.121)

that ∫ ∞

0
Γ(t)e−pt dt =

∞∑
k=1

M̂k(p) =
M̂(p)

1 − M̂(p)
,

and so

x̂(p) = ϕ̂(p) +
M̂(p)

1 − M̂(p)
ϕ̂(p). (6.129)

Thus, for convolution equations, it is easy to solve for the Laplace transform
of the unknown x.
Let f : R+ → R be a continuous function satisfying the relation f(t) =
O(eαt) for some α > 0. Set f̂(p) =

∫∞
0 e−ptf(t) dt. Then for all t and

λ0 > α,
∫ t

0
f(s) ds = lim

N→∞
1
2π

∫ N

−N

f̂(λ0 + iu)
λ0 + iu

e(λ0−iu)t du (6.130)

(see [200, Chapter 2]).

Remark 11 If for some λ0 > α,∫ ∞

−∞

∣∣f̂(λ0 + iu)
∣∣ du < ∞,

then

f(t) =
1

2πi

∫
Re p=λ0

f̂(p)ep∗tdp, (6.131)

where p∗ = λ0 − iu if p = λ0 + iu. (This is Cauchy’s formula for inverting
the Laplace transform of f .)

Corollary 1 Assume that f(t) is a continuous function from R+ into R
and f(t) = O(eαt) for some α > 0. Set

∆h(t) = t 1{t≤h} + (2h − t) 1{h≤t≤2h}.

Then∫ t

0
∆h(t − s)f(s) ds =

1
2πi

∫
Re p=λ0

1
p2 (1 − e−ph)2f̂(p)ep∗tdp (6.132)
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for λ0 > α. This formula is a consequence of the formula

∆̂h(p) =
∫ ∞

0
∆h(t)e−pt dt =

1
p2 (1 − e−ph)2.

We apply the Laplace transformation to investigate the asymptotic
properties of the solution of convolution integral equations as t → ∞.

Lemma 7 Assume that

M̄(t) ≥ 0,

∫ ∞

0
M̄(t) dt = +∞, M̄(t) + |ϕ(t)| = O(eαt),

and for all λ > α, ∫ ∞

−∞
|ϕ̂(λ + iu)| du < ∞.

Let there exist α0 > α for which M̂(α0) = 1.
Then there exists α1 ∈ (α, α0) for which

x̄(t) = c0e
α0t + O(eα1t),

where

c0 = α0ϕ̂(α0)
(∫

te−α0tM̄(t) dt

)−1

.

Proof Note that |M̂(λ + iu)| < M̂(λ) if u �= 0 and |M̂(λ + iu)| → 0 as
|u| → ∞ uniformly in λ on any finite closed interval [γ, δ] ⊂ (α,∞). We
can find α1 < α0 for which the function M̂(p) − 1 has only one zero in the
region Re p ≥ α1. We consider the function

ϕ̂(p)
1 − M̂(p)

− c0

p(p − α0)
= f̂(p).

This function is the Laplace transformation of the function

f(t) = x̄(t) − c0

α0
(eα0t − 1).

The function f̂(p) is analytic in the region Re p ≥ α1. So

f(t) =
1

2πi

∫ ∞

−∞
eptf̂(p)dp,

since
∫∞

−∞ |f̂(p)|dp < ∞ and

|f(t)| ≤ 1
2π

eα1t

∫ ∞

−∞
|f̂(α1 + iu)| du.

This implies the statement of the lemma.
�
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Remark 12 The same result is true if there exists l ∈ Z+ for which

∫ ∞

−∞
|M̂(λ + iu)|l du < ∞ for λ > α.

To prove this we introduce functions

M̄1(t) = M̄(t), M̄k(t) =
∫ t

0
M̄k−1(t − s)M̄(s) ds, k = 2, 3, . . . ,

x̄l(t) =
∞∑

k=l

∫ t

0
ϕ(t − s)M̄k(s) ds.

Then

x̄(t) = ϕ(t) +
l−1∑
i=1

∫ t

0
ϕ(t − s)M̄i(s) ds + x̄l(t).

The conditions of the lemma imply that as t → ∞,

ϕ(t) = O(eαt), M̄i(t) = O(ti−1eαt),

and

x̄(t) − x̄l(t) = O(tl−1eαt).

Note that

∫ ∞

0
e−ptx̄l(t) dt = x̂l(p) =

(
M̂(p)

)l
ϕ̂(p)

1 − M̂(p)
.

Since

∫ ∞

−∞
|M̂(λ + iu)|l · |ϕ̂(λ + iu)| du < ∞,

we can apply the same calculation to x̂l(p) as we used in the proof of
Lemma 7.



222 6. Stability

6.4.2 Laplace Transforms of Noisy Kernels
The Laplace transform of Exε(t) can be calculated. For this we need some
notation. Set

R(t, y, dy′) = P (t, y, dy′) − ρ(dy′),

L̂(p, y) =
∫ ∞

0
e−ptL(t, y) dt,

L̂1(ε, p, y) = L̂(p, y),

L̂k+1(ε, p, y) =
∫ ∞

0

∫
R(s, y, dy′)L(εs, y)Lk(ε, p, y′)e−εps ds, k > 0,

L∗
1(ε, p, y) = x̂(p),

L∗
k+1(ε, p, y) =

∫ ∞

0

∫
x̄(εs)R(s, y, dy′)Lk(ε, p, y′)e−εps ds, k > 0,

L̂k(ε, p) =
∫

L̂k(ε, p, y)ρ(dy),

L(ε, p) =
∞∑

k=1

εkL̂k+1(ε, p),

L∗(ε, p, y) =
∞∑

k=0

εkL∗
k+1(ε, p, y).

Note that L̂1(ε, p) = 0.

Remark 13 Assume that the conditions of Lemma 7 are satisfied and
the constants c, c1 satisfy the relations

|x̄(t)| + |M(t, y)| ≤ ceα0t,

∫ ∞

0
VarR(t, y, ·) dt ≤ c1.

Then for Re p > α0,

|L̂k(ε, p)| ≤ c

Re p − α0
(cc1)k−1,

|L∗
k(ε, p)| ≤ c

Re p − α0
(cc1)k−1.

Therefore, for Re p > α0 and ε < 1/cc1 the functions L(ε, p) and L∗(ε, p)
are well-defined and analytic in p, and they satisfy the inequalities

|L(ε, p)| ≤ c

Re p − α0

∞∑
k=2

(εcc1)k−1 ≤ c

Re p − α0

εcc1

1 − εcc1
,

and |L(ε, p)| < 1 if, in addition,
c

Re p − α0

εcc1

1 − εcc1
< 1.



6.4. Convolution Equations 223

Lemma 8 Assume that the conditions of Lemma 7 are satisfied. Then for
any α̂ > α0 there exists a number ε̂0 > 0 for which∫ ∞

0
e−ptExε(t) dt = L∗(ε, p, y0)

(
1 − L(ε, p)

)−1 (6.133)

for ε < ε̂0 and Re p > α̂, where y0 is the initial value of the Markov process
y(t): y0 = y(0).

Proof It follows from formula (6.127) that

Exε(t) − x̄(t) =
∞∑

n=1

∫
· · ·
∫

0<s1<···<sn<t

L(t − sn, yn) · · ·L(s2 − s1, y1)

× P

(
s1

ε
, y, dy1

)
· · ·P

(
sn − sn−1

ε
, yn−1, dyn

)
x̄(s1) ds1 · · · dsn

=
∞∑

n=1

∫
· · ·
∫

0<s1<···<sn<t

L(t − sn, yn) · · ·L(s2 − s1, y1)x̄(s1)

×
n∏

k=1

(
R

(
sk − sk−1

ε
, yk−1, dyk

)
+ ρ(dyk)

)
ds1 · · · dsn,

where s0 = 0. So
∫ ∞

0
e−ptExε(t) dt − x̂(p) =

∞∑
n=1

∫
· · ·
∫ ∫ ∞

0
· · ·
∫ ∞

0
e−p(u0+···+un)x̄(u0)

×
n∏

k=1

[
L(uk, yk)

(
R

(
uk−1

ε
, yk−1, dyk

)
+ ρ(dyk)

)]
du0 · · · dun

=
∞∑

n=1

∫
· · ·
∫ ∫ ∞

0
· · ·
∫ ∞

0
e−p(u0+···+un)

×
∑

0<k1<···<kl≤n

N
(n)
k1,··· ,kl

(u0, . . . , un, y0, . . . , yn, dy1, . . . , dyn) du0 · · · dun,

where

N
(n)
k1,...,kl

(u0, . . . , un, y0, . . . , yn, dy1, . . . , dyn)

= x̄(u0)
n∏

k=1

[
L(uk, yk)R

(
uk−1

ε
, yk−1, dyk

)]
×

l∏
i=1

ρ(dyki
)

R(uki−1/ε, yki−1, dyki)
.

(6.134)
It is easy to see that∫

.

∫ ∫ ∞

0
.

∫ ∞

0
e−p(u0+···+un)N

(n)
k1,...,kl

(u0, . . . , un, y0, . . . , yn, dy1, . . . , dyn)

× du0 · · · dun = εn−lL∗
k1

(ε, p, y0)L̂k2−k1(ε, p) · · · L̂n−kl+1(ε, p).
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Therefore,∫ ∞

0
e−ptExε(t) dt = x̂(p)

+
∞∑

n=1

∑
i1+i2+···+il=n+1
i1≥1,i2≥1,...,il≥1

(
εi1−1L∗

i1(ε, p), y0
)(

εi2−1L̂i2(ε, p)
)
· · ·
(
εil−1L̂il

(ε, p)
)

= L∗(ε, p, y0) +
∞∑

l=2

L∗(ε, p, y0)
(
L(ε, p)

)l−1
.

�

We will extend the analytic function given by the expression on the
right-hand side of equation (6.133). For this we need some additional
assumptions.

Lemma 9 Assume that the conditions of Lemma 7 are satisfied and that
there exists δ > 0 for which

|R(t, y, C)| ≤ c2e
−δt. (6.135)

Then there exists a number ε0 > 0 for which

L(ε, p, y) =
1

(p − α0)p
G(ε, p, y) + K(ε, p, y)

for ε ≤ ε0, where G(ε, p, y) and K(ε, p, y) are analytic functions in the
region Re p ≥ p1 that can be represented by the formulas

G(ε, p, y) =
∞∑

k=1

εk−1Gk(ε, p, y), (6.136)

K(ε, p, y) =
∞∑

k=1

εk−1Kk(ε, p, y), (6.137)

where
G1(ε, p, y) = G(y),

Gr+1(ε, p, y) =
∫ ∞

0

∫
R(s, y, dy′)L(εs, y)Gr(ε, p, y′)e−εps ds,

K1(ε, p, y) = K(p, y),

Kr+1(ε, p, y) =
∫ ∞

0

∫
R(s, y, dy′)L(εs, y)Kr(ε, p, y′)e−εps ds, r > 0,

and

G(y) = α0

∫ ∞

0
e−α0t[M(t, y) − M̄(t)] dt

/∫ ∞

0
te−α0tM̄(t) dt,

K(p, y) = L(p, y) − G(y)
(p − α0)p

.



6.4. Convolution Equations 225

Proof G(y) is a bounded function and

K(p, y) =
1

1 − M̂(p)

∫ ∞

0
e−ptM̃(t, y) dt − α0

(p − α0)p

∫∞
0 e−α0tM̃(t, y) dt∫∞
0 te−α0tM̄(t) dt

is an analytic function in the region Re p ≥ α1.
Let c3 satisfy the relation

|G(y)| + |K|(p, y)| ≤ c3 if Re p ≥ α1.

Then

|G2(ε, p, y)| ≤ c3

∫ ∞

0
e−δtceα0εte−εα1t dt = 2c2

2 c2 c3

δ + εα1 − α0ε
,

and

|Gr+1(ε, p, y)| ≤
(

2c2

δ + εα1 − α0ε

)r

c3,

and in the same way

|Kr+1(ε, p, y)| ≤
(

2c2

δ + εα1 − α0ε

)r

c3

under the assumption that δ − ε(α0 − α1) > 0. If ε0 satisfies the inequality

ε0 <
δ

2c2 + α0 − α1
,

then
2c2ε

δ − (α0 − α1)ε
< 1 for 0 < ε ≤ ε0,

and series (6.136) and (6.137) are uniformly convergent in the region Re
p ≥ α1. This completes the proof.

�

Corollary 2 Let

G∗(ε, p, y) =
∫ ∞

0
x̄(εs)R(s, y, dy′)G(ε, p, y′)e−εps ds,

K∗(ε, p, y) =
∫ ∞

0
x̄(εs)R(s, y, dy′)K(ε, p, y′)e−εps ds.

Then G∗(ε, p, y) and K∗(ε, p, y) are bounded analytic functions in the region
Re p ≥ α1, and

L∗(ε, p, y) = x̂(p) +
ε

p(p − α0)
G∗(ε, p, y) + εK∗(ε, p, y). (6.138)

The last formula is a consequence of the following representation:

L∗(ε, p, y) = x̂(p) + ε

∫ ∞

0
x̄(εs)R(s, y, dy′)L(ε, p, y′)e−εps ds.
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The proof of the corollary is left to the reader. The next result estimates
the expected value of xε(t).

Theorem 11 Assume that there exists a function θ : R → R+ for which

|ϕ̂(λ + iu)| + |M̂(λ + iu, y)| ≤ θ(u) for λ ≥ α1

and
∫

θ(u) du < ∞.
Then for ε small enough there exists αε satisfying the relation αε − α0 =
O(ε) and constants Aε, Bε for which

Exε(t) = Aε
eαεt − eα0t

αε − α0
+ Bεe

α0t + O(eα1t).

(The numbers α0, α1 were introduced in Lemma 7.)

Proof We will use the inversion formula for the expression on the right-
hand side of equality (6.138). Let

G(ε, p) =
∫

G(ε, p, y)ρ(dy),

K(ε, p) =
∫

K(ε, p, y)ρ(dy).

Then

(
1 − L(ε, p)

)−1 =
(

1 − G(ε, p)
(p − α0)p

− K(ε, p)
)−1

= (p − α0)
(

p − α0 − G(ε, p)
p

− (p − α0)K(ε, p)
)−1

.

It follows from general properties of analytic functions that there exists a
unique αε = α0 + O(ε) for which

αε − α0 − G(ε, p)
αε

− (αε − α0)K(ε, p) = 0, (6.139)

αε > 0, and
∣∣∣∣p − α0 − G(ε, p)

p
− (p − α0)K(ε, p)

∣∣∣∣ > 0

if Re p ≥ α1 and p �= αε.
Using equation (6.139), we obtain the representation

αε = α0 +
ε

α0

∫∫
M̃(0, y)G(y′)R(y, dy′)ρ(dy) + O(ε2). (6.140)
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Using formula (6.133), Lemma 6, and equation (6.138) we can represent
the Laplace transformation for Exε(t) in the form∫ ∞

0
e−ptExε(t) dt =

x̂(p)
L′(ε, αε)(αε − p)

+
εG∗(ε, αε, y0)

p(p − α)L′(ε, αε)(αε − p)

+
εK(ε, p, y0)

L′(ε, αε)(αε − p)
+ H(ε, p, y0),

where the function H(ε, p, y0) is analytic and bounded in the region Re p ≥
α1. Since the function

1
1 − L(ε, p)

− 1
L′(ε, αε)(αε − p)

is bounded in the region Re p ≥ α1, we have that

|H(ε, p, y0)| = O

(
|x̂(p)| + |K(ε, p, y0)| + O

(
1

|p|2
))

for Re p ≥ α1. We can use the inversion formula for the Laplace transform
of the function H(ε, p, y0), because under the assumption of the theorem
we have that∫

|x̂(α1 + iu)| du < ∞ and
∫

|K(ε, α1 + iu, y0)| du < ∞.

Therefore,

Exε(t) =
−1

L′(ε, αε)

∫ t

0
x̄(t − s)eαεs ds +

εG∗(ε, αε, y)
L′(ε, αε)

eαt − eαεt

α − αε

+
ε

L′(ε, αε)

∫ t

0
kε(s, y0)eαε(t−s) ds + O(eα1t). (6.141)

(We used here the property of Laplace transforms that the Laplace trans-
form of the convolution of two functions is the product of their Laplace
transforms.) Here kε(s, y0) is the function for which∫ ∞

0
e−ptkε(t, y0) dt = K(ε, p, y0).

�

Next, we estimate E(xε(t) − x̄(t))2. It follows from Lemma 6 that

E(xε(t) − x̄(t))2

=
∞∑

l=1

∞∑
m=1

∫
· · ·
∫

0<s1<···<sl<t
0<u1<···<um<t

Lt(s1, . . . , sl, u1, . . . , um, y1, . . . , yl+m)

×
l+m∏
k=1

[
R

(
τk

ε
, yk−1, dyk

)
+ ρ(dyk)

]
ds1 · · · dsl du1 · · · dum,

(6.142)
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where τ1 = v1, τ2 = v2 − v1, . . . τl+m = vl+m − vl+m−1, and where

v1 = min{s1, . . . , sl} ∪ {u1, . . . , um},

vr = min[{s1, . . . , sl} ∪ {u1, . . . , um} \ {v1, . . . , vr−1}], r > 1,

Lt(s1, . . . , sl, u1, . . . , um, y1, . . . , yl+m)
= x̄(s1)L(s2 − s1, yj1) · · ·L(t − sl, yjl

)
× x̄(u1)L(u2 − u1, yi1) · · ·L(t − um, yim

),

and vj1 = s1, . . . , vjl
= sl, vi1 = u1, . . . , vim = um.

Lemma 10 Assume that the conditions of Lemma 9 are satisfied. Then
there exists a constant b > 0 for which
∣∣∣∣
∫∫

Lt(s1, ., sl, u1, ., um, y1, ., yl+m)
l+m∏
k=1

[
R

(
τk

ε
, yk−1, dyk

)
+ ρ(dyk)

]∣∣∣∣

≤ bl+me2α0t
∑

1{S∈U2(l+m)} exp
{

− δ

ε

∑
τk1{k∈S}

}
,

where U2(n) is the set of those subsets S of the set {1, . . . , n} for which
n ∈ S and {k, k + 1} ∩ S is not empty for k = 1, . . . , n − 2.

Proof Since
∫

L(t, y)ρ(dy) = 0, we have for 1 ≤ r1 < r2 < · · · < rν ≤ l+m
the relation∫

Lt(s1, . . . , sl, u1, . . . , um, y1, . . . , yl+m)

× N (l+m)
r1,...,rν

(τ1, . . . , τl+m, y1, . . . , yl+m, dy1, . . . , dyl+m) = 0

if rν = l + m or mini(ri+1 − ri) = 1. This means that the set difference
{1, . . . , l+m}\{r1, . . . , rν} belongs to U2(l+m). The function N is defined
in relation (6.134).
Using inequality (6.135) and the relation

|L(t, y)| ≤ c1e
α0t,

we obtain the inequality∣∣∣∣
∫

Lt(s1 . . . , sl, u1, . . . , um, y1, . . . , yl+m)

× N (l+m)
r1,...,rν

(τ1 . . . , τl+m, u1, y1, . . . , yl+m, dy1, . . . , dyl+m)
∣∣∣∣

≤ cl+m
1 e2α0tcl+m−ν

2 exp
{

−δ

ε

(l+m∑
i=1

τi −
ν∑

k=1

τrk

)}
.

This completes the proof of Lemma 10.
�



6.4. Convolution Equations 229

Corollary 3 For ε small enough we have the inequality

E(xε(t) − x̄(t))2 ≤ B1e
2α0t(eεb1t − 1), (6.143)

where B1 and b1 are nonnegative constants.

Proof To prove this we can write, using relation (6.140) and Lemma 10,

E(xε(t) − x̄(t))2 ≤
∞∑

n=2

∑
l+m=n

bl+me2α0t
∑

n
2 ≤k≤n

n!
k!(n − k)!

It(n, k),

where

It(n, k) =
∫

· · ·
∫

s1+···+sn≤t

exp
{

−δ

ε
(s1 + · · · + sk)

}

× 1{s1≥0,...,sn≥0} ds1 · · · dsn.

We used here the fact that Card S ≥ n/2 if S ∈ U2(n). We have the
following estimates:

It(n, k) =
∫ t

0
exp
{

−δ

ε
u

}
uk−1

(k − 1)!
(t − u)n−k

(n − k)!
du

≤ tn−k

(n − k)!

∫ ∞

0
exp
{

−δ

ε
u

}
uk−1

(k − 1)!
du =

(ε

δ

)k tn−k

(n − k)!
.

Since n!
k!(n−k)! < 2n, we obtain the inequality

E(xε(t) − x̄(t))2 ≤
∞∑

n=2

n(2b)ne2α0t
∑

n
2 ≤k≤n

(ε

δ

)k tn−k

(n − k)!
.

Let b2 and B2 satisfy the inequality

n(2b)n ≤ B2b
n
2 .

Then

E(xε(t) − x̄(t))2 ≤ B2e
2α0t

∞∑
n=2

bn
2

∑
n
2 ≤k≤n

(ε

δ

)k tn−k

(n − k)!

≤ B2e
2α0t

∞∑
l=1

∞∑
k=l

bk+l
2

(ε

δ

)k tl

l!

= B2e
2α0t

∞∑
l=1

∞∑
k=l

1
1 − b2

ε
δ

b2l
2

(ε

δ

)l tl

l!
=

B2

1 − ε b2
δ

e2α0t

(
exp
{

εtb2
2

δ

}
− 1
)

if ε < δ/b2.
�

Finally, we estimate the growth of solutions to the perturbed equation. We
first establish some auxiliary results.



230 6. Stability

Lemma 11 Assume that ϕ(t) > 0, M(t, y) ≥ 0, and

lim
h→0

sup
t

[∣∣∣∣ϕ(t + h) − ϕ(t)
ϕ(t)

∣∣∣∣+ sup
y

∣∣∣∣M(t + h, y) − M(t, y)
M(t, y)

∣∣∣∣
]

= 0. (6.144)

Then

lim
h→0

sup
t

|xε(t + h) − xε(t)|
xε(t)

= 0.

Proof Set

ρh = sup
t

[∣∣∣∣ϕ(t + h) − ϕ(t)
ϕ(t)

∣∣∣∣+ sup
y

∣∣∣∣M(t + h, y)M (t, y)
M(t, y)

∣∣∣∣
]
,

Ch = sup
y, s≤h

|M(s, y)|.

Then

|xε(t + h) − xε(t)| =
∣∣∣∣ϕ(t + h) − ϕ(t)

+
∫ t

0

[
M

(
t + h − s, y

(
s

ε

))
− M

(
t − s, y

(
s

ε

))]
xε(s) ds

+
∫ t+h

t

M

(
t + h − s, y

(
s

ε

))
xε(s) ds

∣∣∣∣
≤ ρhϕ(t) + ρh

∫ t

0
M

(
t − s, y

(
s

ε

))
xε(s) ds + Ch

∣∣∣∣
∫ t+h

t

xε(s) ds

∣∣∣∣
≤ [ρh + hCh]xε(t) + Ch

∫ h

0
|xε(t + u) − xε(t)| du.

This implies the inequality

|xε(t + h) − xε(t)| ≤ [ρh + hCh] exp {hCh}xε(t).

(Note that under the assumptions of the lemma xε(t) is nonnegative.)
The statement of the lemma follows, since limh→0 ρh = 0.

�

Theorem 12 Assume that the functions M(t, y) and ϕ(t) satisfy the
following conditions:

(1) ϕ(t) ≥ 0 and M(t, y) ≥ 0.

(2) Relation (6.144) is satisfied.

(3) M(t, y) + ϕ(t) = O(eαt), where α ≥ 0.

(4) There exists α0 > α for which∫ ∞

0
e−α0tM̄(t) dt = 1.



6.4. Convolution Equations 231

(5) There exist a measurable function θ : R → R+ with
∫∞

−∞ θ(u) du < ∞
and α1 ∈ (α, α0) for which

|ϕ̂(λ + iu)| + |M̂(λ + iu, y)| ≤ θ(u), u ∈ R, y ∈ Y,

if λ ≥ α1.

Then there exist ε0 > 0 and γ > 0 such that

P

{
lim sup

t→∞
1
t

log xε(t) > α0 + γε

}
= 0 for ε < ε0.

Proof Using Lemma 11 we need only prove that for all h > 0,

P

{
lim sup

k→∞

1
kh

log xε(kh) > α0 + γε

}
= 0 for ε < ε0.

Note that it follows from Corollary 3 and Lemma 7 that

P
{
xε(kh) > exp {(α0 + γε)kh}

}
≤ Ex2

ε(kh) · exp {−2kh(α0 + γε)}
= O

(
exp{(2α0 + εb1)kh − 2kh(α0 + γε)}

)
.

If 2γ > b1, then∑
P
{
xε(kh) > exp {(α0 + γε)kh}

}
< ∞.

�



7
Markov Chains with Random
Transition Probabilities

In this chapter we consider a Markov chain {ξk, k ∈ Z+} having a finite
state space but random transition probabilities. Of interest here is the
asymptotic behavior of the chain and its transition probabilities as n →
∞ under the assumption that the transition probabilities of the Markov
chain are close to those of a homogeneous Markov chain having nonrandom
transition probabilities.
By a Markov chain with random transition probabilities we mean the
following: Denote by Pr the set of r × r stochastic matrices, i.e., matrices

M = (µij)i,j∈1,r,

having the following properties:

(a) µij ≥ 0;

(b)
∑r

j=1 µij = 1.

We consider a Pr-valued stochastic process {Pk(ω), k ∈ Z+}. Let E be the
σ-algebra generated by the stochastic process {Pk(ω), k ∈ Z+}.
A stochastic process {ξn, n ∈ Z+} with values in 1, r is called a Markov
chain with transition probabilities {Pn(ω)} if for any k, n ∈ Z+, and
i0, . . . , in ∈ 1, r, the following relation is satisfied:

P
{
ξk(ω) = i0, . . . , ξk+n(ω) = in/E} = P{ξk(ω) = i0/E

} n−1∏
l=0

pk+l(ω, il, il+1),

(7.1)
where pn(ω, i, j) are the elements of the matrix Pn(ω).
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The stochastic process {Pn(ω), n ∈ Z+} is called a random environment,
and {ξn} is called a Markov chain in a random environment.

7.1 Stationary Random Environment

A stationary random environment is defined by a stationary Pr-valued
stochastic process {Pn(ω), n ∈ Z+}. It is convenient for our construction
to consider the process extended from Z+ to Z; any stationary stochastic
process on Z+ can be extended as a stationary process to Z.
We use the following notation for the transition probability from step l to
step n:

Pl,n(ω) = Pl(ω)Pl+1(ω) · · ·Pn−1(ω).

Denote by Dr the space of row vectors �a = (a1, . . . , ar) with the norm

|�a|1 =
r∑

k=1

|ak|,

and denote by Cr the space of column vectors

c↑ =

(
c1

...
cr

)

with the norm

|c↑|1 = max
k

|ck|.

Let D1
r be the subset of probability distributions in Dr: If a ∈ D1

r , then
ai ≥ 0 and

∑r
i=1 ai = 1.

Definitions (1) A D1
r-valued stationary stochastic process {�dk(ω), k ∈ Z}

is called a stationary distribution for the stationary random environment
{Pn(ω), n ∈ Z} if

{
(
�dk(ω), Pk(ω)

)
, k ∈ Z}

is a stationary D1
r × Pr-valued process and the relation

�dk+1(ω) = �dk(ω)Pk(ω)

holds for all k ∈ Z.
(2) A Cr-valued stochastic process {c↑

k(ω), k ∈ Z} is called a stationary
vector for the stationary random environment {Pn(ω), n ∈ Z} if

{
(
c↑
k(ω), Pk(ω)

)
, k ∈ Z}

is a stationary Cr × Pr-valued process and the relation

c↑
k(ω) = Pk(ω)c↑

k+1(ω)
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holds for all k ∈ Z.

Remark 1 If P{c↑
k(ω) = e↑} = 1, where e↑ = (1, . . . , 1)T , then {c↑

k(ω)}
is a stationary vector for any random environment.

Theorem 1 For any stationary random environment {Pk(ω), k ∈ Z}
there exists a stationary distribution {�dk(ω), k ∈ Z}.
Proof Let �a ∈ D1

r . For N > 0 introduce the D1
r -valued stochastic process

�ak(N, ω) =
1
N

k∑
l=k−N+1

�a Pl,k(ω), k ∈ Z.

It is easy to see that {�ak(N, ω), Pk(ω)} is a D1
r × Pr-valued stationary

stochastic process. It satisfies the relation

�ak+1(N, ω) − �ak(N, ω) =
1
N

(�aPk(ω) − �aPk−N+1,k+1(ω)). (7.2)

Denote by QN the probability measure on the space (D1
r × Pr)Z that is

the distribution of the stochastic process {(�ak(N, ω), Pk(ω)), k ∈ Z}. Since
D1

r × Pr is compact (in the natural topology as a subset of Rr × Rr2
), the

set of measures {QN , N ∈ Z, N > 0} is compact with respect to weak con-
vergence of measures. Let Q̄ be a limit point of this set. We consider some
probability space {Ω′,F ′, P ′} and a stochastic process {(�bk(ω′), P ∗

k (ω′), k ∈
Z} that has the distribution Q̄. Then {(�bk(ω′), P ∗

k (ω′)), k ∈ Z} is a
stationary process for which

P
{
|�bk+1(ω′) −�bk(ω′)P ∗

k (ω′)|1 > ε
}

= lim
N→∞

P

{
1
N

|�aPk(ω) − �aPk−N+1,k+1(ω)| > ε

}
= 0

for all ε > 0, because of relation (7.2).
Thus

�bk+1(ω′) = �bk(ω′)P ∗
k (ω′). (7.3)

Denote by I ′ the σ-algebra generated by {Pk(ω′), k ∈ Z}. Then

E(�bk+1(ω′)/I ′) = E(�bk(ω′)/I ′)P ∗
k (ω′). (7.4)

It is easy to see that the distribution of {P ∗
k (ω′), k ∈ Z} is the same as

{Pk(ω), k ∈ Z}. Besides,{(
E(�bk(ω′)/I ′), P ∗

k (ω′)
)
, k ∈ Z

}
(7.5)

is a stationary stochastic process. Denote by Fk : PZ
r → D1

r a measurable
function for which Fk

(
{P ∗

k (ω), k ∈ Z}
)

= E(�bk(ω′)/I ′).
Set

�dk(ω) = Fk

(
{Pk(ω), k ∈ Z}

)
.
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Then the distribution of the process {(�dk(ω), Pk(ω)), k ∈ Z} coincides with
the distribution of the process in (7.5). This and relation (7.3) imply that
{�dk(ω)} is a stationary distribution for {Pk(ω)}.

�

It is known that an ergodic homogeneous Markov chain has a unique sta-
tionary distribution. We will investigate under what conditions a stationary
random environment {Pk(ω), k ∈ Z} has a unique stationary distribution.
Denote by D0

r the subset of vectors �a = (a1, . . . , ar) ∈ Dr for which∑r
k=1 ak = 0. Let Π ∈ Pr and define

‖Π‖0 = sup
{
|�aΠ|1 : �a ∈ D0

r , |�a|1 = 1
}
. (7.6)

Note that D0
r is a linear subspace in Dr, and it is an invariant subspace for

each Π ∈ Pr; i.e., �aΠ ∈ D0
r for all �a ∈ D0

r .
The norm ‖ · ‖0 is useful for investigation of ergodic properties of finite
Markov chains. Following are some of its properties:

I. ‖Π‖0 ≤ 1 for any Π ∈ Pr.

II. ‖Π1Π2‖0 ≤ ‖Π1‖0‖Π2‖0, for any Π1, Π2 ∈ Pr.

III. If ‖Π‖0 = 0 and Π ∈ Pr, then all rows of the matrix Π coincide, i.e.,
π1j = πij for i = 2, . . . , r, j = 1, . . . , r, where πij , i, j ∈ 1, r, are the
elements of the matrix Π.

IV. . If ‖Π‖0 < 1 and Π ∈ Pr, then there exists a unique vector �a ∈ D1
r

for which �aΠ = �a, and

lim
n→∞ Πn = Π̃,

where Π̃ ∈ Pr, ‖Π̃‖0 = 0, and all rows of the matrix Π̃ coincide with
the vector �a.

V. If ‖Π‖0 = 1 and Π ∈ Pr, then there exists k ≤ r and �a ∈ D0
r for

which �a = �aΠk. If this relation is true for some k and �a ∈ D0
r , then

‖Π‖0 = 1.

VI. For all Π ∈ Pr there exists the limit

lim
n→∞ n−1

n∑
k=1

Πk.

Denote this limit by Π̃. Then ‖Π̃‖0 = 0 if and only if
∥∥∥∥r−1

r∑
i=1

Πi

∥∥∥∥
0

< 1;
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in this case the rows of the matrix Π̃ are equal to the vector �a, which
is the unique solution of the equation

�a = �a

(
r−1

r∑
i=1

Πi

)
, �a ∈ D1

r .

VII. Let A, B,Π ∈ Pr. Then

‖AΠ − BΠ‖1 ≤ 2‖Π‖0.

VIII. Set α(Π) = − log ‖Π‖0, Π ∈ Pr. (So, if ‖Π‖0 = 0, then α(Π) = +∞.)
Then for any matrices Π1, . . . ,Πn ∈ Pr we have that

α(Π1Π2 · · ·Πn) ≥
n∑

k=1

α(Πk).

The following statement is a variant for stationary processes of the ergodic
theorem for Markov chains in random environments.

Theorem 2 Let {ξn(ω), n ∈ Z} be a Markov chain in a random environ-
ment {Pn(ω), n ∈ Z}. Assume that Eα(P1(ω)) > 0 and that {Pn(ω), n ∈
Z} is an ergodic stationary process. Then the following statements hold:
(1) There exists a matrix Π̃ ∈ Pr with ‖Π̃‖0 = 0 for which

lim
n→∞ E P0,n(ω) = Π̃.

(2) There exists a unique stationary distribution {�dn(ω), n ∈ Z} that
satisfies the relation

lim
n→∞ |�dn(ω) − �aP0,n(ω)|1 = 0

almost surely for all �a ∈ D1
r .

(3) limn→∞ n−1∑n
k=1 P0,k(ω) = Π̃ almost surely.

(4) Let f(i1, . . . , im) be a function from 1, r
m into R. Then

P

{
lim

n→∞ n−1
n−1∑
k=0

f
(
ξk+1(ω), . . . , ξk+m(ω)

)
= λf

}
= 1,

where

λf = E
∑

i1,...,im

π1(i1, ω)p1(i1, i2, ω) · · · pm−1(im−1, im, ω)f(i1, . . . , im)

and �d1(ω) = (π1(1, ω), . . . , πr(1, ω)), pk(i, j, , ω) are the elements of the
matrix Pk(ω).

Proof First we prove that there exists a limit

lim
n→∞ P−n,k(ω) = P̃k(ω) (7.7)

for all k ∈ Z almost surely in ω. It follows from property VII that

‖P−n,k(ω) − P−l,k(ω)‖ ≤ 2‖P−l,k(ω)‖0
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for −n < −l ≤ −k. Property VIII implies the inequality

‖P−l,k(ω)‖0 ≤ exp
{

−
k−1∑
i=−l

α(Pi(ω))
}

. (7.8)

Since

1
l

k−1∑
i=−l

α(Pi(ω)) → Eα(P0(ω))

with probability 1, liml→∞ ‖P−l,k(ω)‖0 = 0. The existence of the limit on
the left–hand side of (7.7) is proved. From (7.8) we see that ‖P̃k(ω)‖0 → 0.
Denote by �dk(ω) the vector representing the rows of the matrix P̃k(ω) (the
norms are the same). Since P̃k+1(ω) = P̃k(ω)Pk(ω), we have �dk+1(ω) =
�dk(ω)Pk(ω), so {�dk(ω), k ∈ Z} is a stationary distribution.
If {�πk(ω), k ∈ Z} is an arbitrary stationary distribution, then

|�dk(ω) − �πk(ω)|1 ≤ ‖P−l,k(ω)‖0|�dk−l(ω) − �π−l(ω)|1 ≤ 2‖P−l,k(ω)‖0 → 0

as l → ∞. With this, we have proved the uniqueness of a stationary
distribution.
In the same way

|�dn(ω) − �aPa,n(ω)|1 ≤ 2‖P0,n(ω)‖0 → 0

almost surely as n → ∞. Statement (2) is therefore proved. Statement (1)
follows from the relations

lim
n→∞ EP0,n(ω) = lim

n→∞ EP−n,0(ω) = EP̃0(ω).

To prove statement (3) we use the inequalities

‖P0,k(ω) − P̃k(ω)‖1 ≤ 2‖P0,k(ω)‖0 (7.9)

and ∥∥∥∥n−1
n∑

k=1

(
P0,k(ω) − P̃k(ω)

)∥∥∥∥
1

≤ 2
n

n∑
k=1

‖P0,k(ω)‖0.

Therefore,

lim
n→∞

∥∥∥∥n−1
n∑

k=1

(
P0,k(ω) − P̃k(ω)

)∥∥∥∥
0

= 0

almost surely, since

lim
n→∞

∥∥∥∥n−1
n∑

k=1

P0,k(ω)
)∥∥∥∥

0
= lim

n→∞ ‖P0,n(ω)‖0 = 0.
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The ergodicity of the process {Pk(ω), k ∈ Z} implies the relation

P

{
limn−1

( n∑
k=1

P̃k(ω)
)

= EP̃0(ω)
}

= 1.

Proof of statement (4)
First, we assume that P{ξ0(ω) = i/E} = π0(i, ω). Then {(ξn(ω), Pn(ω))}
for n > 0 is a stationary 1, r × Pr-valued process. This follows from the
relation

E
(
f(ξk+1(ω), . . . , ξk+m(ω))/E

)
=
∑

i1,...,im

πk+1(i1, ω)pk+1(i1, i2, ω) · · · pk+m−1(im−1, im, ω)f(i1, . . . , im)

= Φf (�dk+1(ω), Pk+1(ω), . . . , Pk+m−1(ω)),

where Φf is a bounded measurable function from Dp × (Pp)m−1 and
from the fact that {�dk(ω), Pk(ω)} is a stationary process. This implies the
existence of the limit

lim
n→∞

1
n

n∑
k=1

f(ξk+1(ω), . . . , ξk+m(ω)) = f̃(ω).

It is easy to see that Ef̃(ω) = λf .
Denote by Ξk the σ-algebra generated by {ξ0(ω), . . . , ξk(ω)}. Then

E
(
f(ξk+1(ω), ., ξk+m(ω))/Ξk ∨ E

)
= Φf (ξk+1(ω), Pk+1(ω), ., Pk+m−1(ω))

=
∑

i1,...,im

δ(i1, ξk+1(ω))pk+1(i1, i2, ω) · · · pk+m−1(im−1, im, ω)f(i1, . . . , im),

and for j < k + 1,

E
(
f(ξk+1(ω), . . . , ξk+m(ω))/Ξj ∨ E

)
=
∑
i,i1

δ(i, ξj(ω))pj(i, i1, ω)Φf

(
i1, Pk+1(ω), . . . , Pk+m−1(ω)

)
,

where δ(α, β) = 1 if α = β ∈ 1, r, but δ(α, β) = 0 if α �= β, α, β ∈ 1, r.
Set

Φf (k + 1, ω) =
∑

i

Φf (i, Pk+1(ω), . . . , Pk+m−1(ω)) .

It follows from inequality (7.9) that

E
(
f(ξk+1(ω), . . . , ξk+m(ω))/Ξj ∨ E

)
= Φf (k + 1, ω) + O

(
‖Pj,k+1(ω)‖0

)
.

Let k + m < l. Then

E
(
f(ξk+1(ω), . . . , ξk+m(ω))f(ξl+1(ω), . . . , ξl+m(ω))/E

)
= E

[
E
(
f(ξk+1(ω), . . . , ξk+m(ω))f(ξl+1(ω), . . . , ξl+m(ω))/E ∨ Ξk+m

)
/E
]

= Φf (k + 1, ω)Φf (l + 1, ω) + O
(
‖Pk+m,l+1(ω)‖0

)
.
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Therefore,

E
(
f̃2(ω)/E

)
= lim

n→∞
1
n2

( n∑
k=1

Φf (k, ω)
)2

+ O

(
1
n2

∑
k+m<l

‖Pk+m,l+1(ω)‖0

)
+ O

(
1
n

)
.

Since {Pk(ω), k ∈ Z} is an ergodic process, we have that

lim
n→∞

1
n

n∑
k=1

Φf (k, ω) = λf ,

and

E
(
f̃2(ω)/E

)
= λ2

f , P{f̃(ω) = λf} = 1.

Statement (4) is proved if the distribution of ξk(ω) is the stationary distri-
bution for {Pk(ω)}. Let the conditional distribution of ξ0(ω) with respect
to E be arbitrary, say denote it by �p0(ω). Let

Ak =
{

ω : lim
n→∞

1
n

n+k−1∑
j=k

f
(
ξj(ω), . . . , ξj+m−1(ω)

)
= λf

}
, k = 0, 1, 2, . . . .

Note that Ak = A0 for all k and that statement (4) is equivalent to
the relation P{A0} = 1. Denote by �pk(ω) the conditional distribution of
ξk(ω) with respect to E . Denote by Qk(ω) the conditional distribution of
{ξk(ω), ξk+1(ω), . . . } with respect to E if ξk(ω) has the conditional distri-
bution �pk(ω), and denote by Q′

k(ω) the same conditional distribution if
ξk(ω) has the conditional distribution �dk(ω). Then

Var
(
Qk(ω) − Q′

k(ω)
)

≤ 2|�dk(ω) − �pk(ω)|1.
Therefore,

Q(ω, Ak) ≥ 1 − 2|�dk(ω) − �pk(ω)|1,
since it has been proved that Q′

k(ω, Ak) = 1. This implies the relation

P{A0} = P{Ak} = EQ(ω, Ak) ≥ 1 − 2E|�dk(ω) − �pk(ω)|1.
This completes the proof of statement (4).
Statement (2) implies that

lim
k→∞

E|�dk(ω) − �pk(ω)|1 = 0.

This completes the proof of the theorem.
�

Now we consider the general ergodic properties of the compound stationary
process {(ξk(ω), Pk(ω)), k ∈ Z+} under the assumption that the conditional



240 7. Markov Chains in Random Environments

distribution of ξn(ω) with respect to the σ-algebra E is determined by a
stationary distribution {�dk(ω), k ∈ Z}.

Denote by Λ the set 1, r
Z+ with the cylindrical σ-algebra CΛ; the elements

of Λ will be denoted by λ = (ξ0, ξ1, . . . ), where ξk ∈ 1, r. We introduce a
shift mapping from Λ onto Λ by τ :

τλ = (ξ1, ξ2, . . . ) if λ = (ξ0, ξ1, . . . ).

Let P̃�d be the probability measure on Ω × Λ for which

P̃�d

(
A × {λ : ξ0 = i0, . . . , ξn = in}

)
= EP 1Adi0

0 (ω)
n∏

k=1

Pk−1(ik−1, ik, ω).

(7.10)
Let T be the measurable mapping of Ω into Ω for which Pk(ω) = T kω,
k ∈ Z. Denote by I the σ-algebra of those measurable subsets B ∈ E ⊗ CΛ
for which ∫

|1B(ω, λ) − 1B(Tω, τλ)|P̃�d(dω, dλ) = 0.

Next, we establish a lemma.

Lemma 1 Assume that the random environment {Pk(ω), k ∈ Z} is er-
godic. Then for any B ∈ I there exists a random subset SB(ω) ⊂ 1, r
satisfying the following conditions:
(a) for all n

1B(ω, λ) = 1{ξn∈SB(T nω)};

(b)

EP̃ (1B(ω, λ)/E) =
∑

1{i∈SB(ω)}di
0(ω) is a constant.

Here EP̃ is the expectation with respect to the measure P̃�d.

Proof Let θ = 1B(ω, λ),

ϕB(ξ0, ω) = EP̃ (θ/Ξ0 ∨ E),

where Ξk is the σ-algebra in Λ generated by ξ0, ξ1, . . . , ξk. It follows from
the Markov property that

EP̃ (θ/Ξn ∨ E) = ϕB(ξn, Tnω),

since

1B(ω, λ) = 1B(Tnω, τnλ).

Note that

θ = lim
n→∞ EP̃ (θ/E ∨ Ξn) = lim

n→∞ ϕ(ξn, Tnω).
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Therefore,

lim
n→∞ EP̃ |ϕ(ξn, Tnω) − ϕ(ξn+1, T

n+1ω)| = 0.

Since

EP̃ |ϕ(ξ0, ω) − ϕ(ξ1, T
1ω)| = EP̃ |ϕ(ξn, Tnω) − ϕ(ξn+1, T

n+1ω)|,
we have

ϕ(ξ0, ω) = ϕ(ξ1, Tω) = ϕ(ξn, Tnω)

for all n ∈ Z, and 1B(ω, λ) = ϕ(ξ0, ω).
Denote by S(ω) the set of those i ∈ 1, r for which ϕ(ξ0, ω) = 1 if i ∈
S(ω). Then S(ω) satisfies condition (a) of the lemma. Statement (b) is a
consequence of (a) and the ergodicity of {Pk(ω)}.
This completes the proof of the lemma.

�

Remark 2 The stochastic process

EP̃ (θ/E) =
∑

1{i ∈SB(T nω)}di
n(ω)

is invariant with respect to the mapping T , so it is a constant.

Two direct corollaries to this result follow.

Corollary 1 The σ-algebra I is an atomic one: Assume that EP̃ θ > 0.
Then EP̃ (θ/E) = EP̃ θ,

P{SB(ω) = ∅} = 0, and EP̃ (θ/E) ≥ min
i

di
0(ω) > 0.

Corollary 2 The elements pn(i, j, ω) of the matrix Pn(ω) satisfy the
identities∑

pn(i, j, ω)1{j∈SB(T n+1ω)} = 1 for all i ∈ SB(Tnω),∑
p0(i, j, ω)1{j∈SB(T n+1ω)} = 0 for all i ∈ 1, r \ SB(Tnω).

Corollary 3 If

c =
∑

1{i∈SB(ω)}di
0(ω), 0 < c < 1,

then the vector stochastic processes

�pn(ω) =
1
c

(
d1

n(ω)1{1∈SB(T nω)}, . . . , dr
n(ω)1{r∈SB(T nω)}

)

and

�p∗
n(ω) =

1
1 − c

(
�dn(ω) − c�pn(ω)

)
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are stationary distributions for the random environment {Pn(ω), n ∈ Z}.

To prove this it suffices to verify that

�pn(ω)Pn(ω) = �pn+1(ω),

which is a consequence of Corollary 2.

Remark 3 It is easy to see that

‖�pn(ω) − �p ∗
n(ω)‖1 = 1.

Since
(
�pn(ω) − �p ∗

n(ω)
)
Pn(ω) =

(
�pn+1(ω) − �p∗

n+1(ω)
)
,

‖Pn(ω)‖0 = 1.

Definition 3 A stationary distribution {�dn(ω), n ∈ Z} is called ir-
reducible if for any stationary distribution {�pn(ω), n ∈ Z} such that
pi

n(ω) = 0 for all i for which di
n(ω) = 0, we have �pn(ω) = �dn(ω).

Theorem 3 Let the random environment {Pn(ω), n ∈ Z} be ergodic.
The stationary process {(ξk(ω), Pk(ω)), k ∈ Z+} with the distribution P̃�d
given by formula (7.10) is ergodic if and only if the stationary distribution
{�dn(ω), n ∈ Z+} is irreducible.

Proof It follows from Corollary 3 that if the σ-algebra I of the invariant
subsets for the process {(ξk(ω), Pk(ω)), k ∈ Z+} is not trivial, then there
exists a stationary distribution �pn(ω) satisfying the following conditions:

(1) �pn(ω) �= �dn(ω);

(2) pi
n(ω) = 0 if di

n(ω) = 0 for all i ∈ 1, r, n ∈ Z+, ω ∈ Ω.

Assume that there exists a stationary distribution {�pn(ω), n ∈ Z+}
satisfying conditions (1) and (2). Set

S(ω) = {i : pi
0(ω) > 0}

and

θ(λ, ω) = 1{ξ0∈S(ω)}.

It is easy to check that θ(τλ, Tω) = θ(λ, ω). So θ(λ, ω) is a nontrivial
invariant function for the stochastic process {(ξn(ω), Pn(ω)), n ∈ Z+}. This
means that the σ-algebra I is not trivial, and this completes the proof of
the theorem.

�
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Remark 4 Assume that B1, . . . , Bs are all the atoms of the σ-algebra I
with respect to the measure P̃�d. Then the stationary distributions:

{�dn(i, ω), n ∈ Z+}, i = 1, . . . , s,

where

dj
n(i, ω) =

1
ci

dj
n(ω)1{j∈SBi

(T nω)}, ci =
∑

dj
n(ω)1{j∈SBi

(T nω)},

are irreducible.

Corollary 4 If {�dn(ω), n ∈ Z+} is the unique stationary distribution
for an ergodic random environment {Pn(ω), n ∈ Z}, then the process
{(ξn(ω), Pn(ω)), n ∈ Z+} is ergodic.

7.2 Weakly Random Environments

In this section we consider random environments of the form

Pn(ω) = P ε
n(ω) = P0 + εQn(ω), n ∈ Z, (7.11)

where P0 is a nonrandom matrix from Pr, ε > 0 is a small parameter, and
Qn(ω) for fixed n and ω is a matrix from the space Qr of matrices of order
r×r with rows from D0

r . We refer to such a random environment as weakly
random.
We assume that {Qn(ω), n ∈ Z} is a Qr-valued stationary process for
which

P{Qn(ω) ≥ −cP0} = 1, (7.12)

for some c > 0. (If A and B are matrices, then the relation A ≥ B means
that all aij ≥ bij where aij are the elements of A and bij are elements of
B.) The relation (7.12) implies that P ε

n(ω) ∈ Pr for ε > 0 small enough.
The random environment {Pn(ω), n ∈ Z+} can be treated as a random
perturbation of the transition probability P0.
We assume that the stationary process {Qn(ω), n ∈ Z} is ergodic and
satisfies the following ergodic mixing condition:

EMC Denote by Ek
l the σ-algebra generated by {Qn(ω), n ∈ k, l}. Then

there exists a sequence {µl, l ∈ Z+} for which µl → 0 and

|Eξ1ξ2 − Eξ1Eξ2| ≤ µl

if ξ1 is an E−∞
n –measurable random variable and ξ2 is a En+l

∞ -measurable
random variable, |ξ1| ≤ 1, |ξ2| ≤ 1.
If

Eα(P0 + εQ0(ω)) > 0 for ε small enough, (7.13)
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then Theorem 2 implies the existence of the limit

Π̃ε = lim
n→∞ E

n∏
k=0

(P0 + εQk(ω)) (7.14)

and the perturbed transition probabilities satisfy the relation

lim
n→∞

1
n

n∑
k=1

P ε
0,k(ω) = Π̃ε, (7.15)

where for k < l,

P ε
k,l(ω) = P ε

k (ω) · · ·P ε
l−1(ω). (7.16)

Set Q̄ = EQ0(ω). Then

‖P0 + εQ̄‖0 ≤ E‖P0 + εQ0(ω)‖0 < 1.

It follows from property IV of ‖ · ‖0 that there exists the limit

lim
n→∞(P0 + εQ̄)n = Πε.

Theorem 4 (1) Let relation (7.13) hold for all small ε > 0, and let the
stationary process {Qn(ω), n ∈ Z} be ergodic. Suppose that α(P0) > 0.
Then

‖Π̃ε − Πε‖1 = O(ε2).

(2) Let EMC be satisfied and α(P0) = 0. Then

lim
ε→0

‖Π̃ε − Πε‖1 = 0.

Proof (1) We use the representation

EP ε
0,n(ω) = Pn

0 +
∑
k≥1

εk
∑

0≤i1<i2<···<ik<n

W (i1, . . . , ik),

where

W (i1, . . . , ik) = EP i1
0 Qi1(ω)P i2−i1−1

0 Qi2(ω) · · ·Qik
(ω)Pn−1−ik

0 .

Note that Qi(ω)Π = 0 if ‖Π‖0 = 0, since the rows of the matrix Qi(ω) are
from D0

r . Let

Π = lim
n→∞ Pn

0 .

Then ‖Π‖0 = 0, since α(P0) > 0. Let Ri = P i − Π. Then

W (i1, . . . , ik) = P i1
0 Qi1(ω)Ri2−i1−1 · · ·Qik

Rn−1−ik
.
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There exist constants c and 0 < θ < 1 for which ‖Ri‖ ≤ cθi. Since
‖Qn(ω)‖ ≤ 2 for ε < 1, we have that

‖W (i1, . . . , ik)‖1 ≤ ck−12kθn−i,

∑
0≤i1<i2<···<ik<n−1

W (i1, . . . , ik) ≤ ck−12k

(
1

1 − θ

)k

,

and

EP ε
0,n(ω) = Pn

0 + ε

n−1∑
i=0

W (i) + O(ε2).

In the same way we can obtain the relation

(P0 + εQ̄)n = P0 + ε
n−1∑
i=0

W̄ (i) + O(ε2),

where

W̄ (i) = P i
0Q̄Pn−1−i

0 .

It is easy to see that W̄ (i) = W (i). So

‖(P0 + εQ̄)n − EP ε
0,n(ω)‖1 ≤ c1ε

2,

where the constant c1 does not depend on n. This relation implies statement
(1) of the theorem.
(2) Let n, l, r, ∈ Z+. It follows from EMC that

∥∥∥∥E
s−1∏
k=0

P ε
k(n+l),k(n+l)+n(ω) −

(
EP ε

0,n(ω)
)s∥∥∥∥

1
≤ c2sµl, (7.17)

where c2 is a constant that does not depend on n, l, s.
Let Q̃k(ω) = Qk(ω) − Q̄. Then

‖P ε
k,k+l(ω) − (P0 + εQ̄)l‖1 ≤ lεb1, (7.18)

where b1 is a constant for which ‖Q̃k(ω)‖ ≤ b1. Relations (7.17) and (7.18)
imply the inequality∥∥EP ε

0,nr(ω) −
(
EP ε

0,n(ω)
)s∥∥

1 ≤ c3s(µl + sε). (7.19)

Set

W̃ (i1, . . . , ik) = E(P0+εQ̄)i1Q̃i1(ω)(P0+εQ̄)i2−i1−1 · · · Q̃ik
(ω)(P0+εQ̄)n−1−ik .

(7.20)
Then

EP ε
0,n(ω) −

(
P0 + εQ̄

)n =
∑
k≥2

εk
∑

0≤i1<···<ik<n

W̃ (i1, . . . , ik).
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Since ‖W̃ (i1, . . . , ik)‖ ≤ bk
1 , we have that

∥∥EP ε
0,n(ω)−

(
P0+εQ̄

)n∥∥
1 ≤

∑
k≥2

bk
1

n(n − 1) · · · (n − k + 1)
k!

≤ enεb1−1−nεb1.

Let εn = λ. Then the last inequality and (7.19) imply the relation

∥∥EP ε
0,ns(ω) −

(
P0 + εQ̄

)ns∥∥
1 ≤ c3s

(
µl + λ

l

n

)
+ s(εb1λ − 1 − b1λ). (7.21)

In the same way in which inequality (7.19) was obtained, we can obtain
the following one: For m > ns,

∥∥EP ε
0,m(ω) − EP ε

0,m−ns(ω)EP ε
0,ns(ω)

∥∥
1 ≤ c3

(
µl + λ

l

n

)
. (7.22)

Property VII implies that∥∥EP ε
0,m−ns(ω)EP ε

0,ns(ω) − EP ε
0,ns(ω)

∥∥
1 ≤ 2

∥∥EP ε
0,ns(ω)

∥∥
0. (7.23)

In the same way we can write∥∥(P0 + εQ̄)m − (P0 + εQ̄)ns
∥∥

1 ≤ 2
∥∥(P0 + εQ̄)ns

∥∥
0. (7.24)

Since ∥∥EP ε
0,ns(ω)

∥∥
0 ≤ 2

∥∥(P0 + εQ̄)ns
∥∥

0 +
∥∥EP ε

0,ns − (P0 + εQ̄)ns
∥∥

1,

inequalities (7.21)–(7.24) imply that ‖EP ε
0,m − (P0 + εQ̄)m‖1

≤ c3(r + 1) (µl + λl/n) + s(εb1λ − 1 − b1λ) + 4
∥∥(P0 + εQ̄)ns

∥∥
0.

There exists β > 0 for which

α(P0 + εQ̄) ≥ βε,

so ∥∥(P0 + εQ̄)ns
∥∥

0 ≤ e−nsβε = e−λsβ .

Thus,

lim sup
m→∞

∥∥EP ε
0,m − (P0 +εQ̄)m

∥∥
1 ≤ c3(s+1)

(
µl +λ

l

n

)
+

sλ2b2
1

2
eb1λ +e−λsβ ;

and for n → ∞, εn → λ, ε → 0, we have for fixed s and l,

lim sup
ε→0,m→∞

∥∥EP ε
0,m − (P0 + εQ̄)m

∥∥
1 ≤ c3(S + 1)µl +

sλ2b2
1

2
eb1λ + e−λsβ .

The expression on the right-hand side of the inequality tends to zero if
l → ∞, λs → ∞, λ2s → 0. This completes the proof of the theorem.

�

Next, we investigate limε→0 Πε. For this purpose we need some additional
facts about matrices P0 ∈ Pr.
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Definitions (1) P0 ∈ Pr is a reducible matrix if there exist two different
vectors �d1, �d2 from D1

r for which

�diP0 = �di, i = 1, 2.

(2) P0 ∈ Pr is an aperiodic matrix if there exists limn→∞ Pn
0 .

(3) The least number d ∈ Z+ for which there exists limn→∞ Pnd
0 is called

the period of the matrix P0.

Remark 5 (a) If P0 is a reducible matrix, then ‖P0‖0 = 1.
(b) If P0 is an aperiodic matrix, then d = 1. If d > 1, then ‖P0‖0 = 1
because of the relation ‖P d

0 ‖0 = 1.
(c) For any matrix P0 ∈ Pr there exists a period.
(d) If P0 is an aperiodic matrix, then the matrix Π0 = limn→∞ Pn

0 satisfies
the relations

Π0P0 = P0Π0 = Π0, Π2
0 = Π0.

(e) If d is the period of the matrix P0, and Π0 = limn→∞ Pnd
0 , then the

matrices Π0, Π0P0, . . . ,Π0P
d−1
0 are distinct, and

Π0P
d
0 = P d

0 Π0 = Π0, Π2
0 = Π0.

The proof of these statements can be found in [54, p.117, Theorem 12].

Theorem 5 Suppose that the conditions of Theorem 4 are satisfied. Then
(1) If α(P0) > 0, then

lim
ε→0

Πε = Π0 = lim
n→∞ Pn

0 .

(2) If α(P0) = 0, but P0 is an aperiodic matrix, then

lim
ε→0

Πε = lim
t→∞ Π0 exp{tΠ0Q̄Π0},

where Π0 = limn→∞ Pn
0 .

(3) If d > 1, then

lim
ε→0

Πε = lim
t→∞ exp{tR},

where Π0 = limn→∞ Pnd
0 ,

R =
d−1∑
i=0

Π0P
i
0Q̄P d−i−1

0 Π0.

Proof We use the relation(
P0 + εQ̄

)n = Pn
0 +

∑
k≥1

εk
∑

0≤i1<···<ik<n

P i1
0 Q̄ · · ·P ik−ik−1−1

0 Q̄Pn−ik−1
0 .

(7.25)
Note that∥∥(P0 + εQ̄)n − Πε

∥∥
1 ≤ 2‖(P0 + εQ̄)n‖0 ≤ 2 exp{−nα(P0 + εQ̄)}. (7.26)
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So

‖Pn
0 − Πε‖ ≤ 2 exp{−nα(P0 + εQ̄)} +

∑
k≥1

(εn)k

k!
bk
1 , (7.27)

where b1 > 0 is a constant for which ‖B̄‖1 ≤ b1. If α(P0) > 0, then
α(P0 + εQ̄) > 1

2α(P0) for ε > 0 small enough. Therefore, relation (7.27)
implies statement (1).
Now we consider the proof of statement (2). A sequence γk → 0 exists for
which γk+1 ≤ γk and for which

‖P k
0 − Π0‖ ≤ γk.

For any l ∈ Z+ we have the inequality∥∥∥∥∑0≤i1<···<ik<n P i1
0 Q̄ · · ·P ik−ik−1−1

0 Q̄Pn−ik−1
0

×
(
1 − 1{i1≥l,...,ik−ik−1−1≥l,n−ik−1≥l}

)∥∥∥∥
1

≤ nk−1l

(k − 1)!
bk
1 .

This implies the following estimate:∥∥∥∥∑0≤i1<···<ik<n

(
P i1

0 Q̄ · · ·P ik−ik−1−1
0 Q̄Pn−ik−1

0 − Π0Q̄ · · ·Π0Q̄Π0
)∥∥∥∥

≤ 2nk−1lbk
1

(k − 1)!
+

2k−1nkbk
1γl

k!
. (7.28)

It follows from relations (7.25) and (7.28) that

(P0 + εB̄)n = Π0 exp{εnΠ0B̄Π0} + O

((
l

n
+ γl

)
exp{2εnb1}

)
.

Taking into account relation (7.26), we can write

∥∥Πε −Π0 exp{εnΠ0B̄Π0}
∥∥

1 ≤ 2 exp{−εnβ}+O

((
l

n
+ γl

)
exp{2εnb1}

)
,

(7.29)
where β is the same as in the proof of Theorem 4.
Let ε → 0, n → ∞, l → ∞, l/n → 0, and εn → t. Then

lim sup
ε→0

∥∥Πε − Π0 exp{εnΠ0B̄Π0}
∥∥

1 ≤ 2 exp{−tβ}. (7.30)

This relation implies statement (2).
To prove statement (3) we use the representation

(P0 + εB̄)d =
(
P d

0 + εR + O(ε2)
)
.

It is easy to check that∥∥(P0 + εB̄)nd − (P d
0 + εR)n

∥∥
1 = O(nε2).
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Since P d
0 is an aperiodic matrix, statement (3) follows from statement (2).

�

Remark 6 Let

Π̂0 = lim
t→∞ Π0 exp{tR̂},

where R̂ = Π0Q̄Π0 in case (2) and R̂ = R in case (3).
Note that under the conditions of the theorem, Π0 exp{tR̂} ∈ Pr and
‖Π0 exp{tR̂}‖0 < 1. The matrix Π̂0 satisfies the relation

Π̂0Π0 exp{tR̂} = Π̂0 for all t > 0,

where Π̂0 ∈ Pr, ‖Π̂0‖0 = 0, and Π̂0 is the unique solution of the equation

Π̂0R̂ = Π̂0, Π̂0 ∈ Pr.

Thus, the limit matrix Π̂0 is one having identical rows.

7.3 Markov Processes with Randomly Perturbed
Transition Probabilities

Let {Ps,t(ω), −∞ < s ≤ t < ∞} be a Pr-valued random function satisfying
the following conditions:

(i) Ps,t(ω) is right continuous in s, t,

(ii) Pt,t(ω) = I,

(iii) Ps,t(ω)Pt,u(ω) = Ps,u(ω) if s < t < u.

We will call this random function a random environment.
Denote by E the σ-algebra generated by the random variables

{Ps,t(ω), −∞ < s ≤ t < ∞}. (7.31)

Consider an 1, r-valued stochastic process {ξ(t, ω), t ∈ R}, and let Ξt be
the σ–algebra generated by the random variables {ξ(s, ω), s ≤ t}. Here
ξ(t, ω) is called a Markov process in the random environment (7.31) if

P{ξ(t, ω) = j/E ∨ Ξs} = ps,t(ξ(s, ω), j, ω), (7.32)

where ps,t(i, j, ω), for i, j ∈ 1, r, are the elements of the matrix Ps,t(ω).

