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Preface

This book has its roots in two different areas of mathematics: pure
mathematics, where structures are discovered in the context of other math-
ematical structures and investigated, and applications of mathematics,
where mathematical structures are suggested by real-world problems aris-
ing in science and engineering, investigated, and then used to address the
motivating problem. While there are philosophical differences between ap-
plied and pure mathematical scientists, it is often difficult to sort them out.
The authors of this book reflect these different approaches.

This project began when Professor Skorokhod of the Ukranian Academy
of Sciences joined the faculty in the Department of Statistics and Prob-
ability at Michigan State University in 1993. After that, the authors
collaborated on numerous joint publications that have culminated in the
production of this book.

The structure of the book is roughly in two parts: The first part (Chap-
ters 1-7) presents a careful development of mathematical methods needed
to study random perturbations of dynamical systems. The second part
(Chapters 8-12) presents nonrandom problems in a variety of important
applications, reformulations of them that account for both external and
system random noise, and applications of the results from the first part to
analyze, simulate, and visualize these problems perturbed by noise. In most
cases, we identify which results are novel and which are closely related to de-
velopments by others. We have tried to acknowledge the primary sources on
which our work is based, but we apologize for those we have inadvertently
omitted.

The authors are grateful for the support in these projects from the De-
partment of Statistics and Probability and the College of Natural Science at
Michigan State University, the Systems Science and Engineering Research
Center at Arizona State University, and the National Science Foundation.

Kiev, Ukraine Anatoli V. Skorokhod
Paradise Valley, Arizona, USA Frank C. Hoppensteadt
East Lansing, Michigan, USA Habib Salehi

December 2001
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Introduction

Answers to the following questions describe the problems that we study in
this book and how we approach them.

What Are Dynamical Systems?

Many physical and biological systems are described using mathematical
models in terms of iterations of functions, differential equations, or inte-
gral equations. Respectively, these models have the form of a discrete—time
iteration equation

Tnt1 = f(n, zn,b),
a differential equation
z = f(t, x,b),
(here and below we write @ = dx/dt), or an integral equation
t
x(t) = /0 ft,s,z(s),b) ds.
The vector x in each case describes the state of the system, f describes

the system itself, and the vector b describes a collection of parameters
that characterizes the system f. These are usually observable or designable
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quantities in applications. For example, the forced harmonic oscillator

T1 = wTs,
To = —wx1 + A cos ut,
has
T
T = ! ,
x2
where
J1 = by xa,

fo = —by x1 + by cosbst,

and the parameters by = w,by = A, b3 = p describe the natural frequency
of oscillation, the forcing amplitude, and the forcing frequency, respectively.

There are many problems in the physical and life sciences that require
more sophisticated mathematical models, such as partial differential equa-
tions. While some of the methods that we present and develop here can
be applied to them, we restrict attention in this book to dynamical sys-
tems represented by iterations, differential equations, and Volterra integral

equations.
The problems of dynamical systems revolve around determining:

1. When solutions exist.
2. How many solutions there are.

3. Which solutions, or parts of them, are observable.

4. What are critical points for the system, for example, bifurcation val-
ues of b where the solution behavior changes dramatically, say from
being at rest to oscillating. (Such bifurcation phenomena are often

observable in experiments.)

5. What properties of the solutions do and do not persist when the

system is disturbed.

6. How do solutions behave? Are they stable? Are they periodic or

asymptotically periodic? What are their domains of attraction?

Once these questions are answered, we can begin to pursue further

investigations of the system’s qualitative and quantitative behaviors.

In particular, in this book we develop and apply methods for model-
ing and analyzing dynamical systems whose parameters (b here) involve

random noise.
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What Is Random Noise?

Engineering systems are described in terms of inputs, state variables, and
outputs. There are inherently many sources of noise in each of these. Some
are random influences on inputs, such as ionospheric fluctuations affecting
radio signals; some are fluctuations in the system’s components affecting
the state variables, such as thermal fluctuations in electronic components,
wear in mechanical parts, and manufacturing imperfections; and some are
measurement errors.

Measurement errors illustrate the problem: We cannot measure things
to infinite precision; we always make some kinds of errors. In fact, if we
perform many supposedly identical measurements of a physical attribute,
such as the thickness of a machined part or the voltage output of a semicon-
ductor, we get many different answers that depend on the resolution of our
measuring device. The collection of all our measurements forms a data base
that we can analyze. To do this, we need a mathematical structure that
will enable us to carry out precise calculations and, eventually, to quantify
randomness in useful ways. Applications of this are, among many others, to
quality control, system identification, signal processing, and system design.

Models are usually not known exactly, but only (at best) up to some
mathematical processes, such as differentiation, iteration, or integration.
Seeing how a model responds in the presence of noise gives some insight
to its usefulness in reality. For example, one of the strongest attributes of
dynamical systems is that “hyperbolic points persist under smooth pertur-
bations of the system,” but this is not necessarily true for systems with
random perturbations. So more robust stability concepts are needed, like
stability under persistent disturbances and stochastic stability.

Describing Noise Using Mathematics

A brief description of principal definitions and results in the theory of
probability that we use is given in Appendix A. As described there, the
underlying mathematical structure is a probability space, which we denote
by (2, F, P), where Q is the set of samples, and F is a designated collection
of subsets of €2, called the events, for which the probability measure P is
defined.

Solutions of dynamical systems are functions, say of time. If they are,
in addition, random, we must describe both randomness and time depen-
dence simultaneously. We refer to the result as either a random process, a
stochastic process, or a random signal.

Random processes are written as y(t,w), where ¢ is a timelike variable
and w €  is a sample in a probability space (2, F,P), and they are
functions mapping a time interval and the sample space into the real num-
bers. Usually, w is dropped from the notation, and we simply write y(t) for
this random process. The process is described in terms of its distribution
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function, which we write as
Fyw(a) = P{w : y(t,w) < a},

where the probability P is defined in the sample space of w. Obviously, for
this to make sense we must require that this set of w’s be in F for each
real number a, so that its probability can be calculated using P. It follows
that F is a nondecreasing function of a, and we define the density function
of y(t) to be

OF,
fa.t) = =" (a).

So, formally we have that

Fywy(a) = /_ fy(d' t)da’.

We usually make some additional natural assumptions on how f, depends
on a and ¢, but not at this point. These ideas carry over directly for vectors
of random processes, where each component is a random process, etc.

Our approach to modeling randomness in dynamical systems is through
allowing the parameters b in a system to be random processes. For example,
in the case of a differential equation we write

T = f(t,:b‘, b(y(t,w))),

indicating that the parameters can change with some underlying random
process y(t). The resulting solutions (z(t,w)) will also be random processes,
and the methods developed in this book describe x in terms of f, b, and y.

Our approach using perturbation theory is based on assuming that the
underlying noise processes operate on a faster time scale than the system.
So, we write y(t/e), where we drop the w and include ¢, the ratio of the
system time scale to the noise time scale. Consider y to be an ergodic ran-
dom process in a space Y with ergodic measure p in Y (precise definitions
and conditions for the following calculation are given later). Consider the
integral

x(t) = / y(t' e dt’

which solves the initial value problem & = y(t/¢),z(0) = 0.
First, the ergodic theorem (Chapter 1) states that

t t/e
/0 y(t'Je) dt’ = / y(s)ds ~ t /Y yp(dy) =17 (1)

for t > 0 as ¢ — 0, where 7 is the average value of y(t) over Y. Second, the
central limit theorem (Chapter 2) states that

t t/e
/0 (w(t'Je) - g) dt’ = ez / (y(s) — 7) ds ~ VEW(2)
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for t > 0 as € — 0, where W is a known random process, called Wiener’s
process. The result is that

z(t) =ty + Ve W(t) + Error.

The first term in this approximation essentially comes from the law of
large numbers, and the second from the central limit theorem. Estimating
the size of the Error (Chapters 3, 5)depends on particular properties of
y. For the most part, we consider y to be an ergodic Markov process or
an ergodic stationary process. This example illustrates our approach to
continuous—time differential equations. We also develop a similar approach
for continuous—time Volterra equations and for discrete—time models.

A key element in using this procedure is determining what p is. Often,
this can be avoided by using methods of signal processing to estimate  and
W directly. For example, a useful approximation to § can usually be found
by evaluating the first integral in equation (1) over a single observation of

Y.

Simulating Random Noise Using MATLABE

A computer simulation illustrates these facts. Suppose that y is defined to
be constant except at a series of random stopping times, where it can jump
to another value. For example, the stopping times might be exponentially
distributed so that the time between jumps is described by the probability

P (thrl —tn Z 6) = €xp (7>‘5)3

where A is a positive constant. Further, suppose that at each stopping
time y is a random variable whose probability density function is f,(y) =
1j0,1)(y), which indicates the function whose value is 1 if y € [0,1] and
zero otherwise. This random variable is generated in MATLAB using the
function rand, and the stopping time increments are generated using —\
log(rand(nstop, 1)), where nstop is the number of stopping times (e.g., we
use for nstop the final time divided by €). Such a process y(¢) is called a
jump process, and Figure 1 shows one sample path of this jump process
that is generated using MATLAB.

The integral of y is shown in Figure 2.

Wiener’s process is related to one of the most important random pro-
cesses that arises in science and engineering, namely Brownian motion. The
physical phenomenon of erratic movement of microscopic particles was ob-
served by the botanist R. Brown in 1827, and the theory that eventually
described it rests on work by Laplace (the normal distribution), Einstein
(the movement can be described by a diffusion process), and Wiener (there
is a probability space and on it a random process whose sample paths
describe particle motions).

Brownian motion is characterized by three properties:



6 Introduction
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Figure 1. Left: A sample path of the jump process y(t/e) for e = 0.1, A = 3.0.
Note that the vertical lines are not part of y, but they help visualize it. Right:
The distribution of y—values for this sample path.