7.3.1 Stationary Random Environments
We assume that the random environment (7.31) satisfies an additional
condition:
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(iv) For all h > 0 the stochastic process Pt,t+h(ω) is a stationary–in–t
Pr-valued stochastic process.

Such a random environment is called stationary. Here we will consider
random environments satisfying a stronger condition:

(v) The limit

A(t, ω) = lim
h→0

1
h

(
Pt,t+h(ω) − I

)
(7.33)

exists in probability and {A(t, ω), t ∈ R} is a Q̃r-valued stationary
process, where Q̃r is the space of those r × r matrices Q for which
I + εQ ∈ Pr for ε > 0, ε < ‖Q‖1, and E‖A(t, ω)‖1 < ∞.

It is easy to check that condition (v) implies the following differential
equations for Ps,t(ω):

∂Ps,t

∂s
(ω) = A(s, ω)Ps,t(ω), (7.34)

∂Ps,t

∂t
(ω) = Ps,t(ω)A(t, ω). (7.35)

Definition An E-measurable D1
r-valued stochastic process �d(t, ω) is called

a stationary distribution for the random environment (7.31) if it satisfies
the following properties:
(a) {(A(s, ω), �d(s, ω)), s ∈ R} is a Q̃r × D1

r-valued stationary process.
(b) For s < t,

�d(t, ω) = �d(s, ω)Ps,t(ω).

It follows from (7.33) that a stationary distribution �d(t, ω) satisfies the
differential equation

d �d

dt
(t, ω) = �d(t, ω)A(t, ω). (7.36)

Lemma 2 Assume that a D1
r-valued stationary process �d(t, ω) having prop-

erty (a) satisfies relation (7.36). Then �d(t, ω) is a stationary distribution.
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Proof Relation (7.36) implies that

�d(t, ω) = �d(s, ω) +
∫ t

s

�d(u, ω)A(u, ω)du

=
∫ t

s

[�d(u, ω) − �d(s, ω)Ps,u(ω)]A(u, ω)du + �d(s, ω)

+ �d(s, ω)
∫ t

s

Ps,u(ω)A(u, ω)du

=
∫ t

s

[�d(u, ω) − �d(s, ω)Ps,u(ω)]A(u, ω)du + �d(s, ω)Ps,t(ω),

and

�d(t, ω) − �d(s, ω)Ps,t(ω) =
∫ t

s

[�d(u, ω) − �d(s, ω)Ps,u(ω)]A(u, ω)du. (7.37)

Set

ρ(t) =
∥∥�d(t, ω) − �d(s, ω)Ps,t(ω)

∥∥, F (t) =
∫ t

s

‖A(u, ω)‖1du.

Then ρ(t) ≤ 2, F (t) is an increasing continuous function, and

ρ(t) ≤
∫ t

s

ρ(u)dF (u), t > s.

This implies that ρ(t) = 0.
�

Lemma 3 If condition (v) is satisfied, then there exists a stationary
distribution.

Proof Let �a ∈ D1
r . For T > 0 set

�dT (t, ω) =
1
T

∫ t

t−T

�aPs,t(ω)ds. (7.38)

It is easy to check that the process {(�dT (ω), A(t, ω)), t ∈ R} is stationary
and �dT (t, ω) satisfies the differential equation

d �dT

dt
(t, ω) = �dT (t, ω)A(t, ω) +

1
T

(
�a − �aPt−T,t(ω)

)
.

We can choose a sequence for which the joint distributions of the processes
�dTn

(t, ω), A(t, ω) converge to the joint distributions of some pair of pro-
cesses d̃(t, ω) and Ã(t, ω). The remainder of the proof is the same as in
Theorem 1.

�

Lemma 4 Suppose
(1) Let C ∈ Q̃r, then etC ∈ Pr for all t > 0.
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(2) For all C ∈ Q̃r there exists the nonnegative limit

α̂(C) = lim
t→0

1
t
α(etC). (7.39)

If ‖etC‖0 < 1 for all t small enough, then α̂(C) > 0.

Proof (1) etC = limn→∞
(
I + t

nC
)n, and I + t

nC ∈ Pr for t small enough.
(2) Let P ∈ Pr. Then ‖P‖0 < 1 if and only if 1 is a simple eigenvalue of
the matrix P and all other eigenvalues λ satisfy the relation |λ| < 1. Since
the matrix C satisfies the condition ‖etC‖ < 1 for all t > 0, the number 0
is a simple eigenvalue for the matrix C, and all other eigenvalues λ of C
satisfy the relation Reλ < 0. The proof of statement (2) follows from the
Jordan representation of the matrix etC .

�

As a direct corollary of this result, we have the following result:

Corollary 5

‖Ps,t(ω)‖0 ≤ exp
{

−
∫ t

s

α̂
(
A(u, ω)

)
du

}
. (7.40)

Theorem 6 Assume that {A(t, ω), t ∈ R} is an ergodic stationary process
and

Eα̂
(
A(u, ω)

)
> 0.

Then the following statements are valid:

(1) There exists a unique stationary distribution {�d(t, ω), t ∈ R}, and for
all �a ∈ D1

r ,

lim
t→∞

∣∣�d(t, ω) − �aP0,t(ω)
∣∣
1 = 0

almost surely.

(2) There exists the limit

lim
t→∞ EP0,t(ω) = Π̃.

(3)

lim
T→∞

1
T

∫ T

0
P0,t(ω)dt = Π̃ almost surely.

These statements can be proved in the same way as statements (1), (2),
(3) of Theorem 2, and the details are left to the reader.
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7.3.2 Ergodic Theorem for Markov Processes in Random
Environments

Let {�d(t, ω), t ∈ R} be a stationary process. We consider the stochastic
process {(ξ(t), A(t, ω)), t ∈ R} in the space 1, r × Q̃r for which

P{ξ(t1) = i1, . . . , ξ(tk) = ik/E}
= di1(t1, ω)pt1,t2(i1, i2, ω) · · · ptk−1,tk

(ik−1, ik, ω),
(7.41)

where E is the σ-algebra generated by the process {A(t, ω), t ∈ R}; di(t, ω)
are the elements of the vector �d(t, ω); ps,t(i, j, ω) are the elements of the ma-
trix Ps,t(ω); and Ps,t(ω) is connected with the process A(t, ω) by equations
(7.34) and (7.35).
We consider the probability space Ω of all Q̃r-valued functions ω = Q(·)
with the cylindrical σ-algebra in this space, and the distribution of the
process A(t, ω) defines the space’s measure P . Denote by Y the space of 1, r-
valued functions y(t) defined on R and denote by P̃�d the measure on Y ×Ω
that is the distribution of the stochastic process {(ξ(t), A(t, ω)), t ∈ R}
satisfying equation (7.41). This is a stationary process.

Definition A stationary distribution {�d(t, ω), t ∈ R} is called irreducible
if for any stationary distribution {�p(t, ω), t ∈ R} satisfying the condition
pi(t, ω) = 0 for all i for which di(t, ω) = 0, we have �p(t, ω) = �d(t, ω) (where
pi(·) are the coordinates of the vector �p(·)).

Theorem 7 If the stationary process {A(t, ω), t ∈ R} is ergodic and the
stationary distribution �d(t, ω) is irreducible, then the compound stationary
process {(�d(t, ω), A(t, ω)), t ∈ R} is ergodic.

The proof of the theorem is based on the description of the σ-algebra I of
invariant sets for the compound process: For every B ∈ I there exists a
random subset SB(ω) ⊂ 1, r satisfying the following conditions:

(a) For all t ∈ R

1B(y(·), ω) = 1{y(t)∈SB(T tω)}

where T tω(s) = ω(s + t).

(b)

EP̃

(
1B(ξ(·), ω)/E

)
=
∑

1{i∈SB(ω)}di(0, ω),

where EP̃ is the expectation with respect to measure P̃�d.

This can be proved in the same way as in Lemma 1. The remainder of the
proof is an obvious modification of the proof of Theorem 3. The details are
left to the reader.
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Corollary 6 (Ergodic theorem for a Markov process in a random envi-
ronment). Let the conditions of Theorem 7 be satisfied, and let g(y, ω) be a
function for which

E

r∑
i=1

|g(i, ω)|di(0, ω) < ∞.

Then

lim
t→∞

1
t

∫ t

0
g(ξ(s), T sω) ds = E

r∑
i−1

g(i, ω)di(0, ω)

with probability 1.

7.3.3 Markov Process in a Weakly Random Environment
Let ξ(t) be a homogeneous Markov process with phase space 1, r. Its
transition probabilities pij(t) satisfy the differential equations

d

dt
P (t) = AP (t) = P (t)A,

where P (t) is the matrix with elements pij(t) and

A = lim
t→0

1
t
(P (t) − I) (7.42)

is a matrix from Q̃r.
We will next consider ergodic properties of a Markov process in a random
environment generated by a Q̃r-valued stationary process of the form

Aε(t, ω) = A + εB(t, ω)

where A ∈ Q̃r, {B(t, ω), t ∈ R} is a Q̃r-valued bounded stationary process
and ε > 0 is sufficiently small.
Denote by P ε

s,t(ω) the solutions of the differential equations

∂P ε
s,t(ω)
∂s

= (A + εB(s, ω))P ε
s,t(ω), s < t, P ε

t,t(ω) = I. (7.43)

They also satisfy the “forward” equations

∂P ε
s,t

∂t
(ω) = P ε

s,t(ω)(A + εB(t, ω)), t > s. (7.44)

We will assume that

Eα̂(A + εB(t, ω)) > 0 for ε small enough. (7.45)

Let B̄ = EB(t, ω). Then α̂(A + εB̄) > 0.
Let the Pr-valued function P̄ ε(t) satisfy the differential equation

dP̄ ε

dt
(t) = (A + εB̄)P̄ ε(t) (7.46)
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with the initial condition P̄ ε(0) = I. Set B̃(t, ω) = B(t, ω) − B̄.
With these assumptions and notation, we have the following lemma.

Lemma 5 Let t0 < t. Then

P ε
t0,t(ω) = P̄ ε(t − t0)

+
∞∑

k=1

εk

∫
· · ·
∫

t0<s1<···<sk<t

P̄ ε(s1 −t)W̃ ε(s1, . . . , sk)P̄ ε(t−sk)ds1 · · · dsk,

(7.47)
where

W̃ ε(s1, . . . , sk) = B̃(s1, ω)P̄ ε(s2 − s1)B̃(s2, ω) · · · P̄ ε(sk − sk−1)B̃(sk, ω).
(7.48)

These formulas are consequences of equation (7.43).

Remark 7 If P (t) is the solution of equation (7.42), then

P ε
t0,t(ω) = P (t)

+
∞∑

k=1

εk

∫
· · ·
∫

t0<s1<···<sk<t

P (s1 − t)W (s1, . . . , sk)P (t − sk)ds1 · · · dsk,

(7.49)
where

W (s1, . . . , sk) = B(s1, ω)P (s2 − s1)B(s2, ω) · · ·P (sk − sk−1)B(sk, ω).
(7.50)

Using these representations for P ε
s,t(ω), we can obtain the following

extension of Theorem 4 to continuous–time processes:

Theorem 8 Let condition (7.45) hold.
(1) If α̂(A) > 0, then

lim sup
t→∞

‖EP ε
0,t(ω) − P̄ ε(t)‖ = O(ε2).

(2) If the stochastic process B(t, ω) satisfies the condition
EMC

|Eξ1ξ2 − Eξ1Eξ2| ≤ µ(t), t > 0,

where ξ1 is an E−∞
s –measurable and ξ2 is an Es+t

∞ -measurable random vari-
able, |ξ1| ≤ 1, |ξ2| ≤ 1, and µ(t) → 0 as t → ∞ (here Es

t is the σ-algebra
generated by random variables {B(u, ω), u ∈ [s, t]}), then

lim
ε→0

lim sup
t→∞

‖EP ε
0,t(ω) − P̄ ε(t)‖ = 0.
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Remark 8 There exists the limit

Π0 = lim
t→∞ P (t).

If α̂(A) > 0, then

lim
ε→0

lim
t→∞ P̄ ε(t) = Π0.

If α̂(A) = 0, then

lim
ε→0

lim
t→∞ P̄ ε(t) = lim

t→∞ Π0 exp{tR},

where R = Π0B̄Π0.

If condition (7.45) holds, then α̂(R) > 0 and∥∥ lim
t→∞ Π0 exp{tR}

∥∥
0 = 0.

The proof of these statements is similar to the proof of Theorem 5.



8
Randomly Perturbed Mechanical
Systems

An important aspect of mechanical systems is that they often experience bi-
furcations. For example, in a conservative system, as the energy increases
through a local maximum of the potential energy, the system can pass
through a saddle–saddle connection and go from having two possible oscil-
lations to having only one. On the other hand, when dissipation is present,
local minima of the potential function become stable equilibria. For exam-
ple, in the case of a two–well potential function, which is the basis of binary
quantum–mechanical devices, movement between the two states due to ran-
dom fluctuations is of great interest. Such systems are difficult to study.
We present in this chapter a method for studying these kinds of behaviors
in two–dimensional systems that is based on graphs.
Next, we consider random perturbations of oscillatory linear systems, and
at the end of this chapter we consider random perturbations of rigid–body
motions.

8.1 Conservative Systems with Two Degrees of
Freedom

We consider in detail the case of a conservative system with two degrees of
freedom. First, we study aspects of the nonrandom problem by formulating
a description of the system’s dynamics using a potential function graph.
Next, we study the same problem, but now perturbed by random noise
when the system is on graph edges and not near a graph knot. Finally,



258 8. Mechanical Systems

we investigate the behavior of the system when it is near a knot where
bifurcations can occur.

8.1.1 Conservative Systems
The position of a particle of unit mass moving in a straight line in a
frictionless medium is described by the differential equation

ẍ(t) = −∂U

∂x

(
x(t)
)
, (8.1)

where x(t) is the position of the particle at time t, ẋ = dx/dt is its velocity,
and U(x) is a smooth function from R into R that describes the potential
energy of the system.
Suppose that U(x) satisfies the following conditions:

(P) U(x) → ∞ as |x| → ∞, its second derivative U ′′(x) = ∂2U/∂x2 exists
and is continuous, the set of extremals {x : U ′(x) = 0} is finite, and
U ′′(x) �= 0 if U ′(x) = 0.

Equation (8.1) can be rewritten in terms of phase space variables as a
first–order system of two differential equations:

d

dt

(
x(t)
ẋ(t)

)
=
(

ẋ(t)
−U ′(x(t))

)
, (8.2)

where the plane {(x, ẋ) : x ∈ R, ẋ ∈ R} is called the phase space of the
system. Following are some properties of this system.
Equation (8.2) has a first integral, namely, the energy of the system

E(t) ≡ E(x, ẋ) = U(x) +
ẋ2

2
. (8.3)

So

U
(
x(t)
)

+

(
ẋ(t)
)2

2
= c, (8.4)

for any solution x(t), where the constant c is determined by the initial
conditions of the system.
Let Lc = {(x, ẋ) : E(x, ẋ) = c} denote the level set of energy c. If c ≥
u0 = infx U(x), then the set Lc is not empty, and it has a finite number of
connected components. Any connected component of Lc is called an orbit
of the system. Orbits can be described as follows: We consider the set

∆c = {x : U(x) ≤ c}.

Then there exists a finite number of closed intervals [αc
1, β

c
1], [αc

2, β
c
2],. . . ,

[αc
k, βc

k], βc
1 < αc

2 . . . βc
k−1 < αc

k, for which

∆c =
⋃
i

[αc
i , β

c
i ].
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The closed curve

ẋ2

2
+ U(x) = c, x ∈ [αc

i , β
c
i ], (8.5)

is an orbit of the system. This orbit is regular if αc
i < βc

i and U(x) < c
for x ∈ (αc

i , β
c
i ). The motion of the particle along a regular orbit can be

determined by solving the differential equations

dx(t)
dt

= ±
√

2c − 2U
(
x(t)
)
, (8.6)

where we choose the sign + for the motion from αc
i to βc

i and the negative
sign − for the backward motion. This motion is periodic with period

T = 2
∫ βc

i

αc
i

dx√
2c − 2U(x)

. (8.7)

Moreover, for any continuous function F (x, ẋ) the average of F along an
orbit exists:

lim
t→∞

1
t

∫ t

0
F
(
x(s), ẋ(s)

)
ds

=
1

2T

∫ βc
i

αc
i

F (x,
√

2c − 2U(x)) + F (x,−
√

2c − 2U(x))√
2c − 2U(x)

dx.

(8.8)

If an orbit is not regular, it is called singular. In this case, either αc
i = βc

i

and αc
i is a local minimum of U(x), or the orbit includes several rest points

αc
i < γ1 < · · · < γl < βc

i ,

where U(γj) = c for j = 1, . . . , l, and U(x) < c for x ∈ (αc
i , β

c
i ), x �= γj ,

j = 1, . . . , l. The points γ1, . . . , γl are local maxima of U(x). In the last
case, the orbit is the union of l + 1 loops that are determined by equation
(8.5) on the intervals [αc

i , γ1], [γ1, γ2], . . . , [γl, β
c
i ]. If the initial conditions of

the system are x = αc
i , ẋ = 0, and U ′(αc

i ) = 0, then x(t) = αc
i for all t and

αc
i is a state of stable equilibrium. If x ∈ [αc

i , β
c
i ] and γ1 < γ2 < · · · < γl are

local maxima of the function U(x) in the interval [αc
i , β

c
i ], then x(t) → γi

as t → ∞, where the number i = 1, 2, . . . , l, depends on the initial position
of the system (we assume that the initial conditions (x, ẋ) satisfy relation
(8.5)).

Remark 1 If for given c there exists a singular orbit, then c is a local
minimum or a local maximum of the function U(x). So there exists only a
finite number of singular orbits.

Denote by O1(c), . . . , Okc(c) the orbits of energy c, that is, for which
E(x, ẋ) = c. These are enumerated in such a way that their projections
onto the x-axis are intervals with increasing left endpoints.
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The singular values of U make up the set Us = {u0, u1, . . . , ur} = {U(x) :
U ′(x) = 0}. These are labeled so that u0 < u1 < · · · < ur. Then Oi(c) is
a regular orbit if c ∈ (u0,∞) \ Us. The number of orbits of energy c, kc, is
continuous on the set (u0, ∞) \ Us, and the set–valued functions Oi(c) are
continuous in the metric generated by the distance

d
(
Oi(c), Oi(c′)

)
= sup

(x̃, ˙̃x)∈Oi(c′)
inf

(x,ẋ)∈Oi(c)

(
|x − x̃| + |ẋ − ˙̃x|

)

if c ∈ (u0, ∞) \ Us.
Moreover, these functions are right-continuous at c ∈ Us. If Oi(c) is defined
on the interval c ∈ [ul−1, ul) and Oi(ul) is a regular orbit, then the function
Oi(c) can be extended as a continuous function on the interval [ul−1, ul).
Note that the left limit Oi(u−

l+1) exists in the metric d; this limit can be
a regular orbit, and in this case Oi(c) can be extended as a continuous
function on the interval [ul+1, ul+2). Another possibility is that Oi(u−

l )
is one of the loops of a singular orbit. If a singular orbit Oj(ul) has k
loops, then there exist k continuous functions Oi1(c), . . . , Oik

(c) for which
Oi1(u

−
l ), . . . , Oik

(u−
l ) are different loops of the orbit Oj(ul). For a regular

orbit Oi(c), there exists a maximal interval on which the function Oi(c) is
continuous; this interval is one of the intervals [ur, ∞) or [uk, ul), k ≤ l <
j ≤ r.
Now consider all continuous functions on their maximal intervals of conti-
nuity, which we denote by O∗

1(c), O∗
2(c), . . . , O∗

m(c), and let I1, I2, . . . , Im be
the domains of these functions. Note that it can happen that Ik = Il, but
we consider these intervals as being different because the functions O∗

k(c)
and O∗

l (c) are different.
The set G = {(c, k) : c ∈ Ik, k = 1, . . . , m} is said to be the orbit graph of
the system. There exists a one-to-one correspondence between G and the
set of all orbits of the system: Each orbit can be represented in a unique
way in the form

O = O∗
k(c), c ∈ Ik.

The edges of the graph are the subsets of G having the form Ek =
{(c, k), c ∈ Ik} for k = 1, . . . , m. Let u∗

k = inf Ik. The points (u∗
k, k) for

k = 1, . . . , m are called the vertices of the graph. The edge Ei is connected
to the edge Ek if sup Ii = u∗

k and O∗
i (u∗

k−) ⊂ O∗
k(u∗

k). In this case, we will
say that the vertex (u∗

k, k) is the origin of the edge Ei. A vertex (u∗
k, k) is

called an end if there are no edges for which it is the origin. In this case,
we will call the edge Ek also an end. A vertex that is not an end is called
a knot.

Example 1 Suppose that the function U(x) has two local minima at the
points x1 < x2 and a local maximum at the point x3 ∈ (x1, x2), U(xi) = u∗

i ,
such that u∗

1 < u∗
3, u∗

2 < u∗
3. Then the graph G has the edges {(c, 1), c ∈ I1},

{(c, 2), c ∈ I2}, and {(c, 3), c ∈ I3}, where I1 = [u∗
3,∞), I2 = [u∗

1, u
∗
3), and
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I3 = [u∗
2, u

∗
3). The vertices are the singular orbits: A knot

{
(x, ẋ) :

ẋ2

2
+ U(x) = u∗

3, x ∈ [α, β]
}

and the two ends

{(x1, u
∗
1)}, {(x2, u

∗
2)},

where α < x3 < β, U(α) = U(β) = u∗
3. Figure 8.1 describes the potential

function graph and the orbits for U = 2.5x4/4 − 0.5x2/2 + 0.5x.

Figure 8.1. Potential function graph of the system having
U(x) = 2.5x4/4 − 5x2/2 + 0.5x. Left shows the potential energy function
U . Right shows the potential energy graph associated with U . The extremals are
at x = −1.4618, x = 1.3613, and x = 0.1005, and we denote by E1 the edge to
the lower left, E3 the edge going straight up, and E2 the edge to the lower right.

Remark 2 If an orbit is regular, then a small change of the energy of
the particle leaves the orbit on the same edge. But with a small increase
in energy of a particle on a singular orbit, the particle leaves the orbit on
the same edge, but the new orbit is regular. After a small decrease of the
energy of a particle (if that is possible) on a singular orbit, the new orbit
belongs to one of the edges whose origin is the vertex where the singular
orbit is situated. If a singular orbit contains only one point, then a decrease
of the energy of the particle may not be possible.
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Denote by C(G) the space of all bounded continuous functions from the
graph space G into R. Suppose that Ψ(u, k) for u ∈ R, k ∈ {1, . . . , m} and
(u, k) ∈ G is a continuous function. Then Ψ(u, k) is continuous in u on the
interval Ik for fixed k, and

Ψ(u∗
k, k) = Ψ(v∗

l− , l)

for all l for which the vertex (u∗
k, k) is the origin of the edge El, where

v∗
l = sup Il. If the derivative with respect to u, Ψ′(u, k), exists for u ∈ Ik,

k ∈ {1, 2, . . . , m}, and if

Ψ′(u∗
k, k) = Ψ′(v∗

l− , l)

for all k and l for which the vertex (u∗
k, k) is the origin of the edge El, then

Ψ(u, k) ∈ C(1)(G). In the same way, we can define the derivative spaces
C(r)(G), r = 1, 2, . . . .

Remark 3 A function ν(x, ẋ) : R2 → {1, . . . , m} exists for which
ν(x, ẋ) = k if (x, ẋ) ∈ O and the orbit O is in Ek. So for any Ψ ∈ C(G) the
function

Ψ(E(x, ẋ), ν(x, ẋ)) ∈ C(R2),

and it is easy to check that if Ψ ∈ C(r)(G), we have that

Ψ(E(x, ẋ), ν(x, ẋ)) ∈ C(r)(R2).

8.1.2 Randomly Perturbed Conservative Systems
Consider now the solution to the randomly perturbed differential equation

ẍε(t) = −Ux

(
xε(t), y

(
t

ε

))
, (8.9)

where the potential energy is described by a measurable function U(x, y) of
y, and y(t) is a homogeneous Markov process taking values in (Y, C), which
is a measurable space called the noise space. We assume that y(t) satisfies
condition SMC II of Section 2.3, and we denote by P (t, y, C) the transition
probability function and by ρ(dy) the ergodic distribution of the process.
Suppose that U(x, y) satisfies the following additional conditions:

(PP) The partial derivatives Ux(x, y), Uxx(x, y), and Uxxx(x, y) in x exist
as continuous bounded functions, and the function

U(x) =
∫

U(x, y)ρ(dy) (8.10)

satisfies condition (P) of Section 8.1.1.

With this condition, equation (8.1) is the averaged equation for equation
(8.9). We will investigate the behavior of the solution to equation (8.9) using
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the averaging theorems from Section 4.2, the diffusion approximation for
first integrals done in Section 5.1.5, and the fact that system (8.2) has the
first integral E(x, ẋ).
First, we transform equation (8.9) into a system of differential equations of
the first order:

d

dt

(
xε(t)
ẋε(t)

)
=
(

ẋε(t)
F
(
xε(t), yε(t)

)
)

, (8.11)

where as before, we use the notation

ẋε(t) =
dxε

dt
(t), F (x, y) = −Ux(x, y), yε(t) = y

(
t

ε

)
.

Remark 4 If x(t) is the solution to equation (8.1) satisfying the initial
conditions x(0) = x0, ẋ(0) = ẋ0 and if xε(t) is the solution to equation
(8.9) satisfying the same initial conditions, then for any t0,

P

{
lim sup

ε→0
sup
t≤t0

(
|xε(t) − x(t)| + |ẋε(t) − ẋ(t)|

)
= 0
}

= 1.

This follows from Theorem 6 of Chapter 3.
Next, we consider the stochastic process defined by the energy function

ẑε(t) = E
(
xε(t), ẋε(t)

)
. (8.12)

Lemma 1 We have
dẑε(t)

dt
= F̃

(
xε(t), yε(t)

)
ẋε(t), (8.13)

where F̃ (x, y) = F (x, y) − F (x) and F (x) = −U ′(x). In particular,
F̃ (x, y) = −Ux(x, y) + Ux(x).

The proof can be obtained by direct calculation and is left to the reader.
The following lemma is comparable to integration by parts in nonrandom
calculus.

Lemma 2 Let φ(x, ẋ, z, y) be a measurable function from R3 × Y into R
that is bounded and continuous in x, ẋ, z and∫

φ(x, ẋ, z, y)ρ(dy) = 0.

Suppose that the derivatives φx, φẋ, φz exist and are bounded and continuous
in x, ẋ, z. Set

Rφ(x, ẋ, z, y) =
∫

φ(x, ẋ, z, y′)R(y, dy′),

where

R(y, C) =
∫ ∞

0

(
P (t, y, C) − ρ(C)

)
dt
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(see conditions SMC II in Section 2.3). Let Fε
t be the σ-algebra generated

by the history of y, that is, by the sets {yε(s), s ≤ t}. Then for 0 ≤ t1 < t2
we have the relation

E

(∫ t2

t1

φ
(
xε(s), ẋε(s), ẑε(s), yε(s)

)
ds
/

Fε
t1

)

= εE

(
Rφ
(
xε(t1), ẋε(t1), ẑε(t1), yε(t1)

)
− Rφ(xε(t2), ẋε(t2), ẑε(t2), yε(t2))

+ ε

∫ t

t1

φ1(xε(s), ẋε(s), ẑε(s), yε(s))ds
/

Fε
t1

)
,

(8.14)
where

φ1(x, ẋ, z, y) =
[
∂Rφ

∂x
(x, ẋ, z, y) − ∂Rφ

∂z
(x, ẋ, z, y)F (x)

]
ẋ

+
[
∂Rφ

∂ẋ
(x, ẋ, z, y) +

∂Rφ

∂z
(x, ẋ, z, y)ẋ

]
F̃ (x, y).

Proof The proof is accomplished by applying formula (5.7) to the function
g(x, ẋ, y) = Rφ

(
x, ẋ, 1

2 ẋ2 + U(x), y
)

and taking into account Lemma 1 of
Chapter 5.

�

Remark 5 Suppose that the function φ(x, ẋ, z, y) satisfies the condition

sup
|x|≤C,|ẋ|≤C

sup
y∈Y

(|φx(x, ẋ, z, y)| + |φẋ(x, ẋ, z, y)| + |φz(x, ẋ, z, y)|) < ∞

for any C > 0. Then formula (8.14) is true with

t2 = τc ∧ t,

where

τc = inf{s : |xε(s)| + |ẋε(s)| ≥ c}.

Lemma 3 A constant c1 > 0 exists for which

Eẑ2
ε(t) ≤ (ẑ2

ε(0) + c1ε) exp{c1εt}.

Proof Lemma 1 implies the relation

ẑ2
ε(t) = ẑ2

ε(0) +
∫ t

0
φ(xε(s), ẋε(s), ẑε(s), yε(s)) ds,

where

φ(x, ẋ, z, y) = 2F̃ (x, y)ẋz.
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So, using the notation of Lemma 2, we have

φ1(x, ẋ, z, y) = 2
[

∂

∂x
RF̃ (x, y)ẋz − ẋRF̃ (x, y)F (x)

]
ẋ

+ 2[RF̃ (x, y)z + RF̃ (x, y)ẋ2]F̃ (x, y).

It follows from Lemma 2 and Remark 5 that

Eẑ2
ε(t ∧ τc) = ẑ2

ε(0) + ε2RF̃ (xε(0), yε(0))ẋε(0)ẑε(0)

− εE2RF̃ (xε(t ∧ τc), yε(t ∧ τc))ẋε(t ∧ τc)ẑε(t ∧ τc)

+ εE

∫ t∧τc

0
φ1(xε(s), ẋε(s), ẑε(s), yε(s)) ds

(8.15)

for all t > 0, where τc is introduced in Remark 5. Note that

ẋ2 ≤ 2z − 2 inf U(x).

So for some constant c2 > 0,

RF̃ (x, y)ẋz ≤ c2(1 + z2)

and

φ1(x, ẋ, z, y) ≤ c2(1 + z2).

This and (8.15) imply that a constant c1 exists for which

Eẑ2
ε(t ∧ τc) ≤ ẑ2

ε(0) + c1ε + c1εE

∫ t∧τc

0
ẑ2

ε(s) ds. (8.16)

So

Eẑ2
ε(t ∧ τc) ≤ (ẑ2

ε(0) + c1ε) exp{c1εt}.

�

Remark 6 In the same way we can prove that

E(ẑε(t) − ẑε(0))2 = O(εt).

Denote by zε(t) the G-valued stochastic process that is determined by the
pair (ẑε(t), θε(t)), where θε(t) = ν(xε(t), ẋε(t)) and ν(x, ẋ) is introduced in
Remark 3. This means that if θε(t) = k, then zε(t) is considered to be an
element of the edge Ek. If ϕ ∈ C(G), then a function fk ∈ C(Ik) exists for
which

ϕ(zε(t)) =
∑

k

fk(ẑε(t))1{θε(t)=k}. (8.17)

Lemma 4 Assume ϕ ∈ C(3)(G). Set

F̂ (x) =
∫∫

F̃ (x, y′)F̃ (x, y)R(y, dy′)ρ(dy). (8.18)
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Then for 0 ≤ t1 < t2,

E(ϕ(zε(t2)) − ϕ(zε(t1))
/

Fε
t1)

= εE

(∫ t2

t1

[ϕ′′(zε(s))ẋ2
ε(s) + ϕ′(zε(s))]F̂ (xε(s)) ds

/
Fε

t1

)

+ O(ε + ε2(t2 − t1)).

(8.19)

Proof Suppose ϕ(c, k) = fk(c) if (c, k) ∈ Ek, k = 1, . . . , m, fk ∈ C(3)(Ik).
Then ϕ(zε(t)) is represented by formula (8.17) and

dϕ

dt
(zε(t)) =

∑
k

f ′
k(ẑε(t))F̃ (xε(t), yε(t))ẋε(t)1{θε(t)=k}

= ϕ′(zε(t)) F̃ (xε(t), yε(t)) ẋε(t).

Set

φ(x, ẋ, z, y) = φ′(z)F̃ (x, y)ẋ,

φ1(x, ẋ, z, y) = φ′(z)
[
F̃ (x, y)RF̃ (x, y) + ẋ2 ∂

∂x
RF̃ (x, y)

]

+ ϕ′′(z)[ẋ2F̃ (x, y)RF̃ (x, y) + ẋ2F (x)RF̃ (x, y)].

Using Lemma 2 we can write

E(ϕ(zε(t2)) − ϕ(zε(t1))
/

Fε
t1)

= E

(∫ t2

t1

φ(xε(s), ẋε(s), zε(s), yε(s)) ds
/

Fε
t1

)

= εE

(∫ t2

t1

φ1(xε(s), ẋε(s), zε(s), yε(s)) ds
/

Fε
t1

)
+ O(ε).

(8.20)
Define

φ̃1(x, ẋ, z, y) = φ1(x, ẋ, z, y) −
∫

φ1(x, ẋ, z, y)ρ(dy).

Then
∫

φ̃1(x, ẋ, z, y)ρ(dy) = 0, and Lemma 2 can be applied to the function
φ̃1. So

E

(∫ t2

t1

φ̃1(xε(s), ẋε(s), zε(s), yε(s)) ds
/

Fε
t1)

= εE

(∫ t2

t1

φ2(xε(s), ẋε(s), zε(s), yε(s)) ds
/

Fε
t1

)
+ O(ε),
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where

φ2(x, ẋ, z, y) =
[

∂

∂x
Rφ̃1(x, ẋ, z, y) − ∂

∂z
Rφ̃1(x, ẋ, z, y)F (x)

]
ẋ

+
[

∂

∂ẋ
Rφ̃1(x, ẋ, z, y) +

∂

∂z
Rφ̃1(x, ẋ, z, y)ẋ

]
F̃ (x, y).

It is easy to see that under the conditions on ϕ and U(x, y), the function
φ2 is bounded. So

E

(∫ t2

t1

φ1(xε(s), ẋε(s), zε(s), yε(s)) ds
/

Fε
t1

)

= E

(∫ t2

t1

φ̄1(xε(s), ẋε(s), zε(s)) ds
/

Fε
t1

)
+ O(ε) + O(ε(t2 − t1)),

(8.21)
where

φ̄1(x, ẋ, z) =
∫

φ1(x, ẋ, z, y)ρ(dy) = (ϕ′′(z)ẋ2 + ϕ′(z))F̂ (x). (8.22)

Substituting relations (8.21) and (8.22) in formula (8.20), we obtain formula
(8.19).

�

Let z ∈ G be a regular point, i.e., the corresponding orbit is regular and z ∈
Ek. Denote by T (z) the period of the function x(t) for which E(x(0), ẋ(0)) =
c, where z = (c, k). Introduce the functions

a(z) =
1

T (z)

∫ T (z)

0
F̂ (x(t))dt, (8.23)

and

b(z) =
2

T (z)

∫ T (z)

0
ẋ2(t)F̂ (x(t))dt. (8.24)

For ϕ ∈ C(2)(G) we define an operator L by

Lϕ(z) = a(z)ϕ′(z) +
1
2
b(z)ϕ′′(z). (8.25)

Lemma 5 Suppose that zε(s) is a regular point of the graph G. Then
∣∣∣∣E
(∫ s+T (zε(s))

s

(Lϕ(zε(u))−[ϕ′′(zε(u))ẋ2
ε(u)+ϕ′(zε(u))]F̂ (xε(u))) du

/
Fε

s

)∣∣∣∣

= O
(√

ε(T (zε(s)) + T 3/2(zε(s)))
)

.
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Proof It follows from Theorem 4 and formula (4.35) that

E

(
[ϕ′′(zε(u))ẋ2

ε(u) + ϕ′(zε(u))]F̂ (xε(u))

− [ϕ′′(zε(s))(ẋ(u))2 + ϕ′(zε(s))]F̂ (x∗(u))/Fε
s

)
= O(

√
ε)

for u ∈ (s, s + T (zε(s))); here x∗(u) is the solution to system (8.2) on the
interval (s, s + T (zε(s)) with initial conditions

x∗(s) = xε(s), ẋ∗(s) = ẋε(s).

So

E

(∫ s+T (zε(s))

s

[ϕ′′(zε(u))ẋ2
ε(u) + ϕ′(zε(u))]F̂ (xε(u)) du

/
Fε

s

)

= E(Lϕ(zε(s))T (zε(s))/Fε
s ) + O(

√
ε T (zε(s))).

Since the function Lϕ has a bounded derivative, it follows from Remark 6
that for u > s,

E(Lϕ(zε(u)) − Lϕ(zε(s))/Fε
s ) = O(

√
ε(u − s)).

Therefore,

E

(
Lϕ(zε(s))T (zε(s))−

∫ T (zε(s))

0
Lϕ(zε(u)) du

/
Fε

s

)
= O(

√
ε T 3/2(zε(s))).

This completes the proof of the lemma.
�

Denote by Lk the differential operator given by the formula

Lkϕ(u) = a(u)ϕ′(u) +
1
2
b(u)ϕ′′(u)

on the space C(2)(Ik). Denote by zk(t) the diffusion process on the interval
Ik with absorbing boundaries and generator Lk. The next theorem describes
the local behavior of the randomly perturbed system before it reaches a
vertex of the graph G.
Let V be the subset of all vertices of the graph G. Set

ζε = inf{t : zε(t) ∈ V }.

Theorem 1 Let (xε(t), ẋε(t)) be the solution of Equation (8.11) that sat-
isfies the initial conditions xε(0) = x0, ẋε(0) = ẋ0 for all ε > 0. Let
ν(x0, ẋ0) = k and E(x0, ẋ0) = c for (c, k) ∈ G\V . Suppose that the Markov
process y(t) satisfies condition SMC II of Section 2.3 and U(x, y) satisfies
condition (PP). Then the stochastic process {ẑε(t/ε), t/ε < ζε} converges
weakly in C as ε → 0 to a diffusion process zk(t) satisfying the initial
conditions zk(0) = c.
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Proof Introduce stopping times

ζδ
ε = sup

{
t : ẑε(s) ∈

[
u∗

k + δ,

(
v∗

k ∧ 1
δ

)
− δ

]
, s ≤ t

}
,

ζδ = sup
{

t : zk(s) ∈
[
u∗

k + δ,

(
v∗

k ∧ 1
δ

)
− δ

]
, s ≤ t

}
,

where u∗
k = inf Ik and v∗

k = sup Ik, (possibly v∗
k = +∞). To prove the the-

orem, it suffices to prove that the stochastic process ẑε(t ∧ ζδ
ε/ε) converges

weakly in C to the stochastic process

z1(t ∧ ζδ).

Note that T (u) is a continuous function on a closed and bounded interval
[u∗

k + δ, (v∗
k ∧ 1

δ ) − δ], so that a constant Tδ exists for which T (u) ≤ Tδ if
u ∈ [u∗

k + δ, (v∗
k ∧ 1

δ ) − δ]. Set

φε(u) = (ϕ′′(ẑε(u)) ẋ2
ε(u) + ϕ′(ẑε(u)))F̂ (xε(u)),

where ϕ ∈ C(3)(Ik). Then using the relation

|T (zε(s)) − T (zε(u))| ≤ c|ẑε(s) − ẑε(u)|
if s ≤ ζδ

ε , u ≤ ζδ
ε where the constant c depends on δ, and using Remark 6,

we can prove that

E

(∫ t2/ε

t1/ε

φε(u ∧ ζδ
ε ) du

/
Fε

t1/ε∧ζδ
ε

)

= E

(∫ t2/ε

t1/ε

1
T (zε(s ∧ ζδ

ε ))

∫ s+T (zε(s∧ζδ
ε ))

s

φε(u) du ds
/

Fε
t1/ε∧ζδ

ε

)

+ O

(√
ε

t2 − t1
ε

)
.

Now using Lemmas 5 and 4 we can write

E
(
ϕ(ẑ((t2/ε) ∧ ζδ

ε )) − ϕ(ẑ((t1/ε) ∧ ζδ
ε ))/Fζδ

ε ∧(t1/ε)
)

= E

(∫ t2

t1

Lϕ(ẑ((s/ε) ∧ ζδ
ε )) ds/F(t1/ε)∧ζδ

ε

)
+ O(

√
ε).

The weak convergence of the process ẑε((t/ε)∧ ζδ
ε ) to the process z1(t∧ ζδ)

follows from Theorem 2 and Remark 7 of Chapter 2. Using Remark 6 we can
prove the compactness of the family of stochastic processes {ẑ(t/ε∧ζδ

ε ), ε >
0} for all δ > 0 in the same way as in Theorem 5 of Chapter 5.

�

Now we consider the behavior of the process ẑε(t) in a neighborhood of an
end. It will be the same as in the case where the function U(x) has only
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one minimum and the graph G consists of one edge. Assume that U(0) = 0,
U(x) > 0 if x �= 0, and that U ′′(0) = 2q where q > 0. Then U(x) ≈ qx2

and F (x) ≈ −2qx as x → 0. It can be shown that the asymptotic behavior
of the system in a neighborhood of the point x = 0, ẋ = 0, is the same as
the system with U(x) = qx2, for which

x(t) = (q−1E0)1/2 cos
√

2q (t + ϕ),

ẋ(t) = −(2E0)1/2 sin
√

2q (t + ϕ),

where E0 = 1
2 ẋ2

0 +qx2
0 is the initial energy of the system and ϕ is the initial

phase of the system. Then the period T (z) does not depend on z and equals

T =
2π√
2q

.

Note (see Lemma 4) that

F̂ (x) = q0 + q1x + q2x
2 + O(x3),

where

q0 =
∫∫

F (0, y)F (0, y′)R(y, dy′)ρ(dy),

q2 =
∫∫

Fx(0, y)Fx(0, y′)R(y, dy′)ρ(dy),

and

q1 =
∫∫

F (0, y)Fx(0, y′)R(y, dy′)ρ(dy).

Then using formulas (8.23), (8.24), we can write

a(z) ≈ q0, b(z) ≈ 2q0z for q0 > 0,

and

a(z) ≈ q2

2q
z, b(z) ≈ q2

2q
z2,

as z → 0.
Introduce the function

V (z) = exp
{

−
∫ z

z0

2a(u)b−1(u) du

}
.

Then V (z) ≈ c/z as z → 0 if q0 > 0, c is a constant. So

I1 =
∫ z0

0
V (z)dz = +∞.

(This integral was introduced in Remark 4 of Chapter 5.) This means that
the point z = 0 is not accessible for the limit diffusion process with diffusion
coefficients a(z) and b(z).
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In the case q0 = 0 we have

V (z) ≈ c

z2 , so I1 = ∞,

and we have the same statement. We formulate these results as a theorem,
which we state without further proof.

Theorem 2 Let U(x) have a unique minimum, say infx U(x) = 0, and
suppose that the conditions of Theorem 1 are satisfied. Assume that F̂ (0)+
F̂ ′′(0) > 0. Then the stochastic process ẑε(t/ε) converges weakly in C as
ε → 0 on the interval (0,∞) to a diffusion process z(t) with the generator
L given by formula (8.25) and initial value z(0) = E0.

Corollary 1

lim
ε→0

P{ε ζε < t} = 0

for all t > 0.

This follows from the relation

P{ζ < t} = 0 for all t > 0.

Example 2 Suppose that U(x, y) = q(y)x2/2, where q(y) is a bounded
measurable function from Y into R and q =

∫
q(y)ρ(dy) > 0. The averaged

system

∂ẋ

dt
= −qx,

∂x

dt
= ẋ,

has first integral 1
2 ẋ2 + qx2 = E(x, ẋ), and the function

zε(t) = E
(

x

(
t

ε

)
, ẋ

(
t

ε

))

converges weakly on the interval [0, ∞) to the diffusion process z(t) having
generator

Lθ(z) =
q̂

q

(
z2θ′′(z) + 2zθ′(z)

)
,

where

q̂ =
∫∫

q(y)q(y′)ρ(dy)R(y, dy′).

We get the coefficients of the differential operator L from formulas (8.23)
and (8.24).
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To describe the motion of the perturbed system we introduce new variables
(r, ϕ) that are connected to (x, ẋ) by relations

x = r sin
√

qϕ, ẋ = r
√

q cos
√

qϕ. (8.26)

Then the motion of the averaged system is determined by the equations

ṙ(t) = 0, ϕ̇(t) = 1.

Let rε(t) and ϕε(t) satisfy the relation

xε(t) = rε(t) sin
√

q ϕε(t), ẋε(t) = rε(t)
√

q cos
√

q ϕε(t). (8.27)

Then
(
sin

√
q ϕε(t)

)drε

dt
(t)+

(√
q rε(t) cos

√
q ϕε(t)

)dϕε

dt
(t) =

√
q rε(t) cos

√
q ϕε(t),

(
cos

√
q ϕε(t)

)drε

dt
(t)−

(√
q rε(t) sin

√
q ϕε(t)

)dϕε

dt
(t) = −√

q rε(t) sin
√

q ϕε(t).

From these relations we can obtain the following equations for the
perturbed system:

√
q ṙε(t) = q̃

(
y
( t
ε

))
rε(t) sin 2

√
q ϕε(t),

q ϕ̇ε(t) = q − q̃
(
y
( t
ε

))
2 sin2 √

q ϕε(t),
(8.28)

where q̃ = (q − q(y))/2.
Note that

E(x, ẋ) =
1
2
ẋ2 +

1
2
qx2 =

1
2
r2.

So the asymptotic behavior of rε(t/ε) is the same as the asymptotic
behavior of the function

√
2q−1zε(t).

Set ϕε(t) = t + ψε(t) and log rε(t) = αε(t). Then

√
q α̇ε(t) = q̃

(
y
( t
ε

))
sin 2

√
q (t + ψε(t)),

q ψ̇ε(t) = −q̃
(
y
( t
ε

))
2 sin2 √

q (t + ψε(t)).
(8.29)

We can apply Theorem 3, Chapter 5 to the system (8.29). This theorem
implies that the stochastic process (αε(t/ε), ϕ̃ε(t/ε)) converges weakly in
C to the stochastic process (

c0w1(t), c0w2(t)
)
,

where w1(t), w2(t) are independent Wiener processes, Ewk(t) = 0,
Ew2

k(t) = t, and

c0 =
(

1
2

∫∫
q(y)q(y′)ρ(dy)R(y, dy′)

)1/2

.
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So we have the following asymptotic representation for the process xε(t):

xε(t) ≈ r0 exp{c0 w1(εt)} sin
√

q (ϕ0 + t + c0 w2(εt)). (8.30)

8.1.3 Behavior of the Perturbed System near a Knot
Consider a system with two potential wells, for which the orbit graph has
three edges, two ends, and one knot. This means that the function U(x)
has two minima and one maximum. Let minima be situated at the points
x = −1, x = 1, and the maximum be at point x = 0. Assume U(0) = 0, and
set u−1 = U(−1), u1 = U(1). Denote the edges of the graph G by E−1, E0,
E1, where Eθ = {(c, θ), c ∈ Iθ} for θ ∈ {−1, 0, 1}, and the corresponding
energy intervals are I−1 = [u−1, 0), I0 = [0, +∞), I1 = [u1, 0), respectively.
The function ν(x, ẋ) is determined as follows: ν(x, ẋ) = −1 if E(x, ẋ) ∈ I−1,
x < 0; ν(x, ẋ) = 1 if E(x, ẋ) ∈ I1, x > 0; and ν(x, ẋ) = 0 if E(x, ẋ) ∈ I0.
The orbit corresponding to the knot in the phase plane is determined by
the relation ẋ2 + 2U(x) = 0; the point (x, ẋ) = (0, 0) is an unstable point
of equilibrium; and the unperturbed system tends to this point as t → ∞.
We need some results concerning the behavior of the unperturbed system
in a neighborhood of the point (x, ẋ) = (0, 0).
Let E0 = E(x0, ẋ0) = c, where |c| is small enough, x0 = 0 if c > 0, and
ẋ0 = 0 if c < 0. Let x(t) be the position of the system at time t. Set
T−1(c) = T (c,−1), T1(c) = T (c, 1) if c > 0, and T (c,−1) = {inf{t > 0 :
x(t) = 0} if ẋ0 < 0, T (c, 1) = inf{t > 0 : x(t) = 0} if ẋ0 > 0.
Then in the same way as in formula (8.7) we can prove that for c > 0,

T−1(c) = 2
∫ 0

αc
0

dx√
2c − 2U(x)

, T1(c) = 2
∫ βc

0

0

dx√
2c − 2U(x)

, (8.31)

where U(αc
0) = c, U(βc

0) = c, αc
0 < 0 < βc

0. If αc
−1 < −1 < βc

−1 < 0 < αc
1 <

1 < βc
1 for c < 0 and

U(αc
−1) = U(βc

−1) = U(αc
1) = U(βc

1) = c,

then T−1(c) and T1(c) are determined by formula (8.7). It follows from
formula (8.31) that

Tθ(c) ≈ 1
2

(−U ′′(0))−1/2 log
1
|c| , θ = −1, 1. (8.32)

Now we consider the perturbed system with the same initial conditions x0,
ẋ0. Introduce the sequence of stopping times {τε

n, n = 0, 1, 2, . . .} by the
relations: τ ε

0 = 0,

τε
n+1 = min

{
s > τε

n : max
τε

n≤u≤s
|xε(u)| ≥ 1, |xε(s)| < 1, |xε(s)| ∧ |ẋε(s)| = 0

}
.
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Set
ηε

n = E(xε(τε
k), ẋε(τε

k)) − E(xε(τε
k−1), ẋε(τε

k−1))

=
∫ τε

k

τε
k−1

F̃ (xε(s), yε(s)) ds,

ζε
n =

∑
k<n

ηε
k = E(xε(τε

n), ẋε(τε
n)) − E(x0, ẋ0),

θε
n = sign ẋε(τε

n) + sign xε(τε
n).

(8.33)

(We assume that sign 0 = 0.) Note that θε
n = 0 if ẋε(τε

n) = 0 and xε(τε
n) = 0.

We will consider the systems for that θε
n �= 0 for all n with probability that

tends to 1 as ε → 0.
It is easy to see that the pair of random variables (ζε

n, θε
n) determines the

position of the system on the orbit graph at time τε
n: If ζε

n > 0, then
ν(xε(τε

n), ẋε(τε
n)) = 0. If ζε

n < 0, then ν(ẋε(τε
n), ẋε(τε

n)) = θε
n. We will

investigate the sequence

{(ζε
n, θε

n), n = 0, 1, . . .}
in the space R × Θ, where Θ = {−1, 0, 1}. We reformulate Theorem 5 of
Chapter 4 for the system determined by equations (8.11):

Lemma 6 Set

Ẋε(t) = ε−1/2(ẋε(t) − ẋ(t)). (8.34)

The stochastic process Ẋε(t) converges weakly in C as ε → 0 to the
stochastic process Ẋ(t) that is the solution to the integral equation

Ẋ(t) = W (t) +
∫ t

0

(∫ s

0
Fx(x(u)) du

)
Ẋ(s) ds, (8.35)

where W (t) is the Gaussian stochastic process with independent increments
for which

EW (t) = 0, EW 2(t) = 2
∫ t

0
F̂ (x(s)) ds, (8.36)

where F̂ was introduced in Lemma 4.

Lemma 7 The conditional distribution of ηε
k+1 with respect to the σ-

algebra Fε
τε

k
is asymptotically Gaussian as ε → 0 with

E(ηε
k+1/Fε

τε
k
) = εaθε

k
(ζε

τε
k
) + o(ε)

and

E
(
(ηε

k+1)
2/Fε

τε
k
) = εbθε

k
(ζε

τε
k
) + o(ε),

where

aθ(z) =
∫ βz

θ

αz
θ

(2z − 2U(x))−1/2F̂ (x) dx
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and

bθ(z) =
∫ βz

θ

αz
θ

(2z − 2U(x))1/2F̂ (x) ds,

for z < 0, and

a−1(z) =
∫ 0

αz
0

(2z − 2U(x))−1/2F̂ (x) dx

a1(z) =
∫ βz

0

0
(2z − w2U(x))−1/2F̂ (x) dx

and

b−1(z) =
∫ 0

αz
0

(2z − 2U(x))1/2F̂ (x) dx

b1(z) =
∫ βz

0

0
(2z − 2U(x))1/2F̂ (x) dx

for z > 0.

The proof follows from Lemma 6 and the representation for ηε
k+1.

Remark 7 It follows from Lemma 7 that the joint distribution of the
random variables {(

1√
ε
(ζε

k − E0), θε
k

)
, k = 1, 2, . . . , n

}

converges to the joint distribution of the random variables {(ζ̂k, θ̂k), k =
1, 2, . . . , n} as ε → 0, E0 → 0, and

√
ε log E0 → 0 for all n, where (ζ̂k, θ̂k) is

the Markov chain in the space R×{−1, 1} that is determined as follows. Let
{γk(θ), k = 1, 2, . . . , θ = −1, 1} be independent Gaussian random variables
for which

Eγk(θ) = 0, E(γk(θ))2 = bθ, bθ = bθ(0).

Then

ζ̂k+1 = ζ̂k + γk+1(θ̂k), θ̂k+1 = −(sign ζk+1)θ̂k,

and ζ̂0 = 0.
We will consider this Markov chain with an arbitrary initial state (ζ̂0, θ̂0).
We define an operator S on the space of bounded measurable functions
f(x, θ) : R × {−1, 1} → R by

Sf(x, θ) =
∫

[f(x + u, θ)1(x+u<0) + f(xu,−θ)1(x+u>0)]gθ(u) du, (8.37)

where gθ(u) is the density distribution of the random variable γk(θ).
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Denote by Pn(z0, θ0, θ, x) the density of the conditional probability

P{ζ̂n < x, θ̂n = θ / ζ̂0 = z0, θ̂0 = θ0}.

Then

Pn(z0, θ0, θ, x) =
∫

[Pn−1(z0, θ0, θ, x − u)gθ(u)1(x−u<0)

+ Pn−1(z0, θ0, −θ, x − u)g−θ(u)1(x−u>0)].
(8.38)

It follows from formula (8.38) that

Pn(z0, θ0, θ, x)

=
∑

θk∈{−1,1},k=1,...,n−1

∫∫
Dn(θ0, θ1, . . . , θn, z0, u1, . . . , un, x) du1 · · · dun,

(8.39)
where

Dn(θ0, . . . , θn, z0, u1, . . . , un, x)
= gθ0(u1 − z0)gθ1(u2 − u1) . . . gθn(x − un)

× 1{(θ1/θ0)u1<0,...,(θn/θn−1)un<0,(θ/θn)(x−un)<0}.
(8.40)

Lemma 8 For δ > 0, c > 1, and n ∈ Z+,

E
1
n

n∑
k=1

1{|ζ̂k|≤δ
√

n} log
(√

n

|ζ̂k|
∨ c

)
= O(δ). (8.41)

Proof Using formulas (8.39), (8.40) one can prove that a constant A > 0
exists depending on z0 such that

Pn(z0, θ0, θ, x) ≤ An−1/2.

So

E1{|ζ̂k|≤δ} log
(√

n

|ζ̂k|
∨ c

)
≤ A

1√
k

∫ n1/2δ

−n1/2δ

log
(√

n

|u| ∨ c

)
du,

and the expression on the left–hand side of equality (8.41) is less than

A
1√
n

∫ n1/2δ

−n1/2δ

log
(√

n

|u| ∨ c

)
du = O(δ).

This completes the proof of the lemma.
�

Corollary 2 Assume that εn = O(1). Then

E

n∑
k=1

ε(τε
k − τ ε

k−1)1{|ζε
k−1|≤δ} = O(δ). (8.42)
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Proof It follows from relation (8.32) that

E(τε
k − τε

k−1/Fε
τε

k−1
) = O

(
log
(

1
|ζε

k−1|
∨ c

))
.

So relation (8.42) is a consequence of Lemmas 7 and 8.
�

Corollary 3

E

∫ t/ε

0
1{|ẑε(s)|≤δ} ds = O(tδ). (8.43)

The reader can show that this relation follows from (8.42).

Lemma 9 If ϕ ∈ C(3)(G) and 0 ≤ t1 < t2, then

lim sup
ε→0

E

∣∣∣∣E
(

ϕ

(
zε

(
t2
ε

))
− ϕ

(
zε

(
t1
ε

))

−
∫ t2

t1

Lϕ

(
zε

(
s

ε

))
ds
/

Fε
t1/ε

)∣∣∣∣ = 0,

(8.44)

where zε(t) is the stochastic process introduced in Remark 6, and the
differential operator L is defined by formula (8.25).

Proof It follows from Lemma 4 that it suffices to prove the relation

lim sup
ε→0

E

∣∣∣∣
∫ t

0

(
Lϕ

(
zε

(
s

ε

))
− Lϕ

(
zε

(
s

ε

)))
ds

∣∣∣∣ = 0 (8.45)

for all t > 0, where

Lϕ(zε(s)) = [ϕ′′(zε(s))ẋ2
ε(s) + ϕ′(zε(s))]F̂ (xε(s)).

Let Xδ(x) be a function from C(3)(R) defined by the relations: Xδ(x) = 1
if |x| > δ, Xδ(x) = 0 if |x| ≤ δ/2. Then using the proof of Theorem 1 we
can write that for any δ > 0,

lim sup
ε→0

E

∣∣∣∣
∫ t

0

[
Lϕ

(
zε

(
s

ε

))
− Lϕ

(
zε

(
s

ε

))]
Xδ(ẑε(s)) ds

∣∣∣∣ = 0.

Formula (8.43) implies that

lim sup
ε→0

E

∣∣∣∣
∫ t

0

[
Lϕ

(
zε

(
s

ε

))
− L
(

ϕ

(
zε

(
s

ε

))]
(1 − Xδ(ẑε(s))) ds

∣∣∣∣ = O(δ),

so

lim sup
ε→0

E

∣∣∣∣
∫ t

0

[
Lϕ

(
zε

(
s

ε

))
− Lϕ

(
zε

(
s

ε

))]
ds

∣∣∣∣ = O(δ)

for all δ > 0.
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This completes the proof of the lemma.
�

Remark 8 The Markov chain {(ζ̂n, θ̂n), n = 0, 1, . . .} has an invariant
measure π on the space R × {−1, 1} that is defined by the relation

π (A × {θ}) = l(A), A ∈ B(R), θ ∈ {−1, 1},

where l(A) is the Lebesgue measure on R. We can show that the Markov
chain is Harris recurrent with respect to the measure π. This follows from
the fact that the random walk is Harris recurrent in R if the distribution
of one step ξ satisfies the conditions Eξ2 < ∞, Eξ = 0, and the density
of the distribution exists with respect to the Lebesgue measure (see [167],
Section 1.3.1).
It follows from Theorem 4 of Chapter 1 that with probability 1,

lim
n→∞

(
E

n∑
k=1

f(ζ̂k, θ̂k)
/

E
n∑

k=1

G(ζ̂k)
)

=
∫

(f(x,−1) + f(x, 1))dx

2
∫

G(x)dx
(8.46)

for any measurable functions f(x, θ) and G(x) for which
(1)
∫

(|f(x,−1)| + |f(x, 1)|) dx < ∞,
(2) G(x) > 0,

∫
G(x) dx < ∞,

and
(3)
∑

G(ζ̂n) = +∞ with probability 1.
It follows from the Harris recurrence that (3) holds for all positive functions.
We define the function

Ψ(l−1, l0, l1, x, θ) =
∑
θ′

[lθ′x1(x<0) + l0x1(x>0)]1(θ=θ′).

This function is independent of θ for x > 0, so it can be considered as a
function on the graph G. It is linear on any edge of the graph, and it is
equal to lθx on the edge Eθ.
It follows that

SΨ(l−1, l0, l1, x, θ) − Ψ(l−1, l0, l1, x, θ) = X (l−1, l0, l1, x, θ)

=
∑
θ′

(lθ′ − l0)[−bθ′gθ′(x) + x(Gθ′(−x) − 1(x<0))]1(θ=θ′),

where Gθ(x) =
∫ x

−∞ gθ(u) du.
It is easy to see that∫

X (l−1, l0, l1, x, θ) dx =
1
2
(l0 − lθ)bθ.

Note that Ψ(−1, 1,−1, x, θ) = |x|,∫
X (−1, 1, x, θ) dx = bθ.
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We have the representation

E(Ψ(l−1, l0, l1, ζ̂n, θ̂n) − Ψ(l−1, l0, l1, ζ̂0, θ̂0)
/

Fε
0 )

= E

( n−1∑
k=0

X (l−1, l0, l1, ζ̂k, θ̂k)
/

Fε
0

)
. (8.47)

Using formulas (8.46) and (8.47) we can obtain the relation

lim
n→∞

E(Ψ(l−1, l0, l1, ζ̂n, θ̂n) − Ψ(l−1, l0, l1, ζ̂0, θ̂0))

E|ζ̂n|

=
(l0 − l1)b−1 + (l0 − l1)b1

2(b−1 + b1)
.

(8.48)

Now we prove the main result concerning the asymptotic behavior of the
process zε( t

ε ) on the graph G as ε → 0. Set

P−1 =
b−1

2(b−1 + b1)
, P1 =

b1

2(b−1 + b1)
, P0 =

1
2
,

and note that

P−1 + P0 + P1 = 1.

Let C(P−1, P, P1, G) be the set of functions f(z) : G → R satisfying the
conditions

(i) f(z) is continuous, f ′(z), f ′′(z), f ′′′(z) are defined at z �= z0 = (0, 0),
they are bounded and continuous for z �= 0, and f ′′(z) and f ′′′(z)
have limits as z → z0,

(ii) f ′(x, θ) has a limit as x → 0 and

−f ′(0−,−1)P−1 + f ′(0+, 0)P0 − f ′(0−, 1)P1 = 0. (8.49)

Note that

Ψ(l−1, l0, l1, x, θ) ∈ C(P−1, P0, P1, G) if − l−1P−1 + l0P0 − l1P1 = 0.

Theorem 3 For all ϕ ∈ C(P−1, P0, P1, G) relation (8.44) holds for all
0 ≤ t1 < t2.

Proof It is easy to see that for ϕ ∈ C(P−1, P0, P1, G) constants l−1, l0, l1
exist for which

ϕ∗(x, θ) = ϕ(x, θ) − Ψ(l−1, l0, l1, x, θ) ∈ C(3)(G)

and −l−1P−1 + l0P0 − l1P1 = 0. Therefore, it suffices to prove that relation
(8.44) is satisfied for the function

Ψ(x, θ) = Ψ(l−1, l0, l1, x, θ).
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Fix δ1 and n1 and introduce the sequence of stopping times {λε
k, k =

0, 1, 2, . . .}, which are determined by the relations

λε
0 = {inf τε

k : |ζε
k| < δ1}, λε

1 = τ ε
k0+n1

if λε
0 = τε

k0
,

λε
2l = {inf τε

k > λε
2l−1 : |ζε

k| < δ1}, λε
2l+1 = τε

k0+n1
if λε

2l = τε
k0

.

It follows that

E(Ψ(zε(λε
2l)) − Ψ(zε(λε

2l−1))/Fε
λε

2l−1
)

= E

(
ε
∑

aθ(ζε
k)1{λε

2l−1≤ζε
k<λε

2l−1}
/

Fε
λε

2l−1

)

+ O(ε1/2 exp{−cδ2
1ε−1}), θ = θε

k0
if λε

2l−1 = τε
k0

,

(8.50)

where c > 0 is a constant.
To obtain this estimate we use the fact that for τε

k ∈ [λε
2l−1, λ

ε
2l), θε

k is the
same, |ζε

k| > δ1, and Ψ(ζε
k, θε

k) = λθζ
ε
k.

Now we consider

E(Ψ(zε(λε
2l+1)) − Ψ(zε(λε

2l))/Fε
λε

2λ
).