1. The sample paths, say B(t), are continuous functions of time.

2. The nonoverlapping increments B(t;4+1) — B(t;) are random variables
that are independent for any choice of tg < t1 < -+ < t,.

3. The distribution of the increments B(t+h)— B(t) for h > 0 is normal;
that is,

P{B(t+h)— B(t) < A} = \/ﬁ /_: exp (—252}1) dx.

The process B is called Brownian motion or Wiener’s process with diffusiv-
ity 02 /2, and its derivative, which exists in some sense, is called white noise.
White noise is an engineering term that describes the generalized function
dB/dt, although B(t) is not differentiable anywhere in the ordinary sense.

There is a close connection between Brownian motion and diffusion equa-
tions. This is suggested by the facts that the increments are Gaussian and
that the Gaussian function

(@,1) 1 —x?
u(r,t) = ——=exp | =—5=
' V2ot P 202
is a solution of the diffusion equation

ou o2 0%

EI
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Figure 2. Histograms of 10,000 evaluations of the integral of (e fo (t/e™)

for n = 1,2,3,4. This shows that the values of this integral take the form of a
normal distribution whose mean and variance are as described in Figure 1 and
the text.

This connection makes possible the derivation of many useful results about
Brownian motion and more general diffusion processes. In particular, we
can use this approach to describe the shape of the density functions
appearing in Figure 2.

Estimating the Impact of Noise on a System

In some cases, noise simply passes through the system, and the random

process z(t) will have (essentially) the same distribution as that of the pa-

rameters b(y). In other cases, noise can have dramatic impact. For instance,

it can stabilize an unstable system, and it can destabilize a stable system.
For example, the (non-random) system

r=ax

has the solution z(t) = exp(at) z(0). If @ < 0 and z(0) # 0, this approaches
0 as t — oo, and if a > 0, this grows without bound. We say in the first
case that = 0 is stable and in the second that it is unstable.

The ideas of stability are more complicated in noisy systems. Let us
consider a linear system that is driven by white noise:

t=ax+oxzW,
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where W is a Wiener process. The solution of this problem is
z(t) = exp ((a — 0?/2)t + oW (1)) z(0).

This surprising formula results from Ito’s formula for geometric Brownian
motion.
We define three useful kinds of stability for the solution (Chapter 6):

1. Almost surely stable: P{z(t) - 0 ast — co} = 1.
2. Stable in probability: lim._,o P {|z(t)| > ¢} =0 as t — oc.
3. p-stability: E(|z(t)|P) — 0 as t — oc.

In this example, 2 = 0 is almost surely stable if & — 02/2 < 0, so « can be
positive, and the solution x = 0 can be stable in a probabilistic sense! In
this sense the noise stabilizes the system. At the same time, the expected
value of x(t) grows: Ex(t) = exp (at)z(0). This apparent contradiction is
resolved by observing that with very small probability a sample path grows
very quickly. Such large deviations are rare, but they can be catastrophic
or beneficial for a system. For example, this model has been used to de-
scribe financial wealth [141], and while most sample paths approach zero,
infrequently one will grow dramatically.

But for p-stability, we must have o + o?(p — 1)/2 < 0, so a must be
sufficiently negative to overcome noise in this sense. This example also
shows that the perturbation (o W) might be small in the sense that its
mean is zero, but its deviations, which are scaled by o, can be large and
disrupt the system.

What Are Ergodic Theorems?

The word ergodic was used by Boltzmann in referring to mechanical systems
that operate under the constraint of constant energy (erg means “work” in
Greek). An important problem in statistical mechanics is that any experi-
mental measurement of such a system requires time to perform, so it is an
average of some observable of the system over a time interval. Which path
is measured and how much variation is possible in such a measurement
were addressed by physicists using the ergodic hypothesis, which states
that the time average of an observation of a particle system is the same
as the average over the phase space in which the system operates. A rig-
orous mathematical result due to George Birkhoff resolved this issue (for
mathematicians at least) and opened the way for other uses of the result
by mathematicians, physicists, and engineers.

Ergodic theorems are considered here for nonrandom dynamical systems
and for randomly perturbed ones. In the nonrandom case, they are based
on the assumption that there exists a measure in the phase space of the
system that is preserved by the flow of the system. For example, consider
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a discrete-time system: Let its phase space be R? and its dynamics be
described by iteration of a function ®(z) : R? — R?, so

Tnt1 = D(zn), (2)

where 7,1 € R? is the state of the system at time n + 1. Assume that
there is a probability measure m on R? for which

m ({z: @ (z) € A}) = m(A)

for events A in R?. In this case, we say that the measure m is invariant
under ®. (We take the events here to be the Borel sets in R?.) The ergodic
theorem states that for all continuous bounded functions ¢(x) : R — R
(i.e., the observables) and for almost all initial values xg, the time average
of ¢ exists:

1
nhanclo n+1 Z 9 ().
k=0
The dynamical system is called ergodic if this limit is the same as the
integral of ¢ over the phase space, weighted by the measure m; that is, if

1 n
Jm g Do) = [ ota)mias)
If this is the case, the time average of an observable (¢) along almost any
path is the same as its average over the whole phase space.

For example, the iteration x,11 = 4z,(1 — z,) operates in the unit
interval z,, € [0,1]. An invariant measure for this is m(z) = 1/y/7z(1 — z),
and a computer simulation of this mapping reflects the invariant measure
in the sense that for almost any initial point z(, a histogram of the iterates
approximates the graph of the measure’s density function, as shown in
Figure 3.

An analogous ergodic theorem for stochastic processes can be formulated:

A discrete-time stochastic process {X,,,n = 1,2,3,...} is called stationary
if

P(XoéAo,...,XnGAn):P(Xl EAO,...,Xn+1 GAn)

for any events Ay, ..., A,. If E|Xy| < oo for all k, then with probability 1
there exists the limit

and the distribution of this limit (which is also a random variable) can be
calculated. The ergodic theorem establishes stability of the system in the
sense of the strong law of large numbers [90].
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Figure 3. Histogram of iterates of x,+1 = 42, (1 — ) beginning at zo = 0.2475.

The simulation in Figure 4 shows the distribution of the values of
the jump process y(t/e) described earlier. Its values reflect the invariant
measure 1y 17(y).

It should be noted that, as a rule, systems that are perturbed by sta-
tionary processes are not stationary, and investigation of their stability (in
the general sense) is not a simple problem.

Estimating Errors

Our procedures for estimating errors in approximation methodologies in-
volve the use of the ergodic theorem and other limit theorems for stochastic
processes. For example, consider a sequence of stochastic processes {z,(t)}.
If there is a stochastic process xo(t) such that for any times t1,to, ..., tg,
the joint distribution of the k random variables

Tn(t1), -, xn(ty)

converges to the joint distribution of

Io(tl), e ,Io(tk),

then the sequence z,,(t) is said to be weakly convergent to the process xg.
Special kinds of convergence are also considered if the processes x,(t) and
x0(t) are continuous functions of ¢: For example, let ®(z(+)) be a continuous
function that is defined on the space C' of all continuous functions. Suppose
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Figure 4. Distribution of values of the jump process y(t/e) that is generated by
10,1)(y). Here t/e < 100 and the iterates are shown using 20 cells.

that E®(z,(t1), ...,z (tg)) = E®(x0(t1),...,20(tx)) as n — oco. Then the
sequence ,(t) is said to be weakly convergent in C' to the process z¢(t).
Weak convergence in C' implies, for example, that

b b
lim E/ f(s,xn(s))ds%E/ f(s,z0(s))ds

n—oo

if the function f(s,z) is bounded and continuous.

We consider three classes of limit theorems, which will be useful for
investigating the behavior of randomly perturbed systems:

I. Convergence to a Wiener process

There are various theorems that extend the central limit theorem to
more general classes of random variables. Let y(t) be a random pro-
cess taking values in a set Y that satisfies certain natural conditions
(e.g., it is homogeneous and Markovian). We describe how y changes
from one time to another by the probability of it hitting certain tar-
get sets: Let P(t,y, A) = P{y(t) € A/y(0) =y}, which denotes the
probability that y(¢) € A given that y(0) = y. This function is called
the transition probability for y, and we use it to describe what ergodic
means for y.
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We say that the process y(t) is ergodic with an ergodic distribution
p(A) if

T—oo T

p(A) = lim —/ P(t,y, A

so p(A) is the average probability of beginning at y and landing in
the set A. A technical condition, akin to a mixing condition, is that
the integral

Ry A) = | " |P(t.y, 4) — p(A)] di

converge for any subset A C Y. We suppose that these two conditions
are satisﬁed If g(y) is a measurable, bounded, real-valued function for
which [ g(y)p(dy) = 0, then the distribution function of the random

variable
1 T
7

converges to a Gaussian distribution with mean value 0 and variance

72// R(y,dy') p(dy').

(Here and below, integrals without limits are assumed to be over Y,
the noise space.) Thus, knowing R enables us to calculate the variance
of the limiting process. In this case we say may that the stochastic
process

tT
Xr(t) = — s
r(0) =~ [ sl
converges weakly to a Wiener process in C' as T' — oo. The integral
here is scaled by VT, which is suggested by the lines of constant
probability in a Gaussian distribution where 2%/(20%t) = constant,
s0 T o V1.
Theorems of this kind will be considered for vector-valued functions
g and for stationary processes y(t).