We may assume that |zε(0)| < δ1 and consider the case l = 0. Using
Remark 7 we can prove that

lim
ε→0

εn→0

sup
k≤n

∣∣∣∣ E|ζε
k|

√
εE|ζ̂k|

− 1
∣∣∣∣ = 0,

lim
ε→0

εn→0

sup
k≤n

∣∣∣∣EΨ(ζε
k) − √

εEΨ(ζ̂k)
√

εE|ζ̂k|

∣∣∣∣ = 0,

if
√

ε log |ζε
0 | → 0.

It follows from (8.48) that

|EΨ(zε(λε
1)) − Ψ(zε(0))| ≤ µ(ε, n1, δ1)E|zε(λε

1)|,

where µ(ε, n1, δ1) → 0 as δ1 → 0, ε → 0, εn1 → 0 and
√

ε log |ζε
0 | → 0,

taking into account that the expression on the right-hand side of equality
(8.48) is equal to 0. Note that

|zε(λε
2l)| = δ1 + O(

√
ε)

with probability

O

(
1√
ε

exp
{

− δ2
1

ε

})
.

Moreover,

E|zε(λε
1)| = O(

√
E|zε(λε

1)|2) = O(
√

εn1).



8.1. Conservative Systems with Two Degrees of Freedom 281

This implies the inequality

E|E(Ψ(zε(λε
2l+1)) − Ψ(zε(λε

2l))/Fε
λε

2l
)|

≤ Aµ(ε, n1, δ1)ε1/2n
1/2
1 + Bε1/2 exp

{
− δ2

1

ε

}
,

(8.51)

where A, B are some constants.
Relations (8.50) and (8.51) imply that

E

∣∣∣∣E
(

ψ(zε(λε
k2

)) − Ψ(zε(λε
k1

)) − ε

∫ λε
k2

λε
k1

LΨ(zε(s)) ds
/

Fε
λε

k1

)∣∣∣∣

≤ A1µ1(ε, n1, δ1)ε1/2n
1/2
1 E(k2 − k1), (8.52)

where A1 is a constant, 0 < k1 < k2 are integer-valued random variables
for which λε

k1
, λε

k2
are stopping times, and

µ1(ε, n1, δ1) = µ(ε, n1, δ1) + n
−1/2
1 .

Let ki = inf{k : λε
k ≤ ti/ε}, i = 1, 2. Then E|zε(λε

k2
) − z2( 1

ε ti)| → 0 as
ε → 0 for i = 1, 2. Relation (8.52) implies that the proof of the theorem is
a consequence of the relation

ε1/2n
1/2
1 E(k2 − k1) = O(1). (8.53)

To establish this, we need to estimate E(λε
k+1−λε

k). We have that E(λε
2l+1−

λε
2l) = λε

2l+1 − λε
2l = n1. To estimate λε

2l − λε
2l−1 we take into account that

zε(t) is on the same edge for t ∈ [λε
2l−1, λ

ε
2l]. Using Remark 7 and the

approximation of {√
ε ζ̂k, k = 1, 2, . . . , n} for |ζ̂0| > 0 by a Wiener process,

and using the relation

Eτa ∧ c ≈ c1a if a → 0

for any c > 0, where a > 0 and τa = inf{t : w(t) = a}, (w(t) is the
approximating Wiener process, and c1 does not depend on c), we can show
that

E(λε
2l − λε

2l−1/Fε
2l−1) ≥ 1

ε
c2E
(∣∣zε(λε

2l−1)
∣∣/Fε

2l−1
)

≈ c2
1√
ε
E|ζ̂n1 | ≥ c3

1√
ε

√
n1,

where c2, c3 are some positive constants. Note that

t2 − t1
ε

≥ λε
k2−1̄λ

ε
k1

≥
k2−1∑

i=k1+1

(λε
i − λε

i−1)

and

t2 − t1
ε

≥ E

k2−1∑
i=k1+1

(λε
i − λε

i−1) ≥ c3
1√
ε

√
n1E(k2 − k1 − 2).
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This inequality implies (8.53), and it completes the proof of Theorem 3.
�

Now we consider the system for which the function U(x) has r ≥ 2 maxima
and r + 1 minima, U ′(x) = 0 for x = xk, k = 1, . . . , 2r + 1, x1 < x2 <
· · · < x2r+1, and U(x2) = · · · = U(x2r) = 0 are identical maximum values.
In this case, the graph G has r + 2 edges and r + 2 vertices; the vertex
corresponding to the singular orbit

{(x, ẋ) : E(x, ẋ) = 0, x ∈ [α, β]},

where α < x1 < x2r+1 < β are such that U(α) = U(β) = 0, is a knot,
that is the origin of r + 1 edges. Denote them by E1, . . . , Er+1. The orbit
O belongs to El if for (x, ẋ) ∈ O we have E(x, ẋ) < 0, x ∈ (x2k−2, x2k),
x0 = α, x2r+2 = β. Denote by E0 the edge for which E(x, ẋ) ≥ 0.
To investigate the behavior of the perturbed systems if E(xθ, ẋθ) is small
enough, we consider the sequence of stopping times {τε

k , k = 0, . . .}, τε
0 = 0.

Suppose τε
k is determined, zε(τε

k) ∈ El, l > 0. Then

τε
k+1 = inf{s > τε

k : |xε(s) − xε(τε
k)| > |x2l−1 − xε(τε

k)|,
|ẋε(s)| ∧ |xε(s) − x2l−2| ∧ |xε(s) − x2l| = 0}.

If zε(τε
k) > 0 and xε(τε

k) = x2l, l = 1, . . . , r, then

τε
k+1 = inf{s > τε

k : |xε(s) − x2l+2signẋ(τε
k)| ∧ |ẋε(s)| = 0}

if zε(τε
k) > 0 and ẋε(τε

k) = 0, then

τε
k+1 = inf{s > τε

k : |xε(s) − x2| ∧ |ẋε(s)| = 0} for xε(τε
k) < x1

and

τε
k+1 = inf{s > τε

k : |xε(s) − x2r| ∧ |ẋε(s)| = 0} for xε(τε
k) > x2r+1.

For z ≥ 0 define the functions

α0(z) = inf{x : U(x) = z}, β0(z) = sup{x : U(x) = z},

and for z < 0,

αk(z) = inf{x ∈ (x2k−2, x2k) : U(x) = z},

βk(z) = sup{x ∈ (x2k−2, x2k) : U(x) = z},

for k = 1, . . . , r + 1. Set ∆1 = (−∞, x2] and ∆2 = [x2, x4], . . . ,∆r+1 =
[x2r, ∞). Define the sequence of random variables

{(ζε
k, θε

k, σε
k), k = 0, 1, . . .}

in the space R × {1, 2, . . . , r + 1} × {−1, 1}, where

ζε
k = E(xε(τε

k), ẋε(τε
k)),

θε
k = l, l ∈ {1, . . . , r + 1} if xε(t) ∈ ∆l for t ∈ [τ ε

k , τε
k+1]

σε
k = sign(xε(τε

k+1) − xε(τε
k)).
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Set ηε
k+1 = ζε

k+1 − ζε
k.

Using Lemma 6 we can prove that the conditional distribution of ηε
k+1 with

respect to the σ-algebra Fε
τε

k
is asymptotically Gaussian with

E(ηε
k+1/Fε

τε
k
) = ε aθε

k
(ζε

τε
k
) + o(ε)

and

E((ηε
k+1)

2/Fε
τε

k
) = ε bθε

k
(ζε

τε
k
) + o(ε),

where

aθ(z) =
1
2

∫ βθ(z)

αθ(z)
(2z − 2U(x))−1/2F̂ (x) dx,

βθ(z) =
1
2

∫ βθ(z)

αθ(z)
(2z − 2U(x))1/2F̂ (x) dx, θ = 1, . . . , r + 1,

and for z > 0,

α1(z) = α0(z), α2(z) = x2, . . . , αr+1(z) = x2r,

β1(z) = x2, . . . , βr(z) = x2r, βr+1(z) = β0(z).

We consider r + 1 independent sequences {γk(θ), k = 1, 2, . . .}, for θ ∈
{1, . . . , r + 1}, of independent Gaussian random variables for which

Eγk(θ) = 0, E(γk(θ))2 = bθ = bθ(0).

Define the sequence of R × {1, . . . , r + 1} × {−1, 1} random variables

{(ζ̂k, θ̂k, σ̂k), k = 0, 1, 2, . . .}, (8.54)

where ζ̂0 ∈ R, θ̂0 ∈ {1, . . . , r + 1}, σ̂0 ∈ {−1, 1} are given and

ζ̂k+1 = ζ̂k + γk+1(θ̂k),

θ̂k+1 = θ̂k if ζ̂k < 0, θ̂k+1 = θ̂k + σk if ζ̂k ≥ 0 and θ̂k ∈ [2, r],

θ̂k+1 = r + 1 if θ̂k = r + 1, σ̂k = 1, θ̂k+1 = r if θ̂k = r + 1, σ̂k = −1

θ̂k+1 = 1 if θ̂k = 1, σ̂k = −1, θ̂k+1 = 2 if θ̂k = 1, σ̂k = 2,

σ̂k+1 = −σ̂k if ζ̂k < 0, σ̂k+1 = −σ̂k if ζ̂k > 0, θ̂k = 1, σ̂k = −1,

σ̂k+1 = −σ̂k if ζ̂k ≥ 0, θ̂k = r + 1, σ̂k = 1,

σ̂k+1 = σ̂k if ζ̂k ≥ 0, θ̂k ∈ [2, r], σ̂k+1 = σ̂k if ζk > 0, θ̂k = 1,

σ̂k = 1, σ̂k+1 = σ̂k if ζ̂k ≥ 0, θk = r + 1, σ̂k = −1.

With these preliminaries, we have the following lemma.
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Lemma 10 Let E(x0, ẋ0) = E0 → 0 and
√

ε log 1
|E0| → 0. Then for any n,

the joint distribution of the random variables{(
1√
ε
(ζε

k − E0, θ
ε
k, σε

k)
)

, k = 1, . . . , n

}

converges to the distribution of the random variables

{(ζ̂k, θ̂k, σ̂k), k = 1, . . . , n}.

The proof is a direct consequence of the asymptotic behavior of the random
variable ηε

k.

Remark 9 The sequence given by (8.54) is a homogeneous Markov chain,
it is Harris recurrent, and it has an invariant measure π on the space
R × {1, . . . , r + 1} × {−1, 1} that is defined by the relation

π(A × {θ} × {σ}) = l(A), θ ∈ {1, . . . , r + 1}, σ ∈ {−1, 1};

see Remark 8.

Using this statement we can prove the following result in the same way as
Theorem 3.

Theorem 4 Let q0 = 1/2,

qθ =
bθ

2
∑r+1

l=1 bl

, θ = 1, 2, . . . , r + 1.

Denote by C(q0, q1, . . . , qr+1, G) the set of functions ϕ ∈ C(G) for which the
derivatives ϕ′(x, θ), ϕ′′(x, θ), ϕ′′′(x, θ) exist for x �= 0, and θ = 0, 1, . . . , r +
1. Suppose that the following limits exist:

ϕ′(0+, 0), ϕ′(0−, θ),
ϕ′′(0+, 0), ϕ′′(0−, θ),
ϕ′′′(0+, 0), ϕ′′′(0−, θ), θ = 1, 2, . . . , r + 1,

and

q0 ϕ′(0+, 0) =
r+1∑
l=1

ql ϕ
′(0−, l),

ϕ′′(0+, 0) = ϕ′′(0−, θ), ϕ′′′(0+, 0) = ϕ′′′(0−, θ), θ = 1, 2, . . . , r + 1.

Then for all ϕ ∈ C(q0, . . . , qr+1, G) relation (8.44) holds for all 0 ≤ t1 < t2.

This statement can be extended to the randomly perturbed system consid-
ered in Section 8.1.2. Let zi = (ui, θi), i = 1, . . . , K, be all the knots to the
graph G and define Θi ⊂ Θ as the subset of those θ ∈ Θ for which (ui, θi)
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is the origin of the edge Eθ. Let

qθi(i) =
1
2
, qθ(i) =

1
2
bθ

( ∑
θ′∈Θi

bθ′

)−1

, i = 1, . . . , K, θ ∈ Θi.

Denote by C(G, qθ(i), i = 1, . . . , K, θ ∈ Θi) the set of functions ϕ ∈ C(G)
for which the derivatives ϕ′(z), ϕ′′(z), and ϕ′′′(z) exist for z �= zi for all
i = 1, . . . , K. Moreover, the limits ϕ′(ui+, θi), ϕ′(ui−, θi), limz→zi

ϕ′′(z),
and limz→zi

ϕ′′′(z) exist for i = 1, . . . , k, and

qθi(i) ϕ′(ui+, θi) =
∑

θ′∈Θi

qθ′(i) ϕ′(ui−, θ′), i = 1, . . . , k. (8.55)

Theorem 5 For all ϕ ∈ C(G, qθ(i), i = 1, . . . , k, θ ∈ Θi), relation (8.44)
holds for all 0 ≤ t1 < t2.

The proof is the same as the proof of Theorem 3, and it is not presented
here.

8.1.4 Diffusion Processes on Graphs
We consider a homogeneous Markov process with values in G, which we
denote by z(t) = (ζ(t), θ(t)), for ζ(t) ∈ R and θ(t) ∈ Θ. Suppose that the
following conditions are satisfied:

(1) z(t) is continuous in G; this means that ζ(t) is continuous as a real–
valued function and θ(t) is a constant on any interval (t1, t2) if z(t) ∈
Iθ for all t ∈ (t1, t2).

(2) Set

τθ = sup{t : z(s) ∈ Eθ for s < t}

and let z0 ∈ Eθ. Then ζ(t) on the interval [0, τθ) is the diffusion
process on the interval Iθ with the generator Lθ for which

Lθf(x) = a(x, θ)f ′(x) +
1
2
b(x, θ)f ′′(x),

for f ∈ C(2)(Iθ), a(x, θ), and b(x, θ), which are continuous functions
on the open interval Iθ \ {(uθ, θ)}, where uθ = inf Iθ and b(x, θ) > 0.

(3) Denote by Pz the probability under the condition z(0) = z. Then for
i = 1, . . . , k, the limit

lim
c→0

Pzi
{θτ c = θ} = qθ(i), θ ∈ Θi ×

⋃
{θi},

exists, where

τ c = inf{t : |ζ(t) − ui| = c},
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qθi(i) +
∑
θ∈Θi

qθ(i) = 1.

(4) For any z ∈ G,

Pz

{∫ ∞

0
1{z(s)∈V } ds = 0

}
= 1;

here V ⊂ G is the subset of all vertices.

The next condition is related to the behavior of the process ζ(t) on the
boundaries of the intervals Iθ. Let Iθ = (uθ, vθ).
For fixed s0 ∈ Iθ, set

Vθ(x) = exp
{

−
∫ x

s0

2a(u, θ)b−1(u, θ) du,

}
,

Aθ =
∫ s0

uθ

Vθ(x) dx, A∗
θ =

∫ vθ

s0

Vθ(x) dx,

and

Bθ =
∫∫

uθ<s<u<s0

Vθ(s)
bθ(u, θ)Vθ(u)

ds du,

B∗
θ =

∫∫
s0<u<s<vθ

Vθ(s)
b(u, θ)Vθ(u)

du ds.

(5) If (uθ, θ) is an end, then Aθ = +∞; if (uθ, θ) is a knot, then

Aθ < ∞, Bθ < ∞; if vθ < ∞, then A∗
θ < ∞, B∗

θ < ∞.

This condition means that any end is an accessible boundary for the process
ζ(t), and any knot is a regular boundary for the diffusion processes on the
edges for which this knot is a boundary.
Denote by D the set of functions f(z) from C(G) for which the derivatives
f ′(z), f ′′(z) exist if z ∈ G \ V , they are bounded and continuous, and the
limits limz→z̄ f ′′(z), z̄ ∈ V (k), f ′(ui − θ), θ ∈ Θi, f ′(ui+, θi) exist, for
i = 1, 2, . . . , K. Moreover, V (k) = {(ui, θi), i = 1, . . . , K} is the set of all
the knots, and relation (8.55) holds with f(z) instead of ϕ(z).

Lemma 11 Let f ∈ D. Then for 0 ≤ t1 < t2,

E

(∫ t2

t1

Lθ(s)f(ζ(s), θ(s)) ds
/

F0

)
= E(f(z(t)) − f(z(0))/Ft1), (8.56)

where Ft1 is the σ-algebra generated by {z(s), s ≤ t}.

Proof It follows from condition (2) that relation (8.56) holds for a func-
tion f(z) ∈ D for which f(z) = 0 in a neighborhood of any knot zi,
i = 1, 2, . . . , K. Condition (3) implies that for a function f̂(z) for which

f̂(x, θ) = lθ(x − ui), θ ∈ Θ ∪ {θi}, |x − ui| ≤ δ, i = 1, . . . , K,
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where δ > 0 is small enough, we have that

E

(
f̂(z(τ c)) − f(z0) −

∫ τc

0
Lθs f̂(z(s))

/
F0

)
= o(c)

because Eτ c = θ(c) if c < δ. Introduce the sequence of stopping times
ρ0 = 0,

ρ1 = inf{s : z(s) ∈ V (k)}, ρ2 = inf{s > ρ1 : |ζ(s) − ζ(ρ1)| = c},

ρ3 = inf{s > ρ2 : z(s) ∈ V (k)}, ρ4 = inf{s > ρ3 : |ζ(s) − ζ(ρ3)| = c},

and so on. We will have

E

(
f(z(ρ2k+1)) − f(z(ρ2k)) −

∫ ρ2k+1

ρ2k

Lθ(s)f(z(s)) ds
/

Fρ2k

)
= 0,

E

(
f(z(ρ2k)) − f(z(ρ2k+1)) −

∫ ρ2k

ρ2k−1

Lθ(s)f(z(s)) ds
/

Fρ2k

)
= o(c).

These relations are valid for the stopping time ρ2k+1 ∧ t. This implies the
proof of the lemma.

�

Remark 10 Assume that z(t) = (ζ(t), θ(t)) is a right continuous stochas-
tic process for which relation (8.56) is fulfilled for all f ∈ D and the
coefficients a(x, θ), b(x, θ) satisfy condition (5). Then z(t) is a continu-
ous strong Markov process satisfying conditions (2), (3), (4). First, we note
that the stochastic process

f(z(t)) −
∫ t

0
Lθ(s)f(z(s)) ds

is a martingale, so relation (8.56) is true if t1, t2 are stopping times. This
implies condition (2) because of the martingale characterization of one-
dimensional Markov processes (see Section 2.2). So z(t) is continuous if
z(t) ∈ G \ V (k). Let f̂(x, θ) be the function constructed in the proof of
Lemma 11. We can prove that f̂(z(t)) is a continuous function. This implies
that z(t) is continuous if z(t) ∈ V (k).

Let zi be a knot. Denote by ρ0 the stopping time

ρ0 = inf{s : z(s) = zi}

and let

ρ1 = inf{s > ρ0 : |ζ(s) − ζ(ui)| = c}.

Then

E

(
f̂(ρ1) − f̂(ρ0) −

∫ ρ1

ρ0

Lθf̂(z(s)) ds

/
Fρ0

)
= 0,
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and as a result,∑
θ∈Θi∪{θi}

P{θ(ρ1) = θ|Fρ0}lθ = O(E(ρ1 − ρ0/Fρ0)).

Since E(ρ1 −ρ0/Fρ0) → 0 as c → 0 we see that condition (3) is fulfilled. To
prove condition (4) we consider the function fδ

i (z) ∈ D that satisfies the
relation

Lθfδ
i (x, θ) = hδ

i (x, θ), δ > 0, θ ∈ Θi ∪ {θi},

hδ
i (x, θ) = 0 if ẋ ∈ Iθ, |x − ui| ≥ δ, hδ

i (x, θ) = 1 if x ∈ Iθ, |x − ui| ≤ 1
2δ,

hδ
i (x, θ) ≥ 0, and d

dxhδ
i (x, θ) is continuous in Iθ. It follows from condition

(5) that

|fδ
i (x, θ)| = cδ|x − ui|, where cδ → 0 as δ → 0.

Relation (8.56) implies the inequality

E

∫ t

0
1{|ζ(s)−ui|≤ 1

2 δ} ds = O(cδE|ζ(s) − ui|).

This implies condition (4).
Next, we prove that the initial value z0, the coefficients a(x, θ) and b(x, θ),
and the constants qθ(i) determine the distribution of the process z(t). We
consider the graph G with one knot; denote it by (u0, 0). First, we calculate
the function

Rλf(z0) = E

∫ ∞

0
e−λtf(z(t)) dt, z0 = z(0), λ > 0, f ∈ D.

We will use the same stopping times as in Lemma 11. Since ρk depends on
c > 0, we use the notation {ρc

k, k = 0, 1, . . .}. Then

Rλf(z0) = E

∞∑
k=0

∫ ρc
k+1

ρc
k

e−λtf(z(t)) dt.

It follows from condition (4) that

lim
c→0

E

∞∑
k=0

∣∣∣∣
∫ ρc

2k+2

ρc
2k+1

e−λtf(z(t)) dt

∣∣∣∣ = 0,

so

Rλf(z0) = lim
c→0

E

∞∑
k=0

∫ ρc
2k+1

ρc
2k

e−λtf(z(t)) dt. (8.57)

Denote by xθ(t) the diffusion process on the interval Iθ with absorption on
the boundary. Let

τθ
0 = inf{s : xθ(s) = u0}
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and

Rθ
λϕ(x) = E

(∫ τθ
0

0
e−λsϕ(xθ(s)) ds

/
xθ(0) = x

)
, x ∈ Iθ,

ϕ ∈ C(2)(Iθ). Then

E

∫ ρc
1

0
e−λtf(z(t)) dt = Rθ0

λ ϕ(x0, θ0),

where (x0, θ0) = z0, and

E

(∫ ρc
2k+1

ρc
2k

e−λtf(z(t)) dt
/

Fρc
2k

)
= e−λρc

2kR
θ(ρc

2k)
λ (f(c(θ(ρc

2k)), θ(ρc
2k))),

where c(0) = c and c(θ) = −c for θ = 1, . . . , r + 1. This and condition (3)
imply the relation

E

(∫ ρc
2k+1

ρc
2k

e−λtf(z(t)) dt
/

Fρc
2k−1

)

= e−λρc
2k−1

[
q0R

0
λ(c, 0) +

r+1∑
θ=1

qθR
θ
λ(−c, θ) + o(c)

]
.

(8.58)

Set

Gθ
λ(x) = E(e−λτθ

0 /xθ(0) = x).

Then

E
(
e−λρc

2k−1/Fρc
2k−3

)
= e−λρc

2k−3

[
q0 G0

λ(c, 0) +
r+1∑
θ=1

qθ Gθ
λ(−c, θ) + o(c)

]

(8.59)
if 2k − 3 > 0.
It follows from formulas (8.57), (8.58), and (8.59) that Rλf(z0) is de-
termined by the functions Rθ

λϕ, Gθ
λ(x) and {qθ, θ = 0, . . . , r + 1}.

Since

E

(∫ ∞

t

e−λsf(x(s)) ds
/

Ft

)
= Rλf(z(t)),

the conditional distribution of z(s) for s > t with respect to the σ-algebra
Ft depends on z(t) only. This means that z(t) is a Markov process.

Remark 11 Let zn(t), n = 1, 2, . . ., be a sequence of G-valued continuous
processes for which the functions a(z) and b(z) exist and satisfy condition
(5), and let the constants {qθ(i), i = 1, . . . , K, θ = Θi ∪ {θi}} be such that

lim
n→∞ E

∣∣∣∣E
(

f(zn(t2)) − f(zn(t1)) −
∫ t2

t1

Lθ(s)f(z(s)) ds
/

Fn
t1

)∣∣∣∣ = 0 (8.60)
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for all 0 ≤ t1 < t2, f ∈ D, where Fn
t is the σ-algebra generated by

{z(s), s ≤ t}. Then the sequence zn(t) converges weakly to the diffusion
Markov process z(t) on G satisfying conditions (1)–(4). If the sequence
{zn(t)} is compact in C(G), then zn(t) converges to z(t) weakly in C. This
statement can be proved in the same way as Theorem 2 and Remark 7 of
Chapter 2.
Now we can formulate the main result concerning the asymptotic behavior
of a perturbed system.

Theorem 6 Assume that the coefficients a(x, θ), b(x, θ) satisfy condition
5). Then the stochastic processes {zε(t/ε), ε > 0} converge weakly in C to
the diffusion process z(t) on the graph G that is determined by conditions
2)–4).

Proof The weak convergence follows from Theorem 5 and Remark 10.
Using Theorem 5 we can prove that

lim sup
ε→0

E
(
1 − exp{−(ζε(t + h) − ζε(t))2}

)
= O(h), (8.61)

where zε(t/ε) = (zε(t), θε(t)). This implies the compactness of the family
{zε(t/ε)} as ε → 0. In this way, the theorem is proved.

�

8.1.5 Simulation of a Two-Well Potential Problem
To illustrate the dynamics of a system like that described in the preceding,
we consider the system

ẍ = −(2.5 x3 − 5 x + 0.5) + 10 y

(
t

ε

)
,

where y is a jump process that is uniformly distributed on the inter-
val [−5, 5] having stopping times that are exponentially distributed. The
solution beginning at the point (1.5, 0) is shown in Figure 8.2.

8.2 Linear Oscillating Conservative Systems

In this section we consider linear problems in greater detail.

8.2.1 Free Linear Oscillating Conservative Systems
Consider a system with phase space Rm × Rm. We denote the states of
the system by (x, ẋ), where x ∈ Rm, ẋ ∈ Rm; x = (x1, . . . , xm) is treated
as the position of the system and ẋ = (ẋ1, . . . , ẋm) as its velocity. Assume



8.2. Linear Oscillating Conservative Systems 291

Figure 8.2. Upper left: Energy, E(x(t), ẋ(t)), as a function of time. Upper right:
Potential energy graph. Lower left: The trajectory of x(t). This shows that x first
moves on E2, then E3, then E1, and finally on E2. Here the simulation is for
0 ≤ t ≤ 100π.

that the potential energy of the system is a quadratic form in x,

U(x) =
1
2
(Λx, x),

and its kinetic energy is of the form

T (ẋ) =
1
2
(ẋ, ẋ).

The linear operator Λ ∈ L(Rm) is assumed to be symmetric and positive.
Without loss of generality, we assume that Λ has canonical form in the
natural basis in Rm, so

(Λx, x) =
m∑

k=1

λkx2
k,

where λk > 0, k = 1, . . . , m. We assume additionally that 0 < λ1 ≤ λ2 ≤
· · · ≤ λm. Let (x(t), ẋ(t)) be the state of the system at instant t ∈ R+.
The motion of the system is determined by the equation

dẋ

dt
(t) = −Λx(t) (8.62)

and initial values x(0), ẋ(0). (We must also take into account the relation
ẋ(t) = dx

dt (t).) Under the assumptions on Λ, the solution of equation (8.62)
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can be represented in the form

xk(t) = ak cos(λkt + θk),
ẋk(t) = −akλk sin(λkt + θk), k = 1, . . . , m,

(8.63)

where the amplitude ak ≥ 0 and the phase deviation θk ∈ (−π, π] are
defined by the initial conditions

xk(0) = ak cos θk, ẋk(0) = −akλk sin θk, k = 1, . . . , m.

Note that the functions

Ek(x, ẋ) =
1
2
λ2

kx2
k +

1
2
ẋ2

k, k = 1, . . . , m,

are first integrals for equation (8.62).
It follows from formula (8.63) that the asymptotic behavior of average
values of continuous functions along trajectories of the system is described
as follows:

Statement Let Φ(x, ẋ) be a continuous function from Rm × Rm → R.
Then there exists a limit

lim
T→∞

1
T

∫ T

0
Φ(x(t), ẋ(t)) dt = Am[Φ, λ1, . . . , λm, a1, . . . , am, θ1, . . . , θm],

(8.64)
where Am[Φ, . . . ] is a continuous nonnegative linear function in Φ satisfying
the inequality

Am[Φ, λ1, . . . , λm, a1, . . . , am, θ1, . . . , θm]

≤ sup
{
|Φ(x, ẋ)| : |x|2 ≤ |a|2, |ẋ|2 ≤ |Λa|2

}
,

where a = (a1, . . . , am) ∈ Rm.

The function Am[Φ, λ1, . . . , λm, a1, . . . , am, θ1, . . . , θm] can be calculated in
the following way. There exist r ∈ Z+, r ≤ m, and positive numbers
δ1, . . . , δr such that for all k ≤ m there exist nk1, . . . , nkr ∈ Z for which

λk =
r∑

j=1

nkjδj ,

and for all n1, . . . , nr we have the inequality |
∑r

j=1 njδj | > 0 whenever∑
|nj | > 0. The function Am[Φ, . . . ] is expressed in terms of δ1, . . . , δr by

the formula

Am[Φ, λ1, . . . , λm, a1, . . . , am, θ1, . . . , θm] =
δ1 · · · δr

(2π)r

×
∫ 2π

δ1

0
· · ·
∫ 2π

δr

0
Φ
(
X(δ1, s1, . . . , δr, sr), Ẋ(δ1, s1, . . . , δr, sr)

)
ds1 · · · dsr

(8.65)
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where

Xk(δ1, s1, . . . , δr, sr) = ak cos
( r∑

j=1

nkjδjsj + θk

)
,

Ẋk(δ1, s1, . . . , δr, sr) = −λkak sin
( r∑

j=1

nkjδjsj + θk

)
.

Remark 12 Using the representation

Xk(δ1, s1, . . . , δr, sr) = ak cos
( r∑

j=1

nkjδj

(
sj +

θk

λk

))

and the analogous representation of Ẋk using formula (8.65) we can prove
that Am[Φ, λ1, . . . , λm, a1, . . . , am, θ1, . . . , θm] as a function of θ1, . . . , θm

depends only on

θ2

λ2
− θ1

λ1
, . . . ,

θm

λm
− θ1

λ1
.

8.2.2 Randomly Perturbed Linear Oscillating Systems
Random perturbations of linear systems take the form

dẋε

dt
(t) = −Λxε(t) + b

(
xε(t), ẋε(t), y

(
t

ε

))

dxε

dt
(t) = ẋε(t),

(8.66)

where the function b : Rm × Rm × Y → Rm is bounded, measurable,
and continuous in x and ẋ, and y(t) is a Markov process in Y satisfying
condition SMC II of Section 2.3.
Additionally, we assume that the function b(x, ẋ, y) satisfies the Lipschitz
condition

|b(x, ẋ, y) − b(x1, ẋ1, y)| ≤ L(|x − x1| + |ẋ − ẋ1|),

and ∫
|b(x, ẋ, y)|ρ(dy) < ∞ and

∫
b(x, ẋ, y)ρ(dy) = 0.

Then the averaged equation for equation (8.66) is equation (8.62). It follows
from Theorem 5 of Chapter 3 and the statement in Section 8.1.1 that there
exists Tε such that Tε → ∞, εTε → 0 for which any continuous function
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Φ(x, ẋ) has

1
Tε

∫ t+Tε

t

Φ(xε(s), ẋε(s)) ds

≈ A

[
Φ, λ1, . . . , λm, zε

1(t), . . . , z
ε
m(t),

1
λ1

θε
1(t), . . . ,

1
λm

θε
m(t)

]
,

(8.67)

where the stochastic processes zε
1(t), . . . , z

ε
m(t), θε

1(t), . . . , θ
ε
m(t), are defined

by the relations

xεk(t) = zε
k(t) cos λkθε

k(t),
ẋεk(t) = −λkzε

k(t) sin λkθε
k(t), k = 1, . . . m,

where xεk and ẋεk are the components of the vectors xε and ẋε.
These relations together with equation (8.66) imply the validity of the
following system of differential equations for zε

k and θε
k(t), k = 1, . . . , m:

dzε
k

dt
(t) = −bk

(
xε(t), ẋε(t), y

(
t

ε

))
sin λkθε

k(t)
λ2

kzε
k(t)

,

dθε
k

dt
(t) = 1 − bk

(
xε(t), ẋε(t), y

(
t

ε

))
cos λkθε

k(t)
λ2

kzε
k(t)

, k = 1, . . . , m,

where bk(x, ẋ, y) are the coordinates of the vector b(x, ẋ, y).
Note that

zε
k(t) =

√
x2

εk(t) +
1
λ2

k

ẋ2
εk(t) =

√
2Ek(xε(t), ẋε(t))

λ2
k

.

Set

ẑε
k(t) = Ek

(
xε(t), ẋε(t)

)
, k = 1, 2, . . . , m,

θ̂ε
k(t) = θε

k(t) − θε
1(t), k = 1, 2, . . . , m.

These functions satisfy the system of differential equations

dẑε
k

dt
(t) = bk

(
xε(t), ẋε(t), y

( t
ε

))
ẋεk(t), k = 1, . . . , m, (8.68)

and

dθ̂ε
k

dt
(t) =

1
2

(
xε1(t)b1

(
xε(t), ẋε(t), y

(
t
ε

))
ẑε
1(t)

−
xεk(t)bk

(
xε(t), ẋε(t), y

(
t
ε

))
ẑε

k(t)

)
, k = 2, . . . , m − 1.

(8.69)

Note that Remark 12 implies that the expression on the right-hand side of
relation (8.67) can be represented as

Âm

[
Φ, λ1, . . . , λm,

(
2ẑε

1(t)
λ2

1

)1/2

, . . . ,

(
2ẑε

m(t)
λ2

m

)1/2

,
1
λ1

θε
1(t), . . . ,

1
λm

θε
m(t)

]
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= Bm

[
Φ, ẑε

1(t), . . . , ẑ
ε
m(t), θ̂ε

2(t), . . . , θ̂
ε
m(t)

]
. (8.70)

(Here we consider λ1, . . . , λm as given and unchanging, so we omit them as
the arguments of the function Bm.)
We consider the diffusion approximation for the stochastic process

(
ẑε
1

(
t

ε

)
, . . . , ẑε

k

(
t

ε

)
, θ̂ε

2

(
t

ε

)
, . . . , θ̂ε

m

(
t

ε

))
.

Introduce the functions

βk(x, ẋ) =
m∑

j=1

∫∫
∂bk

∂xj
(x, ẋ, y′)bj(x, ẋ, y′)ρ(dy)R(y, dy′),

αkl(x, ẋ) =
∫∫

bk(x, ẋ, y′)bl(x, ẋ, y′)ρ(dy)R(y, dy′),

Gk(x, ẋ) = ẋkβk(x, ẋ) + αk(x, ẋ),
Gkl(x, ẋ) = αkl(x, ẋ) + αlk(x, ẋ),
Hk(x, ẋ) = xkβk(x, ẋ),

Hkl(x, ẋ) = xkxl

(
αkl(x, ẋ) + αlk(x, ẋ)

)
,

Ĥkl(x, ẋ) = xk

(
αkl(x, ẋ) + αlk(x, ẋ)

)
.

Denote by z̃ε(t) the stochastic process in Rm with coordinates z̃ε
k(t) =

ẑε
k(t/ε) for k = 1, . . . , m, and by θ̃ε(t) the stochastic process in Rm−1 with

coordinates

θ̃ε
l (t) = θ̂ε

l+1(t/ε), l = 1, . . . , m − 1.

With these preliminaries, we have the following result.

Theorem 7 The compound stochastic process (z̃ε(t), θ̃ε(t)) converges
weakly to the diffusion process (z̃(t), θ̃(t)) in Rm × Rm−1 having generator
L that is defined on functions F (z, θ) from C(2)(R2m−1) by the relation

LF (z, θ) =
m∑

k=1

ak(z, θ)
∂F

∂zk
(z, θ) +

m−1∑
l=1

ãl(z, θ)
∂F

∂θl
(z, θ)

+
1
2

m∑
k,j=1

bkj(z, θ)
∂2F

∂zk∂zj
(z, θ) +

1
2

m−1∑
l,i=1

b̃li(z, θ)
∂2F

∂θl∂θi
(z, θ)

+
1
2

m∑
k=1

m−1∑
l=1

ckl(z, θ)
∂2F

∂zk∂θl
(z, θ),

(8.71)
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where

ak(z, θ) = B̃m[Gk, z, θ], k ∈ 1, m,

ãl(z, θ) = B̃m[H1, z, θ](2z1)−1 − B̃m[Hl+1, z, θ](2zl+1)−1, l ∈ 1, m − 1,

bkj(z, θ) = B̃m[Gkj , z, θ], k, j ∈ 1, m,

b̃li(z, θ) =
1
4
(
B̃m[H11, z, θ]z−2

1 + B̃m[Hl+1,i+1, z, θ](zl+1zi+1)−1

− B̃m[H1,l+1, z, θ](z1zl+1)−1 − B̃m[H1,i+1, z, θ](z1zi+1)−1),
l, i ∈ 1, m − 1,

ckl(z, θ) =
1
2
(
B̃m[Ĥ1k, z, θ]z−1

1 − B̃m[Hl+1,k, z, θ]z−1
l+1

)
,

for k ∈ 1, m, l ∈ 1, m − 1,

and

B̃m[Φ, z, θ] = Bm[Φ, z1, . . . , zm, θ1, . . . , θm],

where Bm is defined by relation (8.70).

Proof Let F (z, θ) satisfy the conditions of the theorem. Then using
equations (8.68) and (8.69) we can write, for t1 < t2,

E
(
F (z̃ε(t2), θ̃ε(t2)) − F (z̃ε(t1), θ̃ε(t1))/Fε

t1/ε

)

= E

(∫ t2/ε

t1/ε

[ m∑
k=1

∂F

∂zk
(z̃ε(εs), θ̃ε(εs))bk

(
xε(s), ẋε(s), y

(s

ε

))
ẋεk(s)

+
m−1∑
k=1

∂F

∂θl
(z̃ε(εs), θ̃ε(εs))

(
xε1(s)b1

(
xε(s), ẋε(s), y

(s

ε

))(
2zε

1

(s

ε

))−1

− xεk(s)bl+1

(
xε(s), ẋε(s), y

(s

ε

))(
2zε

l+1

(s

ε

))−1
)]

ds

/
Fε

t1/ε

)
.

Applying formula (5.7) to the last integral, we can obtain the formula

E
(
F (z̃ε(t2), θ̃ε(t2)) − F (z̃ε(t1), θ̃ε(t1))/Fε

t1/ε

)

= εE

∫ t2/ε

t1/ε

F̂
(
z̃ε(εs), θ̃ε(εs), xε(s), ẋε(s)

)
ds + O(ε),

(8.72)



8.3. Perturbed Motion of a Rigid Body 297

where

F̂ (z, θ, x, ẋ) =
m∑

k=1

Gk(x, ẋ)
∂F

∂zk
(z, θ)

+
m−1∑
l=1

[
H1(x, ẋ)(2z1)−1 − Hl+1(x, ẋ)(2zl+1)−1]∂F

∂θl
(z, θ) +

1
2

m∑
k,j=1

Gkj(x, ẋ)

× ∂2F

∂zk∂zj
(z, θ) +

1
8

m−1∑
l,i=1

(
H11(x, ẋ)z−2

1 + Hl+1,i+1(x, ẋ)(zl+1zi+1)−1

− H1,l+1(x, ẋ)(z1zl+1)−1 − H1,i+1(x, ẋ)(z1zi+1)−1) ∂2F

∂θ1∂θi
(z, θ)

+
1
4

m∑
k=1

m∑
l=1

(
H1k(x, ẋ)z−1

1 − Hl+1,k(x, ẋ)z−1
l+1

) ∂2F

∂zk∂θl
(z, θ).

The proof can be completed by applying relation (8.67) to equation (8.72).
(See proof of Theorem 6 in Chapter 5.)

�

8.3 A Rigid Body with a Fixed Point

A rigid body is a system of point masses in R3 for which all distances
between points are constant. Let x1, . . . , xr be the positions of the points
of the rigid body and let m1, . . . , mr be their masses. We consider motion
of rigid bodies for which there exists a fixed point. We assume that the
fixed point is O, the origin of R3. If x1(t), . . . , xr(t) are the positions of
the points of the rigid body at time t, then |xi(t)|, i = 1, 2, . . . , r, and
|xi(t) − xj(t)|, i, j ∈ 1, r, are constant in time.
The inertia operator I of the rigid body is a positive symmetric operator
defined by

(Iz, z) =
r∑

i=1

mi(xi, z)2, z ∈ R3.

Let xi(0) = xi. The position of the moving rigid body in R3 at time t can
be determined by the orthogonal operator Bt in R3 satisfying the relation

xi(t) = Btxi, i = 1, 2, . . . , r.

Denote by It the inertia operator of the rigid body at time t. Then

It = BtIB∗
t .

(Here B∗ is the adjoint operator to B.)
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The angular velocity ωt of the moving rigid body is the vector in R3 defined
by

vi(t) = [ωt, xi(t)], i = 1, . . . , r,

where vi(t) = ẋi(t) is the velocity of the point xi and [a, b] is the vector
product of vectors a and b from R3.
The angular momentum vector mt of the rigid body at time t is defined by

mt =
r∑

i=1

mi[xi(t), vi(t)],

so

mt = Itωt.

The kinetic energy of the moving rigid body at time t, say Tt, is defined by
the relation

Tt =
1
2
(Itωt, ωt).

Introduce the operator Ωt ∈ L(R3) for which

Ωtx = [x, ωt].

Then the operator function Bt satisfies the differential equation

dBt

dt
= BtΩt.

Denote by fi(t) the force acting on the point xi at time t. Then

n(t) =
r∑

i=1

[fi(t), xi(t)]

is the moment of forces acting on the rigid body. The motion of the rigid
body is determined by the equation

dmt

dt
= nt. (8.73)

8.3.1 Motion of a Rigid Body around a Fixed Point
In this case nt = 0 for all t, so mt = const. The kinetic energy of the rigid
body is constant, too. To describe the motion we introduce the inertia
ellipsoid of the rigid body defined by the equation

(Iz, z) = 1.

For the moving body the inertia ellipsoid at time t is determined by the
equation

(Itz, z) = 1.
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Denote by Π the plane

Π =
{

x ∈ R3 : (x, m) =
(m, ω)√

2T

}
,

where m is the initial angular momentum vector, ω is the angular velocity,
and T is the kinetic energy of the rigid body at the initial time.
Poinsot’s theorem states that the ellipsoid of inertia rolls without slipping
along the plane Π. (See [192, p.375].)
There exists a closed curve on the inertia ellipsoid along which it rolls on
the plane Π. Denote by α the angle on which the rigid body is turned
around the vector m during one rotation of the point of tangency between
the inertia ellipsoid and Π. If α/2π is a rational number, then the motion of
the rigid body is periodic. If α/2π is an irrational number, then Bt1 �= Bt2

for t1 �= t2.
The ergodic properties of the motion are described by the following
theorem.

Theorem 8 Let g(m, B) be a continuous function from R3 × L(R3) into
R. There exists the limit

lim
u→∞

1
u

∫ u

0
g(ms, Bs) ds = A(g, m, T, α),

where m and T are the angular momentum vector and the kinetic energy
of the rigid body, respectively, and α ∈ [0, 2π] is defined above. The limit
A(g, m, T, α) does not depend on α if α is an irrational number.

The proof of this theorem is a consequence of Poinsot’s theorem mentioned
earlier and ergodic theory.

Remark 13 Set

Ā(g, m, T ) =
1
2π

∫ 2π

0
A(g, m, T, α) dα.

Then

lim
u→∞

1
u

∫ u

0
g(ms, Bs) ds = Ā(g, m, T )

for almost all initial values (m0,B0) with respect to the product of the
Lebesgue measure in R3 and the Haar measure on the group O(R3) of the
orthogonal operators in R3.

8.3.2 Analysis of Randomly Perturbed Motions
Consider now the motion of a rigid body that is determined by the equation

dmε

dt
(t) = N

(
mε(t), Tε(t), Bε(t), y

(
t

ε

))
, (8.74)
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where mε(t) is the angular momentum vector of the rigid body, Tε(t) is its
kinetic energy, and Bε(t) is the orthogonal operator of its position at time t.
It is assumed that the Markov process y(t) in a measurable space Y satisfies
condition SMC II of Section 2.3. Here N(m, T, B, y) is a function from
R3 × R+ × O(R3) × Y into R3; which represents the moment of the forces
acting on the rigid body. It is assumed that the function N(m, T, B, y) is
measurable in y and has bounded continuous derivatives

∂N

∂m
,

∂N

∂T
,

∂N

∂B
.

with respect to m, T , B. Finally, we assume that the distribution of
N(m, T, B, y(t)) is absolutely continuous with respect to the Lebesgue
measure in R3.

Remark 14 The function Tε(t) can be expressed in terms of mε(t) and
Bε(t) by the formula

Tε(t) =
1
2
(
Bε(t)I−1B∗

ε (t)mε(t), mε(t)
)
,

so Tε(t) satisfies the differential equation

dTε

dt
(t) =

(
Bε(t)I−1B∗

ε (t)mε(t), N
(

mε(t), Tε(t), Bε(t), y
(

t

ε

)))
.

(8.75)
The last equation is a consequence of relation

(
d

dt
(BtI

−1B∗
t )mt, mt

)
= 0,

which is true for any motion.

Let

∫
N(m, T, B, y) ρ(dy) = 0. (8.76)
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Introduce the functions

a1(m, T, B) =
∫∫ ([

∂N

∂m
(m, T, B, y′)

]∗
N(m, T, B, y)

+
(
BI−1B∗m, N(m, T, B, y)

)∂N

∂T
N(m, T, B, y′)

)
R(y, dy′)ρ(dy),

a0(m, T, B) =
∫∫ [(

∂N

∂m
(m, T, B, y′)BI−1B∗m, N(m, T, B, y)

)

+
(

BI−1B∗m,
∂N

∂T
(m, T, B, y′)

)(
BI−1B∗m, N(m, T, B, y)

)]

× R(y, dy′)ρ(dy),

b2(m, T, B) = 2
∫∫

N(m, T, B, y′) ⊗ N(m, T, B, y)R(y, dy′)ρ(dy),

b1(m, T, B) = 2
∫∫ (

B∗∗m, N(m, T, B, y)
)
N(m, T, B, y′)R(y, dy′)ρ(dy),

where B∗∗ = BI−1B∗, and

b0(m, T, B) = 2
∫∫ (

BI−1B∗m, N(m, T, B, y′)
)

×
(
BI−1B∗m, N(m, T, B, y)

)
R(y, dy′)ρ(dy).

Note that b2 ∈ L2(R3), a1, b1 ∈ R3, a0, b0 ∈ R, for a, b ∈ R3, and we
denote by a ⊗ b the operator for which

a ⊗ b x = (a, x)b, x ∈ R3.

Set
āk(m, T ) = Ā(ak, m, T ), k = 0, 1,

b̄k(m, T ) = Ā(bk, m, T ), k = 0, 1, 2.

Denote by L the differential operator that is defined on functions F (m, T )
from C(2)(R3 × R+) by the relation

LF (m, T ) =
1
2
Tr(Fmm)b2 +(b1, FmT )+

1
2
b0FTT +(a1, Fm)+a0FT . (8.77)

With this notation we have the following result.

Theorem 9 Assume that all previous conditions and relation (8.76) are
satisfied. Then the stochastic process (m̃ε(t), T̃ε(t)), where

m̃ε(t) = mε

(
t

ε

)
, T̃ε(t) = Tε

(
t

ε

)
,

converges weakly in C to the Markov diffusion process (m̂(t), T̂ (t)) in R3 ×
R+ having generator L and initial conditions m̂(0) = m and T̂ (0) = T ,
where m and T are the angular momentum vector and the kinetic energy
of the rigid body at the initial time, respectively.
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Proof Using equations (8.74) and (8.75) and the techniques developed in
Section 5.1.5, we can obtain the representation of

E
(
F (mε(t2), Tε(t2)) − F (mε(t1), Tε(t1))/Fε

t1

)
in terms of the functions a1(m, T, B), a0(m, T, B), b2(m, T, B), and
b1(m, T, B).
The remainder of the proof is based on Theorem 8 and is completed in the
same way as in Theorem 5 of Chapter 5.
The details are left to the reader.

�

Remark 15 The motion of the rigid body on intervals of time on the
order of o(1/ε) can be described by the motion of the averaged system as
determined using Poinsot’s theorem.
Since the form of the inertia ellipsoid does not change in time, we need
only describe the change in time of the plane. That is determined by the
angular momentum vector mε(t) and the kinetic energy Tε(t). Theorem 9
describes their evolution as ε → 0.



9
Dynamical Systems on a Torus

In this chapter we consider a dynamical system on a two–dimensional torus.
A general theory for such systems was developed by A. Poincaré and A.
Denjoy, and it has numerous applications in science and engineering. In
particular, this theory has important applications to phase-locked loop
electronic circuits that are considered in the next chapter. This theory
also plays an important role in the Kolmogorov-Arnol’d-Moser theory of
oscillatory solutions to nonlinear systems. In the first part of the chapter
we describe the theory as it was developed for flows that have no random
elements. In the second part, we consider random perturbations of the same
problems.

9.1 Theory of Rotation Numbers

Consider the system of differential equations

ẋ(t) = a (x(t), y(t)) ,

ẏ(t) = b (x(t), y(t)) ,
(9.1)

where x(t) and y(t) are functions from R into R, and a(x, y) and b(x, y)
are functions from R2 into R that have the following properties:

(a) a(x, y), b(x, y) are continuous with continuous derivatives ax, ay, bx,
by, and a(x, y) > 0.
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(b) They are periodic functions in x and y with period 1:

a(x, y) = a(x + 1, y) = a(x, y + 1),
b(x, y) = b(x + 1, y) = b(x, y + 1),

for all x, y.

We will denote by [x] the integer part of a real number x, and set {x} =
x − [x].
The torus is obtained by the mapping τ : R2 → [0, 1)2, τ(x, y) = ({x}, {y}).
Because of property (a) we can consider system (9.1) as a differential
equation on the torus

T (2) = C
2,

where C is the circle in the plane of radius 1/(2π).
We will describe certain properties of the solutions of equations (9.1) in the
plane as well as their representations on the torus T (2).
Note that x(t) for t > 0 satisfies the property

x(t) ≥ x(0) + αt,

where

α = inf{a(x, y) : x ∈ [0, 1), y ∈ [0, 1)} > 0,

and x(t) is a strictly increasing function. The success of the theory rests on
the fact that the system (9.1) can be converted to an equivalent first–order
differential equation, as shown in the next lemma.

Lemma 1 Denote by Φ(x, x0, y0) the solution of the equation

dΦ
dx

(x, x0, y0) = c (x,Φ(x, x0, y0)) (9.2)

satisfying the initial condition

Φ(x0, x0, y0) = y0,

where

c(x, y) = b(x, y)a−1(x, y). (9.3)

Then the solution of the system (9.1) satisfying the initial condition

x(t0) = x0, y(t0) = y0

satisfies the relation

y(t) = Φ
(
x(t), x0, y0

)
. (9.4)

The proof follows from (9.1) and the definition of c(x, y).

Remark 1 The function c(x, y) defined by (9.3) satisfies the following
properties:



9.1. Theory of Rotation Numbers 305

(a′) c(x, y) is a continuous function with continuous derivatives cx(x, y),
cy(x, y).

(b′) c(x, y) is a periodic function in x and y with period 1.

For any fixed x ∈ R we consider the mapping Φx : R → R that is defined
by the relation

Φx(y) = Φ(x, 0, y). (9.5)

(Note that the subscript here does not indicate a derivative.) Following are
some properties of this mapping:

(i) Φx(y) is a continuous function in x and y with continuous derivatives
∂
∂xΦx(y), ∂

∂y Φx(y).

(ii) Φx(y + 1) = Φx(y) + 1 (this is called the circle mapping property).

(iii) Φx(y) < Φx(y′) for all x if y < y′, so there exists the inverse mapping
Φ−1

x (y) for which Φx(Φ−1
x (y)) = y.

(iv)

Φ(x, x0, y0) = Φx

(
Φ−1

x0
(y0)
)
. (9.6)

Note that properties (ii), (iii), (iv) are consequences of Φ being the solution
to equation (9.2).

9.1.1 Existence of the Rotation Number
Theorem 1 There exists a limit

θ = lim
x→∞

1
x

Φ(x, x0, y). (9.7)

This limit does not depend on x0 or on y, and it exists uniformly in |x0| ≤
C, |y| ≤ C for any C > 0. The limit θ is referred to as the rotation number
for system (9.1).

Proof Set Φ = Φ1; Φ is a mapping of R into R, it is invertible, and Φk

denotes the kth power of this mapping for all integers k.
We will say that Φ is periodic if there exist integers n and k and y0 ∈ R
for which

Φn(y0) = y0 + k.

Note that for all x, x0, y we have the relation

Φ(x, x0, y) = Φx

(
Φ−1

x0
(y)
)

= Φ{x}

(
Φ[x](Φ−1

x0
(y)
))

.

There exists a constant K for which

|Φx(y) − y| < K for x ∈ [0, 1] for all y ∈ R.
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Therefore, to prove the theorem we have to prove that uniformly for |y| ≤ c,

lim
m→∞

1
m

Φm(y) = θ. (9.8)

If Φ is periodic and

y0 − k0 ≤ y ≤ y0 + k0

for some k0 ∈ Z+, then

Φnl(y0 − k0) = y0 − k0 + lk ≤ Φnl(y) ≤ y0 + k0 + lk = Φnl(y0 + k0).

So
y0 − k0

nl
+

k

n
≤ 1

nl
Φnl(y) ≤ y0 + k0

nl
+

k

n

and

lim
l→∞

1
nl

Φnl(y) =
k

n
uniformly in y ∈ [y0 − k0, y0 + k0].

This implies that (9.8) holds uniformly in |y| ≤ c with θ = k/n.
Assume that Φ is not periodic. Then for any n and k the expression Φn(y)−
y − k is either positive for all y or negative for all y. Denote by Θ+ the set
of all rational numbers k/n for which

Φn(y) > y + k for all y ∈ R.

Assume that k/n ∈ Θ+ and k1/n1 > k/n. Then k1/n1 ∈ Θ+, because in
this case

Φn1(y) > y + k1.

We have

Φnn1(y) > y + nk1 > y + n1k, (9.9)

but the relation Φn(y) < y + k implies the inequality

Φnn1(y) < y + n1k,

which contradicts (9.9). The set Θ+ is bounded from below by the number

β = inf
y∈[0,1]

(Φ(y) − y),

and the rational number [β] does not belong to Θ+. Set

θ = inf Θ+.

It is easy to show that for k
n > θ,

lim sup
m→∞

1
m

Φm(y) ≤ k

n
uniformly in y ∈ [−c, c],

and for k/n < θ,

lim inf
m→∞

1
m

Φm(y) ≥ k

n
uniformly in y ∈ [−c, c].
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This completes the proof of the theorem.
�

Remark 2 Assume that θ = k1/n1 and that the least common divisor of
k1 and n1 is 1. Then there exists y0 for which

Φn1(y0) = y0 + k1;

i.e., Φ is periodic.

9.1.2 Purely Periodic Systems
System (9.1) is called periodic if the mapping Φ is periodic. Assume that
Φn1(y0) = y0 + k1. Consider the solution of system (9.1) in this case with
the initial condition x(0) = 0, y(0) = y0. Then

y(t) = Φx(t)(y0).

Since x(t) is an increasing function and x(t) → +∞ as t → +∞, there
exists t0 for which x(t0) = n1. Then

y(t0) = Φn1(y0) = Φn1(y0) = y0 + k1.

Since we have {x(t0)} = {x(0)} and {y(t0)} = {y(0)}, the solution
(x(t), y(t)) considered on the torus T (2) is periodic with period t0.
System (9.1) is called purely periodic if the solution of the system is periodic
on the torus T (2) for any initial conditions, that is, every solution is periodic.
The main result concerning purely periodic systems is presented in the
following theorem.

Theorem 2 If (9.1) is purely periodic, there exist functions Ψ1(x, y),
Ψ2(x, y) such that

(1) they are continuous in R2 and have continuous derivatives

∂

∂x
Ψk(x, y),

∂

∂y
Ψk(x, y), k = 1, 2,

(2) Ψk(x, y) = Ψk(x + 1, y) = Ψk(x, y + 1), k = 1, 2,

(3) Ψ2
1(x, y) + Ψ2

2(x, y) = 1,

(4)

a(x, y)
∂

∂x
Ψk(x, y) + b(x, y)

∂

∂y
Ψk(x, y) = 0, k = 1, 2. (9.10)

The last equation means that Ψk(x, y), k = 1, 2, are first integrals for system
(9.1).

Proof The function Ψ0(x, y) = Φ−1
x (y) satisfies condition (1) for k = 0

and Ψ0(x, y) = Ψ0(x, y) + 1. It is easy to see that

y = Ψ0
(
x,Φx(y)

)
.
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Therefore,

0 =
∂

∂x
Ψ0
(
x,Φx(y)

)
+

∂

∂y
Ψ0
(
x,Φx(y)

) ∂

∂x
Φx(y)

=
∂

∂x
Ψ0
(
x,Φx(y)

)
+ c
(
x,Φx(y)

) ∂

∂y
Ψ0
(
x,Φx(y)

)
.

This implies that Ψ0(x, y) satisfies equation (9.10) for k = 0.
Now we set

Ψ1(x, y) = cos 2πΨ0(x, y), Ψ2(x, y) = sin 2πΨ0(x, y).

The functions Ψ1, Ψ2 satisfy properties (1)–(4).
This completes the proof of Theorem 2.

�

Remark 3 Let (x(t), y(t)) be the solution of system (9.1) for some initial
conditions. Then Ψk(x(t), y(t)) ≡ constant for k = 1, 2.

Next we consider a periodic system. Set

ϕ(y) = Φn1(y) − k1.

We assume that for some y0 ∈ [0, 1) we have ϕ(y0) = y0. So the function
ϕ(y) maps the interval [y0, y0 + 1] into itself, the function ϕ(y) is strictly
increasing, ϕ(y0) = y0, and ϕ(y0 + 1) = ϕ(y0) + 1.
Denote by Π0 the set of fixed points, i.e., all y ∈ [y0, y0+1] for which ϕ(y) =
y. Let [y0, y0 + 1] \ Π0 = ∪k∆k, where ∆k = (αk, βk), and ∆i ∩ ∆j = ∅ if
i �= j.

Theorem 3 If (9.1) is periodic, denote by ϕn the nth power of the map-
ping ϕ : [y0, y0 + 1] → [y0, y0 + 1]. If ϕ(y) − y > 0 for y ∈ ∆k, then
limn→∞ ϕn(y) = βk for all y ∈ ∆k; if ϕ(y) − y < 0 for y ∈ ∆k, then
limn→∞ ϕn(y) = αk for all y ∈ ∆k.

Proof It is easy to see that |ϕ(y) − y| > 0 for y ∈ ∆k. If ϕ(y) > y, then
ϕn+1(y) > ϕn(y) and there exists

lim
n→∞ ϕn(y) = γ.

Then ϕ(γ) = γ. This means that γ = βk. In the same way we can prove
the second statement of the theorem.

�

9.1.3 Ergodic Systems
System (9.1) is called ergodic if the set {{Φ(n, 0, y)}, n = 0, 1, 2, . . . } is
dense on the interval [0, 1], where {Φ} = Φ − [Φ], for all y ∈ [0, 1). (Note
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that for a periodic system the set {{Φ(n, 0, y)}, n = 0, 1, 2, . . . } is a finite
set if Φ(n1, 0, y) = y + k1.)
So for ergodic systems the rotation number θ is an irrational number. The
inverse statement is true for systems satisfying some additional conditions
regarding the smoothness of the coefficients.

Theorem 4 Assume that θ is an irrational number and that ∂c
∂y (x, y) is a

continuous function of bounded variation. Then system (9.1) is ergodic.

(The proof of this statement is in [16, p.409].)
It follows from general ergodic theorems that under the conditions of Theo-
rem 4 there exists a probability measure m(dy) such that for any continuous
function h(y) : R → R satisfying the condition h(y+1) = h(y) there exists

lim
n→∞

1
n

n∑
k=1

h
(
Φk(y0)

)
=
∫ 1

0
h(y) m(dy) (9.11)

uniformly in y0 ∈ [0, 1].
This result implies the following statement concerning the ergodic distri-
bution for system (9.1).

Theorem 5 Let the conditions of Theorem 4 be satisfied. Then for any
continuous function h(x, y) satisfying the property

h(x, y) = h(x + 1, y) = h(x, y + 1)

there exists the limit

lim
t→∞

1
t

∫ t

0
h
(
x(s), y(s)

)
ds =

∫ 1

0

∫ 1

0
h
(
u, Φu(y)

)
a−1(u, Φu(y)

)
dum(dy)

×
[∫ 1

0

∫ 1

0
a−1(u, Φu(y)

)
dum(dy)

]−1

(9.12)
uniformly in x(0) ∈ [0, 1], y(0) ∈ [0, 1], where (x(t), y(t)) is the solution of
the system (9.1).

Proof The proof follows from the representation
∫ t

0
h
(
x(s), y(s)

)
ds =

∫ x(t)

0

h
(
u, Φu(y)

)
a(u, Φu(y)

) du =
[x(t)]∑
k=0

∫ k+1

k

h
(
u, Φu(y)

)
a(u, Φu(y)

) du

=
[x(t)]∑
k=0

∫ 1

0

h
(
u, Φu(y)

)
a(u, Φu(y)

) du,

which holds up to order O(1), and formula (9.11).
�

The following result concerning the representation of the solution to (9.2)
in the ergodic case will be useful.
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Figure 9.1. Simulation of the rotation number for system (9.13). Note the plateau
regions where the frequency response of the system is constant over a range of
ω values. This exhibits the phenomenon of phase–locking, which we discuss in
Chapter 10.

Theorem 6 (Bohl’s Theorem). Under the conditions of Theorem 4 there
exists a continuous function χ(x, y) : R2 → R for which

χ(x, y) = χ(x + 1, y) = χ(x, y + 1),

and the function

G(y) = y + χ(0, y)

is strictly increasing for y ∈ R. Moreover,

Φx(y) = g(y) + θx + χ(x, g(y) + θx))

where g(y) = G−1(y), i.e., G(g(y)) = y.

This theorem establishes the near-identity transformation that is widely
used in the theory of nonlinear oscillations, and the proof of the theorem
is in [16, p.414].

9.1.4 Simulation of Rotation Numbers
Consider the system

ẋ = ω − 0.1(sin(x − y) + 2 sin(2x − y)),
ẏ = 1 + 0.1(sin(x − y) + sin(2x − y)).

(9.13)

For each value of ω ∈ [0.1, 1.1], this system has a rotation number, say
ρ(ω). Figure 9.1 shows the rotation number calculated for this system for
each of 500 values of ω in this interval.
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9.2 Randomly Perturbed Torus Flows

Let (Z,Z) be a measurable space, and let z(t, ω) be a homogeneous Markov
process in this space with transition probability function

P (t, z, C) = P
{
z(t, ω) ∈ C/z(0, ω) = z

}
, C ∈ Z, z ∈ Z.

We assume that z(t, ω) is a uniformly ergodic process with an ergodic
distribution ρ(dz). This stochastic process will describe random noise in
the system moving on the torus T (2).
The system is defined by the differential equations

ẋε(t) = a

(
xε(t), yε(t), z

(
t

ε
, ω

))
,

ẏε(t) = b

(
xε(t), yε(t), z

(
t

ε
, ω

))
,

(9.14)

where (xε(t), yε(t)) are R-valued random functions that define the state
of the system, and the functions a(x, y, z), b(x, y, z) satisfy the following
conditions:

(1) They are defined on R2 × Z and take values in R.

(2) They are measurable with respect to B(R2) ⊗ Z; for fixed z they are
continuous in x, y; and they have continuous and bounded derivatives,
ax(x, y, z), ay(x, y, z), bx(x, y, z), by(x, y, z).