Convergence to a diffusion process

In many important applications we can actually find a density
function for the transition probability. We call this the transition
probability density, and we write it as f(s,t, zo, ), which is the con-
ditional density of the random variable z(t) at the point z under the
condition z(s) = . The function f satisfies the second—-order partial
differential equation

of

g(s,t,flio, (E) = Ls,zof(satvx()ax) (3)
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as a function of s and xg. The differential operator

1
LS@OU(S,.TO) = (umo (vaO)v a(sva)) + iTr(uzoﬁo (SaxO))B(SaxO)a

where a(s, zg) is a vector—valued function, B(s, ) is a matrix—valued
function, (a,b) indicates the dot product, or inner product, of two
vectors a and b, and Tr is the trace of the matrix. (The subscripts
Uz, = Ou/Oxg, etc., indicate partial derivatives.) The operator Ly ,
is called the generator of the diffusion process z(t).

It can be proved that a diffusion process z(t) with the generator L; ,
satisfies the equation that for all t; <ty < -+ < tr41,

E®(z(ty),...,z(ty))

lkt1 (4)
< |Fonltin) = Fan(t)) = [ faalan(s)) ds| =0
123
for any continuous bounded function ®(zy,...,z;) and any con-

tinuous function f with continuous bounded derivatives f, and
foz-

The following statement is based on this property: If the sequence of
stochastic processes x,(t) satisfies the equation

nlgr;o E(®(xn(t1), ..., zn(tr)))

th+1
< |Flnltin) = fant) = [ Loalfleals)) ds| =0
tr
forall t1,ta,...,tkr1, @, and f being the same as in equation (4), then
the processes x,(t) are said to converge weakly in C' to the diffusion
process whose generator is

1 1
Lu(z) = iTr Uy (T) = §V2u.

So, if the sequence of stochastic processes x, (t) satisfies

lim E(®(z,(t1),...,z.(tk)))

n—oo

ds

| Fanttr) = fant) = [ fealen) 5| =0

then the sequence x,,(t) converges weakly in C' to a Wiener process.

Large deviation theorems

Large deviation theorems deal with estimation of the difference be-
tween the time average of a process and its average over the noise
space. We consider theorems on large deviations for Markov pro-
cesses in Chapters 2, 3, and 6, in terms of which random noise will
be described later.



14

Introduction

For instance, let y(t) be a homogeneous, ergodic Markov process
in a compact space Y with ergodic distribution p. The empirical
distribution of y(t) is defined by the equation

1

t
l/t(A) = ;A ]-{y(s)GA}(S) dS

for any set A that is a measurable subset of Y. The ergodic theorem
states that the measure 14 converges to the ergodic distribution p as
t — oo.

Denote by M the set of probability measures on Y. It is known
that for m € M there is a nonnegative function I(m) such that if
the probability that the distance in M between v; and m is small
enough, then it is of order exp (—t I(m)). In fact, the function I(m)
is given by the formula

= —in L¢(y)m : n
I(m) = f{/y ) (dy) : ¢ € Dy, ad¢(y)>OVy€Y},

where L is the generator of the Markov process y and D 4 is its domain
of definition.
For example, let Y = {0, 1}, and consider a process y whose generator

is given by the matrix
—ao ao
aq 1— aq ’

a ao
pPo = ) P1L = )
ap + aq an + a1

Then

and

2 N
I(m) = (Vmoao — /miar)”, m; = m({i}), i =0, 1.
This formula enables us to estimate the probability of a large de-
viation occurring during convergence to p. We develop these ideas
further and use them to estimate errors in perturbation methods in
Chapters 2, 3, and 6.

Awveraging Dynamical Systems over Random Noise

Most of our averaging statements compare the behavior of a system contain-
ing ergodic random perturbations with an associated nonrandom system.
For example, a system defined by a differential equation in R? has the form

e (t) = alt, ze(t), y(t/e)), (5)

where z.(t) is the state of the system at time ¢ and y(t) is a noise process
(supposed here to be a Markov or stationary process) in some space Y.
The function a(t, z,y) is an vector valued function that is regular enough
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to ensure that the solution of (5) exists and is unique when the initial value
x.(0) is given. Note that we can make no assumption about smoothness
of the system with respect to y, since there is no topology given for Y.
An appropriate restriction with respect to the noise variables is that the
data (in this case the function a) be measurable as a function of y. We
investigate the behavior of z.(f) as € — 0.

Assume that y(t) is an ergodic process with an ergodic distribution p;
namely,

T
Jim % /0 g(y(t))dt = /Y 9(y)p(dy)

for all functions g for which

/Y l9(¥)lp(dy) < oc.
Define
atta) = | alt..)p(dy) ()
The averaged system is defined by the differential equation
z = a(t,z(t)). (7)

In this case, the averaging theorem claims that if z.(0) = Z(0), then z.(t) —
Z(t) uniformly on any fixed finite time interval as ¢ — 0 with probability
1.

Following are two examples of averaging.

First, consider the system to be time—invariant (i.e., a(t, z,y) = a(z,y)),
and let Y be a finite set. The noise y(¢) is a homogeneous Markov pro-
cess that is ergodic, and p is its ergodic probability measure. A stochastic
process z.(t) is defined by the differential equation

ie = a(ze,y(t/e)). (8)
Further, suppose that y is a jump process for which there is a sequence of
random stopping (or jumping) times

O0=To< T < <Tp<--
and y is constant between jumps:
y(t) = y(m)

if 7, <t < 7g41. Then the sequence {yr = y(7x)} is a finite Markov
chain. We suppose that the jump increments 7541 — 7, have an exponential
distribution

P(rps1 — 1 >t/ y(s),s < 1) = exp(—At).
Equation (8) on the interval [e7y,e7k41) can be rewritten as

e = a(zz, yr)- (9)
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So, to find the solution of equation (8) on the interval [0, T], we must solve
equation (9) for each k for which 7, < T'/e. As ¢ — 0, the number of
equations that must be solved to determine a sample path tends to infinity
like 1/e. On the other hand, if the ergodic probabilities of the process y(t)
are p,, we can average a over Y

a(x) = a(z,y)py.
yey

Then instead of finding the solution to a large collection of equations to
determine a sample path, we need solve only one equation:

7 = a(x).
The solution of this equation gives an approximation to z.(t) if e is
sufficiently small. Figure 5 illustrates this calculation for an inertialess pen-
dulum having a random applied torque at the support point: The model
is
& =1.0+y(t/e) +sinx, (10)

where y is a jump process having exponentially distributed stopping times
and having a uniform transition probability given by 11 q;(y).
Second, let

a(t,x,y) = Alt)x + f(t,x,y), (11)

where [ f(t,z,y)p(dy) = 0 and A(t) is a continuous matrix—valued
function. Then the averaged equation is a linear one:

T =A(t)z. (12)

The solution to this linear problem can be found using methods of ordinary
differential equations (e.g., [16]).

Constructing the First-Order (Order \/e) Correction

The next step in the investigation of randomly perturbed systems is anal-
ysis of the deviations of the perturbed system from the averaged one. We
consider

2(t) = 2. (t) — T(t).

We illustrate results for this using equation (8). This difference satisfies the
equation

z(t)=/0 &x(s,f(S))Z(S)d8+/0 (a(s, 2(s),y(s/€)) — a(s, z(s))) ds + r=(t),

where r.(t) is a stochastic process that can be calculated by applying
Taylor’s formula to the difference a(s, z.,y) — a(s, T, y).
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Figure 5. Comparison of the averaged system to the perturbed system (10). The
top figure shows the perturbed solution; the middle figure shows the solution of
the averaged equation; and the bottom figure shows the noise function y(¢/¢). In
this simulation, the elapsed time for solving the averaged system was 0.002 times
that for solving the perturbed system. Here ¢ = 0.01, and the same fixed time
steps were used in both simulations.

It can be shown that E|r.|> = o(e). It follows from a limit theorem for
stochastic processes that with an appropriate mixing condition satisfied,
the process

1 /[t ~ o
7= | o626 (s/2) — als. (5] .

which is like an external forcing on the system, converges weakly in C to a
Gaussian process (t) for which for any vector ¢, E(y(t),¢) = 0 and

E(y(1), 0)? = / / / (a(s,7(5), 1), ) a(s, 2(5), '), O R(y, dy/)p(dy') ds.

Therefore, the stochastic process

converges weakly in C to a stochastic process Z(t) that is the solution to
the linear integral equation

) = /0 Gu (s, 7(5))i(s) ds + 1(2). (13)
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This result has the following interpretation: The distribution of z. is close
to the distribution of the stochastic process Z(t) ++/¢ Z(t) in the sense that
for any function @ that is sufficiently smooth,

BO(w.(1)) = B® (5(t) + VE (1)) + (V). (14)
This gives rigorous meaning to the expression
z(t) = Z(t) + Ve Z(t).

For example, consider equation (11). Denote by K (s,t) the solution of
equation (12) on the interval ¢ € [s, 00) for which K (s,s) = 1. Then

) = [ K.t

where ~y(t) is a Gaussian stochastic process with independent increments
for which E(y(t),¢) =0 and

E((1),0)° = / / / (F(5,2(5),9), O) (£ (5. 2(5), ), C) Rly, df’) pldy) ds,

which enables us to calculate the correlation between the solution and +.

A computer simulation of the distribution of the first—order correction
that is based on equation (10) is shown in Figure 6; also shown there is a
simulation of a Gaussian process.

What Happens for ¢ Large?

If we consider the differential equation (8) under the assumption that
a(t,xz) =0, then Z(t) = z(0) is a constant. The averaging theorem then im-
plies that z.(¢) converges to Z(0) for all t as ¢ — 0. We investigate next the
behavior of the random variable z.(t) as e — 0 and ¢ — oo simultaneously.
To illustrate some possibilities of the evolution of such a system, we
consider a linear problem in R':
Let

a(t7 L, y) = aO(t7 y) + al(tv y)xa
and let z.(¢) be the solution of the equation
e (t) = ao(t, y(t/€)) + ar(t, y(t/))z< (1), (15)

where the continuous, bounded, real-valued functions ay, k& = 0, 1, satisfy
the condition

/ak(t,y)p(dy) =0.
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Figure 6. Top: & (8) = (z<(8) —Z(8))e /2 for 100 sample paths of equation (10).
In this case, ¢ = 0.01, 0 <t < 8, and y is generated as above but with § = 0.9.
The final value of the solution is shown on the horizontal axis, and the histogram
of 100 samples is plotted in the top figure. Bottom: A histogram of 100 samples
of randn, the MATLAB function for normal random variables, is plotted for
comparison.