(3) For fixed z they are periodic in x and y with

a(x, y, z) ≡ a(x + 1, y, z) ≡ a(x, y + 1, z),

b(x, y, z) ≡ b(x + 1, y, z) ≡ b(x, y + 1, z),

for all x, y, and z.

Under these conditions system (9.14) has a unique solution for any initial
conditions xε(0) = x0, yε(0) = y0.
Recall that the R2 × Z-valued stochastic process(

xε(t), yε(t), z
(

t

ε
, ω

))

is a homogeneous Markov process.
As usual, we will investigate the asymptotic behavior of the solution to
system (9.14) as t → ∞ and ε → 0. In particular, we will investigate the
ratio yε(t)/xε(t) for large t and small ε.
Set

ā(x, y) =
∫

a(x, y, z)ρ(dz)
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and

b̄(x, y) =
∫

b(x, y, z)ρ(dz).

We assume in addition that ā(x, y) > 0. Then the functions ā(x, y), b̄(x, y)
satisfy conditions (1)–(3) in Section 9.1. The system of differential equations

˙̄x(t) = ā
(
x̄(t), ȳ(t)

)
,

˙̄y(t) = b̄
(
x̄(t), ȳ(t)

)
,

(9.15)

determines the averaged system for (9.14), and it can be studied using the
methods developed in Section 9.1.
We will use some statements that were proved earlier for general randomly
perturbed differential equations, which we summarize next.

I. Let (xε(t), yε(t)) be the solution to system (9.14), and let z̄(t) =
(x̄(t), ȳ(t)) be the solution to system (9.15). Assume that xε(0) = x̄(0),
yε(0) = ȳ(0). Then for any T > 0,

P

{
lim
ε→0

sup
t≤T

(
|xε(t) − x̄(t)| + |yε(t) − ȳ(t)|

)
= 0
}

= 1.

This statement is a consequence of Theorem 5 of Chapter 3.

II. Suppose additionally that the Markov process z̄(t) satisfies condition
SMC II of Section 2.3. Then under the conditions xε(0) = x̄(0), yε(0) =
ȳ(0), the two–dimensional process (x̃ε(t), ỹε(t)), where

x̃ε(t) = ε−1/2(xε(t) − x̄(t)), ỹε(t) = ε−1/2(yε(t) − ȳ(t)),

converges weakly to a two–dimensional Gaussian process (x̃(t), ỹ(t)), which
is determined by solving the system of integral equations

x̃(t) =
∫ t

0

[
āx(x̄(s), ȳ(s))x̃(s) + āy(x̄(s), ȳ(s))ỹ(s)

]
ds + v1(t),

ỹ(t) =
∫ t

0

[
b̄x(x̄(s), ȳ(s))x̃(s) + b̄y(x̄(s), ȳ(s))ỹ(s)

]
ds + v2(t),

where (v1(t), v2(t)) is a two–dimensional Gaussian process with indepen-
dent increments for which Ev1(t) = 0, Ev2(t) = 0, and

E
(
α1v1(t) + α2v2(t)

)2 =
∫ t

0

∫∫ [
α1a(x̄(s), ȳ(s), z) + α2b(x̄(s), ȳ(s), z)

]

×
[
α1a(x̄(s), ȳ(s), z′) + α2b(x̄(s), ȳ(s), z′)

]
R(z, dz′)ρ(dz)dt.

This follows from Theorem 5 of Chapter 4.
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9.2.1 Rotation Number in the Presence of Noise
Here we describe the behavior of the ratio yε(t)/xε(t) as t → ∞ and ε → 0
for solutions of (9.14). First, we show that xε(t) → ∞ with probability 1.
Next, we show that the limit of yε(t)/xε(t) can be calculated in terms of an
ergodic measure on the torus. Lastly, we estimate the difference between
this limit and the rotation number for the averaged system (9.15).

Lemma 2 There exists ε0 > 0 for which

P{xε(t) → +∞ as t → +∞} = 1

for all ε < ε0.

Proof Set

A(ε, t, x, y, z) = E
(
xε(t)/xε(0) = x, yε(0) = y, z(0) = z

)
− x.

Then

A(ε, t1, x, y, z) = A(ε, t1, x + 1, y, z) = A(ε, t1, x, y + 1, z),

and A(ε, t1, x, y, z), ∂
∂xA(ε, t1, x, y, z), ∂

∂y A(ε, t1, x, y, z) are bounded and
continuous functions of (t1, x, y) over any bounded region. To prove this
we consider the functions

Xε(t, x, y), Yε(t, x, y)

that solve system (9.14) and satisfy the initial conditions

Xε(0, x, y) = x, Yε(0, x, y) = y.

It is easy to see that ∂
∂xXε(t, x, y), ∂

∂y Xε(t, x, y), ∂
∂xYε(t, x, y), and

∂
∂y Yε(t, x, y) satisfy the system of linear ordinary differential equations

d

dt

∂

∂x
Xε(t, x, y) = ax

(
Xε, Yε, z

(
t

ε

))
∂

∂x
Xε(t, x, y)

+ ay

(
Xε, Yε, z

(
t

ε

))
∂

∂x
Yε(t, x, y),

d

dt

∂

∂x
Yε(t, x, y) = bx

(
Xε, Yε, z

(
t

ε

))
∂

∂x
Xε(t, x, y)

+ by

(
Xε, Yε, z

(
t

ε

))
∂

∂x
Yε(t, x, y),

d

dt

∂

∂y
Xε(t, x, y) = ax

(
Xε, Yε, z

(
t

ε

))
∂

∂y
Xε(t, x, y)

+ ay

(
Xε, Yε, z

(
t

ε

))
∂

∂y
Yε(t, x, y),
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and

d

dt

∂

∂y
Yε(t, x, y) = bx

(
Xε, Yε, z

(
t

ε

))
∂

∂y
Xε(t, x, y)

+ by

(
Xε, Yε, z

(
t

ε

))
∂

∂y
Yε(t, x, y)

with the initial conditions

∂

∂x
Xε(0, x, y) = 1,

∂

∂y
Xε(0, x, y) = 0,

∂

∂x
Yε(0, x, y) = 0,

∂

∂y
Yε(0, x, y) = 1.

This implies that the functions ∂
∂xXε(t, x, y), ∂

∂y Xε(t, x, y), ∂
∂xYε(t, x, y),

and ∂
∂y Yε(t, x, y) are continuous in (t, x, y) and are bounded by a

nonrandom constant over any bounded region. Note that

A(ε, t, x, y, z) =
∫ t

0
E
[
a
(
Xε(s, x, y), Yε(s, x, y), z

(s

ε

))/
z(0) = z

]
ds

and

∂A

∂x
(ε, t, x, y, z) =

∫ t

0
E

[
ax

(
Xε(s, x, y), Yε(s, x, y), z

(s

ε

)) ∂

∂x
Xε(s, x, y)

+ ay

(
Xε(s, x, y), Yε(s, x, y), z

(s

ε

)) ∂

∂x
Yε(s, x, y)

/
z(0) = z

]
ds,

and ∂A
∂y (ε, t, x, y, z) can be represented in the same way. These formulas

establish the properties of the functions A(ε, t, x, y, z).
It follows from the averaging theorem that

lim
ε→0

A(ε, t, x, y, z) =
∫ t

0
ā
(
X(s, x, y), Y (s, x, y)

)
ds

uniformly in x, y, z for each t > 0, where (X(s, x, y), Y (s, x, y)) is the
solution to system (9.15) with initial conditions

X(0, x, y) = x, Y (0, x, y) = y.

Since ā(x, y) > δ, there exist ε0 > 0 and t1 for which

inf
ε≤ε0, x,y,z

A(ε, t1, x, y, z) = δ1 > 0.
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Then

xε(nt1)
n

=
1
n

n−1∑
k=0

[xε((k + 1)t1) − xε(kt1)]

=
1
n

n−1∑
k=0

[
xε((k + 1)t1) − xε(kt1) − A

(
ε, t1, xε(kt1), yε(kt1), z

(
kt1
ε

))]

+
1
n

n−1∑
k=0

A

(
ε, t1, xε(kt1), yε(kt1), z

(
kt1
ε

))
.

If ε ≤ ε0, then

xε(nt1)
n

≥ δ +
1
n

n−1∑
k=0

, ξ(ε, kt1),

where

ξ(ε, kt1) = xε((k + 1)t1) − xε(kt1) − E
(
xε((k + 1)t1) − xε(kt1)/Fε

kt1

)
,

where Fε
t is the σ- algebra generated by {z(s/ε), s ≤ t}.

It is easy to see that E(ξ(ε, kt1)/Fε
kt1

) = 0 and

E
(
(ξ(ε, kt1))2/Fε

kt1

)
≤ c.

To complete the proof we prove the following statement, which will also be
useful later.

Lemma 3 Let {ξk} be a martingale with respect to the discrete time
filtration {Fk}, Eξk = 0, and E(ξ2

k/Fk−1) ≤ c. Then

1
n

n∑
k=1

ξk → 0 with probability 1.

Proof of Lemma 3: Set

ηm = sup
n≤2m

∣∣∣∣
n∑

k=1

ξk

∣∣∣∣.
Then for 2m−1 < n ≤ 2m,

1
n

∣∣∣∣
n∑

k=1

ξk

∣∣∣∣ ≤ 1
2m−1 ηm (9.16)

and

P

{
1

2m−1 ηm ≥ a

}
≤ P

{
sup

n≤2m

∣∣∣∣
n∑

k=1

ξk

∣∣∣∣ ≥ 2m−1a

}
≤ 2mc

(2m−1a)2
.

So
∑
m

P

{
1

2m−1 ηm ≥ qm

}
≤ 4c

∑
m

1
2mq2m

< ∞
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if 0 < q < 1 and 2q2 > 1. This implies that

P

{
lim

m→∞ 2−mηm = 0
}

= 1,

and completes the proof of Lemma 3.
�

We return to the proof of Lemma 2. Since

P

{
lim

1
n

n−1∑
k=0

ξ(ε, kt1) = 0
}

= 1,

we have that

P

{
lim inf
n→∞

xε(nt1)
n

≥ δ

}
= 1.

If t ∈ [nt1, (n + 1)t1], then |xε(nt1) − xε(t)| ≤ c1, where c1 is a constant.
Therefore,

P

{
lim inf
t→∞

xε(t)
t

≥ δ

}
= 1.

This completes the proof of Lemma 2.
�

We define a Markov process in the space T (2) × Z by

(
{xε(t)}, {yε(t)}, z

(
t

ε

))
, (9.17)

which we assume to be an ergodic process for ε > 0 with ergodic dis-
tribution mε(dx, dy, dz). This means that for all measurable functions
F (x, y, z) : R2×Z → R for which F (x, y, z) ≡ F (x+1, y, z) ≡ F (x, y+1, z)
and

∫
|F ({x}, {y}, z)|mε(dx, dy, dz) < ∞,

then with probability 1,

lim
t→∞

1
t

∫ t

0
F
(
xε(s), yε(s), z

(s

ε

))
ds =

∫
F ({x}, {y}, z)mε(dx, dy, dz).

(9.18)
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Formula (9.18) implies that

lim
t→∞

yε(t)
xε(t)

= lim
t→∞

(
yε(0) +

∫ t

0
b
(
xε(s), yε(s), z

(s

ε

))
ds

)

×
(

xε(0) +
∫ t

0
a
(
xε(s), yε(s), z

(s

ε

))
ds

)−1

= lim
t→∞

(∫ t

0
b
(
xε(s), yε(s), z

(s

ε

))
ds

)(∫ t

0
a
(
xε(s), yε(s), z

(s

ε

))
ds

)−1

=
∫

b({x}, {y}, z)mε(dx, dy, dz)
/∫

a({x}, {y}, z)mε(dx, dy, dz).

So the following statement has been proved.

Theorem 7 Let the Markov process (9.17) be ergodic with the ergodic
distribution mε(dx, dy, dz). Then with probability 1,

lim
t→∞

yε(t)
xε(t)

=
∫

b({x}, {y}, z)mε(dx, dy, dz)∫
a({x}, {y}, z)mε(dx, dy, dz)

. (9.19)

Remark 4 It follows from Lemma 2 that∫
a({x}, {y}, z)mε(dx, dy, dz) > 0

for ε < ε0, where ε0 > 0 is the number whose existence is proved there.

We consider now the ergodic property of the Markov process (9.17) under
the further assumption that z(t) is a jump Markov process. In this case
there exist a bounded measurable positive function λ(z) and a transition
probability in Z, say Q(z, dz′), such that the generator G of the Markov
process z(t) is represented in the form

Gh(z) = λ(z) ×
∫

[h(z′) − h(z)]Q(z, dz′) (9.20)

for any integrable function h.
Note that the ergodic distribution ρ(dz) of the process z(t) satisfies the
relation ∫

C

λ(z)ρ(dz) =
∫

λ(z)ρ(dz)Q(z, C). (9.21)

The process z(t, ω) can be represented in the form

z(t, ω) =
∑

n

zn(ω)1{∑n−1
k=0 ηk(ω)λ−1(zk(ω))≤t<

∑n
k=0 ηk(ω)λ−1(zk(ω))}, (9.22)

where {zk(ω), k = 0, 1, 2, . . . } is a sequence of Z-valued random variables,
and {ηk(ω)}, k = 0, 1, . . . , is a sequence of R-valued random variables. In
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addition, {zk(ω)} is the Markov chain in (Z,Z) with transition probability
Q(z, C), and

P
[
ηk(ω) > tλ(zk(ω))

/
η0(ω), . . . , ηk−1(ω), z0(ω), . . . , zk(ω)

]
= e−t.

Denote by Sz(t, x, y) the function from Z × R+ × T (2) into T (2) that is
defined by

Sz(t, x, y) = ({Xz(t, x, y)}, {Y z(t, x, y)}),

where (Xz(t, x, y), Y z(t, x, y)) is the solution of the system of differential
equations

d

dt
Xz(t, x, y) = a

(
Xz(t, x, y), Y z(t, x, y), z

)
,

d

dt
Y z(t, x, y) = b

(
Xz(t, x, y), Y z(t, x, y), z

)
,

satisfying the initial conditions Xz(0, x, y) = x, Y z(0, x, y) = y.
Set τk = ηk(ω)λ−1(zk(ω)), and let X(t, x, y, ω), Y (t, x, y, ω) be the solu-
tion of system (9.14) for ε = 1 with the initial conditions X(0, x, y) =
x, Y (0, x, y) = y. Denote by {un(ω), n = 0, 1, 2, . . . } the sequence of
T (2)-valued random variables that are defined by

un(ω) =
({

X

(n−1∑
k=0

τk, x, y, ω

)}
,

{
Y

(n−1∑
k=0

τk, x, y, ω

)})
. (9.23)

Then

un(ω) = Szn−1(ω)(τn−1, un−1(ω)), (9.24)

where

zn(ω) = z

(n−1∑
k=0

τk, ω

)
. (9.25)

It is easy to see that {(un(ω), zn(ω)), n = 0, 1, 2, . . . } is a homogeneous
Markov chain in the space T (2) × Z.

Lemma 4 Assume that the following conditions are fulfilled:

(1) |a(x, y, z)b(x, y, z′)−a(x, y, z′)b(x, y, z)| > 0, a2(x, y, z)+b2(x, y, z) >
0 for all x, y, z �= z′

(2) ρ((z)) < 1 for every z ∈ Z. Here (z) is a singleton containing the
point z.

Then

(a) the Markov chain {(un(ω), zn(ω)), n = 0, 1, 2, . . . } is Harris recurrent
with respect to the measure

Q2(dx, dy)ρ(dz) (9.26)
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on the torus T (2), where Q2 is Lebesgue measure on [0, 1] × [0, 1],

(b) there exists a unique invariant probability measure for this Markov
chain, and it is absolutely continuous with respect to measure (9.26).

Proof The function

∆(x, y, z, z′) = a(x, y, z)b(x, y, z′) − a(x, y, z′)b(x, y, z)

is continuous in x, y, so

inf
0≤x≤1, 0≤y≤1

|∆(x, y, z, z′)| > 0.

Therefore, for fixed z, z′ the two systems of curves {Uz
u(t), u ∈ T (2)} and

{Uz′
u (t), u ∈ T (2)} can be used as local coordinates, where

Uz
u =

(
(Xz(t, x, y)), (Y z(t, x, y))

)
if u = ((x), (y)).

This means that for any point u0 ∈ T (2), say u0 = ({x0}, {y0}), we can
find such ε > 0 and δ0 that for x ∈ (x0 − ε, x0 + ε) and y ∈ (y0 − ε, y0 + ε)
there are numbers t1, |t1| < δ0, and t2, |t2| < δ0, for which

u = ({x}, {y}) = Sz′(t2, Sz(t1, u)).

Moreover, t1, t2 satisfying these conditions are unique. This implies that
for u ∈ T (2) there exists an open set Gu ⊂ T (2), u ∈ G′

u for which

P{u2(ω) ∈ A/u0(ω) = u, z0(ω) = z} ≥ c(z)Q2(A ∩ Gu), (9.27)

where c(z) > 0. Using this inequality we can prove that for any measurable
set C we have∑

n

E
(
1{(un(ω),zn(ω))∈C}/un−2(ω), zn−2(ω)

)

≥
∑

c(zn−2(ω))1{zn(ω)∈C′}Q2(Czn−2(ω) ∩ Cun−2(ω)) = +∞,

where Cz = {u : (u, z) ∈ C} and C ′ = {z : Cz �= ∅}.
This implies statement (a) of the lemma. The existence and uniqueness of
the invariant measure is a consequence of the compactness of T (2) and the
continuity of the transition probability in x and y.
This completes the proof of Lemma 4.

�

The next theorem describes the behavior of the ratio yε(t)/xε(t) for a
randomly perturbed system.

Theorem 8 Assume that the averaged system (9.15) has rotation number
θ:

lim
t→∞ ȳ(t)/x̄(t) = θ (9.28)

uniformly with respect to x(0) ∈ [0, 1].
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Then for any δ > 0,

lim
ε→0

P
{
lim sup

t→∞
|yε(t)/xε(t) − θ| < δ

}
= 1. (9.29)

Proof It follows from (9.28) that for any δ1 > 0 there exists a time
t = a > 0 for which

sup
x0,y0

∣∣θ − (Y (a, x0, y0) − y0)/(X(a, x0, y0) − x0)
∣∣ < δ1, (9.30)

where (X(t, x, y), Y (t, x, y)) is the solution to system (9.15) with the initial
conditions

X(0, x, y) = x, Y (0, x, y) = y.

For any n ∈ Z+ we have

yε(na)/na =
1
na

(
y0 +

n−1∑
k=1

[yε(ka) − yε((k − 1)a)]
)

=
1
na

(
y0 +

n−1∑
k=1

δỹε(ka)
)

+
1
na

n−1∑
k=1

E
(
yε(ka) − yε((k − 1)a)/Fε

(k−1)a

)
,

where

δỹε(ka) = yε(ka) − yε((k − 1)a) − E
(
yε(ka) − yε((k − 1)a)/Fε

(k−1)a

)
.

It follows from Lemma 3 that

P

{
lim

n→∞
1
n

n∑
k=1

δỹε(ka) = 0
}

= 1.

It follows from statement I that
E
(
yε(ka) − yε((k − 1)a)/Fε

(k−1)a

)
= E

(
Yε(a, xε((k − 1)a), yε((k − 1)a)) − yε((k − 1)a)/Fε

(k−1)a

)
= Y (a, xε((k − 1)a), yε((k − 1)a)) − yε)((k − 1)a) + O(α(ε, a)),

where (Xε(t, x, y), Yε(t, x, y)) is the solution of system (9.14), and where
the gauge function α(ε, a) goes to 0 for all a > 0.
So

yε(na)
na

=
1
na

∑
k<n

[Y (a, xε(ka), yε(ka)) − yε(ka)] + O(α(ε, a)) + o(1).

In the same way we can obtain the representation

xε(na)
na

=
1
na

∑
k<n

[X(a, xε(ka), yε(ka)) − xε(ka)] + O(α(ε, a)) + o(1).

Note that ∣∣∣∣ Y (a, xε(ka), yε(ka)) − yε(ka)
X(a, xε(ka), yε(ka)) − xε(ka)

− θ

∣∣∣∣ < δ1
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because of relation (9.30).
Lemma 2 implies the relation xε(na) → +∞ with probability 1. So

yε(na)
xε(na)

= θ + O(α(ε, a0 + δ1) + o(1).

Assume that t ∈ [na, (n + 1)a]. Then

|yε(t) − yε(na)| ≤ c1a,

|xε(t) − xε(na)| ≤ c2a,

and

yε(t)
xε(t)

= θ + O

(
α(ε, a) + δ1 +

a

xε(na)

)
+ o(1),

where P{limn→∞ o(1) = 0} = 1.
This completes the proof of Theorem 8.

�

Remark 5 Assume that the Markov process ({xε(t)}, {yε(t)}, z(t/ε)), for
t ≥ 0, is ergodic in T (2) × Z for all ε > 0. Then with probability 1 there
exists a limit

lim
t→∞ yε(t)/xε(t) = θε

for sufficiently small ε > 0 for which limt→∞ xε(t) = +∞. It follows from
Theorem 8 that θε → θ as ε → 0.

9.2.2 Simulation of Rotation Numbers with Noise
The simulation in Figure 9.2 shows the rotation numbers, calculated as in
Figure 9.1, but for each of ten sample paths for ω in the system

ẋ = ω(t/ε) − 0.1(sin(x − y) + 2 sin(2x − y)),
ẏ = 1 + 0.1(sin(x − y) + sin(2x − y)).

In the simulation here, ω(t/ε) = 10(z(t/ε) − 0.5) + ω̄, where the stopping
times for the jump process z are exponentially distributed and its values
are uniformly distributed on [0, 1].

9.2.3 Randomly Perturbed Purely Periodic Systems
We will consider here the systems defined by equations (9.14) for which the
averaged system defined by equations (9.15) is purely periodic. Denote by
Ψ1(x, y) and Ψ2(x, y) the first integrals for system (9.15), the existence of
which was proved in Theorem 2. These functions satisfy conditions (1)–(3)
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Figure 9.2. Simulation of rotation numbers for a torus flow with noise. It is
surprising that even in the presence of such strong noise, the general pattern of
phase locking persists.

of Theorem 2 and the following partial differential equations:

ā(x, y)
∂

∂x
Ψk(x, y) + b̄(x, y)

∂

∂y
Ψk(x, y) = 0, (9.31)

for k = 1, 2. We assume that Ψ1(x, y) and Ψ2(x, y) are constructed in
the same way as in Theorem 2: Ψ1(x, y) = cos 2πΨ0(x, y), Ψ2(x, y) =
sin 2πΨ0(x, y), and

Ψ0(x, y) = Φ−1
x (y),

where Φx(y) is the solution to the equation

d

dx
Φx(y) = c̄(x,Φx(y)), Φ0(y) = y, (9.32)

and c̄(x, y) = b̄(x, y)/ā(x, y).
Assume that θ = k/l and Φl(y) = y+k for all y. Denote by Oy, for y ∈ [0, 1],
the orbit on the torus T (2) corresponding to the solution of equation (9.32),

Oy =
{
{x}, {Φx(y)}, x ∈ [0, l]

}
.

Note that Oy is the orbit for the solution of equations (9.15) with initial
conditions x̄(0) = 0, ȳ(0) = y. Now we denote by my(dx, dy) the ergodic
distribution on the orbit Oy: For any continuous function f(x, y) satisfying
the conditions f(x, y) ≡ f(x + 1, y) ≡ f(x, y + 1),

∫
T (2)

f(x′, y′)my(dx′, dy′) = lim
t→∞

1
t

∫ t

0
f
(
x̄(s), ȳ(s)

)
ds,
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where
(
x̄(s), ȳ(s)

)
is the solution to equation (9.15) with the orbit Oy. In

the same way as formula (9.12) was obtained, we can prove that
∫

T (2)
f(x′, y′)my(dx′, dy′)

=
∫ l

0

f(u, Φu(y))
ā((u, Φu(y))

du ·
[∫ l

0
[ā((u, Φu(y))]−1du

]−1

.

(9.33)

For the stochastic processes

ψk
ε (t) = Ψk

(
xε

(
t

ε

)
, yε

(
t

ε

))
, k = 1, 2,

we can use the theorem on diffusion approximations for first integrals
(Chapter 5, Theorem 6). We summarize these results in the following
theorem.

Theorem 9 The stochastic process (ψ1
ε(t), ψ2

ε(t)) converges weakly in C to
the diffusion process (ψ̂1(t), ψ̂2(t)) whose generator L̂ is defined as follows:
For sufficiently smooth functions H(ϕ, ψ) : R2 → R, then

L̂H(ϕ, ψ) = â1(ϕ, ψ)
∂H

∂ϕ
(ϕ, ψ) + â2(ϕ, ψ)

∂H

∂ψ
(ϕ, ψ)

+
1
2

(
b̂11(ϕ, ψ)

∂2H

∂ϕ2 (ϕ, ψ) + 2b̂12(ϕ, ψ)
∂2H

∂ϕ∂ψ
(ϕ, ψ)

+ b̂22(ϕ, ψ)
∂2H

∂ψ2 (ϕ, ψ)
)

,

(9.34)

where the coefficients of the differential operators are defined by the
relations

L̂H(ϕ, ψ) =
∫∫∫∫ {

a(x, y, z′)
∂

∂x

[
a(x, y, z)

∂H

∂x
(Ψ1(x, y), Ψ2(x, y))

+b(x, y, z)
∂H

∂y
(Ψ1(x, y), Ψ2(x, y))

]

+b(x, y, z′)
∂

∂y

[
a(x, y, z)

∂H

∂x
(Ψ1(x, y), Ψ2(x, y))

+b(x, y, z)
∂H

∂y
(Ψ1(x, y), Ψ2(x, y))

]}
R(z, dz′)ρ(dz)my(ϕ,ψ)(dx, dy),

(9.35)
where y(ϕ, ψ) ∈ [0, 1) is defined by the equations ϕ = cos(2πy(ϕ, ψ)), ψ =
sin(2πy(ϕ, ψ)).
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Remark 6 In particular,

âk(ϕ.ψ) =
∫∫∫∫ {

a(x, y, z′)
∂

∂x

[
a(x, y, z) dx Ψk(x, y)

+b(x, y, z) dy Ψk(x, y)
]

+ b(x, y, z′)
∂

∂y

[
a(x, y, z)

∂

∂x
Ψk(x, y)

+b(x, y, z)
∂

∂y
Ψk(x, y)

]}
R(z, dz′)ρ(dz)my(ϕ,ψ)(dx, dy),

and

b̂11(ϕ, ψ)λ2
1 + 2b̂12(ϕ, ψ)λ1λ2 + b̂22(ϕ, ψ)λ2

2

=
∫∫∫∫ {

a(x, y, z′)
∂

∂x

[
λ1Ψ1(x, y) + λ2Ψ2(x, y)

]

+ b(x, y, z′)
∂

∂y

[
λ1Ψ1(x, y) + λ2Ψ2(x, y)

]}

×
{

a(x, y, z)
∂

∂x

[
λ1Ψ1(x, y) + λ2Ψ2(x, y)

]

+ b(x, y, )
∂

∂y

[
λ1Ψ1(x, y) + λ2Ψ2(x, y)

]}

× DR(z, dz′)ρ(dz)my(ϕ,ψ)(dx, dy).

Remark 7 It is easy to see that [Ψ1(t)]2 + [Ψ2(t)]2 = 1.
Consider the complex-valued stochastic process

ζ(t) = Ψ1(t) + iΨ2(t),

which is a diffusion process on the circle |z| = 1 in the complex plane. Set
θ(t) = arg ζ(t), so ζ(t) = exp{iθ(t)}. Assume that the stochastic process
θ(t) is continuous on the real line. Then it is a homogeneous diffusion
process, and its diffusion coefficients are periodic with period 2π. Denote
the diffusion coefficients for θ(t) by α(θ) and β(θ). Then

â1(cos θ, sin θ) = − sin θ · α(θ) − 1
2

cos θ · β(θ),

â2(cos θ, sin θ) = cos θ · α(θ) − 1
2

sin θ · β(θ),

b̂11(cos θ, sin θ) = sin2 θ · β(θ), b̂22(cos θ, sin θ) = cos2 θ · β(θ),

and

b̂12(cos θ, sin θ) = − cos θ sin θ · β(θ).

In addition,

α(θ) = â2(cos θ, sin θ) cos θ − â1(cos θ, sin θ) sin θ
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and

β(θ) = b̂11(cos θ, sin θ) + b̂22(cos θ, sin θ).

Denote by θε

(
t/ε
)

the stochastic process on R for which

Ψ1

(
xε

(
t

ε

)
, yε

(
t

ε

))
= cos θε

(
t

ε

)

and

Ψ2

(
xε

(
t

ε

)
, yε

(
t

ε

))
= sin θε

(
t

ε

)
.

That is, θε (t/ε) = 2πΨ0 (xε (t/ε) , yε (t/ε)).

Corollary 1 The stochastic process θε

(
t/ε
)

converges weakly to the
process θ(t) that was constructed in Remark 7.
Set

Θε(t, x, y) = 2π Ψ0(Xε(t, x, y), Yε(t, x, y)),

where the functions Xε, Yε were introduced in the beginning of Section
2.2.1. Introduce the stopping time

T ε = inf{t : |Θε(t, 0, y0) − Θε(0, 0, y0)| ≥ 2π}.

Then for t < T ε the following inequality holds:

ΦXε(t,0,y0)(y0) − 1 < Yε(t, 0, y0) < ΦXε(t,0,y0)(y0) + 1,

and

Yε(T ε, 0, y0) = ΦXε(T ε,0,y0)(y0) +
1
2π

(
Θε(T ε, 0, y0) − Θε(0, 0, y0)

)
.

This means that at the instant T ε the coordinate y of the perturbed system
has one additional rotation with respect to the averaged system in the
positive direction if λ = +1 or in the negative direction if λ = −1, where

λ = (2π)−1(Θε(T ε, 0, y0) − Θε(0, 0, y0)
)
.

Therefore, [(2π)−1
(
Θε(T ε, 0, y0)−Θε(0, 0, y0)

)
] is the number of additional

rotations of the perturbed system with respect to the averaged system at
time t. (Recall that [x] is the integer part of x.)

Corollary 2 The stochastic process

νε(t) =
[
θε(t) − θε(0)

2π

]

converges weakly as ε → 0 to the stochastic process

ν(t) =
[
θ(t) − θ(0)

2π

]
,
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where θ(t) is the diffusion process on R that was constructed in Remark 7.

We next consider ergodic properties of the process ζ(t). Suppose that
the coefficients α(θ) and β(θ) for the diffusion process θ(t) constructed
in Remark 7 are periodic smooth functions.

Lemma 5 Assume that β(θ) > 0. Then ζ(t) is an ergodic process on the
circle C1,and its ergodic distribution is absolutely continuous with respect
to Lebesgue measure on C1 with the density g(z) for which the function
g1(θ) = g(eiθ) is a 2π-periodic function satisfying the differential equation

(α(θ)g1(θ))′ − 1
2
(β(θ)g1(θ))′′ = 0. (9.36)

Proof It is known that a diffusion process on the real line with continuous
bounded coefficients α(θ) and β(θ) and with infθ β(θ) > 0 has its transi-
tion probability function absolutely continuous with respect to Lebesgue
measure. Therefore, the transition probability of the process ζ(t) is also
absolutely continuous with respect to Lebesgue measure on C1. It is easy
to see that for any t > 0, any interval ∆ ⊂ C1, and for z ∈ C1 we have

P{ζ(t) ∈ ∆/ζ(0) = z1} > 0.

So the Markov process ζ(t) has no invariant proper subsets. That implies
the existence of a unique invariant measure that is absolutely continuous
with respect to Lebesgue measure because of the properties of the transition
probabilities. So the existence of g(z) is proved.
Let h(θ) be a 2π-periodic function with continuous derivatives h′(θ) and
h′′(θ). Then

lim
t→∞

1
t

∫ t

0
h(θ(s)) ds = lim

t→∞
1
t

∫ t

0
ĥ(eiθ(s)) ds

=
∫

C1

ĥ(z)g(z) dz =
∫ 2π

0
h(θ)g1(θ) dθ,

where ĥ(eiθ) = h(θ), for θ ∈ R.
Note that the stochastic process θ(t) can be considered the solution to the
stochastic differential equation

dθ(t) = α(θ(t)) dt +
√

β(θ(t)) dw(t). (9.37)

If there is a periodic function f(θ) for which

h(θ) = α(θ)f ′(θ) +
1
2
β(θ)f ′′(θ), (9.38)

then

df(θ(t)) =
(

α(θ(t))f ′(θ(t))+
1
2
β(θ(t))f ′′(θ(t))

)
dt+f ′(θ(t))

√
β(θ(t)) dw(t)
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and

1
t
[f(θ(t)) − f(θ(0))] =

1
t

∫ t

0
h(θ(s)) ds +

1
t

∫ t

0
f ′(θ(s))

√
β(θ(s)) dw(s).

Since

E

(
1
t

∫ t

0
f ′(θ(s))

√
β(θ(s)) dw(s)

)2

= O

(
1
t

)
,

we have

lim
t→∞

1
t

∫ t

0
h(θ(s)) ds = 0.

So it is proved that ∫ 2π

0
h(θ)g1(θ) dθ = 0 (9.39)

for h(θ) given by formula (9.38) with an arbitrary periodic function f ∈
C(2). This implies equation (9.36), and the proof of Lemma 5 is complete.

�

Remark 8 We can construct a positive periodic solution g1(θ) to equation
(9.36) in the following way. Set

γ =
∫ 2π

0
2α(θ)β−1(θ) dθ.

Then ∫ u

0
2α(θ)β−1(θ) dθ = γu + z(u),

where z(u) is a 2π-periodic function.
Equation (9.36) can be written in the form(

g1(u)β(u) exp{−γu − z(u)}
)′ = c exp{−γ − z(u)}, (9.40)

where c is a constant. Then the function

Z1(u) = e−z(u)

is a 2π-periodic function, and∫ u

0
e−γθZ1(θ)dθ = e−γuZ2(u) − Z2(0) (9.41)

is also 2π-periodic. Relations (9.40) and (9.41) imply that

g1(θ)β(θ)Z1(θ)e−γθ = c1 + ce−γθZ2(θ),

where c1 is another constant. If γ = 0, we set c = 0,

g1(θ) =
c1

β(θ)Z1(θ)
, c1 > 0,
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g1(θ) =
cZ2(θ)

β(θ)Z1(θ)
, c > 0.

Theorem 10 Let h(θ) be a 2π-periodic continuous function. Then

lim
ε→0

lim sup
t→∞

∣∣∣∣1t
∫ t

0
h
(
θε

(s
ε

))
ds −

∫ 2π

0
h(θ)g1(θ) dθ

∣∣∣∣ = 0

with probability 1.

Proof It follows from Theorem 9 that for any δ > 0, t0 > 0 we can find
ε0 > 0 such that for ε < ε0,

E

∣∣∣∣ 1t0
∫ t0

0
h
(
θε

(s
ε

))
ds −

∫ 2π

0
h(θ)g1(θ)dθ

∣∣∣∣ < δ. (9.42)

Then

1
nt0

∫ nt0

0
h
(
θε

(s

ε

))
ds =

1
nt0

n−1∑
k=0

∫ (k+1)t0

kt0

h
(
θε

(s

ε

))
ds

=
1

nt0

n−1∑
k=0

(∫
h
(
θε

(s

ε

))
ds − E

(∫
h
(
θε

(s

ε

))
ds

/
Fε

kt0
ε

))

+
1

nt0

n−1∑
k=0

E

(∫
h
(
θε

(s

ε

))
ds
/
Fε

kt0
ε

)
.

where the integrals are over [kt0, (k + 1)t0]. It follows from Lemma 3 that

lim sup
n→∞

∣∣∣∣ 1
nt0

n−1∑
k=0

(∫
h
(
θε

(s
ε

))
ds − E

(∫
h
(
θε

(s
ε

))
ds

/
Fε

kt0
ε

))∣∣∣∣
is zero with probability 1. And (9.42) implies the inequality

∣∣∣∣ 1
nt0

n−1∑
k=0

(∫ (k+1)t0

kt0

h
(
θε

(s
ε

))
ds

/
Fε

kt0
ε

)
−
∫ 2π

0
α(θ)g1(θ) dθ

∣∣∣∣ < δ.

This completes the proof of the theorem.
�

Remark 9

P

{
lim

t→∞
θ(t)
t

=
∫ 2π

0
α(u)g1(u) du

}
= 1.

This is a consequence of the relation

θ(t)
t

=
θ(0)

t
+

1
t

∫ t

0
α(θ(s)) ds +

1
t

∫ t

0

√
β(θ(s)) dw(s),

which follows from equation (9.37).
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Corollary 3

lim sup
t→∞

∣∣∣∣νε(t)
t

− ε

∫ 2π

0
α(u)g1(u) du

∣∣∣∣ = o(ε).

This relation is a consequence of the relation

lim
ε→0

lim sup
t→∞

∣∣∣∣νε(t)
t

− ε

∫ 2π

0
α(u)g1(u) du

∣∣∣∣ = 0.

Corollary 4

yε(t) = θ xε(t) + εt

∫ 2π

0
α(u)g1(u) du + t o(ε).

9.2.4 Ergodic Systems
Assume that the averaged system (9.15) is ergodic; equivalently, the rota-
tion number θ for it is an irrational number. In addition, we assume that
the function c̄(x, y) = b̄(x, y)/ā(x, y) has a continuous derivative c̄y(x, y)
that is of bounded variation.
We will write Φx(y) for the solution to the equation

dΦx

dx
(y) = c̄(x,Φx(y))

that satisfies the initial condition Φ0(y) = y. As before, we write Ψ0(x, y) =
Φ−1

x (y), where Φ−1
x (y) is the inverse function for y.

Introduce the sequence of stopping times {τε
k , k = 0, 1, . . . }, where

τε
k = inf{t : xε(t) = x0 + k}, x0 = xε(0).

Denote by X̂ε(t, x0, y0, s), Ŷε(t, x0, y0, s) the solution to system (9.14) on
the interval [s,∞) satisfying the initial conditions

X̂ε(s, x0, y0, s) = x0, Ŷε(s, x0, y0, s) = y0.

We consider the sequence of random mappings

Sk(ε, y) = Ŷε(τε
k+1, x0 + k, y, τε

k).

Then yε(τε
k+1) = Sk(ε, yε(τ ε

k)), and we see that by successive back-
substitutions we get

yε(τε
n) = Sn−1

(
ε, Sn−2(ε, . . . , S0(ε, y0) . . . ). (9.43)

We will investigate the asymptotic behavior of the ratio

yε(τε
n)/n

as n → ∞ and ε → 0. It follows from Theorem 7 that

lim
ε→0

lim sup
n→∞

|yε(τε
n)/n − θ| = 0,
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but we can find a more precise asymptotic representation for the ratio that
is based on a diffusion approximation.
Introduce the sequence of random variables

uε
n = Ψ0(n + x0, yε(τε

n)), (9.44)

which is equivalent to

yε(τε
n) = Φx0+n(uε

n). (9.45)

Using Theorem 6 we can write yε(τε
n) as

yε(τε
n) = g(uε

n) + θ(x0 + n) + χ(x0 + n, g(uε
n) + θ(x0 + n)). (9.46)

Since χ(x, y) = O(1), we have g(y) = y + O(1), and we can write

1
n

yε(τε
n) =

1
n

uε
n + θ + O

(
1
n

)
. (9.47)

We will investigate the asymptotic behavior of 1
nuε

n as n → ∞ and ε → 0.
Set

uε(t) = Ψ0(xε(t), yε(t)). (9.48)

Then

uε(τε
n) = uε

n.

The following theorem describes the asymptotic behavior of the stochastic
process uε(t) as t → ∞.

Theorem 11 The stochastic process uε

(
t/ε
)

converges weakly as ε → 0
to a diffusion Markov process on R having generator L̂ defined for F ∈
C(2)(R) by

L̂F (u) = AF ′(u) +
1
2
BF ′′(u). (9.49)

The constants A and B are defined by

A =
∫∫∫∫

L(x, y, z)[L(x, y, z′)Ψ0(x, y)]R(z, dz′) ρ(dz) m(dx, dy), (9.50)

and B/2 =∫∫∫∫
[L(x, y, z)Ψ0(x, y)][L(x, y, z′)Ψ0(x, y)]R(z, dz′) ρ(dz) m(dx, dy),

(9.51)
where L(x, y, z) is the differential operator for which

L(x, y, z)G(x, y) = a(x, y, z)Gx(x, y) + b(x, y, z)Gy(x, y).

Here m(dx, dy) is the ergodic measure for system (9.15) that is determined
in Theorem 5, namely,∫∫

f(x, y)m(dx, dy) = lim
t→∞

1
t

∫ t

0
f(x̄(s), ȳ(s)) ds
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for any continuous function for which f(x, y) ≡ f(x + 1, y) ≡ f(x, y + 1).

The proof of the theorem is based on several auxiliary lemmas.

Lemma 6 Set

G(x, y, z) = L(x, y, z)Ψ0(x, y). (9.52)

Then

u̇ε(t) = G

(
xε(t), yε(t), z

(
t

ε

))
(9.53)

and ∫
G(x, y, z)ρ(dz) = 0. (9.54)

Proof Equation (9.53) is a consequence of (9.48) and (9.52). In addition,
∫

G(x, y, z)ρ(dz) = ā(x, y)
∂Ψ0

∂x
(x, y) + b̄(x, y)

∂Ψ0

∂y
(x, y). (9.55)

The relation

y = Ψ0(x,Φx(y))

implies that

0 =
∂Ψ0

∂x
(x,Φx(y)) +

∂Ψ0

∂y
(x,Φx(y))

∂Φ0

∂x
(y)

=
∂Ψ0

∂x
(x,Φx(y)) +

∂Ψ0

∂y
(x,Φx(y))

b̄(x,Φx(y))
ā(x,Φx(y))

,

so

0 = ā(x,Φx(y))
∂Ψ0

∂x
(x,Φx(y)) + b̄(x,Φx(y))Ψ0(x,Φx(y)).

Since for any x and y′ we can find y for which Φx(y) = y′, (9.54) is proved.

�

Lemma 7 Let a function Φ : R2 ×Z → R satisfy the following conditions:

(i) There exist measurable and bounded derivatives Φx(x, y, z), Φy(x, y, z).

(ii) Φ(x, y, z) ≡ Φ(x + 1, y, z) ≡ Φ(x, y + 1, z).

(iii)
∫

Φ(x, y, z)ρ(dz) = 0.
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Then for 0 ≤ t1 < t2 we have

E

(∫ t2

t1

Φ
(
xε(s), yε(s), z

(s
ε

))
ds

/
Fε

t1

)

= εE

(∫ t2

t1

∫∫
L(xε(s), yε(s), z)Φ(xε(s), yε(s), z′)ρ(dz)R(z, dz′) ds

/
Fε

t1

)

+ O(ε),
(9.56)

where the expression L(·)Φ(·) means

L(x, y, z)Φ(x, y, z′)
∣∣∣∣
x=xε(s), y=yε(s)

.

The proof follows from formula (5.7).

Lemma 8 Let F (u) ∈ C(2)(R). Then for 0 < t1 < t2,

E
(
F (uε(t2)) − F (uε(t1))/Fε

t1

)
= O(ε)

+ εE

(∫ t2

t1

∫∫
L(xε(s), yε(s), z)

[
F ′(Ψ0(xε(s), yε(s)))

× L(xε(s), yε(s), z′)Ψ0(xε(s), yε(s))
]
)R(z, dz′)ρ(dz) ds

/
Fε

t1

)
.

(9.57)

Proof This result follows from the relation

F (uε(t2)) − F (uε(t1))

=
∫ t2

t1

F ′(uε(s))L
(
xε(s), yε(s), z

(s

ε

))
Ψ0(xε(s), yε(s)) ds

and Lemma 6.
�

Proof of Theorem 11
We will use relation (9.57) with t1 = (t + kh)/ε and t2 = (t + (k + 1)h)/ε.
Denote by F̂ (xε(s), yε(s)) the expression under the integral

∫ t2
t1

in relation
(9.57). Then

E

(
F

(
uε

(
t0 + (k + 1)h

ε

))
− F

(
uε

(
t0 + kh

ε

))/
Fε

t0+kh
ε

)

= O(ε) + εE

(∫ (t0+(k+1)h)ε−1

(t0+kh)ε−1
F̂ (x̃ε(s), ỹε(s)) ds

/
Fε

t0+kh
ε

)
,

(9.58)

where x̃ε(s), ỹε(s) is the solution of system (9.15) on the interval

[(t0 + kh)ε−1, (t0 + (k + 1)h)ε−1]



9.2 Randomly Perturbed Torus Flows 333

with initial values

x̃ε

(
t0 + kh

ε

)
= xε

(
t0 + kh

ε

)
, ỹε

(
t0 + kh

ε

)
= yε

(
t0 + kh

ε

)
.

It is easy to see that

E

(∫ (t0+(k+1)h)ε−1

(t0+kh)ε−1
F̂ (x̃ε(s), ỹε(s)) ds

/
Fε

t0+kh
ε

)

= Φ̂
(

h

ε
, x̃ε

(
t0 + kh

ε

)
, ỹε

(
t0 + kh

ε

)
, z

(
t0 + kh

ε2

))
,

where the function Φ̂ does not depend on t0 or k, since the Markov process(
xε(t), yε(t), z

(
t
ε

))
is homogeneous. So

Φ̂
(

h

ε
, x0, y0, z0

)

= E

(∫ h/ε

0
F̂ (xε(s), yε(s)) ds

/
xε(0) = x0, yε(0) = y0, zε(0) = z0

)
.

Let h = hε, where hε → 0, hε/ε → ∞, and

P

{
lim
ε→0

sup
s≤hε/ε

(|xε(s) − x̄(s)| + |yε(s) − ȳ(s)|) = 0

}
= 1.

We can find such a function hε satisfying these conditions because of
statement I.
Therefore,

F̂ (x̄(s), ȳ(s)) = F ′(Ψ0(x̄(s), ȳ(s))
)
A(x̄(s), ȳ(s))

+
1
2

F ′′(Ψ0(x̄(s), ȳ(s))
)
B(x̄(s), ȳ(s)),

where

A(x, y) =
∫∫

L(x, y, z)[L(x, y, z′)Ψ0(x, y)]ρ(dz)R(z, dz′)

and

B(x, y) =
∫∫

[L(x, y, z)Ψ0(x, y)][L(x, y, z′)Ψ0(x, y)]ρ(dz)R(z, dz′).

The function Ψ0(x̄(s), ȳ(s)) is a constant in s, since

dΨ0

ds
(x̄(s), ȳ(s)) = ā(x̄(s), ȳ(s))

∂Ψ0

∂x
(x̄(s), ȳ(s))

+ b̄(x̄(s), ȳ(s))
∂Ψ0

∂y
(x̄(s), ȳ(s)),
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and relations (9.54) and (9.55) hold. So

F̂ (x̄(s), ȳ(s)) = F ′(Ψ0(x(0), y(0))
)
A(x̄(s), ȳ(s))

+
1
2
F ′′(Ψ0(x(0), y(0))

)
B(x̄(s), ȳ(s)).

Using the fact that hε/ε → ∞, we can write

ε

∫ hε/ε

0
A(x̄(s), ȳ(s)) ds = hε

(
ε

hε

∫ hε/ε

0
A(x̄(s), ȳ(s)) ds

)

= hε

(∫∫
A(x, y)m(dx, dy) + o(1)

)
= hεA + o(hε)

and

ε

∫ hε/ε

0
B(x̄(s), ȳ(s)) ds = hεA + o(hε).

So

εΦ̂
(

hε

ε
, x0, y0, z0

)
= hε

[
AF ′(Ψ0(x0, y0)) +

1
2
BF ′′(Ψ0(x0, y0))

]
+ o(hε).

Note that ε = o(hε) and Ψ0(x0, y0) = uε(0).
Therefore, we can rewrite relation (9.58) in the form

E
(
F
(
uε((t0 + (k + 1)hε)ε−1)

)
− F

(
uε((t0 + khε)ε−1)

)/
Fε

(t0+khε)ε−1

)

−hε

[
AF ′(uε

( t0 + khε

ε

))
+

1
2
BF ′′(uε

( t0 + khε

ε

))]
= o(hε). (9.59)

Let nεhε → t2 − t1. Then taking the sum in k from 0 to nε − 1 on the
left–hand side of relation (9.59), we obtain the following relation:

lim
ε→0

E

∣∣∣∣E
(

F

(
uε

(
t2
ε

))
− F

(
uε

(
t1
ε

))

−
∫ t2

t1

L̂F
(
uε

(s

ε

))
ds
/
Fε

t1/ε

)∣∣∣∣ = 0.

(9.60)

Now the theorem follows from Theorem 2 of Chapter 2.
�

Remark 10 Let û(t) be the diffusion process having the generator L̂
given by formula (9.49). Then

û(t) = û(0) + tA +
√

B w(t),

where w(t) is a Wiener process. It follows that

P

{
lim

t→∞
û(t)

t
= A

}
= 1.
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Remark 11

P

{
lim
ε→0

lim sup
n→∞

1
ε
|uε

n − εA| = 0
}

= 1.

Corollary 5

yε(t) = θxε(t) + εtA + o(ε)t.

9.2.5 Periodic Systems
We consider now a randomly perturbed system of type (9.14) for which the
averaged system defined by equations (9.15) is a periodic one. Let θ = k/l
be the rotation number for the averaged system, where k, l ∈ Z and the
largest common divisor of k and l equals 1. Then the set Π of those y ∈ [0, 1]
for which

Φl(y) = y + k

is not empty. Note that Π is the set of those y for which the solution of
system (9.15) with the initial data x(0) = 0, y(0) = y is a periodic function
on the torus T (2). Without loss of generality we can assume that 0 ∈ Π.
Define

ϕ(y) = Φl(y) − k, ϕ0(y) = ϕ(y) − y.

In Section 9.2.3 we considered the case Π = [0, 1], then ϕ(y) = y, ϕ0(y) = 0.
Now we will consider the case where [0, 1]\Π is an open nonempty set. Note
that we can consider functions ϕ(y), ϕ0(y) for all y ∈ R, where ϕ(y) satisfies
the circle mapping condition ϕ(y + 1) ≡ ϕ(y) + 1, ϕ0(y) is a 1–periodic
function, ϕ(y) is an increasing function, ϕ(0) = 0, and ϕ(1) = 1.
We will investigate the number of additional y-rotations, or cycle slips, for
a perturbed system that are caused by the random perturbation. Introduce
the sequence of stopping times

τ̂ε
n = inf{t : xε(t) = nl}, n = 0, 1, 2, . . . .

The number [yε(τ̂ε
n)] is the number of y-rotations during the time that

the system has nl x-rotations. The averaged system has for this time kn
y-rotations. So the number of additional y-rotations is

[yε(τ̂ε
n)] − kn = [yε(τ̂ε

n) − kn].

Therefore, determining the asymptotic behavior of the number of additional
y-rotations is equivalent to determining yε(τ̂ε

n) − kn as n → ∞ and ε → 0.
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Lemma 9 There exist continuous 1-periodic functions γ(y) and σ(y) > 0
for which

yε(τ̂ε
n+1) = ϕ(yε(τ̂ε

n)) + k + εγ(yε(τ̂ε
n)) +

√
εσ(yε(τ̂ε

n))ηε
n+1

+ εδ
(
yε(τ̂ε

n), z
(1
ε
τ̂ ε
n

))
+ o(ε),

(9.61)

where ηε
n satisfies the conditions

E(ηε
n/Fε

τ̂ε
n
) = 0, E

(
(ηε

n)2/Fε
τ̂ε

n

)
= 1.

Moreover, the conditional distribution of ηε
n+1 with respect to the σ-algebra

Fε
τ̂ε

n
depends only on yε(τ̂ε

n) and z
( 1

ε τ̂ε
n

)
, and it converges to the standard

Gaussian distribution uniformly in these random variables. In this formula
δ is given by

δ(y, z) =
∫

b(0, y, z′)R(z, dz′). (9.62)

Proof Note that the sequence
{(

yε(τ̂ε
n), z

( 1
ε τ̂ ε

n

))
, n = 0, 1, . . .

}
is a ho-

mogeneous Markov chain, so we have to consider only the case n = 0. It
follows from statement II that τ̂ε

1 → t1(y) in probability, where

t1(y) = inf{s : X(s, 0, y) = l}.

So we consider

Yε(t1(y), 0, y) − Φl(y) = Yε(t1(y), 0, y) − Y (t1(y), 0, y).

The remainder of the proof from this point follows from statement II and
Theorem 4 of Chapter 2.

�

Remark 12 It follows from formula (9.62) that∫
δ(y, z)ρ(dz) = 0,

so the uniform ergodicity of z(t) implies the relation

E

(
δ

(
yε(τ̂ε

n), z
(

1
ε
τ̂ε
n

))/
Fε

τ̂ε
n

)
= o(1)

as ε → 0.

Remark 13 For any n, the joint distribution of the random vari-
ables ηε

1, . . . , η
ε
n converges to the joint distribution of the random variables

η1, . . . , ηn, which are independent standard Gaussian random variables.

Lemma 10 Introduce the Markov chain {ûε(n), n = 0, 1, 2, . . . } for which

ûε(n + 1) = ϕ(ûε(n)) +
√

εσ(ûε(n))ηn+1, (9.63)
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where {η1, . . . , ηn} is a sequence of independent standard Gaussian random
variables. Let

uε(n) = yε(τ̂ε
n) − kn.

Assume that uε(0) = ûε(0) = y0 ∈ (α, β), where (α, β) ⊂ [0, 1] \ Π, but
α, β ∈ Π. Set

Tε = inf[k : uε(k) /∈ (α, β)],

T̂ε = inf[k : ûε(k) /∈ (α, β)].

Then

lim
ε→0

(
E1{uε(Tε)≥β}1{Tε<λε} − E1{ûε(T̂ε)≥β}1{T̂ε<λε}

)
= 0,

lim
ε→0

(
E1{uε(Tε)≤α}1{Tε<λε} − E1{ûε(T̂ε)≤α}1{T̂ε<λε}

)
= 0,

for any λε → ∞ as ε → 0 and

lim
ε→0

E(Tε/ET̂ε) = 1.

The proof of this statement can be obtained from Lemma 9 and Remark
13.

Next, we investigate the asymptotic behavior of T̂ε and ûε(Tε) as ε → 0,
y0 → α and as y0 → β under the condition of Lemma 9.

Lemma 11 Assume that α, y0, β are the same as in Lemma 9 and ϕ0(y) >
0 for y ∈ (α, β),

ϕ0(y) = δ(y − α)γ + o((y − α)γ) if y → α,

and

ϕ0(y) = δ(β − y)γ + o((β − y)γ) if y → β,

where γ > 1.
Define stochastic processes

y−
ε (t) =

∑
n

(ûε(n) − α)ε− 1
1+γ 1{nεκ≤t<(n+1)εκ}, (9.64)

y+
ε (t) =

∑
n

(β − ûε(n))ε− 1
1+γ 1{nεκ≤t<(n+1)εκ}, (9.65)

where κ = (γ − 1)/(γ + 1).
Let y−(t) and y+(t) be the solutions to the stochastic differential equations

dy−(t) = δ|y−(t)|γdt + σ(α) dw(t), (9.66)

dy+(t) = −δ|y+(t)|γdt + σ(β) dw(t), (9.67)
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where w(t) is the standard Wiener process.
For h > 0 define the stopping times

τ−
ε (h) = inf{t : y−

ε (t) /∈ (0, h)},

τ+
ε (h) = inf{t : y+

ε (t) /∈ (0, h)},

τ−(h) = inf{t : y−(t) /∈ (0, h)},

τ+(h) = inf{t : y+(t) /∈ (0, h)}.

Then the distribution of
(
τ±
ε (h), y±

ε (τ±
ε (h))

)
converges weakly to the

distribution of
(
τ±(h), y±(τ±(h))

)
.

Proof It follows from relation (9.64) that y−
ε (t) satisfies the difference

equation

y−
ε (t + εκ) − y−

ε (t) = δ
(
y−

ε (t)
)γ+1

εκ + σ(α)[wε(t + εκ) − wε(t)] + o(ε),

where

wε(t) =
∑

nεκ≤t

εκ/2ηn. (9.68)

The solution of this difference equation on the interval [0, τ−
ε (h)) converges

in distribution to the solution of equation (9.66) on the interval [0, τ−(h)]
because of the weak convergence of the stochastic process wε(t) to w(t).
The proof for the other case is similar.

�

Remark 14 Set

U−(x) =
∫ x

0
exp
{

− δvγ+1

2(γ + 1)σ2(α)

}
dv

and

V −(x) =
∫ x

0
2 exp

{
− δvγ+1

2(γ + 1)σ2(α)

}∫ v

0
exp
{

− δuγ+1

2(γ + 1)σ2(α)

}
du dv

σ2(α)
.

Then for 0 < y < h,

P{y−(τ−(h)) = h/y−(0) = y} =
U−(y)
U−(h)

,

E(τ−(h)/y−(0) = y) =
V −(y)
U−(h)

U−(y) − V −(y).

Analogously, for 0 < y < h,

P{y+(τ+(h)) = h/y+(0) = y} =
U+(y)
U+(h)

and

E(τ+(h)/y+(0) = y) =
V +(y)
U+(h)

U+(y) − V +(y),
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where

U+(x) =
∫ x

0
exp
{

δvγ+1

2(γ + 1)σ2(β)

}
dv

and

V +(x) =
∫ x

0

2
σ2(β)

exp
{

δvγ+1

2(γ + 1)σ2(β)

}∫ v

0
exp
{

− δuγ+1

2(γ + 1)σ2(β)

}
du dv.

The proof of this is presented in [40].

Corollary 6 Assume that h → 0, y ∈ [0, λh], 0 < λ < 1. Then

P{y−(τ−(h))/y−(0) = y} = 1 + O

(
exp
{

− δhγ+1

2(γ + 1)σ2(α)

})
,

P{y+(τ−(h))/y+(0) = y} = O

(
exp
{

− δhγ+1

2(γ + 1)σ2(β)

})
,

E(τ−(h)/y−(0) = y) = O(1),

E(τ+(h)/y+(0) = y) = O(1).

Consider the behavior of the sequence {ûε(n)} in a neighborhood of an
isolated point α ∈ Π.

Lemma 12 Assume that ϕ0(y) satisfies the relation

ϕ0(y) = δ(sign(y − α))|y − α|γ + o(y − α),

where δ(−1), δ(+1) ∈ R; yε(t) is determined by the right-hand side
of formula (9.64); and ŷ(t) is the solution of the stochastic differential
equation

dŷ(t) = δ(sign(y))|ŷ|γdt + σ(α)dw(t). (9.69)

For an h > 0, denote by τε(h) and τ̂(h) the stopping times

τε(h) = inf{t : yε(t) /∈ (−h, h)},

τ̂(h) = inf{t : ŷ(t) /∈ (−h, h)}.

Then the distribution of (τε(h), yε(τε(h))) converges weakly to the distribu-
tion of (τ(h), y(τ(h))).

The proof is the same as in Lemma 10.

Corollary 7 (1) Let δ(−1) > 0, δ(+1) > 0, h → ∞, 0 < λ < 1, and
|y| < λh. Then

P{ŷ(τ̂(h)) = h/ŷ(0) = y} = 1 + O

(
exp
{

− δ(−1)hγ+1

2(γ + 1)σ2(α)

})
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and

E(τ̂(h)/ŷ(0) = y) = O(1). (9.70)

If δ(−1) < 0, δ(+1) < 0, then (9.70) is true and

P{ŷ(τ̂(h)) = −h/ŷ(0) = y} = 1 + O

(
exp
{

− δ(+1)hγ+1

2(γ + 1)σ2(α)

})
. (9.71)

(2) Let δ(−1) > 0, δ(+1) < 0 (this means that α is an attracting point for
the mapping ϕ : [0, 1] → [0, 1]), h → ∞, 0 < λ < 1, and |y| < λh. Then

E(τ̂(h)/ŷ(0) = y) ≥ c1 exp{c − 2hγ+1} (9.72)

for some c1 > 0, c2 > 0.
(3) Let δ(−1) < 0, δ(+1) > 0 (this means that α is an repulsing point for
the mapping ϕ : [0, 1] → [0, 1]), h → ∞, λ1h ≤ y ≤ h, and λ1 > 0. Then

E(τ̂(h)/ŷ(0) = y) = O(1),

P

{
inf

t≤τ̂(h)
sign y ŷ(t) >

1
2
λ1h

}
= 1 + O(exp{−c2h

γ+1),

where c2 > 0.

Lemma 13 Assume that Π contains a closed interval [c, d] and ϕ0(y) ≥ 0,
ϕ0(y) = δ1(c − y)γ1 + o((c − y)γ1) for y < c, and ϕ0(y) = δ2(y − d)γ1 +
o((y − d)γ1) for y > d. Let

ζε(d) = inf[n : uε(n) ≥ d].

Then

lim
ε→0

(
εE(ζε(d)/uε(0) = c)

)
= Eζ̂(d),

where ζ̂(d) = inf[t : θ∗(t) = d], and θ∗(t) is the diffusion process on [c,∞)
with the same generator as the diffusion process θ(t) constructed in Remark
2, but with reflecting boundary at the point c.

This statement is a consequence of Theorem 9 and Lemma 11.

Lemma 14 Assume that for c ≤ d, ϕ0(y) satisfies the conditions of
Lemma 13 with δ1 < 0 and δ2 > 0. Then

lim
ε→0

εETε = +∞. (9.73)

Proof Let y ∈ (α, c + 1), and let h > 0 be small enough. Then it follows
from Corollaries 6 and 7 that

P{uε(τε(d + h, c + 1)) = d + h/y(0) = y} = o(ε) for y ∈ (d + h, c + 1)

and

P{uε(τε(d, c + 1 − h)) = c + 1 − h/y(0) = y} = o(ε) for y ∈ (d, c + 1 − h),
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where

τε(α, β) = inf{n : uε(n) /∈ (α, β)}.

So before the sequence {uε(n)} walks out of the interval (d, c + 1) it has
to cross the interval (d + h, c + 1 − h) approximately 1/o(ε) times. Because
Tε > τε(d, c + 1), this implies relation (9.73). In the same way we can
consider the case y ∈ (d − 1, c).

�

The main result of this subsection is the following one.

Theorem 12 Let the stochastic process z(t) be uniformly ergodic and sat-
isfy condition SMC II of Section 2.3. Assume that the function ϕ0(y) has
a continuous first derivative. Then the following statements hold:

(i) If ϕ0(y) is a function that changes sign, and there exist c ≤ d, c, d ∈
Π, and γ > 1 for which

lim
y→c− ϕ0(y)/(c − y)γ < 0, lim

y→d+
ϕ0(y)/(y − d)γ > 0,

then with probability 1,

lim sup
t→∞

|yε(t)/xε(t) − θ| = o(ε). (9.74)

(ii) If ϕ0(y) ≥ 0, ϕ0(y) ≤ H(r(y, Π))γ , where r(y, Π) is the distance from
the point y to the set Π, and H > 0 and γ > 1 are some constants,
and if there exists an interval [c, d] that belongs to Π, then there exists
a positive constant A for which with probability 1,

lim sup
t→∞

|yε(t)/xε(t) − θ − Aε| = o(ε). (9.75)

(iii) If ϕ0(y) ≥ 0, Π is a finite set, and for every c ∈ Π there exist numbers
δ+(c) > 0, δ−(c) > 0, γ+(c) > 1, γ−(c) > 1 for which

ϕ0(y) = δ+(c)(y − c)γ+(c) + o
(
(y − c)γ+(c)), y > c,

ϕ0(y) = δ−(c)(c − y)γ−(c) + o
(
(c − y)γ−(c)), y < c.

Then there exists a positive constant A for which with probability 1,

lim sup
t→∞

|yε(t)/xε(t) − θ − Aεκ| = o(εκ), (9.76)

where

κ = 1 − 2
γ + 1

, γ = inf{γ−(c), γ+(c), c ∈ Π}.

Proof We introduce the sequence of stopping times: T
(0)
ε = T

(0)
ε and for

k = 1, 2, . . . ,

T (k)
ε = inf{n > T (k−1)

ε : |uε(n) − uε(T (k−1)
ε )| ≥ 1}.
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Suppose that uε(0) = y0 ∈ Π. We can prove that the conditional distribu-
tion of T

(1)
ε with respect to a given y0 and z(0) does not depend on y0 ∈ Π

and z(0) as ε → 0. So, {T
(k)
ε − T

(k−1)
ε , k = 1, 2, . . . } is asymptotically

distributed like a sequence of independent random variables. This implies
that

T (k)
ε /ET (k)

ε ∼ T (k)
ε /kETε.

Note that in case (i) the number of y-rotations for the time T
(k)
ε is

θT (k)
ε = O(k)

and the number of x-rotations is T
(k)
ε . So

yε

(
T

(k)
ε

)

xε

(
T

(k)
ε

) = θ +
O(k)
kETε

= θ + O

(
1
Tε

)
.

This and relation (9.73) imply relation (9.74). If y ∈ (α, β), where α, β ∈ Π,
then we can start the calculation of the rotation at the stopping time
τε(α, β).
In the same way, we use Lemma 12 in case (ii), and we use Lemma 10 in
case (iii).

�



10
Phase–Locked Loops

In this chapter we describe an important electronic circuit, the phase–
locked loop (PLL). We first investigate the circuit’s dynamics without and
with random perturbations, but in the absence of external forcing. Then
we analyze the response of the circuit to noisy external signals, and we
describe a method for extracting signals from the result.
The phase–locked loop (PLL) is a standard electronic synchronous control
circuit. The circuit is described in Figure 10.1.

vin(t) � PD

P
� LF

z

� VCO �

vout = V (θ)

�

Figure 10.1. Phase–locked loop circuit. Included are a phase detector (PD) having
output P, a loop filter (LF) having output z, and a voltage–controlled oscillator
(VCO) having output V (θ).



344 10. Phase–Locked Loops

Here vin(t) is an external signal that is put into the PLL, and V (θ(t)) is the
voltage put out by the voltage–controlled oscillator. (V is a fixed waveform
like a sinusoid, a saw-tooth, or a square wave.) The phase detector (PD)
combines these two signals, usually by simply multiplying the two signals
vin and V and putting out a voltage P that is proportional to the product.
This in turn passes into the loop filter (LF), and its output (z) is used as
the controlling voltage of the VCO.
Part of the brilliance of this circuit is that it is described in terms of
frequency–domain variables (or angles), making possible the use of power-
ful Fourier methods to analyze it and to design more complicated circuits
in which it is used.
The VCO’s output is vout = V (θ(t)) (volts), but its dynamics are described
by a linear problem,

θ̇ = ω + z,

where ω is a constant, called the center frequency, that characterizes the
VCO. The variable θ(t) is the VCO’s phase, and it is the key variable in
the model. In a PLL, the VCO output feeds back to the phase detector for
comparison with the input and for generating the control signal P.
In the case where the loop filter is a low–pass filter, the circuit is described
in mathematical terms by the following set of differential equations

τ ż(t) + z(t) = P(θ(t), vin),

θ̇(t) = ω + z(t),

where:

1. τ is the time constant of the low–pass filter;

2. ω is the VCO’s center frequency;

3. vin(t) is the input voltage;

4. P = P(θ(t), vin) is the output of the phase detector, which will be
described later.

Usually filters are described as being linear time–invariant system of the
form

z(t) =
∫ t

0
h(t − t′)v(t′) dt′,

where h is called the impulse–response function, and its Laplace transform

H(s) =
∫ ∞

0
e−s th(t) dt,

is called the system’s transfer function.
For example, a low–pass filter is described by a differential equation of the
form

τ ż + z = f(t),
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where τ is the filter time constant and f(t) is an external signal. The
solution is

z(t) = e−t/τz(0) +
1
τ

∫ t

0
e(t′−t)/τf(t′) dt′.

where the first term on the right-hand side is a transient term and the
second is a LTI with input f(t). Note that in this case H(s) = 1/(τs + 1).
If f is purely oscillatory, say f(t) = eiωt, then

z(t) =
eiωt

(1 + iωτ)
+ O(e−t/τ ) ≈ eiωt(1 + iωτ)

(1 + (ωτ)2)
.

This solution comprises a steady oscillation plus a decaying transient. We
write the steady oscillation as z(t) = A(ω) exp [iφ(ω) + iωτ ]. In fact, the
amplitude and the phase deviation of the response are given by

A2(ωτ) =
1

1 + (ωτ)2
, φ(ωτ) =

π

2
arctan(ωτ).

The functions A and φ can be plotted as functions of ωτ . Such plots are
called Bode plots. For example, A(ωτ) → 0 as the dimensionless parameter
ωτ → ∞. In practice, one says that the filter allows passage of only those
frequencies with ω < 1/τ ; the larger is the time constant, the narrower the
pass band of frequencies.
If the loop filter is a band–pass filter, the model becomes more complicated.
The simplest case is a filter with transfer function

H(s) =
a s

s2 + a s + Ω2 ,

in which case the equation for z becomes a second–order system,

ż(t) = −az(t) − Ωu + aP(θ(t), vin),
u̇(t) = Ωz,

θ̇(t) = ω + z(t),

which effectively allows passage of frequencies that are within a units of
±Ω.
Filters cannot always be reduced to equivalent differential equations, in
particular when we consider them to have noisy components.
With more general filters, the equation for z(t) is typically a Volterra in-
tegral equation that cannot be reduced to a differential equation. In this
case, we write the system as

z(t) = φ(t) +
∫ t

0
h(t − t′)P(θ(t′), t′) dt′,

θ̇(t) = ω + z(t).

It is possible to adjust all of these data from outside the circuit. In circuit
design we have flexibility in selecting components of the circuit, and this
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is often done in a way that facilitates the design of more complicated cir-
cuits. On the other hand, in modeling physical or biological systems, we
are informed about the nature of the pass bands and the phase detector,
and we must deal with them as given.
The outputs of the circuit, z, P, and V (θ), are all useful in various ap-
plications. For example, z is used to demodulate the phase in FM radio,
giving the part of the signal that we listen to, and P gives an error signal
detecting phase shifts between the input and PLL output that is used in
radar systems.
Both the free problem (no external forcing signal) and the forced problem,
where an external signal is brought into the circuit through the phase de-
tector, are of interest in applications. The terms in the circuit are usually
taken with the following meanings:

1. P combines external signals with the VCO output, usually by a simple
multiplication of the two. This output is used to obtain the frequency
and the phase modulations in the signal.

2. The total controlling voltage is passed through the loop filter to
reduce noise and unwanted interference.

3. z is the output of the loop filter, and it controls the VCO frequency.

4. V is a fixed waveform, namely a periodic function, say having period
2π.

For the remainder of this chapter, we consider only problems with a low–
pass filter, sometimes even with τ = 0, to illustrate our methods. There
are obvious, but nontrivial, extensions of this work to systems having noisy
filters represented by convolution integrals based on our earlier work on
Volterra integral equations.

10.1 The Free System

When there is no external signal to the circuit, we say that the problem
is free. In this case, the model is described by the system of differential
equations

τ ż = −z + V (θ),

θ̇ = ω + z.
(10.1)

The unperturbed system has τ and ω as constant parameters, and V (θ) is a
2π-periodic, nonrandom function describing the output waveform. The ran-
domly perturbed system has τ , ω, V (θ) as stochastic processes depending on
t/ε (as usual in this book), and system (10.1) with nonrandom parameters
constitutes the averaged equations for the perturbed system. We consider
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the case

V (θ) = cos θ,

but our results can be applied to V (θ) of general form.

10.1.1 The Nonrandom Free System
We consider system (10.1) with V (θ) = cos θ. Introduce an auxiliary scalar
differential equation

τ
dZ(θ)

dθ
=

−Z(θ) + cos θ

Z(θ) + ω
, (10.2)

which is an implicit form of (10.1). We will investigate the solutions of sys-
tem (10.1) and equation (10.2) for fixed τ > 0 and various ω > 0. Note that
the point Z = −ω is a singularity for equation (10.2). For Z �= −ω denote
by T (z, ω) > 0 the value for which equation (10.2) has a solution Z(θ, z)
satisfying the initial condition Z(0, z) = z, having a maximal interval of
existence [0, T (z, ω)) and satisfying

lim
θ→T (z,ω)

|Z(θ, z) + ω| = 0.

It is easy to see that if −ω < z1 < z2, then T (ω, z1) < T (ω, z2) and
Z(θ, z1) < Z(θ, z2) for θ ≤ T (ω, z1). If z < −ω, then T (ω, z) = +∞. So we
can define the following functions:

Z+(θ, −ω) = lim
z→(−ω)+

Z(θ, z),

Z−(θ, −ω) = lim
z→(−ω)−

Z(θ, z),

T (−ω, −ω) = lim
z→(−ω)+

T (ω, z).

Lemma 1 Let θ(t) be the solution of the equation

θ̇(t) = ω + Z(θ(t), z)

with the initial condition θ(0) = 0 and θ(t) < T (ω, z) for t ∈ [0, t1]. Then
the functions

θ(t) and z(t) = Z(θ(t), z)

satisfy the system

τ ż(t) = −z(t) + cos θ(t),

θ̇(t) = ω + z(t),
(10.3)

on the interval [0, t1] and satisfy the initial condition: θ(0) = 0, z(0) = z.
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The proof of this lemma is accomplished by direct calculation, which is left
to the reader.
Define the mapping Φω(z) = Z(2π, z) when T (ω, z) ≥ 2π. It is easy to see
that Φω(z) satisfies the following conditions:

(i) For fixed ω the function Φω(z) is defined on the interval (z∗
ω,∞) where

z∗
ω satisfies the relation

lim
θ→θ2(ω)

Z(θ, z∗
ω) = −ω,

where

cos θ2(ω) = −ω, θ2(ω) ∈ [π, 2π].

(ii) Φω(z1) < Φω(z2) for z1 < z2.

(iii) Φω(z) < z if z ≥ 1.

(iv) If Φω(z∗
ω+) ≤ z∗

ω, then Φω(z) < z for all z ∈ (z∗
ω,∞); if Φω(z∗+

ω ) > z∗
ω,

then there exists the unique point z̄ω ∈ (z∗
ω, ∞) for which

Φω(z̄ω) = z̄ω. (10.4)

Theorem 1 Suppose that Φω(z∗
ω+) > z∗

ω. Then

(1) The function Zω(θ, z̄ω) is a 2π-periodic function.

(2) The solution of system (10.3) with the initial condition θ(0) = 0,
z(0) = z̄ω has the form

θ̄(t) = t/cω + pω(t),
z̄(t) = Zω(θ̄(t), z̄ω),

(10.5)

where

cω =
1
2π

∫ 2π

0

du

ω + Zω(u, z̄ω)

and pω(t) is 2πcω-periodic.

(3) For all z ∈ (z∗
ω,∞),

lim
θ→∞

|Zω(θ, z̄ω) − Zω(θ, z)| = 0.

(4) If (θ(t), z(t)) is the solution to system (10.3) with the initial condition
θ(0) = 0, z(0) = z, and z ∈ (z∗

ω, ∞), then

lim
t→∞

(
|θ(t) − θ̄(t)| + |z(t) − z̄(t)|

)
= 0. (10.6)

Proof Statement (1) is a consequence of relation (10.4), and (2) follows
from Lemma 1. To prove (3) we consider z > z̄ω. Then

z > Φω(z) > Φω(Φω(z)) > · · · > Φn
ω(z) ≥ z̄ω,
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where Φn
ω is the nth iterate of the mapping Φω. Define ẑ = infn Φn

ω(z). It is
easy to see that Φω(ẑ) = ẑ, so ẑ = z̄ω. Since Φn

ω(z) = Zω(2nπ, z), we have
that

lim
n→∞ Zω(2nπ, z) = z̄ω

for z > z̄ω. In the same way we consider z ∈ (z∗
ω, z̄ω). This implies (3).

Statement (4) is a consequence of Lemma 1 and statement (3).
�

Remark 1 Let ω > 1. Then T (ω, z) = +∞ for all z ≥ −ω. So z∗
ω = −ω.

If z < −ω, then Zω(θ, z) → −∞ as θ → +∞ and

lim
θ→+∞

1
θ
Zω(θ, z) = −1

τ
.

The last follows from the relation Zω(θ, z) → −∞ as θ → +∞ in (10.2).
We consider the solution of system (10.1) with the initial condition z(0) =
z0 < −ω, θ(0) = 0. Then θ̇(t) < 0 and ż(t) > 0 for t < t1, where t1 =
sup{s : z(s) < −ω} and z(t1) = −ω. So the solution of system (10.1)
satisfies relation (10.6) for any initial condition (z(0), θ(0)).

Remark 2 For ω = 1 system (10.1) has singular points at (−1, (2n+1)π)
in the (z, θ)-plane for n = 0, ±1, ±2, . . . . These points are unstable nodes,
and for all n ∈ Z equation (10.2) has the solutions Z

(1)
n (θ), θ ∈ [(2n +

1)π,∞) for which

Z(1)
n (θ) = −1

τ
(θ − (2n + 1)π) + O

(
(θ − (2n + 1)π)2

)
.

Note that

Z(1)
n (θ) = Z

(1)
0 (θ − (2n + 1)π).

Assume that the initial conditions z(0) = z0, θ(0) = θ0, for system (10.1)
satisfy the relation

z0 = Z
(1)
0 (θ0 − (2n + 1)π) for some n. (10.7)

Then

lim
t→∞ z(t) = −1, lim

t→∞ θ(t) = (2n + 1)π,

where (z(t), θ(t)) is the solution to system (10.1) with this initial condition.
If z0 < −1 and (z0, θ0) does not satisfy relation (10.7) for any n, then there
exists t1 for which z(t1) = −1. For the solution of system (10.1) with such
initial conditions, relation (10.6) is fulfilled.
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Remark 3 Let ω ∈ (0, 1). Denote by θ∗
1(ω) and θ∗

2(ω) the solutions of
the equation

cos θ = −ω,

where θ∗
1(ω) ∈ [0, π] and θ∗

2(ω) ∈ [π, 2π]. The points (−ω, θ∗
i (ω) + 2nπ),

i = 1, 2, n ∈ Z, are singular points for system (10.1), and they are stable
nodes for i = 1 and unstable nodes for i = 2. There exists a solution of
equation (10.2),

Z∗(ω, θ), θ ∈ [0, ∞),

satisfying the following conditions:

(a) Z∗(ω, θ) < −ω, θ > θ∗
2(ω);

(b) Z∗(ω, θ∗
2(ω)) = −ω, Z∗(ω, 0) = z∗

ω.

Consider the solution (z(t), θ(t)) to system (10.1) satisfying the initial
conditions z(0) = z0 < −ω, θ(0) = θ0. The following statements hold:

(1) If for some n ∈ Z

Z∗(ω, θ0 + 2nπ) = z0, (10.8)

then z(t) < −ω for all t and

lim
t→∞ z(t) = −ω, lim

t→∞ θ(t) = θ∗
2(ω) + 2nπ.

(2) If there exists no n for which relation (10.8) holds, then there exists
t1 > 0 for which z(t1) = −ω; in this case set

t2 = inf{s ≥ t1 : θ(s) = 2nπ for some n ∈ Z}.

Then z(t2) < Φω(z∗
ω+) and either relation (10.6) is fulfilled if z(t2) > z∗

ω or

lim
t→∞ z(t) = −ω, lim

t→∞ θ(t) = 2nπ + θ∗
1(ω)

if z(t2) < z∗
ω.

Remark 4 Consider the solution to system (10.1) satisfying the initial
condition z(0) = z∗

ω, θ(0) = 0. Then z(t) + ω > 0 for all t > 0 and

lim
t→∞ z(t) = −ω, lim

t→∞ θ(t) = θ∗
1(ω).

In the same way, if condition (2) of Remark 3 is fulfilled and z(t2) = z∗
ω,

then

lim
t→∞ z(t) = −ω, lim

t→∞ θ(t) = 2nπ + θ∗
2(ω).

Introduce a number ω∗ that is determined by the relation

ω∗ = inf{ω : Φω(z∗
ω) > z∗

ω}.
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So for ω > ω∗ the conditions of Theorem 1 hold, and the behavior of the
solution to the system is described by Theorem 1 and Remarks 1–4. Now
we consider the case ω ≤ ω∗.

Theorem 2 Suppose that ω ≤ ω∗. Denote by Z+(ω, θ) the function
satisfying the following conditions:

(1) Z+(ω, θ) satisfies equation (10.2) for all

θ ∈ ∪n(θ∗
2(ω) + 2πn, θ∗

2(ω) + 2π(n + 1)).

(2) Z+(ω, 2πn + θ∗
2(ω)) = −ω for all n.

Let z(t), θ(t) be the solution of system (10.1) with initial conditions z(0) =
z0, θ(0) = θ0. The following statements hold:

I. If z0 > Z+(ω, θ0), then θ(t) → ∞ as t → ∞ and z(t)−Z+(ω, θ(t)) →
0 as t → ∞.

II. If z0 = Z+(ω, θ0) and θ∗
2(ω) + 2nπ < θ0 < θ∗

2 + 2(n + 1)π, then
θ(t) → θ∗

2(ω) + 2(n + 1)π, z(t) → −ω as t → ∞.

III. If z0 = −ω and θ0 = θ∗
2(ω) + 2nπ, then z(t) = z0, θ(t) = θ0 for all t.

IV. If −ω ≤ z0 < Z+(ω, θ0), θ∗
2(ω) + 2nπ < θ0 < θ∗

2 + 2(n + 1)π, then
θ(t) → θ∗

1(ω) + 2nπ, z(t) → −ω as t → ∞.

V. If z0 < −ω and for some n relation (10.8) is true, then

lim
t→∞ z(t) = −ω, lim

t→∞ θ(t) = θ∗
2(ω) + 2nπ.

VI. If z0 < −ω and relation (10.8) holds for no n, then there exists n1
for which

lim
t→∞ θ(t) = θ∗

1(ω) + 2πn1, lim
t→∞ z(t) = −ω.

Remark 5 It is easy to check that

Z+(ω, θ) = Z∗(ω, θ) for θ ∈ [0, θ∗
2(ω))

and that the solution to equation (10.2) on the interval (θ∗
2(ω) − 2π, 0]

satisfying the initial condition Z(0) = z∗
ω has the property

lim
θ→θ∗

2 (ω)−2π
z(θ) = −ω.

Since this is true for all ω < 1, we can define Z+(ω, θ) for all ω < 1. If
ω∗ < ω, there exists the running periodic solution z(t) and for all θ0 and
z0 satisfying the relation Z+(ω, θ0) > z0 the relation (10.6) holds.

Remark 6 The static state (θ1(ω),−ω) is:

(i) a stable node if

∆ = 4τ(1 − ω)2 − 1 < 0;
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(ii) a stable star if ∆ = 0;

(iii) a stable focus if ∆ > 0.

Remark 7 We can consider the solution of system (10.1) on the cylinder
C = R × [0, 2π); the points of the cylinder have coordinates z ∈ R, θ ∈
[0, 2π). The behavior of the system on the cylinder C can be described in
the following way. Introduce on C the following curves:

(α) z = Zω(θ, z̄ω), θ ∈ [0, 2π), which is defined for ω > ω∗;

(β) z = Z+(ω, θ), θ ∈ [0, 2π), which is defined for 0 < ω < 1;

(γ) θ = Θ−(z), z ∈ (−∞,−ω], ω ≤ 1, where Θ−(z) is a continuous
function for which for every z < −ω there exists n ∈ Z such that

Z∗(ω, Θ−(z) + 2nπ) = z

and Θ−(−ω) = θ∗
2(ω).

The curves (α) and (β) are closed on C, and each of them divides the
cylinder into two parts.
The curves (α), (β), and (γ) are invariant manifolds for system (10.1), and
the behavior of the system on these curves is described in Theorems 1 and
2. Introduce the sets

C+ = {(z, θ) : z > Z+(ω, θ)},

C− = {(z, θ) : z < Z+(ω, θ)} \ {(z, θ) : θ = Θ−(z)}.

Let ω > ω∗. Then for initial condition (z0, θ0) ∈ C+ the system tends to
the curve (α) as t → ∞, and for (z0, θ0) ∈ C− the system tends to the
stable static state (−ω, θ∗

1(ω)).
Let ω ≤ ω∗. Then for (z0, θ0) ∈ C+ the system tends to the curve (β), and
for (z0, θ0) ∈ C− the system tends to the stable state (−ω, θ∗

1(ω)).

10.1.2 Example: Simulation of the Free PLL System
A computer simulation illustrates the primary behaviors of the free system.
Consider

τ θ̈ + θ̇ = ω + cos θ. (10.9)

Simulations of two solutions for each of three choices of τ, ω are shown in
Figure 10.2.
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Figure 10.2. Three cases of the free phase–locked loop model (10.9): Top τ = 1.5,
ω = 2.0. Middle: τ = 1.5, ω = 0.963. Bottom: τ = 1.5, ω = 0.5. Two solutions
are shown in each case. The top one starts at (θ(0), θ̇(0)) = (0.0, 3.0) and the
other starts at (θ(0), θ̇(0)) = (π, −π). In the top case, all solutions approach
the running periodic solution. In the middle case, the top solution approaches
a running periodic solution and the bottom one approaches a stable node. This
illustrates the case of co–existence of the two stable solutions. In the bottom case,
all solutions eventually approach the stable node.

10.1.3 Random Perturbations of the Free System
We consider a randomly perturbed system that is defined by the system of
differential equations

τ

(
y

(
t

ε

))
żε(t) = −zε(t) + v

(
y

(
t

ε

)
, θε(t)

)
,

θ̇ε(t) = ω

(
y

(
t

ε

))
+ zε(t),

(10.10)

where y(t) is a homogeneous Markov process in a noise space (Y, C) sat-
isfying condition SMC II of Section 2.3, τ(y) and ω(y) are nonnegative
measurable functions on (Y, C), v(y, θ) : Y × R → R is measurable in
y ∈ Y and sufficiently smooth in θ, and ε > 0 is a small parameter.
Let ρ(dy) be the ergodic distribution for the Markov process y(t). We
assume that ∫

τ−1(y)ρ(dy) < ∞,

∫
|v(y, θ)|τ−1(y)ρ(dy) < ∞,

∫
v(y, θ)τ−1(y)ρ(dy) = cos θ ·

∫
τ−1(y)ρ(dy),
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and ∫
ω(y)ρ(dy) < ∞.

Let

τ =
(∫

τ−1(y)ρ(dy)
)−1

,

ω =
∫

ω(y)ρ(dy).

Then system (10.1) is the averaged system for system (10.10).
The next statement follows from Theorem 6 of Chapter 3:
I. Let (z(t), θ(t)) be the solution to system (10.1) satisfying the initial
conditions z(0) = zε(0) and θ(0) = θε(0), where zε(0) and θε(0) do not
depend on ε > 0. Then for any t0 > 0,

P

{
lim
ε→0

sup
t≤t0

(|zε(t) − z(t)| + |θε(t) − θ(t)|) = 0
}

= 1. (10.11)

Next, suppose that

1
τ(y)

∂v

∂θ
(y, θ)

is a bounded function that is continuous in θ. Then the conditions of
Theorem 2 of Chapter 4 are fulfilled, and so we have the following
II. With the initial condition z(0) = zε(0), θ(0) = θε(0), the two-
dimensional stochastic process (ẑε(t), θ̂ε(t)), where

ẑε(t) = ε−1/2(zε(t) − z(t)),

θ̂ε(t) = ε−1/2(θε(t) − θ(t)),

converges weakly in C to the stochastic process (ẑ(t), θ̂(t)) defined by the
system of integral equations

ẑ(t) = −
∫ t

0

1
τ

ẑ(s)ds +
∫ t

0

1
τ

sin θ(s) · θ̂(s)ds + v1(t) + v2(t),

θ̂(t) =
∫ t

0
ẑ(s)ds + v3(t),

where (v1(t), v2(t), v3(t)) is a three-dimensional Gaussian stochastic process
with independent increments for which

Evk(t) = 0, k = 1, 2, 3,

E
(
α1v1(t) + α2v2(t) + α3v3(t)

)2

= 2
∫ t

0

∫∫ (
−α1τ

−1(y) + α2τ
−1(y)v(y, θ(s)) + α3ω(y)

)

×
(
−α1τ

−1(y′) + α2τ
−1(y′)v(y′, θ(s)) + α3ω(y′)

)
R(y, dy′)ρ(dy)ds.
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It follows from statement I that there exists a function t(ε) : R+ → R+
for which limε→0 t(ε) = +∞ and relation (10.11) is true if tε replaces t0.
So we can describe the behavior of the perturbed system using the results
of Theorems 1 and 2 for the averaged system.
A more precise description of the perturbed system in neighborhoods of
the running periodic solution and of the stable static state follows from the
results on normal deviations.

10.1.4 Behavior of the Perturbed System near the Running
Periodic Solution

Suppose that the averaged system (10.1) has ω > ω∗, so there exists a
running periodic solution, say denoted by (z̄(t), θ̄(t)). Let (zε(t), θε(t)) be
the solution to system (10.10) satisfying the initial conditions

zε(0) = z0, θε(0) = 0.

Theorem 3 Assume that the relation

Φω(z∗
ω+) > z∗

ω

holds for equation (10.2). Let T (ε) : R+ → R+ be a function such that
T (ε) → +∞ and εT (ε) → 0 as ε → 0. Then for any z0 > z∗

ω there exist
constants C > 0 and α > 0 and a function δ(ε) : R+ → R+ such that
δ(ε) → 0 as ε → 0 for which

lim
ε→0

P

{
sup

t≤T (ε)

|z̄(t) − zε(t)| + |θ̄(t) − θε(t)|
Ce−αt + δ(ε)

≤ 1
}

= 1. (10.12)

Proof Define a sequence of stopping times {τ ε
k , k = 0, 1, 2, . . . } by the

relations τε
0 = 0 and

τ ε
k+1 = inf{s > τε

k : θε(s) = 2(k + 1)π}, k ≥ 0. (10.13)

Set

Φ(k)
ε (z) = z∗

ε (τε
k+1

∗),

where z∗
ε (t), θ∗

ε(t) is the solution to system (10.10) on the interval [τε
k , ∞)

with the initial conditions

z∗
ε (τε

k) = z, θ∗
ε(τε

k) = 2kπ,

and τε
k+1

∗ is determined by formula (10.13) in which θε(s) is changed to
θ∗

ε(s). It is easy to see that

zε(τε
k+1) = Φ(k)

ε (Φ(k−1)
ε (· · · (Φ(0)

ε (z0) · · · ))).

It follows from statement II that

Φ(k)
ε (z) = Φω(z) +

√
ε σ(z) ηε

k, (10.14)
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where σ(z) is a bounded function and the distribution of ηε
k converges to

the standard Gaussian distribution. The function Φω(z) was introduced in
Section 10.1.1 (see (i)–(iii)). Let z̄ω be determined by relation (10.4). To
prove the theorem it suffices to prove that

lim
ε→0

P

{
sup

t≤T (ε)

|z̄ω − zε(τε
k)|

Crk + δ(ε)
≤ 1
}

= 1, (10.15)

where C > 0 and r < 1 are some constants.
It can be proved that

dΦω

dz
(z)
∣∣∣∣
z=z̄ω

= λ, 0 < λ < 1.

So

zε(τε
k+1) − z̄ω = Φ(k)

ε (zε(τε
k)) − z̄ω = Φω(zε(τε

k)) +
√

ε σ(zε(τε
k)) ηε

k − z̄ω

= Φω(zε(τε
k)) − Φω(z̄ω) +

√
ε σ(zε(τε

k)) ηε
k.

There exist constants δ1 > 0 and λ1 < 1 for which

|Φω(z) − Φω(z̄ω)| < λ1|z − z̄ω|

if |z − z̄ω| ≤ δ1. Note that the inequality |zε(τε
k) − z̄ω| ≤ δ1 implies the

relation

|zε(τε
k+1) − z̄ω| ≤ λ1δ1 + C1

√
ε |ηε

k|,

where C1 = sup |σ(z)|.
Suppose that

sup
i≤T (ε)

|ηε
i | ≤ (1 − λ1)δ1

C1
√

ε
. (10.16)

Then |zε(τε
n) − z̄ω| ≤ δ1 for all k ≤ n ≤ T (ε) if |zε(τε

k) − z̄ω| ≤ δ1, and

|zε(τε
n+1) − z̄ω| ≤ λ1|zε(τε

n) − z̄ω| + C1
√

ε |ηε
n| (10.17)

for all n ∈ [k, T (ε)]. It follows from (10.17) that

|zε(τε
n+1) − z̄ω| ≤ C1

√
ε

n−k∑
l=0

λl
1|ηε

n−l| + λn−k
1 |zε(τε

k) − z̄ω|

≤ δλn−k
1 +

C1

1 − λ1

√
ε sup

m≤T (ε)
|ηε

m|.

Assume that

sup
m≤T (ε)

|ηε
m| ≤ 1 − λ1

C1
√

ε
δ(ε) (10.18)

and that δ(ε) < δ1. The last relation implies relation (10.16).
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Note that

P

{
sup

m≤T (ε)
|ηε

m| >
1 − λ1

C1
√

ε
δ(ε)
}

≤ T (ε)
(

1 − λ1

C1
√

ε
δ(ε)
)−2

E|ηε
1|2

=
T (ε)ε
[δ(ε)]2

O(1).

Let δ(ε) satisfy the relations δ(ε) → 0 and

lim
ε→0

T (ε)εδ−2(ε) = 0.

Then the probability that relation (10.18) holds tends to 1 as ε → 0.
If (10.18) is satisfied, then

|zε(τε
n) − z̄| ≤ δλn−k

1 + δ(ε) (10.19)

for all n ∈ [k, T (ε)].
Let (z(t), θ(t)) be the solution of the averaged system with the initial con-
dition z(0) = z0, θ(0) = 0. Then (|z(t)− z̄(t)|+ |θ(t)− θ̄(t)|) → 0 as t → ∞.
It follows from statement II that if |z(2kπ) − z̄ω| < δ1/2, then

lim
ε→0

P
{
|zε(τε

k) − z̄ω| < δ1
}

= 1. (10.20)

This completes the proof of the theorem.
�

Remark 8 Assume that for some γ > 2,

lim sup
ε→0

E|ηε
1|γ < ∞. (10.21)

Then T (ε) → ∞ can be chosen such that

lim
ε→0

T (ε) εγ/2 = 0.

If relation (10.21) is true for all γ > 0, then we can choose such a function
T (ε) for which

lim
ε→0

T (ε) εγ = +∞

for all γ > 0.

10.1.5 Behavior of the Perturbed System near the Stable
Static State

We assume here that ω < 1. Then (−ω, θ∗
1(ω)) is a static stable state for

the averaged system (10.1). Set

z̃ε(t) = ω + zε(t),

θ̃ε(t) = θε(t) − θ∗
1(ω).



358 10. Phase–Locked Loops

Theorem 4 Let zε(0) = z0 and θε(0) = θ0. Assume that z∗(ω, θ0) > z0
if ω > ω∗. Let a function T (ε) : R+ → R+ be such that T (ε) → ∞,
ε T (ε) → 0 as ε → 0.
Then there exist constants C > 0 and α > 0 and a function δ(ε) : R+ →
R+, δ(ε) → 0 as ε → 0, for which the following relation is fulfilled:

lim
ε→0

P

{
sup

t≤T (ε)

|z̃ε(t)| + |θ̃ε(t)|
Ce−αt + δ(ε)

≤ 1
}

= 1. (10.22)

Proof Introduce the stochastic processes

v(1)
ε (t) =

1√
ε

∫ t

0

(
1

τ
(
y
(

s
ε

)) − 1
τ

)
ds,

v(2)
ε (t) =

1√
ε

∫ t

0
τ−1

(
y
(s

ε

)) [
v
(
y
(s

ε

)
, θ∗

1

)
+ ω
]

ds,

v(3)
ε (t) =

1√
ε

∫ t

0

(
τ−1

(
y
(s

ε

))
v′
(
y
(s

ε

)
, θ∗

1

)
− 1

τ

√
1 − ω2

)
ds,

v(4)
ε (t) =

1√
ε

∫ t

0

[
ω
(
y
(s

ε

))
− ω
]

ds.

It follows from system (10.10) that the functions z̃ε(t), θ̃ε(t) satisfy the
system of integral equations

z̃ε(t) = z̃ε(0) − 1
τ

∫ t

0
z̃ε(s)ds +

1
τ

√
1 − ω2

∫ t

0
θ̃ε(s)ds,

−
√

ε

∫ t

0
z̃ε(s)dv(1)

ε (s) +
√

ε

∫ t

0
θ̃ε(s)dv(3)

ε (s) +
√

εv(2)
ε (t) +

∫ t

0
δε(s)ds,

(10.23)
and

θ̃ε(t) =
∫ t

0
z̃ε(s)ds +

√
εv(4)

ε (t), (10.24)

where

δε(t) = v
(
y
(s

ε

)
, θ∗

1 + θ̃ε(t)
)

− v
(
y
(s

ε

)
, θ∗

1

)
− v′

(
y
(s

ε

)
, θ∗

1

)
θ̃ε(t)

and

v′(y, θ) =
∂v

∂θ
(y, θ).

Let A(t) be the 2 × 2 matrix

A(t) = exp{tB},

where

B =
1
τ

(
−1

√
1 − ω2

τ 0

)
.
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Denote the elements of the matrix A(t) by a11(t), a12(t), a21(t), and a22(t).
Then the system of equations (10.23), (10.24) can be rewritten in the form

z̃ε(t) = z̃ε(0)a11(t) + θ̃ε(0)a12(t)

+
√

ε

∫ t

0
a11(t − s)

(
−z̃ε(s) dv(1)

ε (s) + θ̃ε(s) dv(3)
ε (s) + dv(2)

ε (s)
)

+
√

ε

∫ t

0
a12(t − s) dv(4)

ε (s) +
∫ t

0
a11(t − s)δε(s) ds,

(10.25)

θ̃ε(t) = z̃ε(0)a21(t) + θ̃ε(0)a22(t)

+
√

ε

∫ t

0
a21(t − s)

(
−z̃ε(s) dv(1)

ε (s) + θ̃ε(s) dv(3)
ε (s) + dv(2)

ε (s)
)

+
∫ t

0
a21(t − s)∆ε(s) ds +

√
ε

∫ t

0
a22(t − s) dv(4)

ε (s).

(10.26)
Note that

|aij(t)| + |ȧij(t)| = O(e−δt),

where δ > 0;

δε(t) ≤ k (θ̃ε(t))2,

where k is a constant, and

| ˙̃zε(t)| + | ˙̃θε(t)| = O(1 + |z̃ε(t)|).

Using integration by parts for integrals with respect to dv
(i)
ε (t) we can

obtain from (10.25) and (10.26) the inequality

|z̃ε(t)| + |θ̃ε(t)| ≤
(
|z̃ε(0)| + |θ̃ε(0)|

)
e−δt

+ c1

[∫ t

0
e−δ(t−s)|θ̃ε(s)|2 ds

+
√

ε

∫ t

0
e−δ(t−s)(1 + |z̃ε(s)| + |θ̃ε(s)|)

4∑
i=1

|v(i)
ε (s)| ds

+
√

ε(1 + |z̃ε(t)| + |θ̃ε(t)|)
4∑

i=1

|v(i)
ε (t)|

]
.

(10.27)

Assume that |z̃ε(0)| + |θ̃ε(0)| ≤ r and

τε = inf{s : |z̃ε(s)| + |θ̃ε(s)| > 2r}.
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Then for t ≤ τε the following inequality is fulfilled:

|z̃ε(t)| + |θ̃ε(t)| ≤ re−δt +
c1

δ
r2 +

√
ε(1 + 2r)

(c1

δ
+ 1
)

sup
s≤t

4∑
i=1

|v(i)
ε (s)|.

(10.28)
Assume that

sup
t≤T (ε)

4∑
i=1

|v(i)
ε (t)| ≤ λr√

ε
. (10.29)

Then

|z̃ε(t)| + |θ̃ε(t)| ≤ r

(
1 +

c1

δ
r + λ(1 + 2r)

(c1

δ
+ 1
))

,

and if λ and r are sufficiently small, then τε > T (ε). Using the convergence
of the processes v

(i)
ε (t) to Wiener processes, we can write

P

{
sup

t≤T (ε)

4∑
i=1

|v(i)
ε (t)| >

λr√
ε

}
= O

(
T (ε)ε
λ2r2

)
.

This implies the proof of the theorem, since the averaged system tends to
a static state.

�

Remark 9 As in Remark 8, we can prove the existence of a function T (ε)
satisfying relation (10.22) for which

lim
ε→0

T (ε)εγ = +∞

for all γ > 0.

10.1.6 Ergodic Properties of the Perturbed System
Consider the stochastic processes

(
zε(t), θf

ε (t), y
(
t/ε
))

in the space C × Y ,
where C = R × [0, 2π) is the cylinder that was introduced in Remark 7,
and where

θf
ε (t) = 2π

{
1
2π

θε(t)
}

,

where {x} = x − [x], x ∈ R; [x] is the integer part of a number x. The
stochastic process

(
zε(t), θf

ε (t), y
(
t/ε
))

is a homogeneous Markov process.

Lemma 2 Assume that 0 < τ(y) < τ0 and |v(y, θ)| ≤ v0. Then

|zε(t)| ≤ 1
2
τ0 v0

for all t ∈ R if |zε(0)| ≤ 1
2τ0 v0.
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Proof It follows from equations (10.10) that

d

dt
(zε(t))2 ≤ − 2

τ0
(zε(t))2 + zε(t)v

(
y

(
t

ε

)
, θε(t)

)

≤ − 2
τ0

(zε(t))2 +
1
τ0

(zε(t))2 +
1
4

τ0v
2
(

y

(
t

ε

)
, θε(t)

)

< − 1
τ0

(zε(t))2 +
1
4
τ0v

2
0 .

This completes the proof.
�

So we can consider the Markov process on the set [−a0, a0] × [0, 2π] × Y ,
where a0 = 1

2τ0 v0.

Lemma 3 Suppose that the three-dimensional Gaussian stochastic process
that was introduced in statement II is nondegenerate, i.e.,

E(α1v1(t) + α2v2(t) + α3v3(t))2 > 0

if α2
1 + α2

2 + α2
3 > 0, αi ∈ R, i = 1, 2, 3. Then there exists an open set

G ⊂ [−a0, a0] × [0, 2π) that contains the curves (α) and (β) introduced in
Remark 7 and the static state (−ω, θ1(ω)) satisfies the property that for all
open sets G1 ⊂ G and sets C ∈ C with ρ(C) > 0 the following inequality
holds for all sufficiently small ε > 0:

P

{
(zε(t), θε(t)) ∈ G1, y

(
t

ε

)
∈ C
/
zε(0) = z0, θε(0) = θ0, y(0) = y0

}
> 0

for all t > 0 and (z0, θ0, y0) ∈ [−a0, a0] × [0, 2π) × Y .

The proof of this statement follows directly from statement II.

Lemma 4 Assume that for all ε > 0 small enough the distribution of
the pair of random variables (zε(t), θε(t)) has the joint density that is
absolutely continuous with respect to Lebesgue measure on the plane. If
the conditions of Lemmas 2 and 3 are fulfilled, then the Markov process(
zε(t), θε(t), y

(
t/ε
))

is ergodic, and its ergodic distribution has a density
with respect to the product of Lebesgue measure on [−a0, a0] × [0, 2π) and
the ergodic measure ρ(dy) on Y .

Proof We can verify that the Markov process is Harris recurrent with re-
spect to the measure described in the statement of the lemma. (See Section
1.2).

�

Remark 10 It follows from Lemma 3 that the density of the ergodic
distribution, denoted by ϕε(z, θ, y), satisfies the property∫

ϕε(z, θ, y)ρ(dy) > 0 if (z, θ) ∈ G.
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Therefore, for ε > 0,

P

{
lim sup

t→∞
(|zε(t) + ω| + |θε(t) − θ∗

1(ω)|) = 0
}

= 0

and

P

{
lim sup

t→∞
(|zε(t) − z̄(t)| + |θε(t) − θ̄(t)|) = 0

}
= 0

for all initial values z0, θ0, y0.

Remark 11 Set

ϕε(z, θ) =
∫

ϕε(z, θ, y)ρ(dy).

This function satisfies the relation

lim
T→∞

1
T

∫ T

0
G
(
zε(t), θε(t)

)
dt =

∫ a0

−a0

∫ 2π

0
G(z, θ)ϕε(z, θ) dz dθ

for any bounded measurable function G : [−a0, a0] × [0, 2π] → R.
It follows from Theorems 3 and 4 that if there exists the limit of the
distribution

mε(A) =
∫

A

ϕε(z, θ) dz dθ, A ∈ B([−a0, a0] × [0, 2π]),

say m(A), then the support of the measure m is the static state (−ω, θ∗
1(ω))

and the curve {(z, θ) : z = Zω(θ, z̄ω)}, and∫
G(z, θ)m(dz, dθ) = αG(−ω, θ∗

1(ω)) + β
1

2πcω

∫ 2π

0

G(Zω(θ, z̄ω))
ω + Zω(θ, z̄ω)

dθ

(for notation see Theorem 1), α ≥ 0, β ≥ 0, α + β = 1.

10.2 The Forced Problem

The form of the phase detector characteristic P (see the beginning of the
chapter) varies with various applications. In most applications it is simple
multiplication of the external signal and the VCO output:

P(θ, t) = αV (θ) cos(µt + ϕ),

where µ and ϕ are the frequency and phase deviation of the input signal,
respectively. In the case V (θ) = β cos θ and if the loop filter is a low-pass
filter with time constant τ , then the model is described by the system of
differential equations

τ ż = −z + A cos θ cos(µt + ϕ),

θ̇ = ω + z.
(10.30)
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10.2.1 Systems Without a Loop Filter (Nonrandom).
In the case τ = 0, system (10.30) is represented by one equation of the
form

θ̇ = F (θ, µt + ϕ),

where the function F (θ, η) from R2 to R is sufficiently smooth and satisfies
the condition

F (θ, η) = F (θ + 2π, η) = F (θ, η + 2π)

for all θ and η. Let

η(t) = µt + ϕ.

Then the pair of functions (η(t), θ(t)) satisfies the system of the differential
equations

η̇(t) = µ,

θ̇(t) = F
(
θ(t), η(t)

)
,

(10.31)

which can be considered a system on the torus C2
2π, where C2π is the circle

of radius 1.
We can use the results of Section 9.1 to investigate the asymptotic behavior
of the average value of the form

lim
T→∞

H̄T (η1, θ1, η2, θ2) ≡ lim
T→∞

1
T

∫ T

0
H(η1(s), θ1(s), η2(s), θ2(s)) ds,

(10.32)
where H(x1, x2, x3, x4) is a continuous real-valued function on R4 that is
2π-periodic in all variables:

H(x1, x2, x3, x4) ≡ H(x1 + 2k1π, . . . , x4 + 2k4π)

for all k1, . . . , k4 ∈ Z, and (η1(t), θ1(t)), (η2(t), θ2(t)) are two solutions to
system (10.31) with initial values (η0

1 , θ0
1) and (η0

2 , θ0
2), respectively.

Let ρ be the rotation number for the system. If ρ is a rational number,
denote by t0 the period of the system, and let Π denote the set of those θ0
for which the solution to the equation

dΘ
dη

(θ0, η) =
1
µ

F
(
Θ(θ0, η), η

)
(10.33)

is a periodic function. For every θ there exists θ̄ ∈ Π for which

lim
η→+∞ |Θ(θ, η) − Θ(θ̄, η)| = 0.

Set θ̄ = π(θ). Then π(θ) = θ if θ ∈ Π and π(θ) = α if Θ(θ, 2π) < θ and
θ ∈ (α, β), α, β ∈ Π, (α, β)∩Π = ∅, π(θ) = β if Θ(θ, 2π) > θ and θ satisfies
the previous condition.
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If ρ is an irrational number and system (10.31) is ergodic, then there exists
a continuous function χ(κ1, κ2) for which

χ(κ1, κ2) ≡ χ(κ1 + 2π, κ2) ≡ χ(κ1, κ2 + 2π),

and the solution to equation (10.33) is represented in the form

Θ(θ0, η) = g(θ0) + ρη + χ(η, g(θ0) + ρη), (10.34)

where g(y) is a continuous and strictly increasing function.
All of these results were presented in Section 9.1, but we require some
additional notation here. Denote by Θ(η0, θ0, η) the solution of equation
(10.33) with the initial condition

Θ(η0, θ0, η0) = θ0.

We first consider the arguments of the function Θ(η0, θ0, η) in R. The
function Θ(η0, θ0, η) can be represented by Θ(θ0, η) in the following way:

Θ(η0, θ0, η) = Θ(Θ(η0, θ0,−η0), η0 + η).

Theorem 5 Let H(x1, x2, x3, x4) be a continuous R-valued function that
is 2π-periodic in all of its arguments and H̄T is defined by formula (10.32).
(1) If system (10.31) is periodic with period t0 and if the set Π and the
function π(θ) are defined as above, then

lim
T→∞

H̄T (η1, θ1, η2, θ2) =
1

µt0

∫ µt0

0
H
(
s,Θ(θ̃0

1, s), η
0
2 − η0

1 + s,Θ(θ̃0
2, s)

)
ds,

where

θ̃0
i = π

(
Θ(η0

i , θ0
i , −η0

i )
)
, i = 1, 2.

(2) If system (10.31) is ergodic with rotation number ρ, then

lim
T→∞

H̄T (η1, θ1, η2, θ2)

=
1

4π2

∫ 2π

0

∫ 2π

0
H(u, v + χ(u, v), a + u, b + v + χ(a + u, b + v)) du dv,

where a = η0
2 − η0

1 and

b = ρa + g
(
Θ(η0

2 , θ0
2,−η0

2)
)

− g
(
Θ(η0

1 , θ0
1, −η0

1)
)
.

Proof Let

θ̂0
i = Θ(η0

i , θ0
i ,−η0

i ).

Then

θi(t) = Θ(θ̂0
i , ηi(t)), i = 1, 2,

and

η2(t) = η1(t) + a,
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H̄T (η1, θ1, η2, θ2)

=
1
T

∫ T

0
H
(
η1(s), Θ(θ̂0

1, η1(s)), η1(s) + a,Θ(θ̂0
2, η1(s) + a)

)
ds.

Under condition (1) we have

lim
t→∞

(
Θ(θ̂0

i , ηi(t)) − Θ(θ̃0
i , ηi(t))

)
= 0,

and we can write

lim
T→∞

H̄T (η1, θ1, η2, θ2)

= lim
T→∞

1
T

∫ T

0
H
(
η1(s), Θ(θ̃0

1, η1(s)), η1(s) + a,Θ(θ̃0
2, η1(s) + a)

)
ds.

(10.35)
The function

H
(
η0
1 + µs,Θ(θ̃0

1, η
0
1 + µs), η0

2 + µs,Θ(θ̃0
2, η

0
2 + µs)

)
is a periodic function with period t0. So the limit on the right-hand side of
equation (10.35) equals

1
t0

∫ t0

0
H
(
η0
1 + µs,Θ(θ̃0

1, η
0
1 + µs), η0

2 + µs,Θ(θ̃0
2, η

0
2 + µs)

)
ds.

This proves statement (1) of the theorem.
In case (2) we use the representation (10.34) and write

H̄T (η1, θ1, η2, θ2)

=
1
T

∫ T

0
H
(
η1(s), g(θ̂0

1) + ρη, η1(s) + a,

b + g1(θ̂0
1) + ρη1(s) + χ(a + η1(s), b + ρη1(s))

)
ds

=
1

µT

∫ η0
1+µT

η0
1

H
(
u, g(θ̂0

1) + ρu + χ(u, g(θ̂0
1) + ρu), u + a,

b + g1(θ̂0
1) + ρu + χ(u + a, b + g1(θ̂0

1) + ρu)
)
du.

The remainder of the proof follows from the following lemma.

Lemma 5 Let Φ(x, y) be a continuous 2π-periodic function in x and y.
Then for any irrational number ρ,

lim
T→∞

1
T

∫ T

0
Φ(t, ρt)dt =

1
4π2

∫ 2π

0

∫ 2π

0
Φ(u, v) du dv. (10.36)

Proof It follows from the theorem on approximation of continuous func-
tions by trigonometric polynomial functions that we have to prove (10.36)
only for Φ(x, y) = ei2πlx+i2πky. In this case the right-hand side of (10.36) is
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zero if |l| + |k| > 0. It is easy to check that the left–hand side of (10.36) is
equal to zero if |l| + |k| > 0. For the function Φ = 1 relation (10.36) holds.

�

Now we return to the proof of the theorem. The function

Φ(x, y) = H
(
x, α + y + χ(x, α + y), x + a, b + α + y, χ(x + a, b + α + y)

)

satisfies the conditions of Lemma 5. So

lim
T→∞

H̄T (η1, θ1, η2, θ2) =
1

4π2

∫ 2π

0

∫ 2π

0
H
(
x, α + y + χ(x, α + y), x + a,

b + α + y, χ(x + a, b + α + y)
)
dx dy

=
1

4π2

∫ 2π

0

∫ 2π

0
H
(
x, y + χ(x, y), x + a, b + y, χ(x + a, b + y)

)
dx dy.

Here α = g(θ̂0
1).

�

Corollary 1 Let H1(x, y) be a continuous 2π-periodic function in x and
y. Set

ζ(t) = H1
(
η(t), θ(t)

)
,

where (η(t), θ(t)) is the solution to system (10.31) with initial conditions
η(0) = η0, θ(0) = θ0. It follows from Theorem 5 that the autocovariance
function of ζ(t) is defined:

Rζ(s) = lim
T→∞

1
T

∫ T

0
ζ(t)ζ(t + s)dt −

(
lim

T→∞
1
T

∫ T

0
ζ(t)dt

)2

. (10.37)

If (η(t), θ(t)) is a periodic solution with period t0, then

Rζ(s) =
1

µt0

∫ µt0

0
H1(u, Θ(θ̂0, u))H1(u + µs,Θ(θ̂0, u + µs)) du

−
(

1
µt0

∫ µt0

0
H1(u, Θ(θ̂0, u)) du

)2

,

(10.38)

where θ̂0 = Θ(η0, θ0,−η0).
If system (10.31) is ergodic with rotation number ρ, then

Rζ(s) =
1

4π2

∫ 2π

0

∫ 2π

0
H1(u, v + χ(u, v))H1(u + µs, v + ρµs

+ χ(u + µs, v + ρµs) du dv − 1
4π2

(∫ 2π

0

∫ 2π

0
H1(u, v + χ(u, v)) du dv

)2

.

(10.39)
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10.2.2 Randomly Perturbed Systems Without a Loop Filter
Here we consider randomly perturbed systems of the form represented by
equations (10.31). Assume that(

µ(t), F (t, θ, η)
)

(10.40)

is an ergodic stationary process in the space

R × Cp,[0,2π]2 ,

where Cp,[0,2π]2 is the space of continuous functions f(x, y) on [0, 2π]2 for
which f(0, y) ≡ f(2π, y) and f(x, 0) ≡ f(x, 2π).
We consider the stochastic process (ηε(t), θε(t)) defined by the system of
differential equations

η̇ε(t) = µ

(
t

ε

)
,

θ̇ε(t) = F

(
t

ε
, θε(t), ηε(t)

)
.

(10.41)

We assume that the stationary process F (t, θ, η) satisfies the condition that
the derivative Fθ(t, θ, η) exists and there is a constant C > 0 for which
|Fθ(t, θ, η)| ≤ C with probability 1. Then the averaging theorem can be
applied to system (10.41) (see Theorem 5 of Chapter 5). Let

µ = Eµ(t), F (θ, η) = EF (t, θ, η).

If ηε(0) = η0, θε(0) = θ0, then

P

{
lim
ε→0

sup
t≤T

(
|ηε(t) − η(t)| + |θε(t) − θ(t)|

)
= 0
}

= 1 (10.42)

for all T > 0, where (η(t), θ(t)) is the solution to system (10.31) with the
initial condition η(0) = η0, θ(0) = θ0.

Remark 12 Assume that there exists ε0 > 0 for which the function

ζε(t) = H1(ηε(t), θε(t)), (10.43)

where the function H1(x, y) is the same as in Corollary 1, has autocovari-
ance function, for ε < ε0,

Rζε
(s) = lim

T→∞
1
T

∫ T

0
ζε(t)ζε(t + s) dt −

(
lim

T→∞
1
T

∫ T

0
ζε(t) dt

)2

, (10.44)

and the limits in relation (10.44) exist uniformly in ε as ε → 0.
Then

lim
ε→0

Rζε
(s) = Rζ(s),

where Rζ(s) is represented by formula (10.38) if the averaged system is
periodic and by formula (10.39) if it is ergodic.
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We will next investigate the existence and asymptotic behavior of the auto-
covariance for the function ζε(t) given by relation (10.43) for systems with
Markov perturbation.
Let y(t) be a homogeneous Markov process in a measurable space (Y, C)
with a transition probability P (t, y, C) for C ∈ C. We assume that the
Markov process y(t) is uniformly ergodic with an ergodic distribution
ρ(dy). Assume that (ηε(t), θε(t)) is the solution to the system of differential
equations

η̇ε(t) = µ

(
y

(
t

ε

))
,

θ̇ε(t) = F

(
θε(t), ηε(t), y

(
t

ε

))
,

(10.45)

where µ(y) is a nonnegative bounded measurable function for which

µ =
∫

µ(y)ρ(dy) < ∞, µ > 0,

and F (θ, η, y) : R2×Y → R is a bounded measurable function with respect
to B(R2) ⊗ C satisfying the following properties:

(1) F is continuous in θ, η uniformly with respect to y.

(2) F (θ, η, y) = F (θ + 2π, η, y) = F (θ, η + 2π, y) for all θ, η, y.

(3) There exist continuous derivatives Fθ(θ, η, y), Fη(θ, η, y) in θ, η that
are bounded in all arguments.

Let

F (θ, η) =
∫

F (θ, η, y)ρ(dy).

Then system (10.31) is the averaged system for (10.45), and relation (10.42)
holds.

Remark 13 Denote by (ηε(η0, θ0, t), θε(η0, θ0, t)) the solution to system
(10.41) with the initial conditions

ηε(η0, θ0, 0) = η0, θε(η0, θ0, 0) = θ0.

It follows from condition (3) that ηε(η0, θ0, t) and θε(η0, θ0, t) are con-
tinuous in θ0, η0, uniformly with respect to ε > 0 and t ≤ t0. So if
(η(η0, θ0, t), θ(η0, θ0, t)) is the solution to system (10.31) with the same
initial condition, then

P

{
lim
ε→0

sup
t≤t0

sup
η0,θ0

(
|ηε(η0, θ0, t) − η(η0, θ0, t)|

+ |θε(η0, θ0, t) − θ(η0, θ0, t)|
)

= 0
}

= 1.

(10.46)
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Theorem 6 Let H1(x, y) satisfy the conditions of Corollary 1, and let the
averaged system be ergodic. Set

Rζε(T, s) =
1
T

∫ T

0
ζε(t)ζε(t + s) ds −

(
1
T

∫ T

0
ζε(t) dt

)2

,

where ζε(t) is defined by relation (10.43).
Then for any s0 > 0 and δ > 0 the following relation holds:

lim
ε→0

P

{
lim sup
T→∞

sup
|s|≤s0

|Rζε(T, s) − Rζ(s)| > δ

}
= 0, (10.47)

where Rζ(s) is given by formula (10.39).

Proof Set

Aζε(T ) =
1
T

∫ T

0
ζε(t) dt,

Bζε(T, s) =
1
T

∫ T

0
ζε(t)ζε(t + s) dt,

Aζ = lim
T→∞

1
T

∫ T

0
ζ(t) dt,

Bζ(s) =
1
T

∫ T

0
ζ(t)ζ(t + s) dt.

To prove the theorem we will show that

lim
ε→0

P

{
lim sup
T→∞

sup
|s|≤s0

|Bζε
(T, s) − Bζ(s)| > δ

}
= 0 (10.48)

for all δ > 0, s > 0, and

lim
ε→0

P

{
lim sup
T→∞

|Aζε
(T ) − Aζ | > δ

}
= 0. (10.49)

It follows from the boundedness of µ, F , and ∂F/∂θ that ζε(t) is uniformly
continuous in t with respect to ε > 0. So Bζε(T, s) is uniformly continuous
in s with respect to ε > 0 and T > 0. Therefore, relation (10.47) is fulfilled
if

lim
ε→0

P

{
lim sup
T→∞

|Bζε(T, s) − Bζ(s)| > δ

}
= 0 (10.50)

for any s. We prove this relation and note that relation (10.48) can be
proved in the same way.
Set Tk = k (T̂ + s0), k = 0, 1, where s0 > |s| and T̂ is chosen such that

sup
η0,θ0

∣∣∣∣ 1T̂
∫ T̂

0
ζ(t)ζ(t + s) ds − Bζ(s)

∣∣∣∣+2C1s0

T̂
< δ1,
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where δ1 is a given number and C1 = (supx,y H(x, y))2.
Denote by Fε

t the σ-algebra generated by {ηε(u), θε(u), y
(

u
ε

)
, u ≤ t}.

Let λk, k = 0, 1, 2, . . . , be some random variables for which |λk| ≤ 1. Then
we can write

Bζε
(Tn, s) − Bζ(s) =

1
Tn

∫ Tn

0

∫ Tn

0
ζε(t)ζε(t + s) ds − Bζ(s)

=
1

n(T̂ + s0)

n∑
k=1

(∫ Tk+T̂

Tk

ζε(t)ζε(t + s) dt + λkC1s0

)
− Bζ(s)

=
1

n(T̂ + s0)

( n∑
k=1

E

(∫ Tk+T̂

Tk

ζε(t)ζε(t + s) dt

/
Fε

Tk

)
− Bζ(s)(T̂ + s0)

+ λkC1s0 +
n∑

k=1

[∫ Tk+T̂

Tk

ζε(t)ζε(t + s) ds − E

∫ Tk+T̂

Tk

ζε(t)ζε(t + s) dt

])
.

It follows from Lemma 3 of Chapter 9 that the expression on the last line
tends to zero with probability 1 as n → ∞. Set

ẐT̂ (η0, θ0, y(0), s) = E

(∫ T̂

0
ζε(t)ζε(t + s) dt

/
Fε

0

)
.

Then

E

(∫ Tk+T̂

Tk

ζε(t)ζε(t + s) dt

/
Fε

Tk

)
= ẐT̂ (ηε(Tk), θε(Tk), y(Tk/ε), s).

Remark 13 implies that

lim
ε→0

E

∣∣∣∣ẐT̂ (ηε(Tk), θε(Tk), y(Tk/ε), s)

−
∫ T̂

0
H1(η(ηε(Tk), θε(Tk), t), θ(ηε(Tk), θε(Tk), t))

× H1(η(ηε(Tk), θε(Tk), t + s), θ(ηε(Tk), θε(Tk), t + s)) dt

∣∣∣∣ = 0

(10.51)
uniformly in k.
So we write the difference

Bζε
(Tn, s) − Bζ(s) = αn(ε) +

1
n

n−1∑
k=0

∆k(ε)

+
1
n

n∑
k=1

[
1

T̂ + s0

∫ T̂

0
ζ(k)(t)ζ(k)(t + s) dt − Bζ(s) + λkC1s0

]
,

where αn(ε) → 0 with probability 1 as n → ∞, E|∆k(ε)| → 0 as ε → 0
uniformly in k, ∆k is the expression under the absolute value on the left–



10.2 The Forced Problem 371

hand side of relation (10.51), and ζ(k)(t) is calculated for the solution of
the averaged system (10.31) with initial conditions

η(0) = ηε(Tk), θ(0) = θε(Tk).

This implies the relation

lim sup
ε→0

P

{
lim sup

n
|Bζε

(Tn, s) − Bζ(s)| > δ1

}
= 0.

Note that for Tn < T < Tn+1 we have

|Bζε
(T ) − Bζε

(Tn)| = O

(
1
n

)
.

Thus is relation (10.49) proved.
�

Remark 14 Assume that the averaged system (10.31) for system (10.45)
is pure periodic. Denote by Rζ(s, θ̂0) the expression on the right-hand side
of (10.38). It follows from Theorems 9 and 10 of Chapter 9 that the function

θ̂ε(t) = Θ
(

t

ε
, θε

(
t

ε

)
, − t

ε

)

satisfies the condition

lim
ε→0

lim sup
t→∞

∣∣∣∣1t
∫ t

0
h
(
θ̂ε

(s
ε

))
ds −

∫ 2π

0
h(θ)g1(θ) dθ

∣∣∣∣ = 0

with probability 1, where h(θ) is any 2π-periodic continuous function and
g1(θ) is defined in Remark 3 of Chapter 9.
This implies the following relation: For all s ∈ R,

lim
ε→0

lim sup
T→∞

∣∣∣∣Rζε
(T, s) −

∫ 2π

0
Rζ(s, θ)g1(θ) dθ

∣∣∣∣ = 0,

where Rζε
(T, s) is defined in Theorem 6.

10.2.3 Forced Systems with Noisy Input Signals
Finally, we consider a system of the form

τ żε(t) = −zε(t) + A cos θε(t) cos(µt + ϕ + nε(t)),

θ̇ε(t) = ω + zε(t),
(10.52)

where nε(t) is a fast random noise process that can be expressed by either a
stationary stochastic process ξ(t/ε) or a Markov process y(t/ε). We assume
that the noise process satisfies the following conditions:
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(i) The pair of stochastic processes

w1
ε(t) =

1√
ε

∫ t

0
cos nε(s) ds, w2

ε(t) =
1√
ε

∫ t

0
sin nε(s) ds,

converges weakly to a two-dimensional process
(
w1(t), w2(t)

)
, which

is Gaussian with independent increments.

(ii) Denote by Fε
t the σ-algebra generated by nε(s), s ≤ t. There exists

a constant c1 such that for any family of functions fε(t) that are
Fε

t -measurable and

sup
t

[∣∣ḟε(t)
∣∣+ |fε(t)|

]
≤ C

for some nonrandom C > 0 the following inequality holds:

lim
ε→0

sup
t

E

((∫ t+T

t

fε(s)dwk
ε (s)
)2/

Fε
t

)
≤ c1C

2T.

Let zε(0) = z0.
We can investigate the behavior of the stochastic process θε(t) as ε → 0
and t → ∞. In fact, it follows from the first equation of system (10.52) that

zε(t) = z0+
A

√
ε

τ

∫ t

0
e− (t−s)

τ cos θε(t)
[
cos(µs+ϕ)dw1

ε(s)+sin(µs+ϕ)dw2
ε(s)
]

Substituting this expression in the second equation of system (10.52) and
integrating, we obtain the relation

θε(t) = θ0 + t(ω + z0) + A
√

ε

∫ t

0

(
1 − e− 1

τ (t−s))

× cos θε(t)
[
cos(µs + ϕ) dw1

ε(s) − sin(µs + ϕ) dw2
ε(s)
]
,

(10.53)

where θ0 = θε(0). It follows from condition (ii) that

sup
t

E

(
θε(t) − θ0 − t(ω + z0)√

ε

)2

< ∞.

Set

νε(t) = ε−1/2(θε(t) − θ0 − t(ω + z0)).