The solution to equation (15) can be found using the variation—of-constants
formula as

t
o (t) = o (0)edi s/ ds / el a1 s/ ds g0 4y, y(ufe)) du. (16)
0
Consider the stochastic processes
t

V() = / ar (s, y(s/<)) ds, 25 (1) = / as(s, y(s/2)) ds

If the limits

lim —/ //a;g s,y)ax(s,y' ) R(y, dy') p(dy) ds = by,
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for k=0,1, and

lim —/ // ao(s,y)a1(s,y') + ai(s,y)ao(s,y" )| R(y, dy')p(dy) ds = boy
exist, then the two-dimensional process

(76 (1), 75 (1))
converges weakly in C to a two—dimensional Gaussian process with inde-
pendent increments, say (yo(t), v1(t)), for which Evy, = 0, EvZ(t) = 2 by,
and Evo(t)y1(t) = 2bo1.
Under these conditions, we can use formula (16) to prove that the
stochastic process z.(t/e€) converges weakly to the stochastic process

#t) = ex;><vl<t>>[£<o>-+‘/£ exp (1 (w))do () (17)

as € — 0 if additionally z.(0) — Z(0).
It follows from formula (17) that Z(¢) satisfies the stochastic differential
equation

dz(t) = (bor + bu1Z(t)) dt + dyo(t) + Z(t) dyi(1).
Equivalently, Z(¢) is a diffusion process with the generator
Lu(w) = (b01 + buw)uw ({,E) + (boo + borx + blle)um.

Using the law of the iterated logarithm [41], we see that the solution is
approximately constant until time T'/e, after which the noise terms begin
to dominate the approximation.

For example, consider a similar linear differential equation in R?,

te = A(t,y(t/€))ze + ao(t, y(t/e)), (18)

where A(t,y) is a d x d matrix—valued function and ay(¢,y) is a vector—
valued function. We assume that they are bounded, continuous functions,
and that

/A(t,y)p(dy) = 0,/ao(t7y)p(dy) =0.

To analyze this problem, we introduce the two stochastic processes

fm:AA@mmwm f@zlammMMs

With some additional conditions that ensure that these two processes have
Gaussian limits, say

(A%(1), a*(1)) — (T(8),7 (%))

as ¢ — 0, we rewrite (18) as an equivalent integral equation:

2o(t) = 2.(0) + /0 A (5) 72 () + a* (). (19)
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Then we show that the stochastic process Z.(t) = x.(t/e) converges weakly
in C to a stochastic process Z(t) that is a solution to the stochastic integral
equation

/ AT ()3 (s) ds + dy(t) + (Bi(t) + ag) dt. (20)

This equation has an additional term (BZ + ag), whose appearance is due
to the difference between ordinary and stochastic analysis; namely, this
results from Ito’s formula [141].

So the stochastic processes x.(t/e) converge weakly in C' to a diffusion
process. This result can be extended to equations of the form given by
formula (5) if the function a(t,z,y) satisfies the relation

/a(t,wvy)p(dy) =0

and is sufficiently smooth in x, and if there exists the limit

o 7/ // ag(t,z,y), fo(2)),a(t, 2, y))R(y,dy )p(dy) dt ~ (21)

for all twice continuously differentiable functions f having bounded
derivatives.

If y(¢) is an ergodic process for which the central limit theorem holds,
then Lf is the generator of the diffusion process Z(t) to which the process
x:(t/e) converges weakly in C.

What Is in This Book?

The book is in three parts. The first part (Chapters 1 and 2) presents the
mathematical tools that we use later to investigate randomly perturbed
systems. These include an ergodic theorem and various limit theorems for
stochastic processes.

The second part (Chapters 3—-7) develops the theory of randomly per-
turbed systems. We consider only systems that are in some sense close to
averaged ones, as measured by a small parameter € > 0. For continuous—
time systems this parameter ¢ is the ratio of the response time of the system
to the (relatively fast) time scale of noise. So, we write the noisy param-
eters in the problem in the form b = y(t/e). For discrete—time systems
we assume that the variance of the noise is small, and so € characterizes
this attribute of a random perturbation. In each case, we investigate the
asymptotic behavior of systems as ¢ — 0 and ¢ — oco. Note that randomly
perturbed systems with fized ¢ can represent any stochastic process, so
the asymptotic properties of these systems as ¢ — oo is a problem of too
general interest for us here.
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The third part (Chapters 8-12) presents applications of the theory of
random perturbations to problems in mechanics, engineering, and the life
sciences.

Dynamical Systems

Topics in dynamical systems of special interest to us are listed next:

Diffusion Approximations of a First Integral

Consider the differential equation
e = a(xc(t),y(t/e)) (22)
and suppose the averaged equation
z = a(z(t)) (23)
has a first integral; that is, there is a function ¢(x) such that

(Vo(x),a(z)) =0

for all . Then ¢(Z(t)) = constant along any solution of equation (23).
Suppose that the set T'. = {z : ¢(x) = c}, the level set for ¢ = ¢, is a

bounded smooth surface in B¢ and the solution of equation (23) is ergodic

on the set I'.. That is, there is a probability measure m. on I'. such that

T
i 7 [ a0 dt = [ gloyme(da) (2)
T—oo T 0 r.
for all continuous bounded functions g : R* — R. Then under some general
conditions (including ergodicity and mixing conditions for y(¢) and smooth-
ness of the integral on the right-hand side of equation (24)), the stochastic
process z.(t) = ¢(z(t/e)) converges weakly to a diffusion process Z(¢) in
R. We also calculate the generator of Z.
For example, consider the system of differential equations in R?

L = —a(y(t/2))a?, o)
7 = az(y(t/e))z:,
where a; = ao = a. The averaged system is
it = —ax?
2 =az'. (26)

This has the first integral ¢(u,v) = u? + v2. We show that the stochastic
process

z(t) = dlaz(t/e), a2(t/e))
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Figure 7. Simulation of ¢(z?, z2) for 100 sample paths of the harmonic oscillator
! = —yr 22 and 2 = ypal for 0 < t < 67 and € = 0.05. Plotted here is the
histogram of values of ¢ at ¢ = 67. Here y is a jump process as described earlier.

converges to a diffusion process Z whose generator we can compute. In this
case, m. is the uniform measure (Haar measure) on the circle having center
0 and radius +/c.

A simulation of the harmonic oscillator with noisy frequencies, y =
(y1,9y2), is shown in Figure 7.

Stability of Linear Systems

Stability of nonlinear systems is often investigated by considering certain
associated linear problems. For linear systems the stability of an unper-
turbed system is equivalent to boundedness of its solutions for all initial
values.

Consider the linear perturbed system

te = A(y(t/e))xe, we(0) = wo. (27)

Now, . is an R%valued stochastic process, A(y) is a d x d matrix-valued
function whose components are bounded measurable functions, and y is an
ergodic process. Set A = [ A(y)p(dy). The averaged equation with initial
value g has the solution

Z(t) = e .
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This system is asymptotically stable if lim;_, o, |etA| = 0. We show in this
case that for sufficiently small € there is a positive number §; such that the
solution of the perturbed system satisfies

P {Sup|:1?5(t)|651t < oo} =1.
t>0

This implies the asymptotic stability of the noisy system with probability
1! In particular,

P{ lim z.(t) = 0} =1,

t—o0

so it is almost surely stable. In addition,
Jim P(fze(t)] > 0) =0

for all 6 > 0, so z-(t) — 0 in probability as t — oo.

Asymptotic Behavior of Gradient Systems

A gradient system in R? is determined by a differential equation of the
form

i(t) = ~VF(x(t)),

where the function F' : R* — R! is sufficiently smooth. Note that any
local minimum of the function F is a stable static state for this system. We
consider random perturbations of this system in the form

ie(t) = =V F(z:(t) + B(z=(t))v(y(t/e)), (28)

where v : Y — R? is a bounded measurable function satisfying the relation

/ o(y) pldy) = 0.

The asymptotic behavior of solutions to such systems can be investigated
using the theory of large deviations.
This is of the following nature: Set

o) =nf | ) s [ otyymias) =)

where I was defined earlier. Assume that Zy,...,Zy are minima of the
function F, and that F(z) — oo as |z| — oo. Then the system spends
almost all of its time moving in some small neighborhood of the set of
points {Zy : k = 1,..., N}. Moving from a neighborhood of a point Z;
to a neighborhood of Zj requires a random time that has an exponential
distribution with a parameter that is of order

exp [
€
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Figure 8. Transitions between minima of the gradient function.

where

T

Gai,ay) =int [ 1" (B0 + TR(1(0) de
0

and the infimum is taken over all functions f(t) for which f(0) = z; and

f(T) = zy, for any T > 0. While this is a complicated construction, it does

provide an algorithm for estimating the occurrence of large deviations.

As an example, suppose that m = 3, G(Z1,%2) = 1, G(Z2,71) = 2,
G(z1,73) = 3, G(Z3,71) = 1, G(ZT2,%3) = 3, and G(Z3,T2) = 1. Then the
system changes its position as depicted in the graph in Figure 8, and it is
almost always moving in a neighborhood of the point Zs.

We note that many exchange—of-stability problems, for example those
described by the Ginzburg-Landau equation of fluid mechanics, fall into
this class of problems, and so our methods enable us to analyze exchange—
of—stability problems in gradient systems perturbed by random noise. We
do not pursue here fluid mechanics problems specifically, but describe
general methods for analysis of multistable systems.