Then

νε(t) =
∫ t

0

(
1 − e− 1

τ (t−s)) cos(θ0 + t(ω + z0) +
√

ενε(t))

×
[
cos(µs + ϕ)dw1

ε(s) − sin(µs + ϕ)dw2
ε(s)
]
.

Let

ν̃ε(t) =
∫ t

0

(
1 − e− 1

τ (t−s)) cos(θ0 + s(ω + z0))

×
[
cos(µs + ϕ)dw1

ε(s) − sin(µs + ϕ)dw2
ε(s)
]
.
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Then E|νε(t) − ν̃ε(t)|2 = O(ε). So

θε(t) = θ0 + t(ω + z0) +
√

ε ν̃(s) + O(ε).

(That is,

E
(
θε(t) − θ0 − t(ω + z0) −

√
ε ν̃(s)

)2 = O(ε2)

uniformly in t.)

Lemma 6 Let H(θ) be a 2π-periodic function with continuous derivatives
H ′(θ), H ′′(θ). Then

lim sup
T→∞

∣∣∣∣ 1T
∫ T

0
H(θε(s)) ds − 1

T

∫ T

0
H(θ̂(s)) ds

∣∣∣∣ = O(ε),

and

lim sup
T→∞

∣∣∣∣ 1T
∫ T

0
H(θε(s))H(θε(s+u)) ds− 1

T

∫ T

0
H(θ̂(s))H(θ̂(s+u)) ds

∣∣∣∣ = O(ε),

for all u ∈ R, where

θ̂(t) = θ0 + t(ω + z0).

Proof We use the representations

H(θε(s)) = H(θ̂(s)) + H ′(θ̂(s))
√

ε ν̃(s) + O(ε)

and

H(θε(s))H(θε(s + u) = H(θ̂(s))H(θ̂(s + u)) + H ′(θ̂(s))H(θ̂(s + u))
√

ε ν̃(s)

+ H(θ̂(s))H ′(θ̂(s + u))
√

ε ν̃(s + u) + O(ε).

The remainder of the proof is a consequence of the following fact: For any
bounded measurable function g(t) : R+ → R

E

(
1
T

∫ T

0
g(s)ν̃ε(s) ds

)2

= E

(
1
T

∫ T

0
g(t)

∫ t

0

(
1 − e− 1

τ (t−s)
) [

λ1(s)dw1
ε(s) + λ2(s)dw2

ε(s)
]

dt

)2

= E

(
1
T

∫ T

0

∫ T

s

(
1 − e− 1

τ (t−s)
)

g(t) dt
(
1 − e− 1

τ (t−s)
))

≤ 2c − 1
T 2

∫ T

0

(∫ T

s

(
1 − e− 1

τ (t−s)
)

g(t) dt

)2

[λ2
1(s) + λ2

2(s)] ds

for all T and for ε > 0 small enough, where λ1(s) = cos η̂(s) cos(µs + ϕ)
and λ2(s) = − cos η̂(s) sin(µs + ϕ). Note that

∫ T

s

(
1 − e− 1

τ (t−s))g(t) dt
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is a bounded function. So

lim
T→∞

T

(
1
T

∫ T

0
g(s)ν̃ε(s) ds

)2

= 0

if ε > 0 is small enough.
�

Remark 15 Note that the function θ̂(s) does not contain any information
about the signal µt+ϕ. So the presence of noise in systems with filters does
not provide much information about the signal.

10.2.4 Simulation of a Phase–Locked Loop with Noisy Input
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Figure 10.3. Upper left: The output voltage phase φ(t). Upper right: Power spec-
tral density of the noise N . Lower left: Power spectral density of the output φ(t).
Lower right: Signal–to–noise Ratio of the output to the noise evaluated at each
frequency.

This computer simulation illustrates some of the results derived in this
section. Consider a first–order phase–locked loop (i.e., one without a loop
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filter) of the form

θ̇ε = ω + sin(θε(t) + N(t/ε) − S(t)),

where ω is the carrier frequency, θε(t) is the loop’s phase, S(t) is the phase
of the external signal, and N accounts for noise in the incoming signal. We
suppose that the input is perfectly tuned, so S(t) = ωt + ψ(ω0t), where
ω0 � ω is the frequency of the input phase deviation. We rewrite this
model in terms of the output phase variable φ(t) = θε(t) − ωt:

φ̇ = sin(φ(t) + N(t/ε) − ψ(t)).

For the simulation, we take the input signal ψ(t) = 2 cos 20t and the noise as
a jump process with ergodic measure uniformly distributed on [−0.1, 0.1],
as in our earlier simulations. The results of this simulation are shown in
Figure 10.3. (Recall that the power spectral density of a function is the
Fourier transform of its autocorrelation function.)



11
Models in Population Biology

In this chapter we consider random perturbations of ecological systems, of
epidemic disease processes, and of demographic models. In the next chap-
ter we consider several problems from genetics. In each case, we describe
classical models for these phenomena and some useful results concerning
their asymptotic behavior for large time. Then we describe how random
noise perturbations can be included in these models, and we investigate
the asymptotic behavior of the resulting systems using the methods in this
book. In each case, we compare the behavior of perturbed and unperturbed
systems.

11.1 Mathematical Ecology

The Lotka–Volterra model is the paradigm for describing prey–predator
systems involving interactions of two populations where one (the predator
population) dies out in the absence of the other (the prey population), while
the prey grow without bound in the absence of predation. We consider this
model in detail first. Then we consider other ecological systems for two
populations competing for the same resource and for a food chain of three
interacting populations.
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11.1.1 Lotka–Voltera Model
Consider two interacting species, one prey and the other its predator. De-
note by x(t) the number of prey and by y(t) the number of predators at time
t. The Lotka–Voltera model describes x and y by the system of ordinary
differential equations

ẋ = αx − βxy,

ẏ = −γy + δxy,
(11.1)

where α, β, γ, δ are positive constants. Note that the growth rate for the
prey, ẋ/x, is α − βy, which decreases as the number of predators increases
and becomes negative if y > b = α/β. The growth rate of the predators,
ẏ/y, is δx − γ, which increases as the number of prey increases, but is
negative if x < a = γ/δ and positive if x > a. The population distribution
(a, b) is an equilibrium of coexistence for system (11.1), and (0, 0) is the
equilibrium corresponding to extinction.
The first quadrant (x ≥ 0, y ≥ 0) is relevant to the biological system. In
it, we will see that orbits beginning with x(0) > 0 and y(0) > 0 revolve
around the coexistence equilibrium point. Obviously, if x(0) = 0, then
y(t) = y(0)e−γt, so y(t) → 0 as t → ∞, and in the absence of prey, the
predators die out. On the other hand, if y(0) = 0, then x(t) = x(0)eαt

and x(t) → ∞ as t → ∞, and in the absence of predation the prey grow
without bound.
The behavior of system (11.1) is described by the following theorem.

Theorem 1 (i) System (11.1) has a first integral

Φ(x, y) = xγyα exp{−δx − βy}.

(ii) For c ∈ (0, Φ(a, b)] the orbits of the system with

Φ(x, y) = c

are closed curves.
(iii) If Φ(x0, y0) ∈ (0, Φ(a, b)), then the solution of system (11.1) is a peri-
odic function, and its period can be determined in the following way:
Denote by y1(c) < y2(c) the solutions of the equation

Φ(a, yk) = c, c ∈ (0, Φ(a, b)) for k = 1, 2

and by φ1(c, y) < φ2(c, y) the solutions for k = 1, 2 of the equations

Φ(φk(c, y), y) = c, y ∈ (y1(c), y2(c)).

Set

T (c) =
∫ y2(c)

y1(c)

φ2(c, y) − φ1(c, y)
(φ2(c, y) − a)(a − φ1(c, y))

dy

y
. (11.2)

Then the solution of system (11.1) is periodic with period T (Φ(x(0), y(0))).
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(iv) For any continuous function g(x, y) : R2 → R there exists the limit

lim
t→∞

1
t

∫ t

0
g(x(t), y(t)) dt

=
1

T (c)

∫ y2(c)

y1(c)

(
g(φ1(c, y), y)
a − φ1(c, y)

+
g(φ2(c, y), y)
φ2(c, y) − a

)
dy

y
.

(11.3)

Proof (i) It follows from system (11.1) that

−γ + δx

x
dx =

α − βy

y
dy.

Integrating this from (x(0), y(0)) to (x, y) gives

Φ(x, y) = Φ(x(0), y(0)),

where

Φ(x, y) = exp
(
γ log x − δx + α log y − βy

)
= xγyα exp

(
−δx − βy

)
.

Then if (x(t), y(t)) is a solution of (11.1),

dΦ
dt

(x(t), y(t)) = 0.

(ii) The function log Φ(x, y) is a convex function in the first quadrant x >
0, y > 0, and the point x = a, y = b is its unique maximum. As a result, the
contours of this surface Φ = c for c < Φ(a, b) are closed curves containing
no equilibria of the system.
(iii) Assume that x(0) = a, y(0) = y1(c) as defined in the statement of the
theorem. Denote by t1 the first time for which y(t) = y2(c). For t ∈ [0, t1]
we have x(t) = φ2(c, y(t)) and for t ∈ (t1, T (c)), x(t) = φ1(c, y(t)). Then

dy(t) = [−γy(t) + δ y(t) φ2(c, y(t))] dt

for t ∈ (0, t1) and

dy(t) = [−γy(t) + δy(t)φ1(c, y(t))] dt

for t ∈ (t1, T (c)). Integrating these formulas gives

t1 =
∫ y(t1)

y(0)

dy

−γy + δyφ2(c, y)
,

T (c) − t1 =
∫ y(T (c))

y(t1)

dy

−γy + δyφ1(c, y)
.

Combining these equations gives formula (11.2).
Formula (11.3) is a consequence of the fact that the temporal average of
a periodic function is determined by the integral over one period and the
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relation ∫ T (c)

0
g(x(t), y(t))dt =

∫ y(t1)

y(0)

g(φ2(c, y)) dy

−γy + δyφ2(c, y)

+
∫ y(T (c))

y(t1)

g(φ2(c, y)) dy

−γy + δyφ2(c, y)
.

This completes the proof of the theorem.
�

11.1.2 Random Perturbations of the Lotka–Volterra Model
Consider a homogeneous Markov process z(t) in a measurable space (Z, C)
that represents random perturbations of (11.1). The system we consider is
described by the differential equations

ẋε = α(zε(t)) xε − β(zε(t)) xεyε,

ẏε = −γ(zε(t)) yε + δ(zε(t)) xεyε,
(11.4)

where zε(t) = z(t/ε). Here xε(t) and yε(t) are numbers of prey and of
predators, respectively, at time t, and α(z), β(z), γ(z), and δ(z) are positive,
bounded measurable functions from Z into R. So the randomly perturbed
system for (11.1) has coefficients that are randomly varying on a fast time
scale as described by zε.
We assume that z is an ergodic Markov process with ergodic distribution
ρ(dz), and we write the averages of the data as

α =
∫

α(z)ρ(dz), β =
∫

β(z)ρ(dz),
γ =

∫
γ(z)ρ(dz), δ =

∫
δ(z)ρ(dz).

Then the averaged equation for system (11.4) is given by (11.1). The next
lemma follows from averaging theorems derived earlier (see Chapter 3,
Theorem 6).

Lemma 1 On any finite interval [0, T ],

P

{
lim
ε→0

sup
t≤T

(|xε(t) − x(t)| + |yε(t) − y(t)|) = 0
}

= 1

if the initial data for the two systems are the same, xε(0) = x(0), yε(0) =
y(0), where (xε(t), yε(t)) is the solution to the system (11.4) and (x(t), y(t))
is the solution to the system (11.1).

The next lemma is a consequence of the theorem of normal deviations,
Chapter 4, Theorem 2.

Lemma 2 Assume that the Markov process z(t) satisfies condition SMC II
of Section 2.3, and let R(z, C) =

∫∞
0 (P (t, z, C) − ρ(C)) dt, where

P (t, z, C) is the transition probability for z(t). Set
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A(x, y) =

∫∫ (
α(z)x − β(z)xy
−γ(z)y + δ(z)xy

)(
α(z′)x − β(z′)xy
−γ(z′)y + δ(z′)xy

)T

R(z, dz′)ρ(dz).

(Note that the integrand is a product of a column vector with a row vector
and so is a 2 × 2 matrix). Further, we define

A(t) = A(x(t), y(t)) ≡
(

A11(t) A12(t)
A21(t) A22(t)

)
, (11.5)

and the stochastic processes

x̃ε = ε−1/2(xε(t) − x(t)), ỹε = ε−1/2(yε(t) − y(t)),

where (xε(t), yε(t)) and (x(t), y(t)) are the same as in Lemma 1.
Then the two-dimensional stochastic process (x̃ε(t), ỹε(t)) converges weakly
in C as ε → 0 to a two–dimensional stochastic process (x̃(t), ỹ(t)) that
satisfies the following system of stochastic integral equations:

x̃(t) =
∫ t

0
[(α − βy(s))x̃(s) − βx(s)ỹ(s)] ds + u1(t),

ỹ(t) =
∫ t

0
[δy(s)x̃(s) + (−γ + δx(s))ỹ(s)] ds + u2(t),

where (u1(t), u2(t)) is a two-dimensional Gaussian process with indepen-
dent increments, mean values 0, and correlation matrix R(t) given by the
formula

R(t) =
∫ t

0
A(s)ds. (11.6)

(The matrix A(t) is defined in the formula (11.5).)

Lemmas 1 and 2 describe the behavior of the stochastic process (xε(t), yε(t))
on any finite interval [t0, t0 +T ]. Namely, the system is moving close to the
trajectory

{(X(t0, xε(t0), yε(t0), t), Y (t0, xε(t0), yε(t0), t)) : t0 ≤ t ≤ t0 + T} , (11.7)

where (X(t0, x, y, t), Y (t0, x, y, t)) is the solution to system (11.1) on the
interval (t0,∞) satisfying the initial conditions

X(t0, x, y, t0) = x, Y (t0, x, y, t0) = y.

This solution is periodic with period T (Φ(xε(t0), yε(t0))) (this follows from
Lemma 1). It follows from Lemma 2 that the deviation of the perturbed tra-
jectory from the trajectory (11.7) is of order

√
ε. As a result, the trajectory

of the perturbed system is close to another orbit of the average system. This
orbit is determined by values Φ(xε(t), yε(t)). So we can obtain a complete
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description of the perturbed system (as ε → 0) by investigating the asymp-
totic behavior of the process φε(t) = Φ(xε(t), yε(t)). To do this we use the
diffusion approximation for first integrals that we derived in Chapter 5,
Theorem 5.

Lemma 3 Set uε(t) = log φε(t/ε) and define the functions

B(x, y) =
∫∫

[(γ − δx)(α(z) − β(z)y) + (α − βy)(−γ(z) + δ(z)x)]

× [(γ − δx)(α(z′) − β(z′)y) + (α − βy)(−γ(z′) + δ(z′)x)]R(z, dz′)ρ(dz),

A(x, y) =
∫∫

[(γ − δx)(α(z) − β(z)y)(α(z′) − β(z′)y)

− (γ − δx)β(z′)(−γ(z) + δ(z)x)y + (α − βy)δ(z′)(α(z′) − β(z′)y)x
+ (α − βy)(−γ(z) + δ(z)x)(−γ(z′) + δ(z′)x)
− γ(α(z) − β(z)y)(α(z′) − β(z′)y)

− α(−γ(z) + δ(z)x)(−γ(z′) + δ(z′)x)]R(z, dz′)ρ(dz),

b̂(θ) =
∫ y2(c)

y1(c)

(
B(φ1(c, y), y)
a − φ1(c, y)

+
B(φ2(c, y), y)
φ2(c, y) − a

)
dy

δy
, (11.8)

and

â(θ) =
∫ y2(c)

y1(c)

(
A(φ1(c, y), y)
a − φ1(c, y)

+
A(φ2(c, y), y)
φ2(c, y) − a

)
dy

δy
, (11.9)

where θ = log c.
Then the stochastic process uε(t) converges weakly in C to the diffusion
process θ(t) on the interval (−∞, log Φ(a, b)) whose generator Lθ is

Lθf(u) = â(u)f ′(u) +
1
2
b̂(u)f ′′(u). (11.10)

Remark 1 This lemma implies that for any closed interval [c, d] ⊂
(−∞, log Φ(a, b)) the process uε(τε∧t) converges weakly in C to the process
θ(τ ∧ t), where

τε = inf{t : (uε(t) − c)(uε(t) − d) > 0},

τ = inf{t : (θ(t) − c)(θ(t) − d) > 0}.

Next we investigate the behavior of the processes θ(t) and uε(t) near the
boundary of the interval (−∞, log Φ(a, b)) .

First, consider the behavior of the averaged system near the point (a, b).

Lemma 4 Assume that the initial values (x(0), y(0)) satisfy the condition
that Φ(x(0), y(0)) = (1 − h)Φ(a, b), where h > 0 is sufficiently small. Then
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the solution to the system (11.1) can be written in the form

x(t) = a + a
√

h/γ cos(λt + ψ0) + O(h),
y(t) = b + b

√
h/α sin(λt + ψ0) + O(h),

(11.11)

where ψ0 is determined by the relations

x(0) = a + a
√

h/γ cos ψ0, y(0) = b + b
√

h/α sin ψ0,

and

λ =
√

αγ. (11.12)

Proof Define new variables

x∗(t) = (x(t) − a)/(a
√

γ/h),
y∗(t) = (y(t) − b)/(b

√
α/h).

(11.13)

Then x∗(0) = cos ψ0, y∗(0) = sin ψ0, and (x∗(t), y∗(t)) satisfies the
differential equations

ẋ∗ = −λ y∗ + O(
√

h),

ẏ∗ = λx∗ + O(
√

h).

Let (x1(t), y1(t)) be the solution to the system of differential equations

ẋ1 = −λ y1,

ẏ1 = λx1,

for which x1(0) = cos ψ0 and y1(0) = sin ψ0. Then

|x∗(t) − x1(t)| + |y∗(t) − y1(t)| = O
(√

h
)

(11.14)

uniformly for t ∈ [0, T ] and for any fixed T > 0. It is easy to see that

x1(t) = cos(λt + ψ0),
y1(t) = sin(λt + ψ0).

(11.15)

The proof of the lemma follows from relations (11.13), (11.14), (11.15).
�

Corollary 1 (i) Let g(x, y) : R2 → R be a continuous function with
continuous derivatives of the first and second order. Then for c = Φ(a, b)(1−
h) and Φ(x(0), y(0)) = c we have

1
T (c)

∫ T (c)

o

g(x(t), y(t))dt = g(a, b)
h

4
+
(

gxx(a, b)
a2

γ2 + gyy(a, b)
b2

α2

)

+ (gx(a, b) + gy(a, b))O(h) + o(h) (11.16)

and

lim
c→Φ(a,b)

T (c) = 2π(αγ)−1/2.
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Lemma 5 Let θ = log Φ(a, b)−h and let h > 0 be sufficiently small. Then
the functions â(θ) and b̂(θ) have the following representations

â(θ) = −
∫∫

[γ (α(z) − bβ(z))(α(z′) − bβ(z′))

+ α (−γ(z) + aδ(z))(−γ(z′) + aδ(z′))]R(z, dz′)ρ(dz) + O(h),

b̂(θ) =
h

2

∫∫
[(α(z) − bβ(z))(α(z′) − bβ(z′))

+ (−γ(z) + aδ(z))(−γ(z′) + aδ(z′))]R(z, dz′)ρ(dz) + o(h).

The proof of the lemma follows from formula (11.16) and the representation
of the functions â(θ) and b̂(θ) given in Lemma 3.

Remark 2 Set

∆1(z) = det
(

α β
α(z) β(z)

)
, ∆2(z) = det

(
γ δ

γ(z) δ(z)

)
,

∆̄k =
∫∫

∆k(z)∆k(z′)R(z, dz′)ρ(dz), k = 1, 2.

(11.17)

Then

â(θ) = − γ

β2 ∆̄1 − α

δ2 ∆̄2 + O(h),

2b̂(θ)
h

=
1
β2 ∆̄1 +

1
δ2 ∆̄2 + o(1).

Corollary 2 If ∆̄1 +∆̄2 > 0, then the point log Φ(a, b) is a natural bound-
ary point for the diffusion process θ(t) defined in Lemma 3 (see Remark 4
of Chapter 5).

Next we consider the behavior of the diffusion coefficients â(θ) and b̂(θ)
as θ → −∞ using their representations given in formulas (11.8) and
(11.9). For this purpose we determine asymptotic formulas for functions
yk(c), φk(c), k = 1, 2, and the integrals on the right-hand side of formula
(11.3) as c → 0.

Lemma 6 As c → 0,

(i) log y1(c) ∼ 1
α log c and y2(c) ∼ − 1

β log c,.

(ii) T (c) ∼ − 1
αa log c.

(iii) If in addition y → ∞ and y2(c) − y → ∞, then

φ1(c, y) → 0, φ2(c, y) ∼ β

δ
(y2(c) − y).

(iv) Denote by I(c, g) the expression on the right-hand side of rela-
tion (11.3).
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Then for g1(x, y) = xm, m > 0,

I(c, g1) ∼ αa

δm−1

(
log

1
c

)m−1

,

and for g2(x, y) = xmyn,

I(c, g2) ∼ αa

δm−1βn−1

(
log

1
c

)n+m−1 (m − 1)!(n − 1)!
(m + n − 2)!

.

Proof (i) follows from the relations

log c ∼ α log yk(c) − βyk(c), k = 1, 2,

y1(c) = o(1), log y2(c) = o(y2(c)).

(iii) follows, since φk(c, y), k = 1, 2, satisfies the relation

log c = α log y + γ log φk(c, y) − βy − δφk(c, y),

and, in addition,

log y = o(y), log φ2(c, y) = o(φ2(c, y)), φ1(c, y) = o(log(φ1(c, y)).

(ii) Using formula (11.2) we can write

T (c) ∼
∫ y2(c)

y1(c)

1
a − φ1(c, y)

dy

y
∼ 1

a

∫ y2(c)

y1(c)

dy

y
∼ 1

a
log

y2(c)
y1(c)

.

(iv) Using formula (11.3) and taking into account that

|φk(c, y) − a| > h|y − yi(c)|1/2 if |y − yi(c)| ≤ 1, k = 1, 2, i = 1, 2,

we can write for g = gj , j = 1, 2

I(c, g) ∼ 1
T (c)

∫ y2(c)

y1(c)

g(φ2(c, y), y)
φ2(c, y) − a

dy

y
∼ 1

T (c)

∫ y2(c)

y1(c)

g(φ2(c, y), y)
φ2(c, y)

dy

y
.

So

I(c, g1) ∼ 1
T (c)

∫ y2(c)

y1(c)
(φ2(c, y))m−1 dy

y

∼ 1
T (c)

(
β

δ

)m−1 ∫ y2(c)

y1(c)
(y2(c) − y)m−1 dy

y

=
1

T (c)

(
β

δ

)m−1

(y2(c))m−1
∫ 1

y1(c)
y2(c)

(1 − y)m−1 dy

y

∼ 1
T (c)

(
β

δ

)m−1

(y2(c))m−1
∫ 1

y1(c)
y2(c)

dy

y

=
1

T (c)

(
β

δ

)m−1( 1
β

log
1
c

)m−1

log
y2(c)
y1(c)

.
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In the same way,

I(c, g2) ∼ 1
T (c)

(
β

δ

)m−1 ∫ y2(c)

y1(c)
(y2(c) − y)m−1yn−1 dy

y

∼ 1
T (c)

(
β

δ

)m−1

y2(c)
m+n−1

∫ 1

0
(1 − y)m−1yn−1dy.

�

Lemma 7 Assume that

ĉ =
∫∫

(βδ(z) + δβ(z))(βδ(z′) + δβ(z′))R(z, dz′)ρ(dz) > 0.

Then the relations

I(c, A) ∼ − αaĉ

2δβ2 log
1
c
,

I(c, B) ∼ − αaĉ

6δβ2

(
log

1
c

)2

,

hold as c → 0, where the functions A(x, y) and B(x, y) were introduced in
Lemma 3.

The proof follows from the formulas for A(x, y), B(x, y), and Lemma 3.

Corollary 3 If ĉ > 0, then the point −∞ is an absorbing boundary for
the diffusion θ(t); this means that with positive probability the stopping
time

τ∞ = inf
{

t : inf
s≤t

θ(s) > −∞
}

is finite and

lim
θ0→−∞

P{τ∞ < t | θ(0) = θ0} = 1

for all t > 0.

Note that if θ → −∞, then

â(θ) = I(eθ, A) ∼ −1
2
a0|θ|,

b̂(θ) = 2I(eθ, A) ∼ −1
3
a0θ

2,

where

a0 =
αaĉ

δβ2 .
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So

2â(θ)

b̂(θ)
∼ −3|θ|−1 as θ → −∞,

exp

{
−
∫ z

1

2θ

b̂(θ)
dθ

}
∼ c1 exp

{
−3
∫ z

−1

dθ

|θ|

}
∼ c1

|z|3 as z → −∞.

The point −∞ is a regular boundary for the diffusion process θ(t) because∣∣∣∣∣
∫ −∞

−1
|z| exp

{
−
∫ z

1

2θ

b̂(θ)
dθ

}
dz

∣∣∣∣∣ < ∞

(see Remark 4 of Chapter 5).
We summarize the results on the asymptotic behavior of the perturbed
system in the following statement.

Theorem 2 Let (xε(t), yε(t)) be the solution to system (11.4) with initial
conditions xε(0) = x0, yε(0) = y0. Set uε(t) = log Φ(xε(t/ε), yε(t/ε)), and
τε(h) = inf{s : uε(s) < log h}. Let (X(t0, x, y, t), Y (t0, x, y, t)) be the solu-
tion to the system (11.1) on the interval [t0, ∞) with the initial condition
X(t0, x, y, t0) = x, Y (t0, x, y, t0) = y; let θ(t) be a diffusion process on the
interval (−∞, log Φ(a, b)) with the diffusion coefficients â(θ), b̂(θ) defined
in Lemma 3; and let τ(h) = inf{s : θ(s) < log h}.
Then:

(i) For any h > 0, the stochastic process uε(t ∧ τε(h)) converges weakly
in C to the stochastic process θ(t), as ε → 0.

(ii)

lim
ε→0

sup
t0

E

[
sup

t0≤t≤T (Φ(xε(t0),yε(t0)))
(|xε(t) − X(t0, xε(t0), yε(t0), t)|

+|yε(t) − Y (t0, xε(t0), yε(t0), t)|)
]

= 0.

(iii) Assume in addition that∫∫
[(αβ(z) + βα(z))(αβ(z′) + βα(z′))

+ (γδ(z) + δγ(z))(γδ(z′) + δγ(z′))]R(z, dz′)ρ(dz) > 0

and ∫∫
(βδ(z) + δβ(z))(βδ(z′) + δβ(z′))R(z, dz′)ρ(dz) > 0.

Then the point log Φ(a, b) is a natural boundary and the point −∞ is a
regular boundary for the diffusion process θ(t), and P{τ(0) < ∞} > 0,
where τ(0) is the stopping time for which θ(τ(0)−) = −∞.
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(iv) Φ(xε(t), yε(t)) ∈ (0, Φ(a, b)) for all t with probability 1 if
Φ(x0, y0) < Φ(a, b).

Proof (i) and (ii) are proved in Lemma 3, and (iii) is proved in Corollaries
2 and 3. Concerning (iv), it follows from statement (i) and Lemma 2 that
P{Φ(xε(t), yε(t)) ∈ (0, Φ(a, b))} = 1 for all t and for ε > 0 small enough.
Using system (11.4) we can represent xε(t), yε(t) in the form

xε(t) = x0 exp
{∫ t

0

[
α
(
z
(s

ε

))
− β

(
z
(s

ε

))
yε(s)

]
ds

}
,

yε(t) = y0 exp
{∫ t

0

[
γ
(
z
(s

ε

))
− δ
(
z
(s

ε

))
xε(s)

]
ds

}
,

so xε(t) > 0, yε(t) > 0 for all t.
�

Remark 3 In the theorem we considered h > 0 as a small but fixed
number. We can also consider h = h(ε), where h(ε) → 0 as ε → 0. Note
that it follows that the deviation of the perturbed system from its averaged
one for one period is of order

√
ε. The proof of the theorem on diffusion

approximation (Chapter 5, Theorem 5) is based on the assumption that
this deviation is small with respect to the other variables; in our case it has
to be small with respect to h. Therefore, we can consider h(ε) for which
ε = o(h2(ε)).

11.1.3 Simulation of the Lotka–Volterra Model
Figure 14 in the introduction shows results of the simulation described in
this section, but for a (relatively) large value of ε ≈ 0.5. The averaged sys-
tem exhibits a regular oscillation, but the system with noisy data exhibits
an interesting behavior that might not be expected. Namely, the noise in
the system can drive it toward extinction, but in such a way that there
are increasingly rare emergences of prey. Figure 11.1 shows the population
dynamics in this case. The model is of limited realism in extreme cases:
For example, it is not accurate when either population is very small, since
either can be eliminated by other causes of death, such as accidents or
disease; and of course, the prey population cannot grow without bound.
When the prey population becomes very small, it will probably die out.
Figure 11.2 shows the same calculation, but with ε ≈ 0.01. The theorems
of this section show that the perturbed trajectory should lie near the un-
perturbed one, to order

√
ε for a reasonable length of time. This figure

corroborates this.
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Figure 11.1. Top: The predator population for the averaged system. Bottom: The
predator population for the system with noise as in Figure 11.2. Note that as
noise drives Φ smaller, the system remains longer near extinction, but there is
a pulsatile behavior to the system. If this were to continue, the period of the
population cycle would grow without bound.
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Figure 11.2. Bottom left: The averaged Lotka–Volterra model. Note that there
is a limit cycle. Bottom right: The prey cycles followed by the predator cycles.
Top left: The trajectory of the Lotka–Volterra model with noise beginning at the
same point as above. Top right: The prey and predator cycles.

11.1.4 Two Species Competing for a Limited Resource
Consider two species that are competing for a common substrate, say with
populations at time t being x(t) and y(t), respectively. We suppose that
both require the same limiting substrate. Assume that (x(t), y(t)) satisfies
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the following system of differential equations:

ẋ = λx(1 − (αx + βy)/K),
ẏ = µy(1 − (αx + βy)/K),

(11.18)

where λ, µ, α, β, K are positive constants characterizing speed of reproduc-
tion (λ for x and µ for y), the intensity of utilizing of the substrate (α for
x and β for y), and the carrying capacity of the substrate K. The phase
space of the system is the set {(x, y) : x ≥ 0, y ≥ 0, αx + βy ≤ K}. So we
consider only those solutions of system (11.18) that satisfy the condition

αx(0) + βy(0) ≤ K.

These equations are a simple generalization of the logistic equation for a
single species that has limiting carrying capacity:

ẋ = λx(1 − x/K). (11.19)

Note that under the condition λ = µ, α = β the system (11.18) can be
reduced to the logistic equation (11.19).
It is easy to see that system (11.18) has a first integral of the form

Φ(x, y) = yx−γ , where γ = µ/λ. (11.20)

The asymptotic behavior of the solution to system (11.18) is described in
the following lemma.

Lemma 8 For any initial condition x(0) = x0, y(0) = y0 satisfying the
inequality αx0 + βy0 < K, the solution (x(t), y(t)) to the system (11.18)
has an ω-limit

lim
t→∞ x(t) = φ1(x0, y0), lim

t→∞ y(t) = φ2(x0, y0),

where the functions φ1(x0, y0) and φ2(x0, y0) are defined by the system of
algebraic equations

αφ1(x0, y0) + βφ2(x0, y0) = K,

φ2(x0, y0) = C
(
φ1(x0, y0)

)γ
.

Remark 4 It is easy to see that since the functions φ1(x0, y0), φ2(x0, y0)
depend only on y0(x0)−γ , there exist functions φ̂1 : R → (0, K/α), φ̂2 :
R → (0, K/β) for which

φk(x0, y0) = φ̂k(log y0 − γ log x0).

Consider the randomly perturbed system

ẋε(t) = λ(zε(t))xε(t)(1 − (α(zε(t))xε(t) + β(zε(t))yε(t)/K)),
ẏε(t) = µ(zε(t))yε(t)(1 − (α(zε(t))xε(t) + β(zε(t))yε(t)/K)),

(11.21)
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where λ(z), µ(z), α(z), and β(z) are bounded nonnegative measurable
functions and zε(t) = z(t/ε) is the same as in Section 11.1.2. Set∫

λ(z)ρ(dz) = λ,

∫
µ(z)ρ(dz) = µ,

∫
α(z)ρ(dz) = α,

∫
β(z)ρ(dz) = β,

so system (11.18) is the averaged system for system (11.21).
We will consider the solution to this system, which has the same initial
condition as in Lemma 8. Then we can formulate statements on averaging
and normal deviation as was done in Lemmas 1 and 2. We consider here
only the diffusion approximation for the function

uε(t) = log Φ
(

xε

(
t

ε

)
, yε

(
t

ε

))
, (11.22)

where Φ(x, y) is given by formula (11.20).

Theorem 3 We define the functions

B(x, y, z, z′) = (−γλ(z) + µ(z))
(

1 − α(z)x + β(z)y
K

)

× (−γλ(z′) + µ(z′))
(

1 − α(z′)x + β(z′)y
K

)
,

A1(x, y, z, z′) =
(

1 − α(z)x + β(z)y
K

)(
1 − α(z′)x + β(z′)y

K

)

× (γλ(z)λ(z′) − µ(z)µ(z′)),

A2(x, y, z, z′)

= −γλ(z)λ(z′)
(

1 − α(z)x + β(z)y
K

)(
1 − 2α(z′)x + β(z′)y

K

)

− λ(z)µ(z′)α(z′)x
K

(
1 − α(z)x + β(z)y

K

)

+ γ
λ(z)β(z′)µ(z′)y

K

(
1 − α(z)x + β(z)y

K

)

+ µ(z)µ(z′)
(

1 − α(z′)x + 2β(z′)y
K

)(
1 − α(z)x + β(z)y

K

)
,

B(x, y) =
∫∫

B(x, y, z, z′)R(z, dz′)ρ(dz),

A(x, y) =
∫∫

(A1(x, y, z, z′) + A2(x, y, z, z′))R(z, dz′)ρ(dz),

a(θ) = A(φ̂1(θ), φ̂2(θ)), b(θ) = 2B(φ̂1(θ), φ̂2(θ)),
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where the functions φ̂k(θ) were defined in Remark 4.
Denote by θ(t) the diffusion process in R with the generator

Lθf(u) = a(u)f ′(u) +
1
2
b(u)f ′′(u), (11.23)

and define the stopping times

τε(p, q) = inf{t : (q − uε(t))(ue(t) − p) ≤ 0},

τ(p, q) = inf{t : (q − θ(t))(θ(t) − p) ≤ 0}.

Then the stochastic process uε(t ∧ τε(p, q)) converges weakly in C to the
stochastic process θ(t ∧ τ(p, q)) for all p < 0 < q.

The proof of the theorem is a consequence of the general theorem on
diffusion approximation (see Chapter 5, Theorem 6).
To investigate the asymptotic behavior of the diffusion process θ(t) as t →
∞ we consider the asymptotic behavior of the functions a(θ), b(θ) as θ →
∞.

Lemma 9 The following limits exist:

lim
θ→−∞

a(θ) = a(−∞), lim
θ→+∞

a(θ) = a(∞),

lim
θ→−∞

b(θ) = b(−∞), lim
θ→+∞

b(θ) = b(∞),

where

a(−∞) =
1
β2

∫∫
(β − β(z))β(z′)µ(z)(γλ(z′) − µ(z′))R(z, dz′)ρ(z′),

a(+∞) =
1
α2

∫∫
(α − α(z))α(z′)λ(z)(µ(z′) − γλ(z′))R(z, dz′)ρ(z′),

b(−∞) =
2
β2

∫∫
(−γλ(z) + µ(z))(β − β(z))

× (−γλ(z′) + µ(z′))(β − β(z′))R(z, dz′)ρ(z′),

b(+∞) =
2
α2

∫∫
(−γλ(z) + µ(z))(α − α(z))

× (−γλ(z′) + µ(z′))(α − α(z′))R(z, dz′)ρ(z′).

Proof It follows from Theorem 3 that

B(x, y) = b00 + b10x + b01y + b20x
2 + b11xy + b02y

2,

A(x, y) = a00 + a10x + a01y + a20x
2 + a11xy + a02y

2,

where aik, bik are some constants. It is easy to see that

lim
θ→−∞

φ̂2(θ) = 0, lim
θ→−∞

φ̂1(θ) =
K

α
,

lim
θ→+∞

φ̂2(θ) =
K

β
, lim

θ→+∞
φ̂1(θ) = 0.
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This implies that

lim
θ→+∞

a(θ) = a00 + a10
K

β
+ a20

(
K

β

)2

,

lim
θ→−∞

a(θ) = a00 + a10
K

α
+ a20

(
K

α

)2

,

lim
θ→+∞

b(θ) = b00 + b10
K

β
+ b20

(
K

β

)2

,

lim
θ→−∞

b(θ) = b00 + b10
K

α
+ b20

(
K

α

)2

.

Calculating the coefficients aij , bij using the representation for B(x, y, z, z′),
Ak(x, y, z, z′), k = 1, 2, we complete the proof of the lemma.

�

Corollary 4 Assume that b(−∞) > 0, b(+∞) > 0, and b(θ) > 0, θ ∈
(−∞, +∞). Then

(i) If a(−∞) > 0 and a(∞) < 0, then the process θ(t) is an ergodic
diffusion process and its ergodic distribution has density g(θ), which
satisfies the differential equation

1
2
(b(θ)g(θ))′′ − (a(θ)g(θ))′ = 0.

(ii) If a(−∞) > 0, a(∞) > 0, then −∞ is a repelling boundary and +∞
is an attracting boundary for θ(t).

(iii) If a(−∞) < 0, a(∞) < 0, then −∞ is an attracting boundary and
+∞ a repelling boundary for θ(t).

(iv) If a(−∞) < 0, a(∞) > 0, then −∞ and +∞ are both attracting
boundaries. In this case there exists a function

π(θ) = P
{

lim
t→∞ θ(t) = +∞/θ(0) = θ

}
.

This function satisfies the differential equation

1
2
b(θ)π′′(θ) + a(θ)π′(θ) = 0,

and boundary conditions

lim
θ→−∞

π(θ) = 0, lim
θ→+∞

π(θ) = 1

All these statements follow from known properties of one-dimensional
diffusion process (see Remark 4 in Chapter 5).
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Note that the competition between the two species is won by X in case (ii),
by Y in case (iii), and by either of the two with probability depending on
the initial sizes of their populations in case (iv). There is no winner in
case (i).

Lemma 10 Assume that a(+∞) = 0. Then

a(θ) = O
(
e− 1

γ θ
)

as θ → +∞.

Assume that a(−∞) = 0. Then

a(θ) = O
(
eθ
)

as θ → −∞.

Proof It follows from Lemma 8 and Remark 4 that the functions φ̂1(θ)
and φ̂2(θ) satisfy the relations

αφ̂1(θ) + βφ̂2(θ) = K,

φ̂2(θ) = eθ (φ̂1(θ))γ .

This implies that

φ̂2(θ) = O(eθ),
K

α
− φ̂1(θ) = O(eθ) as θ → −∞,

and

φ̂1(θ) = O(e−θ/γ),
K

β
− φ̂2(θ) = O(e−θ/γ) as θ → +∞.

There exists a constant C > 0 for which

|A(x, y) − A(x1, y1)| ≤ C(|x − x1| + |y − y1|),

so

|a(−∞) − a(θ)| =
∣∣∣A(K/α, 0) − A(φ̂1(θ), φ̂2(θ))

∣∣∣
≤ C

(
φ̂2(θ) +

(
K

α
− φ̂1

))
,

|a(+∞) − a(θ)| =
∣∣∣A(0, K/β) − A(φ̂1(θ), φ̂2(θ))

∣∣∣ .
�

Corollary 5 Assume that a(−∞) = 0, b(θ) > 0, b(−∞) > 0. Then
∫ 0

−∞

2a(θ)
b(θ)

dθ < ∞,

and U(−∞) > 0, where U is the function introduced in Remark 4 of Chapter
5. This means that −∞ is a natural boundary for the diffusion process θ(t);
i.e., it is neither a repelling, an attracting, nor an absorbing boundary. The
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same is true for +∞ if a(+∞) = 0, b(θ) > 0, b(+∞) > 0, because of the
fact that ∫ +∞

0

2a(θ)
b(θ)

dθ < ∞.

Remark 5 Assume that the point −∞ is a natural boundary. Then species
x wins the competition if the point +∞ is an attracting boundary, but there
is no winner if it is a repelling or natural boundary. An analogous statement
is fulfilled if the point +∞ is a natural boundary.

11.1.5 A Food Chain with Three Species
Now consider three species, say S1, S2, and S3, where S1 is prey for S2, and
S2 is prey for S3. Denote the size of the population of species Sk at time t
by xk(t) for k = 1, 2, 3. The model is described by the system of differential
equations

ẋ1 = x1(α1 − α2x2),
ẋ2 = x2(−β1 + β2x1 − β3x3),
ẋ3 = x3(−γ1 + γ2x2),

(11.24)

where α1, α2, β1, β2, β3, γ1, γ2 are some positive constants. We consider here
only the special case where

γ1

α1
=

γ2

α2
= ν. (11.25)

In this case, the behavior of the dynamical system (11.24) is similar to
the behavior of the Lotka–Volterra system (11.1). The full description of
solutions to system (11.24) is described in the next result.

Theorem 4 Assume that relation (11.25) holds. Then:

(i) System (11.24) has two independent first integrals:

Φ1(x1, x3) = xν
1x3, (11.26)

and

Φ2(x1, x2, x3) = xβ1
1 xα1

2 exp
{

−β2x1 − α2x2 − β3

ν
x3

}
. (11.27)

(ii) If the initial condition for system (11.24) satisfies [x1(0)]νx3(0) = c1,
then the functions x1(t) and x2(t) satisfy the system of differential
equations

ẋ1 = x1(α1 − α2x2)

ẋ2 = x2(−β1 + β2x1 − β3c1x
−ν
1 ).

(11.28)
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(iii) The function Φc1(x1, x2) = Φ2(x1, x2, c1x
−ν
1 ) is a first integral for

(11.28). Set b = α1/α2 and denote by a(c1) the unique solution to
the equation

β1x
ν
1 + c1β3 = β2x

ν+1
1 .

Then Φ(x1, x2) has a unique maximum in the region x1 ≥ 0, x2 ≥ 0
at the point x1 = a(c1), x2 = b, and for any c2 ∈ (0, Φ(a(c1), b)) the
curve

{(x1, x2) : Φc1(x1, x2) = c2} (11.29)

is an orbit for system (11.28). It is a closed convex curve that is
described perimetrically by the pair of functions

x2 = φk(x1, c1, c2), x1 ∈ [a1(c1, c2), a2(c1, c2)],

for k = 1, 2, where a1(c1, c2) ≤ a2(c1, c2) are the solutions of the
equation

Φc1(x1, b) = c2,

and φ1(x1, c1, c2) ≤ φ2(x1, c1, c2) satisfy the equation

Φc1(x1, φk(x1, c1, c2)) = c2, k = 1, 2.

(iv) The functions (x1(t), x2(t), x3(t)) are periodic with period

T (c1, c2) = T1(c1, c2) + T2(c1, c2), (11.30)

where

Tk(c1, c2) =
∫ a2(c1,c2)

a1(c1,c2)

(−1)k−1du

u(α1 − α2φk(u, c1, c2))
, k = 1, 2, (11.31)

where the constants c1, c2 are determined by the initial conditions

c1 = Φ1(x1(0), x3(0)), c2 = Φ2(x1(0), x2(0), x3(0)).

(v) If g(x1, x2, x3) is a continuous function in R3
+, then

lim
t→∞

1
t

∫ t

0
g(x1(s), x2(s), x3(s))ds

=
1

T (c1, c2)

∫ a2(c1,c2)

a1(c1,c2)

2∑
k=1

(−1)k−1 g(φk(u, c1, c2), c1u
−ν)

u(α1 − α2φk(u, c1, c2))
du.

(11.32)

The proof of the theorem is left to the reader.

Next, we consider random perturbations of this system. Let (Z, C) be a
measurable space, and let αk(z), k = 1, 2, βi(z), i = 1, 2, 3, γj(z), j = 1, 2,
be measurable bounded positive functions from Z into R. Furthermore,
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z(t) is the same Markov process that was considered earlier in this section,
and

αk =
∫

αk(z)ρ(dz), βi =
∫

βi(z)ρ(dz), γj =
∫

γj(z)ρ(dz)

for k = 1, 2, i = 1, 2, 3, and j = 1, 2.
The perturbed system is

ẋε
1 = xε

1 [α1(zε(t)) − α2(zε(t))xε
2],

ẋε
2 = xε

2 [−β1(zε(t)) + β2(zε(t))xε
1 − β3(zε(t))xε

3],
ẋε

3 = xε
3 [−γ1(zε(t)) + γ2(zε(t))xε

2],
(11.33)

where zε(t) = z(t/ε).
System (11.24) is the averaged system for this one. So the statements of
the averaging theorem and the theorem on normal deviations can be re-
formulated for system (11.33) directly. Here we will consider in detail only
the asymptotic behavior of the two–dimensional stochastic process

uε(t) = log Φ1

(
xε

1

(
t

ε

)
, xε

2

(
t

ε

))
,

vε(t) = log Φ2

(
xε

1

(
t

ε

)
, xε

2

(
t

ε

)
, xε

3

(
t

ε

))
,

using the theorem on the diffusion approximation for first integrals.
Define the function

V (u) = β1 log a(eu) − β2a(eu) − β3

ν
eu(a(eu))−ν + α1 log b − α2b, u ∈ R,

where b and a(c) were defined in Theorem 4 (iii). It is easy to check that
if

Φ1(x1, x3) = eu,

then

Φ2(x1, x2, x3) ≤ V (u).

So the region ∆ = {(u, v) : v ≤ V (u)} in the (u, v)-plane coincides with
the region

{(u, v) : u = log Φ1(x1, x3), v = log Φ2(x1, x2, x3), x1 > 0, x2 > 0, x3 > 0}.
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To describe the limit diffusion process, we introduce further notation. Set

A1(x1, x2, x3, z, z′) = x2(−β1(z) + β2(z)x1 − β3(z)x3)(γ2(z′) + να2(z′)),
A2(x1, x2, x3, z, z′) = −β2x2(α1(z) − α2(z)x2)(α1(z′) − α2(z′)x2)

− (β1 − β2x1)(−β1(z) + β2(z)x1 − β3(z)x3)α2(z′)x2

+ (α1 − α2x2)(α1(z) − α2(z)x2)β2(z′)x1

− α2x2(−β1(z) + β2(z)x1 − β3(z)x3)
× (−β1(z′) + β2(z′)x1 − β3(z′)x3)
− (α1 − α2x2)(−γ1(z) + γ2(z)x2)β3(z′)x3

− β3x3

ν
(−β1(z) + β2(z)x1 − β3(z)x3)γ2(z′)x2

− β3x3

ν
(−γ1(z) + γ2(z)x2)(−γ1(z′) + γ2(z′)x2),

A11(x1, x2, x3, z, z′) = 2(να1(z) − γ1(z) + γ2(z)x2 − να2(z)x2)
× (να1(z′) − γ1(z′) + γ2(z′)x2 − να2(z′)x2),

A12(x1, x2, x3, z, z′) = (να1(z) − γ1(z) + γ2(z)x2 − να2(z)x2)
× [(β1 − β2x1)(α1(z′) − α2(z′)x2)
+ (α1 − α2x2)(−β1(z′) + β2(z′)x1 − β3(z′)x3)

− β3x3

ν
(−γ1(z′) + γ2(z′)x2)]

+ (να1(z′) − γ1(z′) + γ2(z′)x2 − να2(z′)x2)
× [(β1 − β2x1)(α1(z) − α2(z)x2)
+ (α1 − α2x2)(−β1(z) + β2(z)x1 − β3(z)x3)
− (β3x3/ν)(−γ1(z) + γ2(z)x2)],

A22(x1, x2, x3, z, z′) = 2[(β1 − β2x1)(α1(z) − α2(z)x2)
+ (α1 − α2x2)(−β1(z) + β2(z)x1 − β3(z)x3)
− (β3x3/ν)(−γ1(z) + γ2(z)x2)]
× [(β1 − β2x1)(α1(z′) − α2(z′)x2)
+ (α1 − α2x2)(−β1(z′) + β2(z′)x1 − β3(z′)x3)
− (β3x3/ν)(−γ1(z′) + γ2(z′)x2)].

Theorem 5 Define the averages

Â�(u, v) =
∫∫∫

A�(x1, x2, x3, z, z′)R(z, dz′)ρ(dz)mu,v(dx),

where the symbol � means to take one of the values 1, 2, 11, 12, 22, and
the measure mu,v(dx) in R3

+ is determined by the following relation: For
any bounded function g(x1, x2, x3) on R3

+,
∫

g(x1, x2, x3)mu,v(dx) is equal
to the expression on the right-hand side of formula (11.32), where c1 =
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eu, c2 = ev. Let (û(t), v̂(t)) be the diffusion process in ∆ with generator

L̂Ψ(u, v) = Â1(u, v)Ψu(u, v) + Â2(u, v)Ψv(u, v)

+
1
2

(
Â11(u, v)Ψuu(u, v) + 2Â12(u, v)Ψuv(u, v)Â22(u, v)Ψvv(u, v)

)

with absorption on the boundary of ∆.
For θ > 0 set

∆θ =
{

(u, v) : |u| ≤ 1
θ
,
1
θ

≤ v ≤ V (u) − θ

}
,

τθ = inf{t : (û(t), v̂(t)) /∈ ∆θ},

τε
θ = inf{t : (uε(t), vε(t)) /∈ ∆θ}.

Then the stochastic process (uε(t∧ τε
θ ), vε(t∧ τε

θ )) converges weakly in C to
the diffusion process (û(t ∧ τθ), v̂(t ∧ τθ)).

Proof To prove this theorem, we use Theorem 7 of Chapter 5. According
to that theorem,

L̂Ψ(u, v) =
∫∫∫ (

∂

∂x

(
[Ψ(φ1(x), φ2(x))]′ , a(x, z′)

)
, a(x, z)

)

× R(z, dz′)ρ(dz)mu,v(dx),

where x ∈ R3
+, x = (x1, x2, x3), a(x, z) = (a1(x, z), a2(x, z), a3(x, z)), and

a1(x, z) =x1(α1(z) − α2(z)x2),
a2(x, z) =x2(−β1(z) + β2(z)x2 − β3(z)x3),
a3(x, z) =x3(−γ1(z) + γ2x2),

φ1(x) = ν log x1+log x3, φ3(x) = β1 log x1−β2x1+α1 log x2−α2x2− β3
ν x3.

The proof follows directly from these calculations.
�

11.1.6 Simulation of a Food Chain
Dynamics similar to the Lotka–Volterra case are observed in simulating
system (11.33). Figure 11.3 shows the results.

11.2 Epidemics

A big problem in epidemiology is to predict whether or not an infectious
disease will propagate in a population. In this section we study two cases:
This first is for a one-pass situation in which once individuals have had the
disease, they are permanently immune to it. This is depicted by the graph

S → I → R,
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Figure 11.3. Computer simulation of the system in (11.33). Top: All three popu-
lations described by the averaged equation. The prey lead the way. Second: Prey
population with noisy data. Third: Intermediate species. Fourth: Top of the food
chain.

where S denotes the susceptible population, I the infectious population,
and R those who are removed from the disease process. While this model
is quite simple, it captures important aspects of disease processes. It was
successfully modeled and analyzed by W. O. Kermack and A. G. McK-
endrick, and their work from the 1930s resulted in a threshold theorem
on herd immunity that continues to be used as a measure of a susceptible
population’s vulnerability to an infectious disease. In particular, biweekly
reports of estimates of susceptible population sizes and disease thresholds
are published by the Communicable Disease Center for various diseases like
measles, mumps, and influenza.
The second case pertains to diseases that do not impart permanent immu-
nity, but rather individuals can pass from the infective population directly
back into the susceptible population. Sexually transmitted diseases such as
gonorrhea are of this type. These are depicted by the graph

S → I → S.

The interest in this case is how to design a control strategy to minimize
the impact of such diseases.
In both cases, we first develop nonrandom theories, and then we investigate
those models in the presence of random noise.

11.2.1 The Kermack–McKendrick Model
Diseases of the type S → I → R are modeled as follows: Consider a
population separated by a disease into three subpopulations: susceptibles,
infectives, and removals. Let the population be of fixed size, and let S(t)



400 11. Population Models

denote the proportion of the population that is susceptible at time t, while
I(t) is the proportion of infectives, and R(t) is the proportion of removals.
We treat these as continuous functions, and use the law of mass action to
describe the infection process. Namely, we write

Ṡ = −rIS,

İ = rIS − λI,

Ṙ = λI,

(11.34)

where r is the infection rate and λ is the rate at which infectives are removed
from the process (e.g., through cure, quarantine, death, or recovery from
the illness.)
The main result in this case is called the threshold theorem. It is based (most
simply) on the observation that if S(0) > λ/r, then İ(0) > 0, so the initial
group of infectives in the population will more than replace themselves. In
this model we can ignore the size of the R population, since it plays no role
in the disease process other than to count how many have passed through
it.
The severity of an epidemic, say measured by S(∞), can be predicted for
this model by solving the equation

dI

I
=
(

λ

rS
− 1
)

dS. (11.35)

Since S(t) ≥ 0 and Ṡ ≤ 0, the limit S(∞) exists, and the next theorem
shows how to compute it.

Theorem 6 (i) System (11.35) has the first integral

Φ(S, I) = α log S − I − S, (11.36)

where α = λ/r.
(ii) Assume that S0 = S(0) > α. Then there exists a time tm > 0 at which
I peaks, that is, for which İ(t) < 0 for all t > tm, İ(t) > 0 for all t < tm,

Im ≡ I(tm) = max
t

I(t),

and

Im = S0 + I0 − α − α log
S0

α
, (11.37)

where I0 = I(0), S0 = S(0).
(iii) I(t) > 0 for all t > 0, limt→∞ I(t) = 0, and there exists the limit

Ŝ = lim
t→∞ S(t), Ŝ > 0,

where Ŝ is the unique solution of the equation

−Ŝ − α log
S0

Ŝ
+ I0 + S0 = 0 (11.38)
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satisfying the inequality Ŝ < α.
(iv) Set β = λ − rŜ = r(α − Ŝ), β > 0. Then there exist limits

lim
t→∞ I(t)eβt = Ĩ , Ĩ ∈ (0,∞),

lim
t→∞(S(t) − Ŝ)eβt = S̃, S̃ ∈ (0, ∞).

An interesting corollary to this theorem is that any such epidemics will
leave some susceptibles uninfected. This phenomenon, which is referred to
as herd immunity, is often observed in epidemics.
Proof First, we know that Ṡ(t) < 0 for all t, so S(t) is a decreasing
function and there exist Ŝ = limt→∞ S(t) with Ŝ < S0. On the interval
(Ŝ, S0] there exists the inverse function g : (Ŝ, S0] → [0, ∞), g(S(t)) ≡ t,
and the function i(S) = I(g(S)) satisfies the differential equation

di(S)
dS

= −1 +
α

S
,

so

i(S) = −S + α log S + C.

This implies statement (i).
It follows from the first equation of the Kermack–McKendrick system that

S(t) = S0 exp
{

−r

∫ t

0
I(u) du

}
. (11.39)

Denote by tm the solution of the equation S(tm) = α. Then for t <
tm, I(t) > I(0). So

α < S0 exp{−rtmI0}

and tm < (1/r) log(S0/α). Note that

α log S0 − I0 − S0 = α log S(tm) − Im − S(tm)

and S(tm) = α. This implies statement (ii).
The second equation of the Kermack–McKendrick system implies the
following relation: If 0 ≤ t0 < t, then

I(t) = I(t0) exp
{∫ t

t0

[rS(u) − λ] du

}
. (11.40)

So I(t) > 0. Assume that t0 > tm. Then rS(u) − λ − δ = rS(t0) − λ < 0,
where δ > 0, and so

I(t) < I(t0) exp{−δ(t − t0)}.

This implies that

lim
t→∞ I(t) = 0, and

∫ ∞

0
I(u) du < ∞.
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Since Ŝ = S0 exp{−r
∫∞
0 I(u) du}, Ŝ > 0. This implies (iii).

To prove the last statement we first note that for t > t0 > tm,

S(t) − Ŝ = r

∫ ∞

t

I(s)S(s) ds ≤ rS(t)
∫ ∞

t

O
(
e−δs

)
ds = O

(
e−δt

)
.

It follows that ∫ ∞

0
(S(s) − Ŝ) ds < ∞. (11.41)

For t > t0 we have

I(t)eβ(t−t0) = I(t0) exp
{∫ t

t0

[rS(u) − λ] du − [rŜ − λ](t − t0)
}

= I(t0) exp
{

r

∫ t

t0

(S(u) − Ŝ) du

}
,

lim
t→∞ I(t)eβt = I0 exp

{∫ ∞

0
(S(u) − Ŝ)du

}
.

The expression on the left–hand side is finite because of relation (11.41).
It follows from (11.39) that

S(t) − Ŝ ∼ rŜ

∫ ∞

t

I(u)du,

[S(t) − Ŝ]eβt ∼ Ŝ[eβt

∫ ∞

t

I(u)du],

and the relation

lim
t→∞ I(t)eβt = c

implies

lim
t→∞ eβt

∫ ∞

t

I(u)du =
c

β
.

This completes the proof of the theorem.
�

Primary characteristics of an epidemic are the numbers S0, α, tm, Im, Ŝ,
and β. We can see that S0, α, and β do not depend on I0. It is reasonable
to consider the case where I0 is small with respect to S0, to test the vul-
nerability of the population to the spread of infection. In the next lemma
we consider the behavior of some of these characteristics as I0 → 0.

Lemma 11 The following relations hold:
(i)

lim
I0→0

Im = S0 − α − α log
S0

α
.
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(ii)

lim
I0→0

Ŝ = Ŝ0,

where Ŝ0 is the solution of the equation

S0 − Ŝ0 − α log
S0

Ŝ0
= 0

satisfying the inequality Ŝ0 < α.
(iii) Let I0 → 0. Then

tm ∼ 1
r(S0 − α)

log
1
I0

.

Proof (i) and (ii) follow from Theorem 6. To prove statement (iii) we
can use the representation

tm =
1
r

∫ S0

α

du

u[α log u
S0

+ S0 − u + I0]

=
1

rS0

∫ 1

α
S0

du

u[ α
S0

log u + (1 − u) + I0
S0

]
∼ 1

rS0

∫ 1

α
S0

du(
1 − α

S0

)
(1 − u) + I0

S0

.

(iii) follows from direct evaluation of this integral.
�

11.2.2 Randomly Perturbed Epidemic Models
We consider the system of differential equations

Ṡε(t) = −r

(
t

ε

)
Iε(t)Se(t),

İε(t) = r

(
t

ε

)
Iε(t)Se(t) − λ

(
t

ε

)
Iε(t),

(11.42)

where (r(t), λ(t)) is a two-dimensional stationary process on the interval
(0,∞) satisfying:

(i) 0 < r(t) < c and 0 < λ(t) < c where c > 0 is a nonrandom constant.

(ii) The process (r(t), λ(t)) is ergodic, and we write Er(t) = r and
Eλ(t) = λ, so system (11.34) is the averaged system for (11.42).

It follows from the averaging theorem (see Chapter 3, Theorem 5) that for
any t0 > 0,

P

{
lim
ε→0

sup
t≤t0

(|Iε(t) − I(t)| + |Sε(t) − S(t)|) = 0
}

= 1 (11.43)
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if (Iε(t), Sε(t)) is the solution to the system (11.42), (I(t), S(t)) is the solu-
tion to the system (11.34), and Iε(0) = I(0) = I0, Sε(0) = S(0) = S0. The
behavior of the solution (Iε(t), Sε(t)) on the interval [0,∞) is described in
the following theorem.

Theorem 7 Let (Iε(t), Sε(t)) be the solution to the system (11.42) with
the initial values Iε(0) = I0, Sε(0) = S0. Then:

(i) For any ε > 0, with probability 1 there exists the limit

Ŝε = lim
t→∞ Sε(t),

and P{Ŝε ≤ α} = 1, where α = λ/r.

(ii) On the set {Ŝε ≤ α − δ} for any δ > 0 (this is a measurable set
in the probability space on which the stochastic process (r(t), λ(t)) is
defined) the functions Iε(t) and Sε(t) have the following properties:

(a) Ŝε > 0.
(b) Iε(t) > 0 and lim

t→∞ Iε(t) = 0.

(c) If βε = λ − rŜε, then

lim
t→∞ Iε(t)eνt = 0, lim

t→∞(Sε(t) − Ŝε)eνt = 0 if ν < βε,

lim
t→∞ Iε(t)eνt = +∞, lim

t→∞(Sε(t) − Ŝε)eνt = +∞ if ν > βε,

for some real number ν.

(iii) Set Im(ε) = supt Iε(t). Then

Ŝε → Ŝ, Im(ε) → Im, βε → β in probability as ε → 0,

where Ŝ, Im, and β are defined in Theorem 6 for the solution
(I(t), S(t)) to system (11.34) for which I(0) = I0, S(0) = S0.

(iv)

sup
t>0

(|Iε(t) − I(t)| + |Sε(t) − S(t)|) → 0

in probability as ε → 0.

Proof Using the representation

Sε(t) = S0 exp
{

−
∫ t

0
r
(u

ε

)
Iε(u) du

}
, (11.44)

Iε(t) = I0 exp
{∫ t

0

[
r
(u

ε

)
Sε(u) − λ

(u

ε

)]
du

}
, (11.45)

we can see that Iε(t) ≥ 0 and Sε(t) is a decreasing function of t. Thus there
exists

lim
t→∞ Sε(t) = Ŝε,
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and Ŝε ≤ Sε(t). Let δ > 0. Consider the set {Ŝε ≥ α + δ}. On this set

Iε(t) ≥ I0 exp
{∫ t

0

[
(α + δ) r

(u

ε

)
− λ
(u

ε

)]
du

}
.

It follows from the ergodic theorem that∫ t

0

[
(α + δ)r

(u

ε

)
− λ
(u

ε

)
]du ∼

∫ t

0
[(α + δ)r − λ

]
du ∼ t r δ

with probability 1. So Iε(t) → +∞ and Sε(t) → 0 because of (11.44). The
last relation is impossible because Ŝε ≥ α + δ. This implies that

P{Ŝε ≥ α + δ} = 0

for all δ > 0. Statement (i) is proved.
On the set {Ŝε ≥ α − δ} we have, using the ergodic theorem, that

lim sup
t→∞

1
t

∫ t

0

[
r
(u

ε

)
Sε − λ

(u

ε

)]
du ≤ −rδ, (11.46)

and this implies that

Iε(t) = O

(
exp
{

−1
2
rδt

})
and

∫ ∞

0
Iε(u)du < ∞,

and statements (a) and (b) follow. Statement (c) can be proved in the same
way as (iv) in Theorem 6.
It follows from (11.42) that

lim
ε→0

P{Ŝε > Ŝ + δ} = 0 for all δ > 0. (11.47)

Since Ŝ < α, we can find δ > 0 for which Ŝ + δ < α − δ and

P{Ŝε < α − δ} → 1 as ε → 0.