As an example, consider the system

i =—VF(z,y(t/e)),
where
F = ys(t/e) (exp(yi(t/e)(x1 = 1)% + 23) + exp(ya(t/e) (2T + (22 — 1)%)) .

Sample trajectories of this and the averaged system are shown in Figure 9.
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Figure 9. A contour map of the surface defined by F' is shown at the top, and on
the bottom is the first component of the solution of the system perturbed by noise
(left) and the averaged system (right). The solution that starts at (1,1) is shown
in each case. For the averaged system on the right, the solution goes into the
energy well near (1,0). However, the random perturbation of the system moves
the solution from one energy well to the other. Here 0 < ¢ < 50 and € = 0.1. Note
that the transition between energy wells occurs along a trajectory that takes the
shortest path from an equilibrium to the boundary of its basin of attraction. This
happens with high probability and suggests how transitions between equilibria
occur.

Stochastic Resonance

Stochastic resonance is a closely related phenomenon. Applying noise can
uncover a great deal of information about the underlying system. As we’ve
seen, all possible static states will (probably) be visited by any trajectory of
a gradient system perturbed by noise, but only one will be visited otherwise.

Moreover, the time it will take to visit these minima can be estimated: For
example, suppose that the potential function F' in equation (28) depends
on an additional parameter o € R, so F' = F(z,«), and suppose that it
is periodic in a with period 1; ie., F(z,a 4+ 1) = F(z,a) for all . We
consider the case where the parameter « is slowly changing in time, say
a =t/T(e), where logT(e) = O(1/¢) and € < 1. Finally, assume that the
function F'(z,«) has two minima, say Z;(«) and Z2(«), for all «, and the
functions

g1(a) = G(71(a), 32(a)),  g2(a) = G(T2(a), 71(a)),
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Figure 10. g1 and g2 as functions of a. Note that gl(%) =g2(0) =g.

are of the form shown in Figure 10. If T'(¢) = exp{g/c}, then the system
at times (n 4 £)T'(¢) is expected to pass from a neighborhood of z1(a) to
a neighborhood of z2(«r), and at times nT'(g) in the reverse direction.

Markov Chain in a Random Environment

We consider various discrete-time systems. In addition to considering
difference equations of the form

Tn+l = Tp + E(b(.i?n, yn)a

we describe random perturbations of discrete-time, discrete—state Markov
chains. A Markov chain is determined by its transition probabilities, which
are summarized in a matrix

Po = (pjr(n))

for time steps n = 0,1,2,.... The indices j,k € I describe the states, a
finite set that is called the phase space of the Markov chain. The com-
ponent p; r(n) is the probability that the system, being at j at time n,
jumps to state k. Interesting problems arise in biology, where the transition
probabilities have the form

P,=P+¢eQ,,

where P is a fixed matrix, € > 0 is a small parameter, and @, is a sequence
of random matrices. Our main problem is to investigate the behavior of the
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product
(P+eQo)(P+¢eQ1) - (P+eQn)

as n — oo and € — 0. For stationary ergodic sequences {Q,, } we investigate
the difference between this product and the nonrandom matrix product

(P+eQ)"*,
where Q = EQ,,.

The following simulation for € = 0.1 illustrates the result.
0.0746 0.0087 0.1439 0.4599 0.3129
0.0920 0.0484 0.3289 0.2832 0.2474
0.2072 0.3154 0.0623 0.2159 0.1992 =P
0.1084 0.3805 0.0746 0.0624 0.3740
0.2619 0.2573 0.1803 0.2673 0.0331

-0.0227 0.0002 0.0084 0.0086 0.0056
0.0020 -0.0141 0.0018 0.0025 0.0078
0.0014 0.0074 -0.0206 0.0036 0.0082 = Qbar
0.0019 0.0079 0.0049 -0.0177 0.0030
0.0044 0.0091 0.0047 0.0066 -0.0249
0.1502 0.2163 0.1627 0.2418 0.2291
0.1502 0.2163 0.1627 0.2418 0.2291
0.1502 0.2163 0.1627 0.2418 0.2291 = C
0.1502 0.2163 0.1627 0.2418 0.2291
0.1502 0.2163 0.1627 0.2418 0.2291
0.1499 0.2162 0.1628 0.2414 0.2296
0.1499 0.2162 0.1628 0.2414 0.2296
0.1499 0.2162 0.1628 0.2414 0.2296 =D
0.1499 0.2162 0.1628 0.2414 0.2296
0.1499 0.2162 0.1628 0.2414 0.2296

The the exact result, namely the matrix C = Hi(fl(P +eQ,), is approx-

imated to order 0.001 by the matrix D = (P + Q). Note that the
matrix C' is ergodic (all states are accessible), 1 is a unique eigenvalue, and
the rows are identical; they form its left eigenvector, which describes the
ergodic measure for this limiting matrix.

Mechanical and Electrical Applications

As mentioned at the start of this introduction, random noise is inherent
to engineering systems in what they receive and what they deliver. The
following examples illustrate how we apply random perturbation theory to
various problems in engineering and science.
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Randomly Perturbed Conservative Mechanical Systems

We first consider conservative systems with two degrees of freedom. The
state of the system is determined by the pair (x,): position and velocity.
We suppose that the unperturbed system has a first integral, namely the
energy of the system:

E = ()/2+Ula),

where U is the potential energy. An orbit is determined by its potential
energy U. Under typical conditions the orbits of such a system with fixed
energy are periodic or are saddle-saddle connections.

We consider a random perturbations of this system in which the potential
energy depends on a fast ergodic Markov process satisfying some strong
mixing conditions, as we described earlier. For such systems, we can use
the theorems on averaging and on normal deviations.

It follows from the averaging theorem that the randomly perturbed sys-
tem moves near an orbit of the corresponding averaged system up to a time
of order 1/e, but with small normal random deviations; these transfer the
system to near another orbit. The transitions from one orbit to another
involves changing the total energy of the system. Using the theorem on dif-
fusion approximations for the first integral, we can describe the evolution
of the total energy of the system (it is a stochastic process) as being a slow
diffusion process on a graph. This graph is determined by the set of the
orbits of the averaged system. So, the motion of the perturbed system can
be described as the motion of the averaged system with total energy that
is a slowly changing diffusion process on the graph.

Let the potential energy for the system, say U(x), be a smooth function
that has a finite set of minima and maxima, and U(z) — oo as |z| — oo.
The graph of orbits for the system is determined by its local extrema.

For example, suppose that U(z) has no local maxima and only one min-
imum: U(z) > 0, U(0) = 0, U”(0) > 0. Then any orbit is determined by a
nonnegative constant c. Namely, {(z,#) : #%/2 + U(x) = c}. In this case,
the graph has one edge ([0,00)) and one vertex (0). The total energy of
the system is F.(t) = 22(t)/2+ U(z.(t)), and the function u.(t) = E.(t/¢)
converges weakly in C to a diffusion process in the interval [0, co) for which
the point 0 is the repelling boundary.

Now let U(z) have one local maximum, say at = 0, separating two
local minima, say at points z = %1, as in Duffing’s equation

itz —ad=0. (29)
More generally, if ¢; > U(0), then there exists only one orbit

{(,2) : 8%/2+ U(x) = c1}.

(,
For ¢y € (max[U(— ) U(1)],U(0)) we have two orbits for which E = co.
For ¢3 € (min[U(-1),U(1)], max[U(—1),U(1)]) there exists only one orbit
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Figure 11. Edge—graph for orbits in equation (29).

with E = c¢3. The graph of the orbits for this system can be represented as
in Figure 11.

Now, there are three edges, [U(0), ), [U(1),U(0)), and [U(-1),U(0)),
and three vertices, U(—1),U(1),U(0), where the first two vertices are end-
points. If the initial energy of the system is greater than U(0), then the
process u.(t) converges as ¢ — 0 weakly to a diffusion process on the in-
terval (U(0), 00). This is true unless the process u. hits the point U(0). In
this case the process begins to move in the interval (U(1),U(0)) with some
probability, say Py, and in (U(—1),U(0)) with probability P_;. It stays in
the interval (U(0), c0), reflecting if it hits the boundary. If the initial energy
is less than U(0), and z.(0) < 0, then u. converges to a diffusion process
in the interval (U(—1),U(0)) with a repelling boundary at U(—1). When it
hits the point U(0), its behavior is as described before. The same occurs if
E < U(0) and z.(0) > 0, but with (U(—1),U(0)) replaced by (U(1),U(0)).

A second problem is to investigate the asymptotic behavior of a per-
turbed linear conservative system. Consider an N—dimensional system with
potential energy

U(z) = (Az,x)/2,

where z € R™ and A is a positive symmetric matrix of order N. The kinetic
energy of the system is
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We can choose a coordinate system in which A is a diagonal matrix, and
then the equations for the system are of the form

i‘k = _)\k Tk
for k =1,..., N. The solutions are
2k (t) = ag cos( Nt + Pr).

Here the constants A\, are the eigenvalues of A, and the amplitude and
phase deviation of the solutions are determined by the initial conditions.
The functions

Ey(w, &) = it/2 + \pag

are first integrals for the system.
A perturbed system is described by the system of differential equations

Top = =M Tei + fr(2e, 22, y(t/e))

for k =1,..., N, where y is a (vector) Markov process. The solution of this
system can be represented in the form

Zep = 25 cos(Agt + OL(1)), T = — A2y, sin(Art + &7, (1)).

We prove that the stochastic process (2%, ¢%), where 2 (t) = z.x(t/e) for
k=1...,N,and ¢y(t) = ¢5,,(t/e) — ¢7.(t/c) converge weakly in C to a
(2N — 1)—dimensional diffusion process.

Randomly Perturbed Dynamical Systems on a Torus

Dynamical systems of these kinds arise in numerous applications in en-
gineering, such as for describing rotating machinery and frequency based
communication devices. Consider a system of differential equations of the
form

i‘l = alr1,T2),

o) (30

Ty = b(w1,22),
where x1, 9 are real-valued functions, and a > 0 and b are real-valued,
doubly periodic functions of (z1,x2):

a(zy + 1,20) = a(xy, 22 + 1) = a(z1, 22),

etc. These functions are sufficiently smooth so that this system has a unique
solution for any initial values. It is known that there exists the limit

Jm a2 (t)/z1(t) = r,

called the rotation number, and r does not depend on the initial conditions
of the solution defining it. If r is irrational, then the system is ergodic on
the torus T if r is rational, then each solution of the system approaches
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a periodic solution on the torus. Such periodic solutions are referred to as
torus knots, since a closed trajectory defines a knotted curve in R3.
We consider a perturbation of this system in the form

i1 = a(z1,22,y(t/e)),
B9 = b(z1, 22, y(t/€)),

where y is an ergodic Markov process. We assume that the averaged system
is the original one (30). First, we prove that

lim P {limsup |za(t)/z1(t) — 1| < 5} =1
e—=0 t—o0

for any 6 > 0. The system (30) is called purely periodic if all solutions

are periodic (a fortiori, r is rational). Using the diffusion approximation

theorem for first integrals, we prove that

To,e(t) =r a1 (t) + et A+ o(et),

where A is the coefficient of the generator of the diffusion process on the
circle to which the first integral converges. Systems that are not purely
periodic are also investigated.

A computer simulation of the rotation number for the system

=14y (t/e) +sin(zy — x2), 22 = 1 4+ ya2(t/e) —sin(zy — x2),  (31)

where ¢ = 0.5 and 0 < ¢ < 50, is shown in Figure 12. In the absence of
noise, the rotation number is 1 for this system.

Pendulums and Phase-Locked Loops

Pendulums play important roles in engineering, science, and mathematics.
They arise in a number of surprising places, most recently in models of elec-
tronic devices, called Josephson junctions, and in other quantum mechanics
applications. We study the impact of noise on a particularly important ex-
ample of this: an electronic circuit called a phase—locked loop. This device,
and variants of it, are central to timing devices in computers, radar sig-
nal demodulators, and FM radio, and they are useful analogues of circuits
found in our brains [78].

The system is described by the equations

Tz = —2z+ cos#,
. (32)
0=w+ z,

where z is the output voltage of a low—pass filter whose time constant is 7,
and w is the center frequency of a voltage—controlled oscillator whose phase
is 6. The state of the system at time ¢ is (z(t),0(t)), and z(¢) and cos (¢)
are observables.

The problem of interest to us here is the behavior of the system as t — oo,
in particular that of the phase 0(t).
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Figure 12. Simulation of the rotation number of the model system (31): Shown
here is a histogram of the values of r(50) for € = 0.5.

The trajectories of system (32) can be considered on the cylinder z €
(—00,00), 0 € [0,27), and they are determined by the scalar differential
equation

dz —z 4+ cosf
T— = —
de w2z

The behavior of equilibrium solutions to this system depends on w, which
we suppose is positive:

(33)

1. For w = 1 equation (33) has a singular point (—1,7), which is an un-
stable equilibrium for the system (32). There is one trajectory moving
from —oo making an infinite number of rotations around the cylinder
and the ending in this singular point.

2. For w < 1, equation (33) has two singular points, (—w, 67), (—w, 03),
where cosf; = —w for £ = 1,2, and 0 < 07 < 65 < 2m. The
point (w,67) is a stable equilibrium for the system, and the other
is unstable. There are two trajectories ending at (w,6%) that form
the boundary of a region G on the cylinder that contains the stable
equilibrium.

3. There is a number w* € [0,1), which depends on 7, and for w > w*
equation (33) has a periodic solution. This trajectory is closed on the
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cylinder, it divides the cylinder into two parts, and it is called the
running periodic solution, or running wave.

4. For w = w™, the running periodic solution forms a saddle-saddle con-
nection. It coincides with a trajectory emanating from the unstable
state and ending at the same point after one rotation around the
cylinder. It divides the cylinder into two parts, and we denote the
upper part by C,.

The behavior of transient solutions to system (32) is described next:

1. For w > 1, every solution of the system (32) tends to the running
wave.

2. For w = 1, any solution but one with initial values not at the
equilibrium (—1, 7) tends to the running wave.

3. For w* < w < 1, we have three possibilities: If the initial values are
in G, then the solution tends to the stable equilibrium. If the initial
values lie outside G U 9G (i.e., either in G or its boundary 0G), the
solution tends to the running wave. If the initial value lies in dG, the
solution tends to the unstable state.

4. If w < w*, then the solution with initial values in G tends to the
stable equilibrium (—w, 87), and solutions with initial values in G
tend to the unstable equilibrium.

We consider random perturbations of this system in the form
T(t/€) 2e = —2:(t) + cos O (1),
0-(t) = w(t/e) + z(1),

where (7(t),w(t)) is a two-dimensional stationary (or Markov) ergodic
random process. Set

(34)

T=E(1(t), w=E(w(t)).

(In the case of Markov processes, we define the expectations using the er-
godic distribution.) Then system (32) is the averaged system for (34). It
follows from the averaging theorem that the solution to system (34) con-
verges to the solution of (32) with the same initial values with probability
1 on any finite interval as ¢ — 0.

This implies that the solutions to system (34) for large ¢ are close to either
the running wave or to the stable equilibrium state. The first is possible if
w > w*, and the second if w < 1. In addition, if w < w*, 6.(t) converges in
probability to 8] ast — oo and € — 0 . Note that the statement “0.(t) — 67
with probability 1” is incorrect.

What is the difference between solutions of the unperturbed and per-
turbed systems? First, we note that under general conditions, a solution
of the perturbed system is an ergodic stochastic process, and its ergodic
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distribution is positive on any open subset of the cylinder for all € > 0.
If £ — 0, then the ergodic distribution of any ball that does not contain
the stable equilibrium and has the no intersection with the running wave
tends to zero. So the limiting ergodic distribution is concentrated on the
trajectory of the running wave and the stable equilibrium.

The unperturbed system is not ergodic for w < 1, and for w > 1 there
are two parts to the cylinder, one above the running wave, and one below
it. A solution starting in one part never reaches the other. If an unper-
turbed solution is close to the running wave, it cannot reach some small
neighborhood of the stable equilibrium state, nor can one reach from such a
neighborhood to a neighborhood of the running wave. On the other hand,
starting from any point on the cylinder the perturbed system can reach
with probability 1 any ball about a state, but the time to reach such a ball
will tend to co as € — 0.

We also consider the forced problem for the first-order phase—locked loop.
In this case, the filter is removed (i.e., 7 = 0), and we consider an input
signal whose phase is 1(t) = ut + ¢. The model for this system is

b= w+ F(0,(0)),
where F'(6,n) is a smooth function that is doubly periodic,
F(0+2m,n) = F(0,n+2m) = F(0,n),
for all 8, 7. Therefore, we consider the system of equations
() = u,
0(t) = w+ F(0(t),n(t)).

Since this system is doubly periodic, its behavior can be studied using
methods for flows on a torus.

A question of special interest in signal processing is the existence of a
correlation function of the form

(35)

1
Jim 2 [ g (00 00) 96+ h)on(e-+ ) de = Ry (h)
—00 0
for any smooth, doubly periodic function g. We prove here the existence of
this limit and provide a method for calculating it.
A random perturbation of system (35) has the form

Ne(t) = u(t/e),
és(t) =w+ F(y(t/e),0-(t),n(t)),

where (u(t), y(t)) is an ergodic stationary process in ¢, and F' is 27 periodic
in 6 and 7.

Denote by R{(h) the correlation function for g(0c(t),7:(t)). We prove
that if E(u(t)) = p and E(F(y,0,n)) = F(0,n), so system (33) is the
averaged system for (36), which we now suppose to be ergodic, then the

(36)
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function R (h) converges uniformly for [h| < ¢, where ¢ > 0 is an arbitrary
constant, to the function Ry(h) in probability as e — 0. Our approximation
to the solution of (33) involves an offset diffusion process whose variance
can be approximated using R,(0).

A particularly interesting application of these methodologies is to the
problem of cycle slipping in phase—locked loops. Consider the system where
noise enters only through the center frequency w:

70 4 6 4 cos 6 = w(y(t/e)).

In the absence of damping, the averaged equation defines a conservative
system with a potential function

w0 +sin 6.

If w < 1, there can be infinitely many wells, each approximately 27 units
apart. With damping each of these is stable. However, with the addition
of noise to this system through w, the solution can be driven from one of
these wells to another, and the system will execute a full oscillation during
such a transition. An example is shown in the simulation in Figure 13.

Finally, one of the motivations for our investigation of Volterra dynamical
systems is to study filters more complicated than the low pass filter just
considered. Filters are described in the engineering literature using the
notation of linear time—invariant (LTI) systems: For instance, if z(¢) is an
input signal to such a system, h(t) is the impulse response function, and
X (¢) is the output, then we write

t
X(t) = / h(t — s)xz(s) ds.
0
Placing such a filter in the phase-locked loop circuits gives
t
z(t) =w+ / h(t — s) cosxz(s) ds. (37)
0

Our methods enable us to analyze such systems in the presence of noise.
For example, consider the perturbed system

z:(t) = w(y(t/e)) + /0 h(t — s,y(s/e)) cosz.(s) ds, (38)

where h and the other data are as above. If (37) is the averaged system for
(38) and its solution is Z(t), then we show that

we(t) ~ 2(t) + Ve (t),
where z1(t) is a Gaussian process that is determined by solving the linear
equation

z1(t) = 2(t) +/O K(t,s)sinZ(s) z1(s) ds,

where the kernel K is found by averaging h and z is a Gaussian process.
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Figure 13. Phase—locked loop with noisy center frequency: The lower plots show
the solution of the averaged system from various points of view. On the left is the
phase plane of (0, z), (we write z for 0(t) here) in the middle is 6 vs. ¢, and on
the right is cos 0(t) vs. t. The top plots show the same thing for a sample path of
the perturbed system: In the upper left is the phase plane of  (horizontal axis)
vs. z. This shows that 6 has slipped over three energy wells. Each slip results in
a jump in the voltage, as shown on the upper right, which would be heard in FM
radio as a click. In this case 0 <t < 50 and € = 0.1.