Next we derive some estimates for Sε(t) and Iε(t) when ε < ε0 and ε0 is
small enough. Let ε1 be chosen in such a way that

P{|Iε(t0) − I(t0)| + |Sε(t0) − S(t0)|} < ρ,

where ρ is a positive number and t0 is such that

S(t0) − Ŝ < δ,

where δ > 0 satisfies the inequality S(t0)+δ < α−δ0 where δ0 = (α − Ŝ)/2.
Denote by E(ε) the event that {Sε(t0) < α − δ0}. Then P{E(ε)} > 1 − ρ
for all ε < ε1. The event {E(ε)} implies that

Iε(t) ≤ Iε(t0) exp
{∫ t

t0

(r(u/ε)(α − δ0) − λ(u/ε)) du

}

= Iε(t0) exp

{
−δ0r(t − t0) + ε

∫ (t−t0)ε−1

0
ξ

(
t0
ε

+ u

)
du

}
,
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where

ξ(t) = (r(t) − r)(α − δ0) − λ(t) + λ

is an ergodic stationary stochastic process. Set

∆(s, T ) = sup
t≥T

∣∣∣∣1t
∫ t

0
ξ(s + u) du

∣∣∣∣ .
Then ∆(s, T ) is a stationary stochastic process in s for any fixed T > 0,
and

lim
T→∞

P (∆(0, T ) > γ) = 0, for γ > 0.

Let T0 satisfy the relations

P

(
∆(0, T0) >

1
2
δ0r

)
< ρ

and

E1(ε) =
{

∆
(

t0
ε

, T0

)
≤ 1

2
δ0r

}
.

Since

Iε(t) ≤ Iε(t0) exp
{

−δ0r(t − t0) + (t − t0)∆
(

t0
ε

,
t − t0

ε

)}
,

the event E(ε) ∩ E1(ε) implies the inequality

Iε(t) ≤ Iε(t0) exp
{

−1
2
δ0r(t − t0)

}
(11.48)

for t > t0 + εT0. Note that |ξ(t)| ≤ c0, where c0 is a constant, so

Iε(t) ≤ Iε(t0) exp{εc0T0}
and ∫ ∞

t0

Iε(t)dt ≤ 2
δ0r

Iε(t0) exp{εc0T0} (11.49)

if the event E(ε) ∩ E1(ε) holds. The last inequality implies that

Sε(t0) − Ŝε ≤ Sε(t0)
∫ ∞

t0

Iε(t)λ
(

t

ε

)
dt ≤ c1Sε(t0)

∫ ∞

t0

Iε(t)dt, (11.50)

where c1 is a constant for which P{λ(t) ≤ c1} = 1.
We have proved that

P

{
Ŝε < Ŝ − δ − c1(S(t0) + δ)

2
δ0r

(I(t0) + δ) exp{εc0T0}
}

< 2ρ

for all ε, ε0. Since δ > 0, I(t0), and ρ can all be chosen arbitrarily small, we
have proved, from (11.47), that Ŝε → Ŝ in probability. Since the probability
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of the event that the inequalities (11.48), (11.49), (11.50) hold is greater
than 1 − 2ρ, statement (iv) follows from relation (11.43). Statement (iv)
implies that Im(ε) → Im in probability.
This completes the proof of the theorem.

�

11.2.3 Recurrent Epidemics
Recovery from diseases like gonorrhea does not impart permanent immu-
nity. As a result, the susceptible pool is constantly being replenished, and
the population can reach an endemic state with respect to the disease. To
investigate this, we consider the model

Ṡ = −rIS + λI,

İ = rIS − λI,
(11.51)

in which S + I is constant, so that the whole population is separated into
two subpopulations, susceptibles and infectives, and we suppose that the
size of the total population does not change over time. The behavior of the
solution to system (11.51) is described in the following statement.

Lemma 12 Let (S(t), I(t)) be the solution to system (11.51) satisfying the
initial conditions S(0) = S0, I(0) = I0, where S0 > 0, I0 > 0. We define
α = λ/r, c0 = S0 + I0, and γ = |c0 − α|.
(i) If c0 < α, then

I(t) =
γI0

I0 + γ

(
1 − I0

I0 + γ
e−rγt

)−1

e−rγt,

S(t) = c0 − I(t).

(ii) If c0 > α and I0 �= γ, then

I(t) = γ

(
1 +

γ − I0

I0
e−rγt

)−1

.

(iii) If c0 > α and I0 = γ, then I(t) = I0, S(t) = S0 for all t ≥ 0.
(iv) If c0 = α, then

I(t) =
I0

1 + rI0t
.

The proof follows directly from the equation for I:

dI

dt
(t) = rI(t)(c0 − I(t)) − λI(t),

which is equivalent to a logistic equation.
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Now we consider a corresponding randomly perturbed system:

Ṡε(t) = −r

(
t

ε

)
Iε(t)Sε(t) + λ

(
t

ε

)
Iε(t),

İε(t) = r

(
t

ε

)
Iε(t)Sε(t) − λ

(
t

ε

)
Iε(t).

(11.52)

The two–dimensional process (r(t), λ(t)) satisfies the conditions that were
introduced in Section 11.2.2, so the averaged system for (11.52) is (11.51).
We will investigate the asymptotic behavior of system (11.52) as t → ∞.

Lemma 13 If c0 < α, then for any ν < γr,

P
{

lim
t→∞ Iε(t)eνt = 0

}
= 1,

and for any ν > γr,

P
{

lim
t→∞ Iε(t)eνt = +∞

}
= 1

for all ε > 0.

Proof Using the relation Sε(t) = c0 − Iε(t) we can rewrite the second
equation of system (11.52) in the form

dIε

dt
(t) = −r

(
t

ε

)
I2
ε (t) +

[
c0r

(
t

ε

)
− λ

(
t

ε

)]
Iε(t). (11.53)

Therefore,

Iε(t) ≤ Iε(0) exp
{∫ t

0
[c0r(

s

ε
) − λ(

s

ε
)] ds

}
,

eνtIε(t) ≤ Iε(0) exp
{∫ t

0
[ν + c0r(

s

ε
) − λ(

s

ε
)] ds

}
.

The relation

lim
t→∞

1
t

∫ t

0

[
ν + c0r

(s

ε

)
− λ
(s

ε

)]
ds = ν + c0r − λ = ν − γr (11.54)

implies the first statement of the lemma. In addition, we see that

P

{∫ ∞

0
r

(
t

ε

)
Iε(t) dt < ∞

}
= 1.

It follows from (11.53) that

eνtIε(t) ≥ I0(t) exp
{∫ ∞

0
r
(s

ε

)
Iε(s) ds +

∫ t

0

[
ν + c0r

(s

ε

)
− λ
(s

ε

)]
ds

}
,

and the second statement of the lemma follows from (11.54).
�
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Theorem 8 Assume that (Zε
1(t), Zε

2(t)) is a two-dimensional stochastic
process, where

Zε
1(t) = ε−1/2

∫ t

0

(
r
(s

ε

)
− r
)

ds, Zε
2(t) = ε−1/2

∫ t

0

(
λ
(s

ε

)
− λ
)

ds

converges weakly in C to a two-dimensional homogeneous Gaussian process
with independent increments (Z1(t), Z2(t)) for which

EZk(t) = 0, k = 1, 2,

EZk(t)Zi(t) = bki, k = 1, 2, and i = 1, 2.

Suppose Iε(0) = I0. Then (i) for c0 > α the stochastic process

vε(t) = (I−1
ε (Tε + t) − γ−1)/

√
ε

converges weakly to the Gaussian stationary process v(t) for t ∈ R, and
Ev(t)v(s) = a exp{−2γr|t − s|}, where a = b11(c1 − 1/γ)2 + 2b12(c1 −
1/γ) + b22 as ε → 0 and as log ε/Tε → 0.
(ii) For c0 = α the stochastic process

uε(t) = εI−1
ε

(
t

ε

)

converges weakly as ε → 0 to the process

u(t) = r exp{−Z(t)}
∫ t

0
exp{Z(s)} ds,

where Z(s) = c0Z1(t) − Z2(t).

Proof It follows from the relation (11.53) that the function I−1
ε satisfies

the differential equation

dI−1
ε

dt
(t) = r

(
t

ε

)
−
(

c0r

(
t

ε

)
− λ

(
t

ε

))
I−1
ε (t), (11.55)

from which we obtain the formula

I−1
ε (t) = I−1

ε (0) exp{−Zε(t)} + exp{−Zε(t)}
∫ t

0
r

(
t

ε

)
exp{Zε(s)} ds,

(11.56)
where

Zε(t) =
∫ t

0

(
c0r

(
t

ε

)
− λ

(
t

ε

))
ds. (11.57)

Note that

Zε(t) = rγt + c0
√

ε (Zε
1(t) − Zε

2(t)),

and for γ > 0,

lim
t→∞ exp{−Zε(t)} = 0.
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To prove (i) we define the stochastic processes

Ẑε
k(t) = Zε

k(t + Tε), k = 1, 2, Ẑε(t) = c0Ẑ
ε
1(t) − Ẑε

2(t).

It follows that

vε(t) =
∫ t

−Tε

exp{−rγ(t − s) −
√

ε (Ẑε(t) − Ẑε(s))} dẐe
1(s)

− r

∫ t

−Tε

exp{−rγ(t − s)}(Ẑε(t) − Ẑε(s))} ds + ηε(t),

where ηε(t) → 0 in probability as ε → 0. It follows from the condition of
the theorem that the distribution of vε(t) coincides asymptotically with the
distribution of the random variable

v̂ε(t) =
∫ t

−Tε

exp{−rγ(t − s)}dZe
1(Tε + s)

− r

∫ t

−Tε

exp{−rγ(t − s)}(Zε(t + Tε) − Ẑε(s + Tε))} ds.

It easy to check that v̂ε(t) is the Gaussian process for which

Ev̂ε(t) = 0 and lim
ε→0

Ev̂ε(t)v̂ε(s) = ae−γr|t−s|.

Next we prove statement (ii). In this case γ = 0, and the stochastic process
Zε(t/ε) converges weakly to the process Z(t). Using formula (11.56) we
write

uε(t) = εI−1 exp
{

−Zε

(
t

ε

)}

+ exp
{

−Zε

(
t

ε

)}∫ t

0
r

(
2
ε2

)
exp
{

Zε

(s

ε

)}
ds.

(11.58)

It is easy to see that

lim
ε→0

∫ t

0
r
(s

ε

)
f(s) ds → r

∫ t

0
f(s) ds

uniformly in t ∈ [0, T ] for f ∈ K, a compact set in C[0,T ]. So the proof of
statement (ii) follows from weak convergence in C of the process Zε(t/ε)
to the process Z(t).
This completes the proof of the theorem.

�

Remark 6 It follows from statement (iv) of Lemma 12 that for the
unperturbed system we have

lim
ε→0

εI−1
(

t

ε

)
= r t.
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For the perturbed system this limit, under the condition γ = 0, is a
stochastic process u(t) that satisfies a stochastic differential equation

du(t) = rdt − u(t)dZ(t),

so it is a diffusion process. If Z(t) ≡ 0, then u(t) = r t.

11.2.4 Diffusion Approximation to Recurrent Epidemics
Consider the randomly perturbed model defined by the system

Ṡε(t) = −r1

(
y

(
t

ε

))
Iε(t) Sε(t) + λ1

(
y

(
t

ε

))
Iε(t),

İε(t) = r2

(
y

(
t

ε

))
Iε(t) Sε(t) − λ2

(
y

(
t

ε

))
Iε(t),

(11.59)

where y(t) is a Markov process in a measurable space (Y, C) satisfying the
usual conditions, and the data r1(y), r2(y), λ1(y), λ2(y) are nonnegative
bounded measurable functions satisfying

r =
∫

r1(y)ρ(dy) =
∫

r2(y)ρ(dy), λ =
∫

λ1(y)ρ(dy) =
∫

λ2(y)ρ(dy),

where ρ(dy) is the ergodic distribution for y(t). As a result, the averaged
equation for system (11.59) is system (11.51). Although Sε(t) + Iε(t) is
not constant for system (11.59), S(t) + I(t) is the first integral for sys-
tem (11.51). Under the assumption that y(t) satisfies condition SMC II of
Section 2.3 we can describe the diffusion approximation for the stochastic
process

sε(t) = Sε

(
t

ε

)
+ Iε

(
t

ε

)
.

Theorem 9 Let Iε(0) = I0, Sε(0) = S0. Denote by τε the stopping time

τε = inf{t : sε(t) = α}.

Let ŝ(t) be the diffusion process on the interval (α,∞) with generator Lŝ

of the form

Lŝf(x) = â(x)f ′(x) +
1
2
b̂(x)f ′′(x)

for f ∈ C2[α,∞), where the coefficients â(x) and b̂(x) are given by the
formulas

â(x) = a2(x − α)2 + a1(x − α),

b̂(x) = b2(x − α)2,
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and

a2 =
∫∫

(−αr1(y) + λ1(y))(r2(y′) − r1(y′))R(y, dy′)ρ(dy),

a1 =
∫∫

(−αr2(y) + λ2(y))

× (αr2(y′) − αr1(y′) + λ1(y′) − λ2(y′))R(y, dy′)ρ(dy),

b2 =
∫∫

(αr2(y) − αr1(y) + λ1(y) − λ2(y))

× (αr2(y′) − αr1(y′) + λ1(y′) − λ2(y′))R(y, dy′)ρ(dy).

Set

τ = sup
{

t : inf
u≤t

ŝ(u) > α

}
.

Then the stochastic process sε(t∧τε) converges weakly in C to the stochastic
process ŝ(t ∧ τε) with the initial value ŝ(0) = S0 + I0.

The proof is a consequence of Theorem 5 of Chapter 5 and is not discussed
further here.

Remark 7 The behavior of the diffusion process ŝ(t) at the boundary α
is determined by the coefficients a1, a2, and b2 in the following way:

(1) If b2 > 0 and a1 �= 0, we define γ = 2a1/b2. Then for γ > 1
the boundary α is a natural boundary for the process, i.e., P{τ =
+∞} = 1 and

Px

{
lim

t→∞ = α
}

= 0

for all x > α. For γ < 1, the boundary α is absorbing:

lim
x→α

Px{τ < ∞, ŝ(τ−) = α} = 1.

(2) If b2 > 0 and a1 = 0, then the boundary is attracting; i.e.,

lim
x→α

Px

{
τ = ∞, lim

t→∞ ŝ(t) = α
}

= 1.

These results follow from Remark 4 of Chapter 5.

Remark 8 It can be proved in the same way as in Lemma 13 that for
I0 + S0 < α,

P
{

lim
t→∞ Iε(t) = 0

}
= 1.

With this result, the averaging theorem, and the first equation of system
(11.59), we can prove that Sε(t) tends to S0 + I0 in probability as t → ∞
and ε → 0. So sε(t) converges to the constant I0 + S0 = sε(0). Thus, in
this case, the infection (probably) dies out of the population.
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11.3 Demographics

Let x(t) denote a population’s birth rate at time t. The general (nonlinear)
population renewal theory involves the equation

x(t) = φ(t) +
∫ t

0
K(t, s, x(s)) ds, (11.60)

where the kernel K describes the number of births at time t due to those
born at time s. (K is referred to as the maternity function.) The function φ
describes contributions to the birth rate at time t from those present at the
start of our model (t = 0), and it has compact support (i.e., it is zero for
large t). Our primary interest is to study the behavior of x(t) as t → ∞. This
problem has been approached in various important settings using various
mathematical methods [74]. Some of those cases are considered next.
The randomly perturbed renewal equation takes the form

xε(t) = φ(t) +
∫ t

0
K

(
t, s, xε(s), y

(s
ε

))
ds, (11.61)

where y(s/ε) is a noise process satisfying the usual conditions. Note that it
is reasonable to consider the perturbation of the maternity function at the
time when the mother was born (the time s). Therefore, K(t, s, . . . ) does
not depend on y(t/ε). Otherwise, we would consider the equation (11.61)
with the maternity function

K̂
(
t, s, x, yε

(s

ε

))
= E

(
K

(
t, y

(
t

ε

)
, s, x, yε

(s

ε

))/
yε

(s

ε

))
.

Let ρ(dy) be the ergodic distribution for the process y(t). If

K(t, s, x) =
∫

K(t, s, x, y)ρ(dy),

then equation (11.60) is the averaged equation for (11.61). We will inves-
tigate the relations between solutions of the perturbed equation and those
of its average.

11.3.1 Nonlinear Renewal Equations
We assume that φ(t) is a positive continuous function with compact sup-
port, that K(t, s, x) = K(t − s, x), and that there exist 0 < a < b < ∞ for
which

K(t, x) = 0 if t ≤ a, or t ≥ b.

That is, births take place only to those with ages between a and b. We
assume that K(t, x) satisfies additional conditions:

(1) K(t, x) is a nonnegative, bounded continuous function on R+ × R.
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(2) K(t, 0) = 0, and for some constant l > 0,

|K(t, x1) − K(t, x2)| ≤ l|x1 − x2|, t ∈ R+, x1, x2 ∈ R.

Denote by C+
a the metric space of nonnegative continuous functions on

[0, a] with the distance

dist(x1(·), x2(·)) = sup
t∈[0,a]

|x1(t) − x2(t)|.

We define the functions

Ak(x(·), t) =
∫ a

0
K(t + ka − s, x(s)) ds (11.62)

and

xn(t) = x(t + na), φn(t) = φ(t + na), t ∈ [na, (n + 1)a],

where x(t) and φ(t) satisfy equation (11.59). (Under conditions 1 and 2,
equation (11.59) has a unique solution for any given continuous function
φ(t).)

Lemma 14 Equation (11.59) is equivalent to the recursive system of
equations

xn(t) = φn(t) +
n∑

k=1

Ak(xn−k(·), t). (11.63)

The proof is a consequence of the fact that K(t − s, x) = 0 if t − s ≤ a.

Remark 9 Ak(x(·), t) = 0 if (k − 1)a ≥ b, since K(t, x) = 0 if t ≤ a. So
there exists r > 0 for which

xn(t) = φn(t) +
r∑

k=1

Ak(xn−k(·), t). (11.64)

Since x0(t) = φ0(t) and φk(t) are given for all k, we can sequentially
calculate xn(t) for all n > 0 using formula (11.64).

Remark 10 φn(t) = 0 for all n > n0 because φ has compact support.

Consider the space (C+
a )r and the function

A : (C+
a )r −→ (C+

a )r

defined recursively by

A(z1(·), . . . , zr(·)) = (z2(·), . . . , zr(·),
r∑

k=1

Ar−k(zk(·), ·)).

Lemma 15 (i) The mapping A : (C+
a )r → (C+

a )r is a compact mapping,
i.e., A(B) is a compact set in (C+

a )r for any bounded closed set B ⊂ (C+
a )r.
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(ii) For (z1(·), . . . , zr(·)) ∈ (C+
a )r set

N(z1(·), . . . , zr(·)) = max
k≤r

max
t∈[0,a]

|zk(t)|,

A2(z1(·), . . . , zr(·)) = A(A(z1(·), . . . , zr(·))),
An(z1(·), . . . , zr(·)) = A(An−1(z1(·), . . . , zr(·))), n = 3, 4, . . . .

Then there exists the limit

lim
n→∞

1
n

log sup
N(z1(·),...,zr(·))≤1

N(An(z1(·), . . . , zr(·))) = α,

where α is a constant, −∞ ≤ α < ∞.

Proof Statement (i) follows from properties 1 and 2. Define the function

Ψ(n) = sup{N(An(z1(·), . . . , zr(·))) : N(z1(·), . . . , zr(·)) ≤ 1}.

The reader can check that

Ψ(n + m) ≤ Ψ(n)Ψ(m),

so Ψ(n) ≤ (Ψ(1))n and (1/n) log Ψ(n) ≤ log Ψ(1). Define

α = inf
1
n

log Ψ(n).

The function log Ψ(n) is semiadditive, so

lim
n→∞

1
n

log Ψ(n) = α.

This completes the proof of the lemma.
�

Remark 11 The constant α/a is called the intrinsic growth rate of the
population, and it can be proved that

lim
t→∞

1
t

log x(t) =
α

a
.

Next, consider a randomly perturbed equation of the form (11.61). Suppose
that y(t) is an ergodic stationary process in Y with ergodic distribution
ρ(dy). The function K(t, s, x, y) satisfies the following conditions:

(3) K(t, s, x, y) = K(t − s, x, y) and K(t, x, y) = 0 if t ≤ a, t ≥ b, where
0 < a < b < ∞.

(4) K(t − s, x, y) is continuous in t uniformly in y.

(5) |K(t, x1, y) − K(t, x2, y)| ≤ l(y)|x1 − x2|, where l(y) is a bounded
measurable function and K(t, 0, y) = 0.

(6) K(t, x, y) is nonnegative and measurable with respect to all variables.
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Define the random mapping Aε
n(ω, z1(·), . . . , zr(·)) : (C+

a )r → (C+
a )r for

which

Aε
n(ω, z1(·), . . . , zr(·)) = (z2(·), . . . , zr(·),

r∑
k=1

An,ε
r−k(zk(·), ·)),

where

An,ε
r−k(zk(·), t) =

∫ a

0
K

(
t + (r − k)a − s, zk(s), y

(
s + (n − r + k)a

ε

))
ds.

Let

xε
n = xε(t + na), t ∈ [0, a].

Then

xε
n = φn(t) +

r∑
k=1

An,ε
k (xε

n−k(·), t),

Aε
n(ω, xε

n−r(·), . . . , xε
n−1(·)) = (xε

n−r+1(·), . . . , xε
n(·)).

(11.65)

Define

Aε
n,n+1(ω, z1(·), . . . , zr(·)) = Aε

n+1(ω, Aε
n(z1(·), . . . , zr(·))),

Aε
n,n+k(ω, z1(·), . . . , zr(·)) = Aε

n+k(ω, Aε
n,n+k−1(z1(·), . . . , zr(·))), k ≥ 2.

Then for all n ≥ r, k > 0,

Aε
n,n+k(ω, xε

n−r(·), . . . , xε
n−1(·)) = (xε

n+k−r+1(·), . . . , xε
n+k(·)).

In particular,

Aε
r,n(ω, xε

0(·), . . . , xε
r−1(·)) = (xε

n−r+1(·), . . . , xε
n(·)). (11.66)

With these preliminaries, we can prove the next theorem.

Theorem 10 For n < m define

θε
n,m = log sup{N(Aε

n,m(ω, z1(·), . . . , zr(·))) : N(z1(·), . . . , zr(·)) ≤ 1}.

Then for any ε > 0 there exists a number θε ≥ −∞ for which:

(1)

lim
m→∞

1
m

θε
n,m = θε (11.67)

in probability.

(2) If θε > −∞,

lim
m→∞ E

∣∣∣∣ 1
m

θε
n,m − θε

∣∣∣∣ = 0.

(3) θε → α as ε → 0, where α is determined in Lemma 15.
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Proof First, we prove the existence of θε. Note that the function θε
n,m

has the following properties:

(a) θε
n+kl,m+(k+1)l is a stationary process in k = 0, 1, 2, . . . for fixed n

and l, and this process is ergodic because it is a specific function of
the process y(t).

(b) θε
n,m+l ≤ θε

n,m + θε
n+1,m+l if n < m < m + l.

Using the inequalities

θε
n,m ≤

m−1∑
k=n

θε
k,k+1

we have

θε
n,m ≤ Θ < ∞,

where Θ is a constant that depends on a, b, and sup
y

|l(y)|. (The function

l(y) was defined in condition 4).)
We can prove that

lim sup
m→∞

1
m

θε
n,m ≤ Eθε

r,r+1,

lim sup
m→∞

1
ml

θε
n,ml ≤ 1

l
Eθε

r,r+l.

Therefore,

lim sup
m→∞

1
m

θε
n,m ≤ inf

l>r

1
l
Eθε

r,r+l. (11.68)

Note that

inf
l>r

1
l
Eθε

r,r+l = lim
l→∞

1
l
Eθε

r,r+l.

(for the same reason as in the proof of statement (ii) of Lemma 15). If the
left-hand-side of (11.68) is −∞, then θε = −∞. Assume that

inf
l>r

1
l
Eθε

r,r+l = θε > −∞.
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Then

E

∣∣∣∣ 1
l(m + 1)

θε
n,n+l(m+1) − 1

l(m + 1)
Eθε

n,n+l(m+1)

∣∣∣∣
≤ E

∣∣∣∣∣
1

l(m + 1)
θε

n,n+l(m+1) − 1
l(m + 1)

m∑
k=1

θε
n+kl,n+(k+1)l

∣∣∣∣∣

+ E

∣∣∣∣∣
1

l(m + 1)

m∑
k=1

θε
n+kl,n+(k+1)l − 1

l
Eθε

n,n+l

∣∣∣∣∣
+ E

∣∣∣∣1l Eθε
n,n+l − 1

l(m + 1)
Eθε

n,n+l(m+1)

∣∣∣∣ ,

(11.69)

where n, m, l ∈ Z+. Note that

1
l(m + 1)

(
m∑

k=1

θε
n+kl,n+(k+1)l − θε

n,n+l(m+1)

)
≥ 0,

so the first term on the right–hand side of inequality (11.69) equals

1
l
Eθε

n,n+l − 1
l(m + 1)

Eθε
n,n+l(m+1).

Similarly, for the third term,

lim
m→∞ E

∣∣∣∣∣
1

(m + 1)

m∑
k=1

θε
n+kl,n+(k+1)l − 1

l
Eθε

n,n+l

∣∣∣∣∣ = 0

because of the ergodic theorem. Therefore,

lim
m→∞ E

∣∣∣∣ 1
l(m + 1)

θε
n,n+l(m+1) − θε

∣∣∣∣ ≤ 1
l
Eθε

n,n+l − θε.

This implies the relation

lim
m→∞ E

∣∣∣∣ 1
m

θε
n,m − θε

∣∣∣∣ = 0.

To prove that θε → 0 as ε → 0 we have only to note that

lim
ε→0

1
l
Eθε

r =
1
l

sup{N(Ar+l(z1(·), . . . , zr(·))) : N(z1(·), . . . , zr(·)) ≤ 1}.

This completes the proof of the theorem.
�

Remark 12 It follows from (11.68) that with probability 1,

lim sup
ε→0

1
m

θε
n,m ≤ θε.
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11.3.2 Linear Renewal Equations
The linear renewal equation is

x(t) = φ(t) +
∫ t

0
M(t − s)x(s) ds, (11.70)

where M(s) is the probability that a newborn at time zero produces an
offspring at time s. This accounts for the probability of survival to age
s and the fertility of those of age s. The maternity function in this case
is linear in x and homogeneous in time, so this is a linear time–invariant
system.
A general approach, which was proposed separately by McKendrick and
von Forster, is based on the partial differential equation

∂u

∂t
(t, x) +

∂u

∂x
(t, x) = −δ(x, t)u(t, x), (11.71)

where u(t, x) is the number of population members having age x at the time
t and δ(t, x) is the age–specific death rate. This equation is considered for
x > 0, t > 0 with given initial data u(0, x) and boundary condition

u(0, t) =
∫ ∞

0
β(x, t)u(x, t)dx, (11.72)

which describes the birth of new population members. Under some natural
assumptions, this equation can be reduced to the renewal equation for
x(t) = u(0, t). The main results related to the asymptotic behavior of the
solution to equation (11.70) as t → ∞ are summarized in the next theorem.

Theorem 11 Suppose that the functions φ(t) and M(t) on R+ are contin-
uous nonnegative functions and φ(t) has compact support. Define by α ∈ R
the number for which ∫ ∞

0
eαtM(t)dt = 1.

Assume that there exists α1 > α for which
∫∞
0 eα1tM(t)dt < ∞. Then there

exists a constant B0 > 0 for which

lim
t→∞ x(t)eαt = B0,

where x(t) is the solution to the equation (11.70) and

B0 =

∫∞
0 φ(t)eαtdt∫∞

0 tM(t)eαtdt
.

The proof of the theorem follows from the theory of convolution integral
equations (see [200, Chapter 2]).
The constant α is called the intrinsic growth rate of the population, and
B0 characterizes the stable age distribution’s birth rate.
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A randomly perturbed version of the renewal equation is of the form

xε(t) = φ(t) +
∫ t

0
M
(
t − s, y

(s

ε

))
xe(s) ds, (11.73)

where the function φ(t) is the same as in equation (11.70); M(s, y) is a
function from R+ × Y into R+ that is measurable in both variables; and

M(s, y) ≤ M∗(s),

where M∗(s) satisfies the condition∫ ∞

0
M∗(s)eα∗s ds < ∞ for some α∗ ∈ R.

Here y(t) is a Y -valued ergodic homogeneous Markov process with an
ergodic distribution ρ(dy) satisfying SMC II of Section 2.3.
Define

M(t) =
∫

M(t, y)ρ(dy).

Then equation (11.70) is the averaged equation for equation (11.73). The
asymptotic behavior of the solution to equation (11.73) was considered
in Section 6.3, Theorem 12. We reformulate that theorem here, taking
into account the conditions on φ(t), M(t), and M(t, y). The results are
summarized in the next theorem.

Theorem 12 Let φ(t) and M(t) satisfy the conditions of Theorem 11,
and suppose that α∗ > α, where α was defined in Theorem 11. Suppose
also that the following conditions are satisfied:

(1)

lim
h→0

sup
t

sup
y

∣∣∣∣M(t + h, y) − M(t, y)
M(t, y)

∣∣∣∣ = 0.

(2) There exists a measurable function θ : R → R+ with
∫

θ(u) du < ∞
for which

|φ̂(λ + iu)| + |M̂(λ + iu, y)| ≤ θ(u), u ∈ R, y ∈ Y, λ ≥ −α∗,

where

φ̂(λ) =
∫ ∞

0
e−λtφ(t) dt, M̂(λ, y) =

∫ ∞

0
e−λtM(t, y) dt,

are the Laplace transforms of these functions.

Then there exist constants ε0 > 0 and γ > 0 such that

P

{
lim sup

t→∞
1
t

log xε(t) ≤ −α + γε

}
= 1 (11.74)

for ε < ε0.
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Remark 13 In Theorem 12 we estimate only an upper bound for the
growth rate of xε(t). Using the averaging theorems and some limit theorems
for integral equations we can also prove that

lim
c→∞ lim sup

ε→0
P

{
sup

c≤t≤T/ε

∣∣∣∣1t log xε(t) + α

∣∣∣∣ > δ

}
= 0

for all T > 0 and δ > 0. The proof of this statement is presented in an
article by the authors (see [79, Theorem 4.1]).

11.3.3 Discrete–Time Renewal Theory
The age distribution of a population can be determined by census, at which
the numbers in various age classes, say {ν1, . . . , νm}, define a vector whose
dynamics can usefully describe how the population’s age structure changes.
If a census is taken every five years, in which females are counted, and if
data are kept through the end of reproductive ages, say age 55, then 11 age
classes would be tracked.
The population dynamics in this case can be described by the system of
equations

xn+1 = Λxn,

where xn is the vector of age classes at the nth census and Λ is Leslie’s
matrix (see [74]) of the form

Λ =




α1 α2 . . . αm−1 αm

λ1 0 . . . 0 0
...

...
. . .

...
...

0 0 . . . λm−1 0


 , (11.75)

where the numbers αi are the fertilities of the various age groups and the
numbers λi ∈ (0, 1] are the survival probabilities of the various age groups
to the next census.
The first problem we consider here is to determine the asymptotic behavior
of Λnx as n → ∞.

Lemma 16 Assume that Λ+Λ2+ · · ·+Λm is a matrix with positive terms.
Then (1) there exists a unique positive eigenvalue for Λ, denote it by ρ∗,
and a corresponding eigenvector b ∈ Rm having positive coordinates; (2)
if a ∈ RM is an eigenvector of the adjoint matrix Λ∗ corresponding to the
eigenvalue ρ∗, then the coordinates of a are also positive; and (3) for any
x ∈ Rm,

Λnx = ρ∗n · (x, a) · b + O(θn), (11.76)

where 0 < θ < ρ.



422 11. Population Models

The proof is based on the theory of nonnegative matrices (see [54, p.65,
Theorem 2]).
A randomly perturbed version of Leslie’s model is described by the system
of equations

xε
n+1 = (Λ + εΛ̃(yn+1))xε

n,

xε
0 = x0,

(11.77)

where Λ̃(y) is the matrix of form (11.75), where αi(y), i = 1, . . . , m, and
λi(y), i = 1, . . . , m − 1, are bounded measurable functions, Λ is given by
(11.75) with nonnegative α1, . . . , αm, λ1, . . . , λm−1, and ε > 0 is sufficiently
small that Λ + εΛ̃ is a nonnegative matrix for all y ∈ Y . Here {yn} is a
homogeneous Markov process in the space (Y, C), a discrete–time process
that is assumed to be ergodic with an ergodic distribution ρ(dy).
With these preliminaries we have the following theorem.

Theorem 13 There exist ε0 > 0 and γ > 0 such that for any ε < ε0,

P

{
lim sup

n→∞

∣∣∣∣ log |xε
n|

n
− log ρ∗

∣∣∣∣ ≤ γε

}
= 1, (11.78)

where ρ∗ is the same as in the relation (11.76).

Proof It follows from equations (11.77) that

xε
n = Λnx0 +

n∑
k=1

εkSn,kx0,

where

Sn,k =
∑

1≤ik<ik−1<···<i1≤n

Λn−i1Λ̃(yi1)Λ
i1−i2−1Λ̃(yi2) · · · Λ̃(yik

)Λik−1.

Define Q to be the m × m matrix for which

Qx = (x, a)b, x ∈ Rm.

It follows from relation (11.76) that

Λl = ρlQ + O(θl).

Using this formula we can obtain the following representation:

Sn,k = ρn−k

( ∑
1≤ik<ik−1<···<i1≤n

(1{n=i1}I + 1{n>i1}Q)Λ̃(yi1)

× (1{i1−i2=1}I + 1{i1>i2}Q)Λ̃(yi2) · · · Λ̃(yik
)(1{ik=1}I + 1{ik>1}Q)

+ O

((
θ

ρ − θ

)k
))

.

We use here the notation that if X is a matrix, we write

X = O(c) if ||X|| = O(c).
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Therefore,

‖Sn,k‖ ≤ ck
1ρn


1 +

∑
1≤ik<ik−1<···<i1≤n

‖Λ̃(yi1)‖ · · · ‖Λ̃(yik
)‖




≤ ck
1ρn


1 +

1
k!

(
n∑

i=1

‖Λ̃(yi)‖
)k

 .

So

|xε
n − ρn(x0, a)b| ≤ ρn

(
ε

1 − c1ε
+ exp

{
ε

n∑
i=1

‖Λ̃(yi)‖
})

(11.79)

if ε < 1/c1. Inequality (11.79) implies the proof of this theorem.
�

Remark 14 This result describes the intrinsic growth rate for the random
discrete–time Leslie model. The theorem is also valid if

∫
‖Λ̃(y)‖ρ(dy) < ∞.



12
Genetics

Genetics continues to be one of the outstanding applications of mathematics
in the life sciences. Mathematical research has benefited from this interac-
tion by being motivated to create mathematical structures that describe
randomness in ways that are used to interpret data and to predict ex-
perimental outcomes. Our understanding of random processes was greatly
enhanced by this interaction. On the other hand, the development of the-
ories for random processes and the derivation of statistical methods to
link them to experimental observations have been pivotal in our under-
standing of how genetic information is transmitted from one generation to
the next. These show how genetic structures can be engineered to create
important products such as novel drugs, strains of bacteria that degrade
toxic waste, and a variety of crops and animals used in agriculture. This
fruitful interaction between biology and mathematics has benefited biology
with greater understanding of genetics and benefited mathematics with the
creation of new structures of random processes and of statistics. As with
most mathematical structures, these have found numerous applications
elsewhere.
In this chapter we describe some of the fundamental models of population
genetics and show how random perturbations of them behave. First, we
consider a model of diploid genetics in a fixed population that was derived
and studied by three early workers in the field of mathematical genetics:
R. Fisher, S. Wright, and J.B.S. Haldane. We consider the influence of
random noise on this model using the methods we developed in this book.
Second, we consider the stability of extrachromosomal DNA elements in
bacterial cells. These elements are called plasmids, and their stability in
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the presence of random noise is investigated in Section 12.2. Interest in
this grows out of problems in biotechnology where one must determine
conditions under which a genetically engineered organism will persist in a
production environment. Finally, we investigate how changes in an entire
collection of genes, called the genome, can be modeled, and how changes
respond to random perturbations.

12.1 Population Genetics: The Gene Pool

Organisms, such as farm animals and humans, whose chromosomes appear
in matched pairs are called diploids. We study here a population of diploids
whose reproduction is synchronized and whose population size is kept fixed,
say N , by a fixed carrying capacity, by culling, or by some other removal
mechanism. Consider a gene at one location on a chromosome pair that
can occur in two possible variant forms, say A or B. So, all members of the
population are of exactly one of the three types: type AA, type AB (we
cannot distinguish between AB and BA), or type BB as defined by this
gene. The population carries a pool of 2N genes at this location, and in
this section we describe how this gene pool changes from one reproductive
interval to the next.
Let the proportion of the gene pool that is of type A at the start of the nth
generation be denoted by gn. The proportion at the next reproduction time
depends on the fitness of the A genes from the previous reproduction that
survive [75]. The varying ability of different genetic types to survive and
reproduce is described by selection coefficients. For example, the Fisher–
Wright–Haldane (FWH) model for the proportions {gn} is

gn+1 =
rng2

n + sngn(1 − gn)
rng2

n + 2sngn(1 − gn) + tn(1 − gn)2
, (12.1)

where the numbers rn, sn, and tn describe the selection coefficients of
the genotypes AA, AB, and BB, respectively, in the nth generation. They
account for the probability of survival to the next reproduction time and
the fertility of those that do.
A problem of particular interest is that of slow selection, where there are
only small differences between the selection coefficients rn, sn, and tn, say

rn = r + ερn, sn = r + εσn, tn = r + ετn, (12.2)

where 0 ≤ ε � 1 and the other data are bounded. This case arises when
the pressures of natural selection act over a longer time scale than the time
scale of reproduction. When ε = 0, there is no selection, and the model
becomes

gn+1 = gn. (12.3)
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This fact was observed by G. Hardy and W. Weinberg in 1907, and it
is referred to in the genetics literature as the Hardy–Weinberg law. How-
ever, several interesting phenomena can occur when ε > 0: One gene can
dominate the gene pool, both can be maintained in the population in com-
parable numbers, or the system can be bistable, where each gene is stable,
but there is also an unstable intermediate distribution.

12.1.1 The FHW Model with Stationary Slow Selection
Assume that rn, sn, tn in equation (12.2) are

rn = r + ερ, sn = r + εσ, tn = r + ετ. (12.4)

Then equation (12.1) can be rewritten as a difference equation of the form

gε
n+1 − gε

n =
εQ(gε

n)
1 + εP (gε

n)
, (12.5)

where gε
0 is given and

Q(x) = x(1 − x)(ax + b),

P (x) = ρx2 + 2σx(1 − x) + τ(1 − x)2,
a = ρ + τ − 2σ, b = ρ − τ.

It follows from the theory of difference equations (see Chapter 3, Lemma
2) that for any T > 0,

lim
ε→0

sup
kε≤T

|g(εk) − gε
k| = 0

if g(t) is the solution to the differential equation

dg

dt
(t) = Q(g(t)) (12.6)

with the initial condition g(0) = gε
0. (We assume here and below that gε

0
does not depend on ε.) The asymptotic behavior of the solution to equation
(12.6) as t → ∞ is described by the following lemma, which is proved in
[75].

Lemma 1 Assume g(0) ∈ (0, 1). Then

(i) If b ≥ 0, a+ b ≥ 0, and |a|+ |b| > 0, then A dominates the gene pool:

lim
t→∞ g(t) = 1.

(ii) If b ≤ 0, a+ b ≤ 0, and |a|+ |b| > 0, then B dominates the gene pool:

lim
t→∞ g(t) = 0.

(iii) If b > 0 and a + b < 0, then a genetic polymorphism occurs:

lim
t→∞ g(t) = −b/a,
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so both genes are maintained in the gene pool.

(iv) If b < 0 and a + b > 0, then disruptive selection occurs:

lim
t→∞ g(t) = 1 if g(0) ∈

(
− b

a
, 1
)

,

lim
t→∞ g(t) = 0 if g(0) ∈

(
0, − b

a

)
,

and in this case the value g = −b/a is an unstable equilibrium for the
system.

12.1.2 Random Perturbation of the Stationary Slow Selection
Model

Suppose that ρn, σn, and τn in formula (12.2) are of the form

ρn = ρ(yn), σn = σ(yn), τn = τ(yn),

where {yn} is a discrete–time stochastic process on a measurable space
(Y, C), and ρ(y), σ(y), and τ(y) are bounded real-valued measurable
functions on this space. We will use the following condition:
(CP) The process {yn} is either a stationary ergodic process or an ergodic
homogeneous Markov process. The ergodic distribution of the process is
m(dy), and we define

ρ =
∫

ρ(y)m(dy), σ =
∫

σ(y)m(dy), τ =
∫

τ(y)m(dy). (12.7)

Denote by {g̃ε
n} the sequence satisfying the difference equation

g̃ε
n+1 − g̃ε

n =
εQ̃n(g̃ε

n)
1 + εP̃n(g̃ε

n)
(12.8)

with the initial condition g̃ε
0 = g0, where

Q̃n(x) = x(1 − x)(ãnx + b̃n),

P̃n(x) = ρ(yn)x2 + 2σ(yn)x(1 − x) + τ(yn)(1 − x)2,

ãn = ρ(yn) + τ(yn) − 2σ(yn), b̃n = ρ(yn) − τ(yn).

It follows from the averaging theorem for difference equations (see
Chapter 3, Theorem 8) that with probability 1 for any T > 0,

lim
ε→0

sup
kε≤T

|g̃ε
k − g(kε)| = 0, (12.9)

where g(t) is the solution to equation (12.6) with the initial value g(0) = g0.
So the behavior of the sequence {g̃ε

n : nε < T} for any T as ε → 0 can be
described by the solutions to equation (12.6). To investigate the asymptotic
behavior of {gε

n} as n → ∞ we can use the results of Section 6.2. However,
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the form of the difference equation in (12.7) is not exactly the same as in
the theorems in Section 6.2. So, we must first extend the earlier results,
which we state next specifically for the FWH model.

Theorem 1 Let condition (CP) be fulfilled and define the averages of a
and b to be

a = ρ + τ − 2σ, b = ρ − τ,

where ρ, σ, τ are determined by formula (12.7). Then the following
statements hold:
(i) If b ≥ 0, a + b > 0, g0 > 0, then

lim
ε→0

P
{

lim
n→∞ g̃ε

n = 1
}

= 1.

(ii) If b < 0, a + b ≤ 0, g0 < 1, then

lim
ε→0

P
{

lim
n→∞ g̃ε

n = 0
}

= 1.

(iii) If b < 0, a + b < 0, then

(α) lim
ε→0

P
{

lim
n→∞ g̃ε

n = 1
}

= 1 if g0 ∈
(

− b

a
, 1
)

,

(β) lim
ε→0

P
{

lim
n→∞ g̃ε

n = 0
}

= 1 if g0 ∈
(

0,− b

a

)
.

Proof All of these statements can be proved in similar ways, so we present
here only the proof of statement (i). Set

1 − g̃ε
n = f̃ε

n.

Then {f̃ε
n} satisfies the difference equation

f̃ε
n+1 − f̃ε

n = −εf̃ε
n Uε

n(f̃ε
n),

where

Uε
n(x) = (1 − x)(ãn + b̃n − ãnx)

1
1 + εP̃n(1 − x)

.

Using successive back-substitutions for f̃ε
n gives

f̃ε
n = (1 − g0) exp

{
n−1∑
k=1

log(1 − εUε
n(f̃ε

k))

}
,

and for m > n,

f̃ε
m = f̃ε

n exp

{
m−1∑

k=n+1

log(1 − εUε
n(f̃ε

k))

}
.
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It follows from relation (12.9) and Lemma 1 (i) that for any δ1 > 0 and
δ2 > 0 we can find n0 and ε0 such that for all ε < ε0,

P{f̃ε
n0

< δ1} ≥ 1 − δ2. (12.10)

Note that there exist constants c1 > 0, c2 > 0 depending on ε0 such that
for all ε < ε0 the following inequality is fulfilled:

log(1 − εUε
n(x)) ≤ −εc1(ãn + b̃n)1{x≤ 1

2 } + εc21{x> 1
2 }.

So

f̃ε
m ≤ δ1 exp

{
−c1

m−1∑
k=n0+1

ε(ãn + b̃n)1{f̃ε
k≤ 1

2 } + ε

m−1∑
k=n0+1

1{f̃ε
k> 1

2 }

}
(12.11)

if f̃ε
n0

≤ δ1. It follows from the ergodic theorem that

m−1∑
k=n0+1

ε(ãk + b̃k) ∼ ε(m − n0)(a + b) (12.12)

and

lim
c→∞ P

{
sup

m>n0

[
−

m−1∑
n0+1

(ãk + b̃k)

]
> c

}
= 0.

We can find c0 > 0 for which

P

{
sup

m>n0

[
−c1ε

m−1∑
n0+1

(ãk + b̃k)

]
> c0

}
< δ2.

If c0 = 1
c1ε0

log 1
2δ1

, then for all ε < ε0,

P

{
sup

m>n0

f̃ε
n0

≤ 1
2

}
≥ 1 − 2δ2,

so

P

{
f̃ε

m ≤ δ1 exp

{
−c1ε

m−1∑
n0+1

(ãk + b̃k)

}
for all m

}
≥ 1 − 2δ2 (12.13)

and

P
{

lim
m→∞ f̃ε

m = 0
}

≥ 1 − 2δ2

for all ε < ε0. Thus, statement (i) of the theorem is proved.
�

The next theorem shows how the sequence {gε
n} is related to a Gaussian

process.
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Theorem 2 Suppose that {yk} is a Markov process that satisfies SMC II
of Section 2.3, and suppose b > 0, a + b < 0, and g0 ∈ (0, 1) (the notation
here is as in Theorem 1). For N ∈ Z+ and n ∈ Z, n ≥ −N , set

zε,N
n = ε− 1

2

(
g̃ε

N+n +
b

a

)
, (12.14)

and let

zε
N (t) =

∑
1{n≥−N}1{εn≤t<ε(n+1)}zε,N

n , t ∈ R. (12.15)

Let W (dt) be the Gaussian measure on the real line with independent values
for which for any measurable set A we have EW (A) = 0 and

EW 2(A) = v l(A),

where l is Lebesgue measure on the real line and

v =
b2(a + b)2

a6

[∫
(ab(y) − ba(y))2ρ(dy)

+ 2
∫∫

(ab(y) − ba(y))(ab(y′) − ba(y′))R(y, dy′)ρ(dy)
]
.

(12.16)

Here

R(y, C) =
∞∑

n=1

(Pn(y, C) − ρ(C)),

where {Pn} are the transition probabilities for {yn}. Define the stationary
Gaussian stochastic process η(t), t ∈ R, by the formula

η(t) =
∫ t

−∞
exp{−γ(t − s)}W (ds), (12.17)

where γ = b(a + b/a) > 0. Assume that εN → ∞, N = o
( 1

ε log 1
ε

)
and

|g̃0 + b
a | = O (

√
ε) as ε → 0.

Then the stochastic process zε
N (t) converges weakly in C to the stochastic

process η(t) on any finite interval as ε → 0.

Proof We modify Theorem 9 of Chapter 6 to begin the proof. Because
of the form of the difference equation (12.8) we need to modify the proof
of that theorem. Define

g̃ε
n +

b

a
= hε

n.

It follows from equation (12.8) that

hε
n+1 − hε

n = −εr(yn)hε
n + O

(
ε(hε

n)2
)

+ O
(
ε2)+ εq(yn),

where

r(y) =
b(a + b)

a2 a(y), q(y) =
b(a + b)

a3 (ab(y) − ba(y)).
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It is easy to see that∫
r(y)ρ(dy) = γ,

∫
q(y)ρ(dy) = 0.

So

hε
n0+m = hε

n0

m−1∏
n=n0+1

(1 − εr(yn) + O(εhε
n)) + O(mε2)

+ ε
m−1∑

n=n0+1

q(yn)
n−1∏

k=n0+1

(1 − εr(yk) + O(εhε
k)).

(12.18)

The remainder of the proof is the same as in Theorem 9 of Chapter 6, and
it is left to the reader.

�

Remark 1 Using (12.18) we can estimate the time τε for which |hε
n0+τε

| ≤
c
√

ε, where c > 0 is a constant: Assume that |hε
n0

| < δ, where δ is
sufficiently small. Then

m−1∏
n=n0+1

(1 − εr(yn) + O(εhε
n)) ∼ exp

{
−ε

m−1∑
n=n0+1

r(yn) + O(εhn)

}

is less than 1 for m = O (1/ε). This implies that

E

(
m−1∑

n=n0+1

q(yn)
n−1∏

k=n0+1

(1 − εr(yk) + O(εhε
k))

)2

= O(ε2m).

It follows from these estimates that τε = O
( 1

ε log 1
ε

)
.

12.2 Bacterial Genetics: Plasmid Stability

Bacteria have a single chromosome made up of DNA, but in addition, they
can have extrachromosomal DNA elements, called plasmids. Each newborn
cell contains exactly one chromosome, but it might have many copies, say
N , of a particular plasmid. In this section we consider how the plasmids
are distributed at each reproductive event, which in this case is cell division
into two daughter cells. Suppose that each newborn cell in the population
has exactly N of these plasmids, so a newborn cell having N plasmids
will have 2N plasmids just prior to division, and each of its daughters will
receive exactly N plasmids. While these are essentially the same plasmid,
they can be of various types depending on what variants of information
they carry. For example, some plasmids might code for resistance to the
antibiotic ampycillin and some for resistance to tetracycline. We describe
here the distribution of various plasmid types as cells grow and divide.
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Suppose each newborn cell has exactly N plasmids. These might be of
types T1, . . . , Tr, and denote by (n1, . . . , nr) the vector representing the
distribution of plasmids in a cell, so n1 is the number of plasmids in the
cell having type T1, n2 is the number of plasmids in the cell having type T2,
n3 is the number of plasmids in a cell having type T3, etc. Since the number
of plasmids per cell is fixed, we have that

∑
nk = N . Each newborn cell

has such a vector associated with it.
There are

m =
(

N + r − 1
N

)

possible different types of cells as described by their plasmid-type dis-
tribution. This distribution is defined by the vector (n1, . . . , nr), and
m is the number of vectors with integer–valued nonnegative coordinates
{ni, i = 1, 2, . . . , r} with

∑r
k=1 nk = N .

Denote by {C1, . . . , Cm} the possible types of cells. A population of these
bacteria can be described by the proportions of cells among the various
plasmid types. We denote by

�p = (p1, . . . , pm)

the vector of the proportions: pi is the proportion of the population that
is of type Ci. Clearly,

∑
k pk = 1. This vector changes from generation to

generation, and we write �pt, where �pt is the vector of proportions at time
t, and t = 0, 1, 2, . . . , is discrete time. We suppose that each cell of the
population divides at these times, and �pt is the vector just after the tth
division. We assume that {�pt, t > 0} satisfies the relation

�pt+1 = �pt A(t), t = 0, 1, . . . , (12.19)

where A(t) is a stochastic matrix of size m×m that is defined by sampling
without replacement.
During the synthesis phase of the mitotic cycle, each copy is duplicated, so
that just before splitting the plasmid pool is of size 2N with 2ni plasmids
of type Ti for i = 1, . . . , r. We suppose that this process is contaminated
with noise, perhaps due to mutation or by replication errors, so that the
pool becomes

2n1, . . . , 2nr −→ k1, . . . , kr,
∑

ki = 2N,

with probability

P̃2�n,�k(t) = 1{�k=2�n} + εQ2�n,�k(t), (12.20)

where ε > 0 is a small positive number, �n = (n1, . . . , nr) and �k =
(k1, . . . , kr) are vectors of integers, and the functions in P̃ are bounded
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stochastic processes with Q2�n,�k(t) such that
∑
�k

Q2�n,�k(t) = 0,

and Q2�n,�k(t) ≥ 0 if �k �= 2�n.
At cell division one daughter receives a distribution of plasmids that is
characterized by a vector �l = (l1, . . . , lr) with probability

R�k,�l =

(
k1
l1

)
· · ·
(
kr

lr

)
(2N

N

) . (12.21)

Thus

(n1, . . . , nr) → (l1, . . . , lr)

with probability

P̂�n,�l(t) =
∑
�k

P̃2�n,�k(t)R�k,�l. (12.22)

This implies relation (12.19) with the matrix A(t) having components that
are defined by equation (12.22).

12.2.1 Plasmid Dynamics
Denote by VN the set of vectors �n having nonnegative integer-valued coor-
dinates (n1, . . . , nr) with

∑
ni = N . We consider a homogeneous Markov

chain in VN describing the system when ε = 0. In this case,

P̂�n,�l(t) = R2�n,�l.

Thus, the matrix A(t) is nonrandom, and it does not depend on t. Denote
this matrix by A. The elements of the matrix A are given by the formula

a�n,�l =

(2n1
l1

)
· · ·
(2nr

lr

)
(2N

N

) . (12.23)

The asymptotic behavior of

�p(t) = �P0 At

as t → ∞ is determined by the homogeneous finite Markov chain having
transition probability matrix A.

Lemma 2 Denote by C(S), where S ⊂ {1, . . . , r}, the set of vectors �n ∈
VN for which

∑
i∈S ni = N .

(1) C(S), for any nonempty S, is a connected class of states for the
Markov chain having transition probability matrix A, and any such
class of states is of the form C(S), where S is a nonempty subset of
{1, . . . , r}.



434 12. Genetics

(2) C(S) is an essential connected class of states if and only if S contains
exactly one element.

(3) Denote by �n(i) the vector for which n
(i)
i = N, n

(i)
j = 0, j �= i.

The states �n(1), . . . , �n(r) are all essential states of the Markov chain;
each of them forms a connected class. Let P�n,�l(t) be the transition

probability from the state �n to the state �l after t steps. Then

lim
t→∞ P�n,�n(i)(t) =

ni

N
,

where �n = (n1, . . . , nr).

(4)

lim
t→∞ �p(t) = �p(∞) = {p�n(∞), �n ∈ VN},

where

p�n(∞) = 0 if �n ∈ VN \
r⋃

i=1

{�n(i)},

and otherwise,

p�n(i)(∞) =
1
N

∑
�n∈VN

ni p�n(0).

Proof (1) follows from formula (12.23).
(2) It is easy to see that �n(i) is an absorbing state for the Markov chain for
i ∈ 1, r, and the state �n is connected with �n(i) if ni > 0.
(3) Define

qi(t) =
∑

�n∈VN

ni p�n(t).

Since ∑
�n∈VN

ni a�l,�n = li

because of formula (12.23),

qi(t) =
∑

�n∈VN

ni

∑
�l∈VN

p�l(t − 1)a�l,�n =
∑

�l∈VN

p�l(t − 1)
∑

�n∈VN

ni a�l,�n

=
∑

�l∈VN

p�l(t − 1)li = qi(t − 1).

This implies statements (3) and (4).
�
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12.2.2 Randomly Perturbed Plasmid Dynamics
We assume that the matrices A(t) in relation (12.19) are of the form

A(t) = Aε(t) = A + εB(t), t = 0, 1, 2, . . . , (12.24)

where A is a constant matrix with elements given by relation (12.23), and
{B(t), t = 0, 1, 2, . . . } is a stationary Qm-valued stochastic process, where
Qm is the set of m × m matrices B for which ‖B‖1 ≤ 1, �1B = �0, where
�1 = (1, . . . , 1), �0 = (0, . . . , 0). We assume additionally that B(t) satisfies
the following conditions:

I. Denote the elements of the matrix B(t) by b�n,�l(t), where �n,�l ∈ VN .
Then b�n,�l(t) ≥ 0 if a�n,�l = 0.

II. Denote by En the σ-algebra generated by B(0), . . . , B(n), and let E l

be the σ-algebra generated by B(l + 1), B(l + 2), . . . . There exists a
sequence µl, l = 0, 1, 2, . . . , for which µl → 0 and

|Eξ1ξ2 − Eξ1Eξ2| ≤ µl

if ξ1 is an En-measurable random variable and ξ2 is an En+l-
measurable random variable, and |ξ1| ≤ 1, |ξ2| ≤ 1.

Note that condition II is analogous to condition EMC of Section 7.2.
We will investigate the asymptotic behavior of the matrix

Pε(t) = (A + εB(0))(A + εB(1)) · · · (A + εB(t − 1)) (12.25)

as t → ∞ and ε → 0 using the results of Section 7.2. Note that this Markov
chain is aperiodic with r essential classes of states.
Define the average B̄ = EB(t), and let

P̄ε(t) = (A + εB̄)t.

If α(A + εB̄) > 0 for all ε > 0 small enough (the definition of α can be
found in Section 7.1), then there exists the limit

Πε = lim
t→∞ P̄ε(t).

It follows from Theorem 5 of Chapter 7 that

Π̂0 = lim
ε→0

Πε = lim
t→∞ Π0 exp{tΠ0B̄Π0}, (12.26)

where Π0 = limn→∞ An. This limit exists because the matrix A is an
aperiodic matrix.

Lemma 3 Let α(A + εB̄) > 0 for ε > 0 small enough. Denote by b̄�n,�l the
elements of matrix B̄ and set

qij =
1
N

∑
�n

b̄�n(i),�nnj , i, j ∈ 1, r.

The following statements hold:
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(i) The r × r matrix Q = (qij)i,j∈1,r is a stochastic matrix for which
α(Q) > 0.

(ii) If �q = (q1, . . . , qr) ∈ Dr is the unique vector satisfying the relation
�qQ = �q, then Π̂0 is an m×m matrix with its rows equal to each other
and coinciding with the vector

�d0 = (d0
�n : �n ∈ VN ),

where

d0
�n(i) = qi, i = 1, . . . , r, d0

�n = 0 if �n /∈ {�n(i), . . . , �n(r)}.

Proof If α(Q) = 0, then α(A + εB̄) = 0 for all ε > 0 small enough. This
implies statement (i). Statement (ii) follows from Theorem 5 of Chapter 7.

�

Our main result on the behavior of the matrix-valued process Pε(t) is
formulated as follows.

Theorem 3 Let conditions I and II be fulfilled and Eα(A + εB1) > 0 for
all ε > 0 small enough. Then:

(i) There exists a matrix Π̃ε with ‖Π̃ε‖0 = 0 (this means that the matrix
has identical rows) such that for ε > 0 small enough it satisfies the
relation

lim
t→∞

1
t

t∑
k=1

Pε(t) = Π̃ε.

(ii)

lim
ε→0

Π̃ε = Π̂0.

(iii) There exists a stationary Dm-valued process �dε
n for which

lim
n→∞ |�dε

n − �aPε(n)|1 = 0

for any �a ∈ Dm with probability 1.

(iv)

lim
n→∞

1
n

n∑
k=1

�aPε(k) = �a Π̃ε, �a ∈ Dm,

with probability 1.

The proof of the theorem follows from Theorems 4 and 5 of Chapter 7, and
the details are not presented here.
The assumption in Theorem 3 concerning α(A+ εB1) can be weakened. In
order to do this, we need some further estimates.
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Lemma 4 Let conditions I and II be fulfilled and

α(A + εB̄) > 0. (12.27)

Then there exist l0 and ε0 for which

Eα(Pε(l)) > 0

if ε < ε0, l > l0, and εl is small enough.

Proof We have the relation

Pε(l) = (A + εB0) · · · (A + εBl−1) = Al + ε

l∑
k=1

Ak−1Bk−1A
l−k + O(l2ε2),

(A + εB̄)l = Al + ε

l∑
k=1

Ak−1B̄Al−k + O(l2ε2).

So

Pε(l) − (A + εB̄)l = ε

l∑
k=1

Ak−1(Bk−1 − B̄)Al−k + O(l2ε2).

It follows from the ergodicity of {Bk} that

lim
l→∞

1
l

l∑
k=1

Ak−1(Bk−1 − B̄)Al−k = 0

with probability 1, because of the boundedness of ‖Ak‖1 and the existence
of a limit

Π0 = lim
n→∞ An.

So

‖Pε(l) − (A + εB̄)l‖1 = O(l2ε2) + lε o(1),

where o(1) → 0 with probability 1 as l → ∞. This implies the relation

Eα(Pε(l)) ≥ α((A + εB̄)l) − O(l2ε2) + lεβl, (12.28)

where βl → 0 as l → ∞. We have

α((A + εB̄)l) ≥ lα(A + εB̄) ≥ θlε,

since (12.27) implies the inequality α(A + εB̄) ≥ θε, where θ > 0 for ε > 0
small enough. The proof is a consequence of (12.28).

�

Theorem 4 Let conditions I and II be fulfilled and α(A + εB̄) > 0 for
ε > 0 small enough. Then all the statements of Theorem 3 hold.
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Proof We can find ε0 > 0 and l such that

Eα(Pε(l)) > 0

for 0 < ε < ε0. Then the statement of the theorem will be established if we
consider the stationary process

P (l)
ε (n) = Pε(ln).

It is easy to check using Theorem 2 from Chapter 7 that the statement
holds for Pε(n).

�

Next, we investigate the asymptotic behavior of the Dm-valued stochastic
process

�pε(s) =
∑

�p0 Pε(n) 1{εn≤s≤ε(n+1)}, s ∈ R+,

as ε → 0, where �p0 is a vector of the form

�p0 =
r∑

i=1

qi�n
(i),

r∑
i=1

qi =
1
N

. (12.29)

Define the matrix-valued function Q(s), s ∈ R+, by the relation

Q(s) = exp{−sIr + sQ}, (12.30)

where Ir is the r × r identity matrix and Q was introduced in Lemma 3.
We consider the Markov chain with m states and transition probability
matrix for n steps

(A + εB̄)n.

Denote by νε
n the state of the Markov chain at time n.

Lemma 5

lim
ε→0, εn→s

P
{

νε
n = �n

/
νε
0 = �l

}
=

r∑
i=1

li
N

qij(s) 1{�n=�n(j)}, (12.31)

where qij(s) are the elements of the matrix Q(s).

Proof Note that

P
{

νε
n = �n | νε

0 = �l
}

= �δ�l (A + εB̄)n,

where �δ�l is the row vector in Rm with coordinates 1{�n=�l}. Using the same
estimation as in Theorem 5 of Chapter 7 and Lemma 5 we can prove

lim
ε→0, εn→s

(A + εB̄)n = Π0 exp{sΠ0B̄Π0}.

So

lim
ε→0, εn→s

P{νε
n = �n | νε

0 = �l} = �δ�l Π0 exp{sΠ0B̄Π0}. (12.32)
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Note that

�δ�l Π0 =
r∑

i=1

li
N

�δ�n(i) . (12.33)

This follows from statement 3) of Lemma 2. The definition of Q implies
that

�δ�n(i)Π0B̄Π0 =
∑

qij
�δ�n(j) − �δ�n(i) .

Denote by Jr the subspace of Rm generated by the vectors {�δ�n(i) , i =
1, r}. It is easy to check that the matrix representation of the operator
exp{sΠ0B̄Π0} on the subspace Jr with the basis {�δ�n(1) , . . . , �δ�n(r)} is Q(s).
Therefore, formula (12.31) is a consequence of formulas (12.32), (12.33).

�

Theorem 5 Let the conditions of Theorem 4 be satisfied. Then for any
T > 0,

lim
ε→0

∫ T

0

∣∣∣∣∣∣�pε(s) −
r∑

i,j=1

qiqij(s)�n(j)

∣∣∣∣∣∣ ds = 0

with probability 1.

The proof follows from statement (iv) of Theorem 3 and Lemma 5.