Mathematical Population Biology

We list next several examples of how the methods in this book can be
applied to various problems in population biology.

Ecology

Structures of ecological systems, ranging from bacteria in the gut to food
chains in the sea, have been described using mathematical models, and
these have been useful in understanding how these systems work. We in-
vestigate here several models that are widely used in studies of ecological
systems when they are perturbed by random noise.

The simplest model of how several species interact is the prey—predator
system introduced and studied by Lotka and Volterra. If x; (¢) is the number
of prey and x2(t) is the number of predators at time ¢, then the Lotka—
Volterra model of interaction between the two is

1 = axy — friTo,

Lo = —YTy + 0x12o.



38 Introduction

In the absence of prey (i.e., 1 = 0) the predators decrease, and in the
absence of predators, the prey grow without bound. In addition, the growth
rate of prey is a — Bx1, which decreases as the predator population grows,
and conversely for the predators.

The set (z7 > 0,29 > 0) is invariant for this system, and there are
two equilibria: the coexistence equilibrium (zf = /4, z5 = /() and the
extinction equilibrium (z7 = 0,25 = 0).

There is a first integral for this system, namely,

d(x1,22) = z] 2§ exp (—dz1 — Bxg).

Thus, any solution starting away from an equilibrium is periodic with a
period T'(¢), where ¢ = ¢(z1,0,22,0), and T'(c) = o(—logc) as ¢ — 0.
Random perturbations of the data in this system take the form

‘@1’6 = a(y(t/g))xl,s - 5(y(t/5))$1,5$2,57
i‘?,s = ’Y(y(t/g))xZ,s + 5(y(t/5))x1,sx2,s;

where y is an ergodic Markov process in a measurable space (Y,C).
We suppose that the functions a(y), etc., are nonnegative, bounded and
measurable functions.

Set

o= [aG). 5= [ B,
1= [a@e). 5= [ a0l

Then the original system is the averaged system. The averaging theo-
rem in Chapter 3 implies that the solution of the perturbed system is
close to the averaged solution on any finite interval (to,to + T') for e suf-
ficiently small. Thus, the solution is approximately periodic with period
T(¢(I175(t0),I2,5(t0))) along the trajectory ¢($1,I2) = ¢($1(t0),£€2(t0)).
This function is slowly changing in ¢, since it is constant for the averaged
system. Thus, to describe the behavior of the solution to the perturbed
system, we analyze the process ¢(x1.(to), T2, (to))-
We show that the stochastic process

Ug (t) = IOg (25(1'175 (t)a T2 e (t))

converges weakly in C to a diffusion process w(t) on the interval
(—o0,log ¢(a, b)), and the point log¢(a,b) is a natural boundary for the
process uc(t). That is, the population of predators vanishes by time T'/e
with probability that tends to 1 as T'— oo and € — 0.

The simulation in Figure 14 shows the averaged system and a sample
path of the perturbed system. It is interesting how dramatically different
are the behavior of the two systems.

Other systems studied are for two species competing for a limited re-
source and generalizations of the Lotka—Volterra equations to a three
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Figure 14. Simulation of the Lotka—Volterra system. The averaged system is
shown at the upper left, and its “energy” function is shown at the upper right.
Note the scale on the vertical axis in this figure, which indicates that the energy
is approximately fixed at the value 0.015. The trajectory on the lower left is for
the perturbed system, and its energy is shown on the lower right. In this case,
the perturbed system spends a great deal of time near the origin and only oc-
casionally sojourns. Thus, the noise can lead to a significant lengthening in the
period of oscillation of the system. Here ¢ = 0.01 and 0 < ¢ < 10.

species food chain, where the first produces nutrient for the second, and
the second produces nutrient for the third.

Epidemics

A problem in epidemiology is to predict whether an infection will propa-
gate in a population. For diseases that impart permanent immunity, the
Kermack—McKendrick model has been useful, which we describe next. Let
S denote the number of susceptibles, I the number of infectives, and R the
number of removals (those who are immune). The model is described by
the system of differential equations

S =—~I8,
I =~IS—),
R =\,
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where v is the infection rate and A is the rate at which infectives are
removed from the process, for example through quarantine, death, or cure.

Denote the initial conditions by Sy = S(0), Iy = I(0), Ry = R(0), and let
o= N7, I, =maxI(t), and S = lim;_, o S(t). Let t,, denote the time at
which I peaks: I(t,,) = L.

If Sy > a, then even one infective will cause an epidemic to propagate
with severity and duration characterized by t.,, I,,, and S.If Sy < a,
then t,, = 0, and I(¢) decreases, so the initial infectives do not replace
themselves; that is, there is no increase in infectives for any starting value
Iy.

We consider a random perturbation of this system with data (¢/¢) and
A(t/e) forming a two-dimensional process that is ergodic and stationary
with nonnegative and bounded components. We denote the solution of the
corresponding equations by

Se(t), Ic(t), Re(t).

We suppose that S.(0) = Sp, I.(0) = Iy, and R.(0) = 0. If we set Evy(t) =
v, EA(t) = A, then the average equations coincide with the original system.
The main result related to the behavior of the perturbed system is that

gyﬁHU—SQN+UAU—HﬂD%O

in probability as ¢ — 0. In particular, I, — I, and ¢, — t,, in proba-
bility as € — 0. So random perturbations of the kind considered here do
not change the threshold behavior of the Kermack—McKendrick epidemic
process, except near So = @&, where there is a bifurcation of final sizes.

Demographics

Linear models in demographics are described by the renewal equation

z(t) = o(t) + /0 M(t — s)xz(s)ds,

where z(t) is the population’s birth rate at time ¢, ¢(¢) is a function with
compact support, and M(s) is the probability that a newborn at time zero
produces an offspring at time s. The main result related to the behavior
of the birth rate is formulated as follows: There is a number « (usually
negative) such that the limit

li ot =B

g, w0 = Bo
exists. The number « is the unique real solution of the characteristic
equation

/ e M(t)dt = 1.
0
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Random perturbations of this system take the form

z:(t) = o(t) —l—/o M(t —s,y(s/e))z(s) ds,

where y(s) is an ergodic, homogeneous Markov process in a measurable
space (Y, C) satisfying a strong mixing condition. The function M (t,y) is
a positive, bounded and measurable function, and as before, we denote by
M the mean of this random process:

M(t) = / M(t, ) p(dy),

where p is the ergodic distribution of the process y(t).
We prove that
. 5} o

for all 7" > 0 and § > 0. The growth rate « is determined in the same way
as before.
The last relation implies that

P{e(—a—é)t <a.(t) < e(—a+6)t}

1 t
lim limsup P sup %5()

+ «
C0 0 c<t<T/e

tends to 1 as € — 0 and ¢ — oo for all § > 0.
A related problem is that of Malthus’s model with a random growth rate.
In our setting, we consider the equation

e = (L.0+ y(t/e))x..

This problem has been considered extensively in the literature when ¥ is
white noise [141]. In Figure 15 is a simulation of this problem when y is
a process like that used in the other simulations here (i.e., a jump process
with jumps uniformly distributed on [0, 1]).

Diploid Genetics

Consider a population of diploids and a gene in it having two possible
alleles, say A and B. Then all members of the population are either of
type AA, AB, or BB with respect to this gene. The proportions of the
population that describe these subpopulations satisfy a binomial Markov
chain whose probabilities change with the population’s distribution from
one generation to the next. The chain is called the Fisher—Wright chain for
its discoverers Ronald Fisher and Sewell Wright.

A deterministic version of this chain is a model for the proportion g,11
of the gene pool that is of type A in the (n + 1)th generation:

Tngr% + Sngn(l - gn)
rng?z + 2571971(1 - gn) + tn(l - gn)2 ’

gn+1 =
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Figure 15. This figure shows the distribution of z(1,¢) for 1000 sample paths of
Malthus’s model. Here z(0) = 4.0, (1) = 17.93, 0 < ¢ < 1.0, and € = 0.1.

where the sequences 7, s,, and t,, describe the selection coefficients of the
genotypes AA, AB, and BB, respectively, over the generations.
Selection is slow when the selection coefficients are nearly identical; for
example,
Tn =T +EPn, Sn =T +€E0n, tp,=T+€Tn,

where ¢ < 1. If p, = p, 0, = 0, and 7, = 7, then the discrete—time
sequence {¢5} describing the evolution of the gene pool satisfies

Q(g5)
€ _ A€ — n
gn-‘rl 9n 81 _’_EP(gfL)a
where @ and P are polynomials with

Q(z)=z(1—2x)(ax+b), a=p+T—20, b=p—T.