12.3 Evolutionary Genetics: The Genome

The chromosome of a bacterium is completely described by a vector having
components taken from among the four symbols A, C, G, T . If the number
of base pairs on the chromosome is N , then the DNA structure of the
organism is described by a corresponding chromosome vector, say s ∈ S =
{A, C, G, T}N , where S denotes the set of all possible chromosomes and
s lists the DNA sequence on one strand of the chromosome (s determines
uniquely the complementary strand). Let M denote the number of elements
in S. For example, a cell might have 3000 base pairs in its chromosome,
so S has M = 43000 elements, a large number. While most of these are
apparently not viable, we continue to work in this large space of sequences.
We suppose that all cells in the population reproduce at the same time,
so reproduction is synchronized. A population of these organisms can be
described by a vector whose components give the population proportions
of various types s for all s ∈ S. Our interest here is in how this vector of
proportions changes from one generation to the next.
Denote by νs(t) the number of cells of type s in the tth generation, and
denote by �ν(t) the vector whose components are these numbers indexed by
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elements of S. The vector of proportions is given by

�p(t) = �ν(t)/|�ν(t)|1,
where

|�ν(t)|1 =
∑
s∈S

νs(t)

is the number of bacteria in the tth generation.

12.3.1 Branching Markov Process Model
At reproduction a cell will produce two daughter cells each having one
chromosome that will generally be the same as the mother’s except for
possible mutations, recombinations, or transcription errors. We suppose
that all changes of the type of a chromosome at the time of reproduction
are of random character.
The evolution of the population can be described as a branching Markov
process with the set of types S. (The interested reader can find all necessary
information on this subject in the book [89].) Denote by π(s, s1, s2) the
probability that a cell of type s splits at the time of reproduction into two
daughters, one of type s1 and the other of type s2. Then for all s ∈ S,∑

s1,s2∈S

π(s, s1, s2) = 1. (12.34)

To describe the evolution of the population we introduce a collection of
random variables H,

H = {ηk(t, s, s1, s2), k ∈ Z+, t ∈ Z+, s, s1, s2 ∈ S},

satisfying the following conditions:

1. They are independent random variables for different values of k, t, s.

2. If η ∈ H, then P{η = 0} + P{η = 1} = 1.

3. For all k ∈ Z+, t ∈ Z+, s ∈ S,∑
s1,s2∈S

ηk(t, s, s1, s2) = 1,

P{ηk(t, s, s1, s2) = 1} = π(s, s1, s2).

We see next that the variables ηk are indicator variables related to the
transition from s to (s1, s2) at time t.
The stochastic process �ν(t) can be expressed in terms of these counting
variables as

νs(t + 1) =
∑
s′∈S

νs′ (t)∑
k=1


2ηk(t, s′, s, s) +

∑
s1∈S
s �=s1

ηk(t, s′, s, s1)


 (12.35)
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for t = 1, 2, . . . . The vector �ν(0) is assumed to be given, and using this and
formula (12.35), we can (in principle) calculate �ν(t) for all t > 0.
It follows from formula (12.35) that ηk(t, s, s1, s2) for k ≤ νs(t) is an indi-
cator of the event that a cell of the population at time t having type s and
number k splits into two daughters of types s1 and s2. We label the cells of
type s by the numbers between 1 and νs(t).
Introduce an M × M matrix A with elements

A(s′, s) = 2π(s′, s, s) +
∑
s1∈S
s �=s1

π(s′, s, s1), (12.36)

where M is the number of elements of S. Here A(s′, s) is the average number
of daughters of a cell of type s′ that will be of type s. It is easy to see that

E�ν(t) = E�ν(0) At. (12.37)

Note that ∑
s

A(s′, s) = 2,

since each mother has two daughters. So the matrix 1
2A is a stochastic

matrix. Using this, we can describe the asymptotic behavior of �ν(t).

Lemma 6 Let Π = 1
2A. Let S1, . . . , Sr be the subsets of S that are classes

of communicating recurrent states for the Markov chain whose transition
probability matrix is Π. So, Sk ∩Sl = ∅ for k, l ∈ 1, r with k �= l. Denote by
�pk the vector of ergodic probabilities for the class Sk, k = 1, 2, . . . , r, i.e.,

�pk = {pk(s), s ∈ S} and
∑
s∈Sk

pk(s) = 1,
∑

s∈S\Sk

pk(s) = 0.

Denote by dk the period for class Sk. Then the following statements hold:

(i) There exists δ > 0 such that for all s ∈ S \
⋃r

k=1 Sk,

Eνs(t) = o
(
(2 − δ)t

)
;

that is, those not among the recurrent sets are transient states.

(ii) There exist constants {qs(i), s ∈ S, i ∈ 1, r} satisfying the conditions

(a) 0 ≤ qs(i) ≤ 1, (b)
r∑

i=1

qs(i) = 1, (c) qs(i) = 1 if s ∈ Si

for which

lim
t→∞

1
di

di−1∑
j=0

Eνs(t + j)2−(t+j) =
∑
s′∈S

Eνs′(0)qs′(i)pi(s) if s ∈ Si.

(12.38)
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The proof of the lemma follows from the theory of finite Markov chains.

Corollary 1 Suppose that the matrix Π is irreducible and aperiodic. Then
there exists a unique ergodic distribution �p and

lim
t→∞ 2−tE�ν(t) = E|�ν(0)|1�p, (12.39)

where

E|�ν(0)|1 =
∑
s∈S

Eνs(0).

In this case we have only one class, r = 1, and qs(1) = 1 for all s ∈ S, so
formula (12.39) follows from (12.38).

Next, we consider a limit theorem for the stochastic processes

�ρ(t) = 2−t�ν(t). (12.40)

First, we establish the following lemma.

Lemma 7 There exists a number d ∈ Z+ for which for all k ∈ Z+ there
exists the limit

lim
n→∞ Πk+nd = Πk,

and Πk satisfies

(a) Πk+d = Πk, (b) Πk = Π0Πk = ΠkΠ0 for 0 ≤ k < d.

If d is the least common multiple of all periods di, i = 1, . . . , k, introduced
in Lemma 6, then properties (a), (b) are evident.

Remark 2 There exists θ ∈ (0, 1) for which

‖Πk+md − Πk‖1 ≤ b θk+nd,

where b is a suitable constant.

Theorem 6 With probability 1 there exists a limit

lim
n→∞ �ρ(k + nd) = ρ∞(k) for k ∈ Z+,

and the limit stochastic process ρ∞(k) has the following properties: With
probability 1,

(a) �ρ∞(k + d) = �ρ∞(k),

and

(b) �ρ∞(k) = �ρ∞(0)ΠkΠ0, 0 ≤ l < d.

Proof Denote by Ft the σ-algebra generated by {�ν(k), k ≤ t}. Then

E(�ν(t + 1) | Ft) = �ν(t)A.
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Set

�µ(t) = �ν(t + 1) − �ν(t)A. (12.41)

The components of the vector �µ(t) are represented by the formula

µs(t) =
∑
s′∈S

νs′ (t)∑
k=1

[
2(ηk(t, s′, s, s) − π(t, s′, s, s))

+
∑
s1∈S
s �=s1

(ηk(t, s′, s, s1) − π(t, s′, s, s1))
] (12.42)

(we used formula (12.35) here).
It follows from formula (12.42) that for some constant c1,

E((�µ(t), �µ(t))
/
F) ≤ c12t. (12.43)

Using formula (12.41), we obtain the following representation:

�ν(t) = �ν(0)At +
t−1∑
k=0

�µ(k)At−1−k.

So

�ρ(t) = �ρ(0)Πt +
t−1∑
k=0

1
2k+1 �µ(k)Πt−1−k. (12.44)

Define the vector-valued random variables

�µ(i) =
∞∑

l=0

1
2ld+i

�µ(ld + i), i = 0, 1, . . . , d − 1. (12.45)

Note that

E

( ∞∑
l=l1

1
2ld+i

�µ(ld + i),
∞∑

l=l1

1
2ld+i

�µ(ld + i)

)

=
∞∑

l=l1

1
22ld+2i

E(�µ(ld + i), �µ(ld + i)) ≤ c22−l1d

because of relation (12.43), where c2 is a constant. So

∑
l1

P



∣∣∣∣∣

∞∑
l=l1

1
2ld+i

�µ(ld + i)

∣∣∣∣∣
1

>
1

(l1 + 1)2


 ≤

∑
l1

c22−l1d

(l1 + 1)2
< ∞.

This implies that the series on the right-hand side of relation (12.45)
converges with probability 1.
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Using formula (12.44) we write

�ρ(k + nd) = �ρ(0) Πnd+k +
nd+k−1∑

j=0

1
2j+1 �µ(j) Πnd+k−1−j

= �ρ(0) Πnd+k +
d−1∑
i=0

∑
l

1
2ld+i

�µ(ld + i) Π(n−l)d+k−1−i1{0≤ld+i<nd+k}

= �ρ(0) Πk +
d−1∑
i=0

�µ(i) Πk−1−i+d1{k<i+1} + �ρ(0)(Πnd+k − Πk)

+
d−1∑
i=0

∑
l

1
2ld+i

�µ(ld + i)
(
Π(n−l)d+k−1−i1{0≤ld+i<nd+k}

− Πk−1−i+d1{k<i+1}
)
.

From the convergence with probability 1 of the series of �µ(i) and Remark 2,
it follows that with probability 1,

lim
n→∞ �ρ(k + nd) = �ρ(0)Πk +

d−1∑
i=1

�µ(i)Πk−1−i+d1{k<i+1} . (12.46)

Let the expression on the right-hand-side of equation (12.46) be denoted
by �ρ∞(k). It is easy to check that �ρ∞(k) satisfies properties (a) and (b).

�

Corollary 2 If d = 1, then with probability 1,

lim
n→∞ �ρ(n) =

(
�ρ(0) +

∞∑
l=0

1
2l

�µ(l)
)

Π0, (12.47)

where Π0 = limn→∞ Πn. (This limit exists if d = 1.)

Corollary 3 Suppose that d = 1, r = 1 (meaning that Π is the transi-
tion probability matrix for an aperiodic ergodic Markov chain). Then with
probability 1,

lim
n→∞ �ρ(n) = |�ρ(0)|1�p, (12.48)

where �p is the vector of ergodic probabilities.

To prove formula (12.48) we first note that all rows of the matrix Π0 co-
incide with the vector �p. Therefore, for any vector �a we have the following
relation:

�a Π0 = (�a,�1)�p,

where �1 = (1, 1, . . . , 1). It follows that (�µ(l),�1) = 0 for all l ∈ Z+. So
formula (12.48) is a consequence of formula (12.47).
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Corollary 4 If r = 1, d > 1. Then with probability 1,

lim
n→∞

1
d

d−1∑
k=0

�ρ(nd + k) = |�ρ(0)|1�p. (12.49)

To see this, let

Π̂ =
1
d

d−1∑
k=0

Πk. (12.50)

It follows from formula (12.46) that

lim
n→∞

1
d

d−1∑
k=0

�ρ(nd + k) = �ρ(0) Π̂ +
1
d

d−1∑
k=0

d−1∑
i=0

�µ(i) Πk−1−i+d1{k<i+1}

=

(
�ρ(0) +

d−1∑
i=0

�µ(i)

)
Π̂.

Then in the case r = 1, Π̂ = Π0, which implies formula (12.49).

Remark 3 If r = 1, then with probability 1,

lim
n→∞

1
n

n∑
k=1

�ρ(k) = |�ρ(0)|1�p. (12.51)

So, for nonrandom �ρ(0), the sequence {�ρ(k)} satisfies the strong law of
large numbers. If |�ρ(0)|1 (this is the number of cells at the initial time) is
random, then the right–hand side of relation (12.51) is random, and the
strong law of large numbers does not apply.

Next, consider the case r > 1. Let �pj be the vector of the ergodic proba-
bilities for the class Sj , and let �1Sj

be the vector indicator of the class Sj

(i.e., the components {xs, s ∈ S} of this vector are xs = 1Sj
(s)).

Theorem 7 (i) For all j ∈ 1, r there exists the limit

lim
n→∞(�p(n),�1Sj ) = ηj , (12.52)

where η1, . . . , ηr are nonnegative random variables,
∑r

j=1 ηj = |�ρ(0)|1.
(ii) If the period of the Markov chain with transition matrix P is d, then

lim
n→∞

1
d

d−1∑
k=0

�ρ(n + k) =
r∑

j=1

ηj�p
j . (12.53)

Proof Note that

(�p(n),�1Sj ) ≤ (�p(n + 1),�1Sj )

because of formula (12.35) and the relation

P{ηk(m, s′, s, s1) = 0}
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if s′ ∈ Sj and s /∈ Sj or s1 /∈ Sj . Also,
r∑

j=1

�p(n) ≤ |�p(n)|1 = |�p(0)|1.

Suppose that
r∑

j=1

(�p(0),�1Sj
) = |�p(0)|1.

We can consider r different populations, such that the jth population is
the population with genotypes s ∈ Sj , j = 1, . . . , r. Each population de-
velops independently of the others, and to each population we can apply
Corollary 4, which implies the following statement:

lim
n→∞

1
d

d−1∑
k=0

Qj�ρ(n + k) = |Qj�ρ(0)|1�pj ,

where Qj is the projector matrix for which

Qj�x = Qj{xs : s ∈ S} = {1Sj
xs}.

So

lim
n→∞

1
d

d−1∑
k=0

�ρ(n + k) =
r∑

j=1

(�ρ(0),�1Sj
)�pj .

It follows from this formula that for all l ∈ Z+,

lim inf
n→∞

1
d

d−1∑
k=0

�ρ(n + k) = lim inf
n→∞

1
d

d−1∑
k=0

�ρ(n + l + k) ≥
r∑

j=1

(�ρ(0),�1Sj
)�pj

and

lim inf
n→∞

1
d

d−1∑
k=0

�ρ(n + k) ≥
r∑

j=1

ηj�p
j .

Since

lim
n→∞

1
d

d−1∑
k=0

(�ρ(n + k),�1) = |�ρ(0)|1 =
r∑

j=1

ηj =


 r∑

j=1

ηj�p
j ,�1


 ,

we conclude that

lim
n→∞

1
d

d−1∑
k=0

�ρ(n + k) = ηj�p
j .

�
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Remark 4 If r > 1, then with probability 1,

lim
n→∞

1
n

n∑
k=0

�ρ(k) =
r∑

j=1

ηj�p
j . (12.54)

The expression on the right–hand side of relation (12.54) is essentially
random because it can be proved that var ηj > 0, if for the Markov chain
with transition probability Π there exist transient states and a state s
for which qs(i) ∈ (0, 1) for some i. It follows that the strong law of large
numbers typically does not apply in the case r > 1.

12.3.2 Evolution of the Genome in a Random Environment
Now we assume that the probabilities π(s, s1, s2) that determine reproduc-
tion of the cells are randomly changing in time. So they depend on some
factors that can be described as being the “environment” in which the pop-
ulation develops. This environment will be described here by a stationary
stochastic process. We consider a system of random variables

E∗ = {π∗
n(s, s1, s2), n = 0, 1, 2, . . . , s, s1, s2 ∈ S}

satisfying the following conditions:

(E∗1) 0 ≤ π∗
n(s, s1, s2) ≤ 1.

(E∗2)
∑

s1,s2∈S

π∗
n(s, s1, s2) = 1 for n ∈ Z+, s ∈ S.

(E∗3) {π∗
t (s, s1, s2), s, s1, s2 ∈ S}, t = 0, 1, . . . , is an ergodic stationary

stochastic process in the space RM ′
, where M ′ = M2(M + 1)/2.

We will describe the evolution of the population as a Markov branching
process in a random environment E∗. We introduce the system of random
variables

H = {ηk(t, s, s1, s2), k ∈ Z+, t ∈ Z+, s, s1, s2 ∈ S}
satisfying the following conditions:

(1) They are conditionally independent for various values of k, t, s with
respect to the system E∗.

(2) For η ∈ H,

P{η = 0
/
E} + P{η = 1

/
E} = 1,

where E is the σ-algebra generated by system E∗.

(3) For all t ∈ Z+, k ∈ Z+, s ∈ S,∑
{s1,s2}

ηk(t, s, s1, s2) = 1.
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(4) P{ηk(t, s, s1, s2) = 1/E} = π∗
t (s, s1, s2).

The evolution of the population is described by the stochastic process
�ν(t) = {νs(t), s ∈ S}, where νs(t) is defined by formula (12.35). Denote by
Et the σ-algebra generated by

{π∗
t (s, s1, s2), n ≤ t, s, s1, s2 ∈ s}.

Introduce the matrix-valued stochastic process {A∗
n, n ∈ Z+}, the elements

of the matrix A∗
n being given by the formula

A∗
n(s1, s2) = 2π∗

n(s1, s2) + 2
∑
s �=s2

π∗
n(s1, s2, s). (12.55)

Note that A∗
n(s1, s2) is the conditional average number of daughters of type

s2 with respect to the σ-algebra E if the mother is of type s1.
Denote by Fn the σ-algebra generated by {�ν(t), t ≤ n}. Then

E(�ν(t + 1)
/
Ft ∨ E) = �ν(t)A∗

t (12.56)

and

E(�ν(t)
/
E) = �ν(0)A∗

0A
∗
1 · · ·A∗

t−1, (12.57)

First, we consider the asymptotic behavior of the conditional expectation
of the process �ν(t). Note that the matrices

Π∗
n =

1
2
A∗

n (12.58)

are stochastic matrices and {Π∗
n, n ∈ Z} is an ergodic stationary

environment (see Section 7.1).

Theorem 8 Suppose that conditions (E∗1)–(E∗3) are satisfied, and that
Eα(Π∗

0) > 0. Then:

(i) There exists a D1
m-valued stochastic stationary process �dn for which

�dn+1 = �dnΠ∗
n, and for all �a ∈ D1

m with probability 1 we have that

lim
n→∞ |�dn − �aΠ∗

0 · · ·Π∗
n−1|1 = 0.

(ii) There exists a matrix Π0 with identical rows for which

lim
n→∞ EΠ∗

0 · · ·Π∗
n = Π0.

(iii) With probability 1,

lim
n→∞

1
n

(Π∗
0 + Π∗

0Π
∗
1 + · · · + Π∗

0Π
∗
1 · · ·Π∗

n) = Π0.

The statements of the theorem follow from Theorem 2 of Chapter 7.
Let �ρ(t) be defined by formula (12.40) with �ν(t) as defined in this section.
We consider next the asymptotic behavior of �ρ(t) as t → ∞.
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Theorem 9 Let the conditions of Theorem 8 be fulfilled. Then

lim
t→∞ E|�ρ(t) − �dt|1 = 0.

Proof Set

�µ(t) = �ν(t + 1) − �ν(t)A∗
t , t ∈ Z+. (12.59)

One can check that the following relations hold:

E(�µ(t)
/
Ft ∨ E) = 0, (12.60)

E((�µ(t), �µ(t))
/
Ft ∨ E) ≤ c2t, (12.61)

where c > 0 is a constant.
It follows from formula (12.59) that for t ∈ Z+, �ν(t) can be represented by
the formula

�ν(t) = �ν(0)A∗
0 · · ·A∗

t−1 +
∑

k<t−1

�µ(k)A∗
k+1 · · ·A∗

t−1.

So for �ρ(t) we have

�ρ(t) = �ρ(0)Π∗
0 · · ·Π∗

t−1 +
∑

k<t−1

1
2k+1 �µ(k)Π∗

k+1 · · ·Π∗
t−1.

It follows from statement (i) of Theorem 8 that

lim
t→∞ |�dt − �ρ(0)Π∗

0 · · ·Π∗
n−1|1 = 0,

and for all k ∈ Z+,

lim
t→∞ E

∣∣∣∣ 1
2k+1 �µ(k)Π∗

k+1 · · ·Π∗
t−1

∣∣∣∣
1

= lim
t→∞ E

∣∣∣∣ 1
2k+1 �ν(k + 1)Π∗

k+1 · · ·Π∗
t−1 − 1

2k
�ν(k)Π∗

k · · ·Π∗
t−1

∣∣∣∣
1

= lim
t→∞ E

∣∣∣(�ρ(k + 1)Π∗
k+1 · · ·Π∗

t−1 − �dt−1
)

−
(
�ρ(k)Π∗

k · · ·Π∗
t−1 − �dt−1

)∣∣∣
1
,

which is zero. Therefore, for any n ∈ Z+,

lim sup
t→∞

E|�ρ(t) − �dt|1 ≤ lim sup
t→∞

E|
∑
n≤k

�µ(k)Π∗
k+1 · · ·Π∗

t−1|1.

Formulas (12.60) and (12.61) imply that for n < t − 1,

E

( ∑
n≤k<t−1

1
2k+1 �µkΠ∗

k+1 · · ·Π∗
t−1,

∑
n≤k<t−1

1
2k+1 �µkΠ∗

k+1 · · ·Π∗
t−1

)

= E
∑

n≤k<t−1

1
2k+1

(
�µkΠ∗

k+1 · · ·Π∗
t−1, �µkΠ∗

k+1 · · ·Π∗
t−1
)

≤ E
∑

n≤k<t−1

1
2k+1 (�µk, �µk) ≤ c

4

∞∑
k=n

2−k = c2−n+1
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(because ‖Π∗
k‖ = 1 in the Euclidean space Rm).

�

Remark 5 Let �p be a row vector of the matrix Π0 defined in statement (ii)
of Theorem 8. Then

1
n

n−1∑
k=0

�ρ(k) → �p in probability.

This is a consequence of Theorem 9 and statement (iii) of Theorem 8.

12.3.3 Evolution in a Random Environment
Suppose that the probabilities {π∗

n(s, s1, s2), n ∈ Z+, s, s1, s2 ∈ S} that
define the random environment are of the form

π∗
n(s, s1, s2) = π(s, s1, s2) + επ̂n(s, s1, s2), (12.62)

where π(s, s1, s2) is a nonrandom function of the type considered in Section
12.3.1, ε > 0 is a small number, and {π∗

n(s, s1, s2), s, s1, s2 ∈ S}, as a
function of n ∈ Z+, is an ergodic stationary process. We suppose that
{π∗

n(s, s1, s2), n ∈ Z+, s, s1, s2 ∈ S} in formula (12.62) satisfies conditions
(E∗1)—(E∗2) of Section 12.3.2 for all ε ∈ (0, ε0), where ε0 > 0 is a fixed
constant. This implies that∑

s1,s2∈S

π̂n(s, s1, s2) = 0.

We suppose also that the following mixing condition holds

(E∗4) Denote by E l the σ-algebra generated by the set of random variables

{π̂n(s, s1, s2), n ≥ l, s, s1, s2 ∈ S}.

There exists a sequence of nonnegative numbers {αl, l ∈ Z+} for
which αl → 0 and

|Eξ1ξ2 − Eξ1Eξ2| ≤ αl

for all pairs of random variables ξ1, ξ2 for which ξ1 is En-measurable,
ξ2 is E l+n-measurable, and |ξk| ≤ 1, k = 1, 2.

Recall that the last condition was used in our investigation of Markov
chains in a random environment (see Chapter 7).
The vector-valued stochastic process in Rm describing the evolution of
the population in the random environment determined by the probabilities
(12.62) is denoted by �νε(t). We will investigate the asymptotic behavior of
this process as t → ∞ and ε → 0.
Set �ρε(t) = 2−t�ν(t). Let Π be the matrix whose elements are 1

2A(s1, s2),
where A(s1, s2) is defined by formula (12.36). Denote by Π̂n the matrix
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whose elements are

π̂n(s1, s2) +
∑
s �=s2

π̂n(s1, s2, s).

Then the matrices Π∗
n considered in Section 12.3.2 are

Π∗
n = Π + εΠ̂n.

Theorem 10 Let conditions (E∗1)–(E∗4) be satisfied, let the matrix Π be
aperiodic, and suppose that α(Π + εEΠ̂0) > 0 for ε ∈ (0, ε0). Then the
following statements hold: (i) There exists the limit

lim
n→∞ E(Π + εΠ̂0) · · · (Π + εΠ̂n) = Πε,

where the matrix Πε has identical rows (so ‖Πε‖0 = 0).
(ii) There exists the limit

lim
ε→0

Πε = Π0,

where

Π0 = lim
t→∞ Π∞ exp{tΠ∞QΠ∞}, Π∞ = lim

n→∞ Πn, Q = EΠ̂0,

and Π0 is a matrix with identical rows.
(iii) For all ε ∈ (0, ε0),

lim
ε→0

E
∣∣∣�ρε(t) − �ρε(0)(Π + εΠ̂0) · · · (Π + εΠ̂t−1)

∣∣∣
1

= 0.

(iv) With probability 1,

lim
n→∞

1
n

n∑
k=1

(Π + εΠ̂0) · · · (Π + εΠ̂n−1) = Πε.

(v) Denote by �p0 any of the rows of the matrix Π0. Then

lim
ε→0

lim sup
n→∞

| 1
n

n∑
k=1

�ρε(k) − �p0| = 0.

The proof of this theorem is a consequence of Theorems 2, 5 of Chapter 7
and Theorems 4, 8, 9.
The results in this chapter provide methods for studying very large dy-
namical systems in genetics which are perturbed by random noise. For the
most part, they show that if reasonable assumptions are made about the
noise, then with high probability the system’s behavior can be described
using familiar limit procedures.



Appendix A
Some Notions of Probability Theory

This appendix provides some background on notation and concepts that
play central roles in this book. This material is widely available in standard
texts in the theory and applications of probability.

Probability Space and Random Variables

Probability Space
A probability space is a triple {Ω, F , P}, where Ω is a set that is called
the set of outcomes or samples; F is a collection of subsets of Ω that forms
a σ-algebra, which is called the collection of events; and P is a probability
measure defined for each set in F .

Remark 1 A collection of sets F is called a σ-algebra if:

(i) Ω ∈ F .

(ii) If A ∈ F and B ∈ F , then the set difference A \ B is also in F .

(iii) If An ∈ F for n = 1, 2, . . . , then
⋃

n An ∈ F .

Remark 2 A function m : F → R+ is called a measure if

m(A ∪ B) = m(A) + m(B) when A ∩ B = ∅
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and

m

(⋃
n

An

)
= lim

k→∞
m


⋃

n≤k

An


 .

Random variables
A function ξ : Ω → R is called a random variable if the set

{ω ∈ Ω : ξ(ω) ≤ x}
is in F for any x ∈ R. ξ(ω) measures some attribute of the sample ω.
The function Fξ : R → [0, 1] defined by

Fξ(x) = P{ω : ξ(ω) ≤ x}
is called the distribution function of the random variable ξ.

Convergence of Random Variables
Let ξn(ω), for n = 1, 2, . . . , be a sequence of random variables defined on
the probability space {Ω,F , P}. Then we say that:

(i) ξn converges to a random variable ξ in probability if for every ε > 0,

lim
n→∞ P{|ξn(ω) − ξ(ω)| > ε} = 0. (A.1)

(ii) ξn converges to ξ with probability 1 (almost surely or almost always,
i.e., for all ω except those in a set of P measure zero) if

P

(⋂
k>0

⋃
n>k

{ω : |ξn(ω) − ξ(ω)| > ε}
)

= 0. (A.2)

(iii) The distribution of ξn converges weakly to the distribution of ξ if

lim
n→∞ Fξn

(x) = Fξ(x)

for almost all x ∈ R. Here Fξn
(x) = P{ξn(ω) ≤ x}.

Expectation
Let ξ be a random variable on the probability space {Ω,F , P}. We say that
ξ has expected value or expectation Eξ if the function ξ(ω) is integrable
with respect to the measure P , and then

Eξ =
∫

Ω
ξ(ω)P (dω).

Remark 3 A measurable function ξ is integrable with respect to the
measure P if

∞∑
n=1

nP{n − 1 ≤ |ξ(ω)| < n} < ∞. (A.3)



454 Appendix A

In this case

Eξ = lim
h→0

∞∑
h=0

nhP{(n − 1)h ≤ ξ(ω) < nh}. (A.4)

The main property of the expectation is that if c1, c2 are constants and if
Eξ1, Eξ2 exist, then

E(c1ξ1 + c2ξ2) = c1Eξ1 + c2Eξ2.

Remark 4 For a nonnegative random variable ξ ≥ 0, we set Eξ = ∞ if
Eξ does not exist. We denote by L1(Ω, P ) the set of random variables ξ(ω)
for which E|ξ| < ∞. If we introduce into L1(Ω, P ) the norm ‖ξ‖L1 = E|ξ|.
Then L1 becomes a Banach space.
Suppose that ξ2 ∈ L1(Ω, P ). Then the number

Var(ξ) = Eξ2 − (Eξ)2

is called the variance of ξ.

Independence
A sequence of random variables, say {ξn(ω)} for n = 1, 2, . . . , is a se-
quence of independent random variables if for every n and all real numbers
x1, . . . , xn, the following relation holds:

P

(
n⋂

k=1

{ω : ξk(ω) ≤ xk}
)

=
n∏

k=1

P{ξk(ω) ≤ xk}. (A.5)

If all ξk(ω) have the same distribution function, then the sequence is
said to comprise independent and identically distributed random variables
(i.i.d.r.v.).

Remark 5 The function

Fn(x1, . . . , xn) = P

( n⋂
k=1

{ω : ξk(ω) ≤ xk}
)

(A.6)

is called the joint distribution function for the random variables ξ1, . . . , ξn.
Consider the vector �ξ(ω) ∈ Rn with coordinates (ξ1(ω), . . . , ξn(ω)). This
vector is called a random vector or an Rn-valued random variable. Note
that �ξ is a measurable function from Ω into Rn. That is,

{ω : �ξ(ω) ∈ A} ∈ F
if A is a Borel set in Rn. The Borel sets are defined to be the minimal collec-
tion of events for which the distribution functions are defined. They are the
σ-algebra generated by the “intervals” {x ∈ Rd : a1 ≤ x1 < b1, . . . , ad ≤
xd < bd} for some constants −∞ ≤ aj < bj ≤ ∞. The measure

m�ξ(A) = P ({ω : �ξ(ω) ∈ A}) (A.7)
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is called the distribution function for the random vector �ξ.

The Law of Large Numbers
(Also known as Chebyshev’s theorem.) Suppose that {ξn} are independent
random variables for which E|ξn|2 < ∞ for n = 1, 2, . . . , and

1
n2

n∑
k=1

Var(ξk) → 0

as n → ∞. Then

1
n

n∑
k=1

ξk(ω) − 1
n

n∑
k=1

Eξk → 0

in probability.

Strong Law of Large Numbers
Consider a sequence of i.i.d.r.v. {ξk} for which Eξ1 is defined. Then

lim
n→∞

1
n

n∑
k=1

ξk(ω) = Eξ1

almost surely.

The Central Limit Theorem
(Also known as Laplace’s theorem.) Let {ξk} be i.i.d.r.v., each having the
same mean and variance: Eξk = a and Var(ξk) = b for all k. Then

lim
n→∞ P{ξ1(ω) + · · · + ξn(ω) <

√
nx + na} = Φ(x), (A.8)

where

Φ(x) =
1√
2π

∫ x

−∞
exp
(
−u2/2

)
du.

This function is called the Gaussian or normal distribution function.

Very Important Remark: The argument ω in random variables is, as a
rule, omitted in formulas.
Let {Ak}, for k = 1, 2, . . . , be elements of F . These are called independent
events if for every number r and every sequence n1, n2, . . . , nr we have

P

(
r⋂

i=1

Ani

)
=

r∏
i=1

P (Ani).

The following statement is useful in various applications of probability
theory.

Borel–Cantelli Lemma: Let Ak ∈ F for k = 1, 2, . . . .
(i) If ∑

k

P (Ak) < ∞, (A.9)
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then

P

( ∞⋂
n=1

∞⋃
k=n

Ak

)
= 0. (A.10)

(ii) If the sets {Ak} are independent, then equation (A.10) implies that
equation (A.9) holds.

Conditional Expectations
Let G be a sub–σ-algebra of F and let ξ ∈ L1(Ω, P ). Then there exists a
random variable η(ω) satisfying the following conditions:

(i) η(ω) is G-measurable.

(ii) For any B ∈ G,

Eξ1B = Eη1B , (A.11)

where 1B denotes the indicator function for the set B.

This random variable η is unique in the sense that if η̃ is another random
variable satisfying (i), (ii), then

P{η = η̃} = 1.

The random variable η(ω) is called the conditional expectation of ξ with
respect to the σ-algebra G, and it is denoted by

η = E(ξ/G).

Remark 6 Consider random variables {ξλ, λ ∈ Λ}, where Λ is a set of
parameters labeling this set of random variables. We denote by σ{ξλ, λ ∈
Λ} the minimal σ-algebra that contains all sets of the form

{ω : ξλ(ω) ≤ x}

for λ ∈ Λ and x ∈ R. We say that this σ-algebra is generated by the set
of random variables {ξλ, λ ∈ Λ}. If Λ = {1, 2, . . . , n}, then the conditional
expectation of a random variable ξ with respect to σ{ξk, k = 1, . . . , n} is
denoted by

E(ξ/ξ1(ω), . . . , ξk(ω)).

There is a measurable function g(x1, . . . , xn) : Rn → R for which

E(ξ/ξ1(ω), . . . , ξn(ω)) = g(ξ1(ω), . . . , ξn(ω)).

Remark 7 Let G ⊂ F be an arbitrary σ-algebra and let {ξ1, . . . , ξn}
be random variables. Then the conditional distribution of these random
variables with respect to the σ-algebra G exist and define a probability
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measure, say µ(ω, B), that depends (measurably) on ω, where B is any
Borel set on Rm. The measure µ satisfies the relation

E(F (ξ1, . . . , ξn)/G)(ω) =
∫

Rn

F (x)µ(ω, dx) (A.12)

for any measurable bounded function F .

Remark 8 The conditional probability with respect to the σ-algebra G
is defined to be

P (A/G) ≡ E(1A/G).

The conditional probability has the following properties:

(1) 0 ≤ P (A/G) ≤ 1, almost surely.

(2) P (Ω/G) = 1, almost surely.

(3) If An ∈ F for n = 1, 2, . . . , and An ∩ Am = ∅ if n �= m, then

P

(⋃
n

An

/
G
)

=
∑

n

P (An/G)

almost surely.

Martingales
A sequence of random variables, say {ξk} in L1(Ω, P ) for k = 0, 1, . . . , is
called a martingale if for all k,

E(ξk+1/ξ0(ω), . . . , ξk(ω)) = ξk(ω)

almost surely. If “=” in the last equation is replaced by “≥,” then the
sequence is called a submartingale, and {−ξk} is called a supermartingale.
These structures are useful for studying limit behaviors because of the
following result:

Theorem Let {ξn} be a submartingale and suppose that E|ξn| < ∞. Then
limn→∞ ξn exists with probability 1.

Markov Chain in a Measurable Space
Let (Y, C) be a measurable space where Y is an arbitrary set and C is a σ-
algebra of its subsets. A measurable mapping y : Ω → Y is called a Y -valued
random variable if the set {ω : y(ω) ∈ C} is in F for all sets C ∈ C. The
sequence of Y -valued random variables {yk(ω)}, n = 0, 1, 2, . . . , is called a
Markov chain (or discrete–time Markov process) if there is a sequence of
functions Qn(y, C) for y ∈ Y and C ∈ C satisfying the following properties:

(1) Qn is C-measurable in y.

(2) Qn is a probability measure in C.
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(3) P (yn+1(ω) ∈ C/y0(ω), . . . , yn(ω)) = Qn(yn(ω), C).

The function Qn is called the transition probability of the Markov chain at
the nth step. A Markov chain is called homogeneous if Qn does not depend
on n.
In the case Y = {1, 2, . . . , n}, the σ-algebra C is the σ-algebra of all subsets
of Y , and the function Qn is defined by the m × m matrix

Qn = (qi,j(n)),

where qi,j(n) = P (Yn+1(ω) = j/Yn(ω) = i).

Stochastic Processes

Let (Y, C) be a measurable space and let S ⊂ R. A function y(t, ω) from
S×Ω into Y is called a Y -valued stochastic process if y(t, ω) is C-measurable
for each t ∈ S. The set S is called the (time) domain of the process.
The main characteristic of a stochastic process is its finite–dimensional
distributions, which are defined by the sequence of functions

Fn(t1, . . . , tn, C1, . . . , Cn) = P

( n⋂
k=1

{ω : y(tk, ω) ∈ Ck}
)

(A.13)

for n = 1, 2, . . . , and for k = 1, ..., n, Ck ∈ C, and tk ∈ S. If Y is a separable
and complete metric space, then the sequence in equation (A.13) satisfies
the following conditions:

(i) Fn does not change under a permutation of the numbers tk and the
sets Ck above.

(ii) Fn is a measure in Ck for all k.

(iii) The iteration

Fn(t1, . . . , tn, C1, . . . , Cn−1, Y ) = Fn−1(t1, . . . , tn−1, C1, . . . , Cn−1)

determines a unique probability measure µ on the space {Y S ,F(Y S)},
where Y S is the set of all functions from S to Y , and F(Y S) is the
minimal σ-algebra of subsets of Y S containing all sets of the form

{y(·) ∈ Y S : y(t) ∈ C}
for all t ∈ S and C ∈ C.

Gaussian Stochastic Processes
A real-valued random variable ξ has a Gaussian distribution if its
distribution function Fξ(x) is represented by the formula

Fξ(x) =
∫ x

−∞

1√
2πb

exp
(

− (u − a)2

2b

)
du,



Stochastic Processes 459

where a = Eξ and b = Var(ξ). Remarkably, this is equivalent to the relation

E exp{izξ} = exp
(
iaz − bz2/2

)
. (A.14)

(Here i =
√

−1.) The expectation on the left–hand side of equation (A.14)
is called the characteristic function of the random variable ξ.
Let ξ1, . . . , ξn be real-valued random variables for which Eξ2

k < ∞, for
k = 1, 2, . . . , n. We suppose that these variables have a joint Gaussian
distribution; i.e., for all z1, . . . , zn,

E exp

(
i

n∑
k=1

zkξk

)
= exp


i

n∑
k=1

akzkξk − 1
2

n∑
k,m=1

bk,mzkzm


 , (A.15)

where ak = Eξk and bk,m = Eξkξm − akam. In this case, we say that the
vector �ξ is Gaussian, or equivalently, it has an n–dimensional Gaussian
distribution, with mean value �a and covariance matrix

B = (bk,m)k,m∈1,n.

A function ξ(t, ω) for t ∈ S is a real-valued Gaussian stochastic process
if for all t1, . . . , tn ∈ S, the joint distribution of the random variables
ξ(t1, ω), . . . , ξ(tn, ω) is Gaussian. Let us set

a(t) = Eξ(t), b(s, t) = Eξ(s)ξ(t) − a(s)a(t),

which are the mean value and covariance function of the Gaussian stochas-
tic process ξ(t, ω), respectively. These functions uniquely determine ξ’s
finite–dimensional distributions.
Let �ξ be an Rd-valued stochastic process with a domain S. It is called a
Gaussian process if for all n ≥ 1, t1, . . . , tn ∈ S, and �x1, . . . , �xn ∈ Rd, the
real–valued random variable

n∑
k=1

(�xk, �ξ(tk, ω))

has a Gaussian distribution. Here (u, v) denotes the scalar (dot) product
in Rd. Denote by {ξk(t, ω)} the coordinates of the vector �ξ. Set �a(t) = E�ξ
and B(s, t) = (bk,m(s, t))k,m∈1,n, where the elements of the matrix B are

bk,m(s, t) = Eξk(s, ω)ξm(t, ω) − Eξk(s, ω)Eξm(t, ω).

The vector �a(t) is called the mean value of the stochastic process, and
B(s, t) is its covariance matrix function. These functions determine the
finite–dimensional distribution of the stochastic process.

Processes with Independent Increments
Suppose that Y = Rd and S = [0,∞). Let x(t) be an Rd-valued stochastic
process. (Note that we now use the notation x(t) for �ξ(t, ω).) We say that
x has independent increments if for every choice of numbers 0 ≤ t0 < t1 <
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· · · < tn, the random vectors

x(t0), x(t1) − x(t0), . . . , x(tn) − x(tn−1)

are independent; i.e.,

P

(
n⋂

k=1

{x(tk) − x(tk−1) ∈ Ak} ∩ {x(t0) ∈ A0}
)

= P{x(t0) ∈ A0}
n∏

k=1

P{x(tk) − x(tk−1) ∈ Ak}.

An Rd-valued stochastic process x(t) is called continuous in probability if
|x(s)−x(t)| → 0 in probability as s → t. This means that for every sequence
{sn} converging to t, |x(sn) − x(t)| → 0 as n → ∞ in probability.
Suppose that the process x has independent increments and that it is con-
tinuous in probability. Set f(t, z) = E exp{i(x(t)·z)} for each vector z ∈ Rd

(this is the characteristic function of x). This function can be written in
the form

f(t, z) = f(0, z) exp
{

i(a(t), z) − 1
2
(B(t)z, z)

+
∫ (

ei(z·x) − 1 − i(z, x)
1 + |x|2

)
Λ(t, dx)

}
,

(A.16)

where a(t) is a continuous function, B(t) is an L(Rd)-valued continuous
function whose values are nonnegative symmetric matrices, and the matrix
B(t2) − B(t1) is nonnegative for t1 < t2. Here Λ(t, ·) is for each t > 0 a
measure on Rd \ {0} for which the integral∫

Rd

|x|2
1 + |x|2 Λ(t, dx)

is an increasing continuous function in t.
A process with independent increments is called homogeneous if the distri-
bution of x(t + h) − x(t) does not depend on t for any h > 0. In this case,
we have in formula (A.16) that

a(t) = ta, B(t) = tB, Λ(t, A) = tΛ(A),

where a ∈ Rd, B ∈ L(R) is a symmetric nonnegative matrix, and Λ(dx) is
a measure on Rd for which∫ |x|2

1 + |x|2 Λ(dx) < ∞.

Gaussian Process with Independent Increments
The characteristic function of a Gaussian random vector x(ω) in Rd is of
the form

E exp{i(x(ω) · z)} = exp{i(a, z) − (Bz, z)/2}, (A.17)
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where a ∈ Rd is the mean value of x(ω) and B ∈ L(Rd) is its corre-
lation matrix. So a Gaussian process with independent increments has a
characteristic function as in (A.16) in which Λ(t, dx) = 0.
A homogeneous Gaussian process w(t) ∈ Rd is called a Wiener process if
its distribution is invariant with respect to orthogonal transformations of
Rd. In this case, the characteristic function of w(t) is the form

exp{−tσ2(z, z)},

and the distribution of w is given by the formula

P{w(t) ∈ A} =
1√

2πσ2t

∫
A

exp{−x2/(2σ2t)} dx, (A.18)

where A is any Borel set in Rd.

Remark 9 Let w1(t), . . . , wd(t) be the coordinates of a vector �w(t). Then
wk(t) are one-dimensional Wiener processes, and they are independent and
identically distributed. In this case, independence of these processes means
that the random variables

F1(w1(·)), . . . , Fd(wd(·))

are independent for any functions F1, . . . , Fd of the form F (x(·)) = Φ(x(t1),
. . . , x(tk)), where Φ : Rk → R is a measurable function.

One-Dimensional Wiener Processes
A Wiener process is a Gaussian process having independent increments,
and its characteristic function is exp{−σ2tz2/2} for, in the one–dimensional
case, z ∈ R. When σ = 1, the process is called a standard Wiener process,
and in that case, Ew(t) = 0, E(w(t)2) = t. The next theorem characterizes
such Wiener processes:

Theorem(P. Levy) The process w(t) is continuous with probability 1. On
the other hand, if a process with independent increments is continuous with
probability 1 and has mean value 0, then it is a standard Wiener process.

Remark 10 Let x(t, ω) be an Rd-valued stochastic process that is con-
tinuous in probability. It is called continuous with probability 1 if there is
a countable dense subset Λ ⊂ R+ for which

P

{
lim
h→0

sup{|x(t1, ω) − x(t2, ω)| : t1, t2 ∈ Λ ∩ [0, t], |t1 − t2| ≤ h} = 0
}

= 1

(A.19)
for all t > 0.

Remark 11 The set C[0,T ](Rd) comprises continuous Rd-valued functions
x(t) on the interval 0 ≤ t ≤ T . This is a separable Banach space. Let
B(C[0,T ](Rd)) be the σ-algebra generated by Borel sets in C[0,T ](Rd). For
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any Rd-valued stochastic process ξ(t, ω) that is continuous with probability
1 on the interval [0, T ], a probability measure on this σ-algebra exists that
satisfies

mξ(Ct1,...,tk
(A1, . . . , Ak)) = P


 k⋂

j=1

{ω : ξ(tj , ω) ∈ Aj}




for all t1, . . . , tk ∈ [0, T ] and sets A1, . . . , Ak ∈ B(Rd). Here

Ct1,...,tk
(A1, . . . , Ak) = {x(·) ∈ C[0,T ](Rd) : x(tj) ∈ Aj , j = 1, . . . , k}.

The measure mξ is called the distribution of the stochastic process ξ(t, ω)
in C[0,T ](Rd).

The distribution of the standard Wiener process in C[0,T ](Rd) is called the
Wiener measure.

Filtrations and Stopping Times
Consider a family of σ-algebras {Ft, t ∈ R+} that has the following
properties:

(i) Ft1 ⊂ Ft2 ⊂ F for 0 ≤ t1 < t2.

(ii) Ft =
⋂

s>t Fs.

This family is called a filtration. A stochastic process x(t, ω) is adapted to
the filtration {Ft, t ∈ R+} if x(t, ω) is Ft-measurable for all t ∈ R+.
A nonnegative random variable T (ω) (which can take the value of +∞) is
called a stopping time with respect to the filtration {Ft} if {ω : T (ω) ≤ t} ∈
Ft for all t ∈ R+. For any stopping time T we introduce the σ-algebra FT ,
which consists of those sets A ∈ F∞ for which A ∩ {T ≤ t} ∈ Ft. Stopping
times and their corresponding σ-algebras satisfy the following properties:

(I.) If T1, T2 are stopping times and T1 ≤ T2, then FT1 ⊂ FT2 .

(II.) If Tn is a sequence of stopping times, then
∧

n Tn is a stopping time
and

F(
∧

n Tn) =
⋂
n

FTn .

Progressive Measurability
Let x(t, ω) for t ∈ R+ be an adapted R-valued stochastic process. It is called
a progressive measurable process if for any t the function x(s, ω) defined
on [0, t] × Ω is measurable with respect to the σ-algebra B([0, t]) × Ft.
We note two important properties of progressive measurable processes:

(1) For any stopping time T (ω), the function x(T (ω), ω) is an Ft-
measurable random variable.
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(2)
∫ t

0 φ(s, x(s, ω))ds is an Ft-measurable random variable for any
measurable bounded function φ : R+ × R → R.

Martingales and Semimartingales
An adapted R-valued stochastic process µ(t) is called a martingale (more
precisely, an {Ft, t ∈ R+}-martingale) if E|µ(t)| < ∞ and E(µ(t)/Fs) =
µ(s) almost surely for s < t.
A stochastic process µ∗(t) is a modification of the stochastic process µ(t)
if P (µ(t) = µ∗(t)) = 1 for all t ∈ R+. Any martingale µ(t) has a mod-
ification µ∗ that is right continuous, and µ∗(t−) exists for every t > 0.
This modification is referred to as the cadlag representation of µ. (It is
right–continuous and has left–limits at each point.)
Finally, we define a family of random variables, say {ξλ, λ ∈ Λ}, to be
uniformly integrable if E|ξλ| < ∞ for all λ ∈ Λ and

lim
c→+∞ sup

λ
E|ξλ|1|ξλ|>c = 0.

With these definitions, we have the following theorem:

Theorem Let µ(t) be a uniformly integrable martingale (i.e., the family
{µ(t), t ≥ 0} is uniformly integrable). Then:

(i) The limit

µ(+∞) = lim
t→∞ µ(t)

exists with probability 1.

(ii) For any two stopping times T1 ≤ T2, the condition

E(µ(T2)/FT1) = µ(T1)

holds almost surely.

(iii) For any stopping time T the stochastic process

µT (t) = µ(t ∧ T )

is a uniformly integrable martingale.

A stochastic process ξ(t) adapted to a filtration {Ft, t ∈ R+} is called a
supermartingale if E|ξ(t)| < ∞ and

E(ξ(t)/Fs) ≤ ξ(s)

almost surely for s < t. If the process ξ(t) is uniformly integrable
on any finite interval, then it has a cadlag representation ξ∗(t), and if
supt E|ξ(t)| < ∞, then there exists the limit limt→∞ ξ(t). A stochastic
process is a submartingale if its negative is a supermartingale.
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Square–Integrable Martingales
A martingale µ(t) is square–integrable if E(µ(t)2) < ∞ for all t. If µ
is a square–integrable martingale, then an increasing, right-continuous
stochastic process 〈µ〉t exists for which the following properties hold:

(a) 〈µ〉T is FT measurable for any stopping time T , where the σ-algebra
FT is generated by the sets At ∩ {T > t} for t ∈ R+ and At ∈ Ft.

(b) (µ(t))2 − 〈µ〉t is a martingale.

The stochastic process 〈µ〉t is called the square characteristic of the
martingale µ(t).
Let µ1(t) and µ2(t) be two square–integrable martingales. Then there exists
a right-continuous stochastic process of bounded variation, say 〈µ1, µ2〉t,
for which

µ1(t) · µ2(t) − 〈µ1, µ2〉t

is a martingale and 〈µ1, µ2〉T is FT−–measurable for any stopping time T .
The stochastic process 〈µ1, µ2〉t is called the mutual square characteristic
of the martingales µ1(t) and µ2(t). It is determined almost surely by µ1(t)
and µ2(t).

Martingale Characteristic of a Wiener Process
A Wiener process w(t) is adapted to the filtration {Ft, t ∈ R+} if it is Ft

measurable for all t and w(t+h)−w(t) is independent of the σ-algebra Ft

for all t, h ∈ R+.

Theorem A continuous adapted stochastic process ξ(t) is a Wiener process
adapted to the filtration {Ft, t ∈ R+} if and only if it is a square integrable
martingale and 〈ξ〉t = t.

Remark 12 An Rd–valued adapted process �ξ(t) is a d-dimensional
adapted Wiener process if and only if (�ξ(t), z) ≡ ξz(t) is a square–integrable
martingale and 〈ξz〉t = σ2(z, z) for every z ∈ Rd and for some number
σ > 0.

Markov Processes
Let y(t, ω) for t ∈ R+ be a Y -valued stochastic process where (Y, C) is a
measurable space. We denote by Yt the σ-algebra generated by {y(s, ω), s ≤
t} and

Ŷt =
⋂
s>t

Ys.

The function y is said to be a Markov process if there is a function
Q(s, y, t, C) defined for 0 ≤ s < t, y ∈ Y, C ∈ C such that

(1) Q(s, y, t, ·) is a probability measure on C.

(2) Q(s, ·, t, C) is a C-measurable function for fixed s, t, C.
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(3) Q satisfies the Chapman–Kolmogorov equation

Q(s, y, u, C) =
∫

Y

Q(s, y, t, dỹ) Q(t, y, u, C)

for all y ∈ Y, C ∈ C, and 0 ≤ s < t < u.

(4) P{y(t, ω) ∈ C/Ŷs} = Q(s, y(s, ω), t, C) almost surely.

The function Q is called the transition probability function for the Markov
process y(t, ω).

Remark 12 The finite–dimensional distributions of the Markov process
ξ are represented by the following formula: For t0 = 0 < t1 < · · · < tn,

P{y(t0, ω) ∈ C0, . . . , y(tn, ω) ∈ Cn}

=
∫

C0

∫
C1

. . .

∫
Cn

π(dy0)
n∏

k=1

Q(tk−1, yk−1, tk, dyk),

where π(C0) = P{y(t0, ω) ∈ C0} is the initial distribution of the process.

Jump Markov Processes
A Markov process y(t, ω) is called a jump Markov process if for every T > 0
there is a constant AT for which

1 − Q(s, y, t, {y}) ≤ AT (t − s)

for 0 ≤ s < t < T and y ∈ Y . Here {y} is the set containing only the element
y, which we suppose to be in C. In this case, the transition probability
function satisfies the Kolmogorov equations

∂

∂t
Q(s, y, t, C) =

∫
Q(s, y, t, dz)q(t, z, C), (A.20)

and

∂

∂s
Q(s, y, t, C) = −

∫
q(s, y, dz)Q(s, z, t, C), (A.21)

where the function q(t, y, C) is a signed measure on C and C-measurable in
y. Moreover, −q(t, y, C \ {y})/q(t, y, {y}) is a probability measure.
A Markov process y(t, ω) is called homogeneous if its transition probability
function satisfies the relation

Q(s, y, t, C) = Q(0, y, t − s, C) = Q(t − s, y, C),

and then Q(t, y, C) is called the transition probability function for the ho-
mogeneous Markov process. For a homogeneous jump Markov process,
the function q in equations (A.20) and (A.21) does not depend on t, so
q(t, y, C) = q(y, C).
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The operator

Gtf(y) =
∫

f(z)q(t, y, dz) = lim
h↓0

1
h

[∫
Q(t, y, t + h, dz)f(z) − f(y)

]
,

(A.22)
which is defined for all bounded measurable functions f : Y → R, is called
the generator of the Markov process y(t, ω). The next theorem describes a
jump process through its generator:

Theorem Let y(t, ω) be a jump Markov process whose generator is given
by the formula (A.22). Define

λ(t, y) = −q(t, y, {y}) and π(t, y, C) = (λ(t, y))−1q(t, y, C \ {y}).

Then there exists a sequence of stopping times {τk, k = 0, 1, 2, . . . } for
which

y(t, ω) = y(τk, ω) ≡ ηk(ω)

for t ∈ [τk, τk+1), k = 0, 1, . . . , where τ0 = 0, and {(τk, ηk), k = 0, 1, 2, . . . }
is a homogeneous Markov chain on R+ × Y having transition probability

Q∗((s, y), B) =
∫ ∞

s

exp{−
∫ u

s

λ(v, y)dv}π(u, y, Bu)λ(u, y) du,

where Bu = {y : (u, y) ∈ B}.

Diffusion Processes
A continuous Markov process x(t, ω) in Rd is called a diffusion process if
its transition probability function Q(s, y, t, B) satisfies the condition

lim
h↓0

1
h

∫
[Q(t, y, t + h, dx)f(x) − f(y)] = (f ′(y) · a(t, y))+

1
2
Trf ′′(y)B(t, y),

(A.23)
for all f ∈ C(2)(Rd), where a(t, y) : R+ × Rd → Rd and B(t, y) : R+ ×
Rd → L+(Rd) are continuous functions, L+(Rd) is the set of symmetric
nonnegative matrices from L(Rd), and Tr denotes the trace operator. Note
that f ′′ is the Jacobian matrix of second derivatives of f . We denote the
differential operator on the right–hand side of this relation by Lt. It is
called the generator of the diffusion process.

Remark 13 Relation (A.23) is equivalent to the following statements for
all f ∈ C(2)(Rd). The stochastic process

f(x(t, ω)) −
∫ t

0
Ls(f(x(s, ω))ds

is a martingale with respect to the filtration {Ft, t ∈ R+} generated by
the stochastic process x(t, ω). This statement represents the martingale
characteristic of a diffusion process. If this holds for a continuous process
x(t, ω), then it is a diffusion process.
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Stochastic Differential Equations
Diffusion processes can be constructed as solutions of stochastic differen-
tial equations. First, we introduce Ito’s stochastic integral. We consider a
filtration {Ft, t ∈ R+} and an adapted Wiener process w(t). Ito’s integral

Ig(t) =
∫ t

0
g(s, ω) dw(s)

is defined on progressive measurable functions g(s, ω) : R+ × Ω → R for
which

E

∫ t

0
g2(s, ω) dw(s) < ∞

in such a way that Ig(t) is a square–integrable martingale having square
characteristic

〈Ig〉t =
∫ t

0
g2(s, ω) ds.

If g(s, ω) = 1τ1≤t<τ2(s), where τ1 ≤ τ2 are stopping times, then

Ig(t) = w(t ∧ τ2) − w(t ∧ τ1).

Let a(t, x) and C(t, x) be continuous functions with values in Rd and in
L(Rd), respectively. Let �w(t) be an Rd-valued adapted Wiener process. We
consider the differential equation

dx(t, ω) = a(t, x(t, ω)) dt + C(t, x(t, ω)) d�w(t), (A.24)

which (by definition) is equivalent to the integral equation

x(t, ω) = x(0, ω) +
∫ t

0
a(s, x(s, ω)) ds +

∫ t

0
C(s, x(t, ω)) d�w(t). (A.25)

With these ideas, we have the following theorem.

Theorem Let a(t, x), C(t, x) satisfy the following conditions:

(i) They are continuous.

(ii) For any T > 0, there is a constant lT for which

|a(t, x1) − a(t, x2)| + ||C(t, x1) − C(t, x2)|| ≤ lT |x1 − x2|.

Then:

(i) If x(0, ω) is an F0-measurable Rd-valued random variable, then equa-
tion (A.25) has a unique solution that is a diffusion process with the
generator of the form (A.23), where

B(t, x) = C(t, x)C∗(t, x).
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(ii) The transition probability function Q(s, x, t, A) of this diffusion
process is defined by the relation

Q(s, x, t, A) = P (ξx,s(t) ∈ A), (A.26)

where ξx,s(t) is the solution of equation (A.24) on the interval (s,∞)
and satisfies the initial condition

ξx,s(s) = x.



Appendix B
Commentary

Randomly perturbed dynamical systems were first studied by N.N. Bogoli-
ubov and K.M. Krylov [11] using methods from ergodic theory and Markov
processes, for example deriving a Fokker–Planck equation for the transi-
tion probabilities of trajectories. These investigations were continued by I.I.
Gikhman [56], a student of Bogoliubov’s, who introduced ideas of stochas-
tic differential equations and applied them to study randomly perturbed
dynamical systems. A large literature has emerged from these fundamental
works. In this commentary we mention only some of the works that are
related to our study in this book.
Problems of randomly perturbed dynamical systems have been studied in
several books. We consider here those that were written in a mathematical
style. First, we acknowledge the book of R. Khashminski [97], which is
devoted to the stability of randomly perturbed dynamical systems. We
used some results of that book in Chapter 6 here. M.I. Friedlin and A.D.
Wentzell [47] considered randomly perturbed dynamical systems that are
described by Ito’s stochastic differential equations with small diffusion. The
main tools of that investigation were large deviation theorems that were
obtained by those authors for such systems. They investigated the behavior
of the system in a neighborhood of a stable static state and the asymptotic
behavior of the system with finitely many stable static states, deriving
both averaging and normal deviation approximations. In the book [130], H.
Kushner studied some general results concerning systems that are described
by stochastic differential equations. In particular, he considered phase–
locked loop models randomly perturbed by small Wiener processes. These
results are related to those in Chapter 10 of this book.
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The book [179] by A.V. Skorokhod contains some results on ergodic proper-
ties for diffusion Markov processes, averaging theorems, normal deviations,
and diffusion approximations for dynamical systems perturbed by fast er-
godic Markov processes. There were considered some results concerning
asymptotic behavior of nonergodic Markov processes. The book [98] is de-
voted to discrete time random dynamical systems determined by iteration
of independent random transformations. In this book we did not consider
such systems.
Chapter 1: The ergodic theorem was proved by G.D. Birkhoff [8], and in
a different form by A.N. Kolmogorov [101]. The ergodic theory used here
appears in the books by E. Hopf [72] and by P. Halmos [69]. Ergodic theory
for Markov chains was developed by A.N. Kolmogorov [100] for countable
phase spaces, and further for general phase spaces by W. Doeblin [26], T.E.
Harris [70], S. Orey [142], D. Revuz [168], and V.M. Shurenkov [174].
Chapter 2: General limit theorems for stochastic processes were considered
by M. Donsker [28], Yu.V. Prokhov [165], and A.V. Skorokhod [175]. Cen-
tral limit theorems for Markov and stationary processes were studied by
I.A. Ibragimov and Yu.V. Linik [85], I.A. Ibragimov [84], M. Rosenblatt
[171], and results of M.I. Gordin, which are presented in the book of P.
Billlingsley [7].
Chapter 3: Averaging theorems were first considered by N.M. Krylov and
N.N. Bogoliubov [11] for differential equations, and these results are pre-
sented in the book of Yu.A. Mitropolski [137]. Averaging theorems for
stochastic differential equations were considered by I.I. Gikhman [62] and
R.Z. Khasminski [93]. The authors considered averaging theorems for per-
turbed Volterra integral equations and perturbed (discrete–time processes)
difference equations in [79, 80].
Chapter 4: Normal deviations for differential equations were first studied
by Khasminski [93]. Normal deviations were first considered for stochastic
Volterra integral equations in [79] and for difference equations in [82].
Chapter 5: Diffusion approximations were considered by R.Z. Khasminkii
[96] for some stochastic differential equations. A general theory for ran-
domly perturbed differential equations was developed by G. Papanicolaou,
D. Stroock, and S. R. S. Varadhan [150]. V. Sarafian and A. Skorokhod
[172] obtained diffusion approximations for dynamical systems perturbed
by fast jump Markov processes, and this problem was considered further in
the book by A.V. Skorokhod [179]. Diffusion approximations for difference
equations were considered by the authors in [82].
Chapter 6: The main results on stability of the solution to stochastic
differential equations and randomly perturbed differential equations were
obtained by R.Z. Kasminski [97]. Some further results on the subject were
considered in the book by A.V. Skorokhod [175]. The stability of randomly
perturbed difference equations was studied by the authors [82]. The asymp-
totic behavior of the solutions to randomly perturbed Volterra integral
equations was also studied by the authors [79].
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Chapter 7: Markov chains in random environments were introduced by
K. Nawrotzki in 1976 [138] and by R. Cogburn [17]. The ergodic theory of
Markov chains was studied by K. Nawrotzki [139], [140] and by R. Cogburn
[18], [19]. The randomly perturbed Markov chains with small perturbations
were considered by the authors in [81]. Chapter 7 is based mostly on these
results. Nonrandom perturbations of Markov chains were considered by
V.S. Koroluk and A.I. Turbin in 1978 [193] and by F. Hoppensteadt and
W. Miranker in 1976 [73].
Chapter 8: Diffusion approximations for two-dimensional Hamiltonian sys-
tems were considered by M.I. Friedlin and A.D. Wentzell in [47]. Diffusion
processes on graphs were introduced by the same authors in [50]. Mechan-
ical systems perturbed by fast noise were considered by A.V. Skorokhod in
2000 [183].
Chapter 9: The authors used the book by E.A. Coddington and N. Levinson
[16] for descriptions of nonrandom systems on a torus. The results presented
here for random perturbations of torus flows are new.
Chapter 10: Phase–locked loops have been extensively studied for their re-
sponses to external signals by Levi [132]. Several uses of them in modern
circuits are described by Horowitz and Hill [83]. These circuits also play a
fundamental role in mathematical neuroscience, as shown by Hoppensteadt
and Izhikevich [78] and Hoppensteadt [76]. Many engineering books have
considered the response of such circuits to noisy signals, for example Papu-
lous [153]. A more detailed mathematical investigation was conducted by
Kushner [130]. The results presented here investigate system noise in such
circuits and are apparently new.
Chapter 11: Population biology comprises studies of ecology, epidemics,
and genetics, among many other phenomena. The definition of stochastic
processes by McKendrick [136], Feller [41], R. Fisher [44], S. Wright, and
J.B.S. Haldane have represented some of the strongest contributions of bi-
ology to mathematics! The approach we take here is based on beginning
with nonrandom models and studying their responses to random perturba-
tions. Earlier work in this direction was carried out by R.M. May [135], D.
Ludwig [133], and W. Ewens [39]. Since then a large literature has emerged
in this area. Most of the results in this chapter are based on random pertur-
bations of problems described by Hoppensteadt [74], [75], [77]. The authors
have considered some random perturbations of problems in demographics
in [92].
Chapter 12: The area of genetics still represents one of the most outstanding
applications of mathematics in the life sciences. As noted above, mathemat-
ics has benefited greatly from studies of genetics in providing ideas for the
development of random processes. On the other hand, modern genetics and
all of its successes would not have been possible without mathematical de-
scriptions. Our work here is based on work in Hoppensteadt [74], [75], [77]
and by the authors in [81].
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