The asymptotic behavior of the sequence as € — 0 is determined through
the following results, which we establish in Chapter 12:

1. Ifb>0,a+b>0,lal + |b| > 0, then A dominates the gene pool:

lim c =1.
e—0,en—o00 In

2. Ufb<0,a+b<0,]al+ |b] > 0, then B dominates the gene pool:

. -
lim g, =0.
e—0,en—o00
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3. If b > 0,a+ b < 0, then there is a polymorphism in the gene pool:

. e
6—)01,161311—)00 In = b/a
4. If b < 0,a+b > 0,]a] + |b] > 0, then there is disruptive selection in
the gene pool: If g§ € (—b/a, 1), then
lim g5 =1,

e—0,en—o00
but if g§ € (0,—b/a), then

lim g =0.

e—0,en—o0

We study random perturbations of this system in the form

pn = pPYn), 0n =0(Yn); Tn = T(Yn)

where the sequence {y,} is a homogeneous ergodic Markov chain in a mea-
surable space (Y,C) with ergodic distribution m(dy). We suppose that
p, o, T are positive, bounded, and measurable functions. If we set

o= [ otwmidy). o = [otmidy). v = [ rwm(dy),
then we show that the solution of the differential equation

9(t) = Q(g(t))

is closely related to the gene pool distribution: In particular, g5 ~ g(en),
where the approximation is with probability 1. A version of the central
limit theorem is also applicable to this. For example, in the case of selection
favoring a polymorphism, the process

2N = (ghn +0/a)/VeE

converges weakly to a stationary Gaussian process.
In Figure 16 is shown the averaged system’s solution and a sample path
of the perturbed system in the case of selection for a polymorphism.

Bacterial Genetics

A bacterium contains a chromosome, which is a large strand of DNA, and
also extrachromosomal DNA elements called plasmids. Each new cell con-
tains exactly one chromosome, but it might have many copies of particular
plasmids. The chromosome is propagated mainly through replication and
cell division (vertical propagation), but plasmids can be propagated ver-
tically and horizontally, meaning that they can be passed from one cell
to another before replication. We study here the distribution of vertically
propagated plasmid types as cells grow and divide.



44 Introduction

0.9
0.8 b
0.7 b

06} VWWI}/\M W

0.5 4

0.3 4

0.2 1 1 1 1 1 1 1 1 1

0 10 20 30 40 50 60 70 80 BN 100
Figure 16. The averaged system’s solution and a sample path of the perturbed
system in the case of selection for a polymorphism. Here £ = 0.1 and the number
of iterations is 1000.

Suppose that each cell has exactly N plasmids in each generation. These
might be of r different types, say T1,..., 7. Then the cells are of

N+r—1
m =
N

different types, where (l;) =k!/(j!(k — 5)!) is the binomial coefficient. The
type of the cell is denoted by the vector (ng,...,n,), whose components
are integers that add to N and describe the number of various plasmid
types in the cell. Denote by Ci,...,Cy,, the different types of cells that
are possible. A population of bacteria is characterized by the proportions
of these various types. Let p* denote the proportion of the population that
is of type C;. Then the population’s distribution is described by the vector
7= (pt,...,p"M).

We investigate the dynamics of the population distribution p;, for ¢ =
0,1,2,..., as the population evolves from generation to generation. We
suppose that this sequence satisfies the relation

ﬁtJrl = A(t)v

where A(t) is a stochastic matrix of order m x m, which is determined from
the laws of genetics.
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Random perturbations of such a system can have the form A(t) = A +
eB(t), where the unperturbed system is described by the constant matrix
A and random noise is described by the matrix B(t), which we discuss
later.

During the synthesis phase of the cell reproductive cycle, each plas-
mid is replicated, so that just before splitting, the plasmid pool has size
2N with 2n; plasmids of type ¢ for ¢ = 1,...,m. During mitosis, one
daughter receives a distribution of plasmids, say described by the vector
k= (ki,..., kp) with probability

GG
"’k (%)

a

In this case, pr = pyAt, where A is the stochastic matrix with components
a - If we denote by P -(t) the transition probability from the state 77 to

the state k after ¢ steps, then its elements are those of Af. Our main result
for this system is the following: There are absorbing states described by
the vectors il = (§[I —1],...,8[I — N])N, where all N plasmids are from
type Cr. (Here §(0) = 1 and 6(j) = 0 if j # 0.) Then

; _
Jm P g (8) = N

but P, +(t) — 0 if k # 7’ for all I.
The randomly perturbed system has
A(t) = A+eB(1),
where B(t) is a stationary matrix—valued stochastic process. We assume:

1. B(t)T = 0, where T = (1,...,1)T. (i.e., the row sums of B are all
zZ€ero.)

2. ||B(t)|| < K, where K is a constant.
3. B(t) is ergodic and satisfies a mixing condition.

Then under some additional conditions the asymptotic behavior of the
transition matrix for the perturbed problem can be determined. In fact, if
P=(k) is the transition probability matrix for k steps, then there exists, for
sufficiently small €, the limit

t
1 ~
lim - Y P*(k) = IT°,
k=1

t—oo t

where the matrix II€ is a matrix having identical rows. Moreover, the limit
lim IT° = 11°
e—0

can be calculated explicitly. Using this methodology, we can describe the
asymptotic distributions of plasmids as t — oo and € — 0.
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Evolutionary Paths in Random Environments

A bacterial chromosome is described by a vector whose components are
taken from among the symbols {A,C,G,T}. If the length of the chro-
mosome is N base pairs, then the genetic structure of the organism is
completely described by a corresponding chromosome vector, say s € S =
{A,C,G, T}V, which denotes the set of all possible chromosomes, and s
lists the DNA sequence of one in particular. We assume that all cells in the
population reproduce at the same time, so reproduction is synchronized. A
population of these organisms can be described by a vector whose compo-
nents give the proportions of type s for all s € S. Our interest is in how
the vector of proportions changes from one generation to the next.

At reproduction, a cell produces two daughters, each having one chromo-
some that will generally be the same as the mother’s, except for possible
mutations, recombinations, and transcription errors. In our model, all
changes of the type of a chromosome at the time of reproduction are ran-
dom, although selective pressures can be accounted for as indicated earlier
in the example of diploid genetics.

We describe the evolution of the population as a branching Markov pro-
cess with the set of types S. This means that there exist probabilities
(s, s1,82) that a cell of type s splits into two daughters, one of type s;
and the other of type ss, so

Z (s, s1,82) = 1.
51,5268

We suppose that splitting of different cells is independent in the sense of
probability. Let the matrix A have elements

A(s',s) =2n(s',s,8) + Z 7(s',s,51).
s1€S5\{s}
Denote by v(t), for s € S, the number of cells of type s at time ¢, and let
7(t) be the vector of these. Then
Ev(t) = Ev(0) A*.
Note that the row sums of A are identical,
Z A(s,s) = 2,
seS
so A/2 is a stochastic matrix. If the matrix II = A/2 is irreducible and
aperiodic, then

lim II* = P,

t—o00

where P has all rows the same as p, the ergodic distribution for the Markov
chain with transition probabilities describing one step of II. Then

lim 27 'Ei(t) = (Eﬁ(o), T) i

t—o0
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and

lim 27'5(t) = (17(0), T) P,

t—o00

where (Ei, T) = ), a; is the sum of the components of @. We consider more

general matrices II as well.

For describing evolution in a random environment we use the same
model, but with a random matrix A} that describes reproduction at the
nth time step. Assume that {Af,n = 0,1,2,...} is an ergodic station-
ary matrix—valued stochastic process satisfying some mixing conditions.
(This sequence is called a random environment.) Denote by £ the o-algebra
generated by the random environment. Then

E@t+1)/E) =v(0)A5--- A},

and the matrices IT}, = A’ /2 are stochastic matrices. Under certain natural
conditions on the random environment, we prove the following statements:

1. limy, s BT - - - T = Il

2. With probability 1,
. 1 * KT * *
Jim E(Ho"'ﬂo 14+ g 105 ) = Tho.

3. The matrix Iy has identical rows.

For evolution in a random environment with small random perturbations,
we consider matrices of the form

I = IT + €117,

where II is a nonrandom stochastic matrix. The investigation of the
asymptotic behavior of the products

(H + 51:[6) e (H + 51:[;71)
rests on the results in Chapter 7; in particular, we prove the existence of
the limits
Tim (T o1y ) o (T o1 ) =TI
and the existence with probability 1 of the limit

1 ¢ - .
lim =3 (M efly) o (T Tl ) =T,

n—oo N,

The general inference that we make in this case is that if the averaging
system 1is ergodic, then the behavior of the random system is likely to be
similar to the behavior of the unperturbed system. If the averaging system
is not ergodic, then the perturbed one can be ergodic with simpler behavior.
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This completes our introduction to the topics, methods, and applications
in this book.



1
Ergodic Theorems

Ergodic theorems have played major roles in the development of theoretical
physics and in how we study random processes. In the physical setting, it
is plausible that a collection of gas molecules in a confined volume will
move in such a way that they will hit any sub—volume a proportion of time
comparable to the size of the sub—volume. It was proposed by Boltzmann in
the “ergodic surmise” that time averages and space averages agree in this
sense, and mathematicians tried to prove this, but with only partial success.
Notably, George Birkhoff, an expert in dynamical systems, and Norbert
Wiener, a probabilist, found useful results that were applicable to certain
cases in physics. These turned out to shape how we think of dynamical
systems, randomness, and noise. Among the great many applications of
these ideas are studies in genetics, population biology, financial planning,
molecular diffusion, chemical reactions, medicine, and signal processing in
engineering.

The purpose of this chapter is to describe ergodic processes from a math-
ematical point of view and to establish some interesting results that we will
use throughout this book. We first review some of Birkhoff’s work, and then
demonstrate some of its consequences in modern studies of randomness.

1.1 Birkhoft’s Classical Ergodic Theorem

The notation of modern probability involves a collection of possible sam-
ples; a collection of possible observable events; which are certain collections
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of samples; and a measure of the likelihood or probability of a given event
occurring. The set of samples is denoted here by €2; the events by a collec-
tion of subsets of {2, which is denoted by F; and the probability measure P,
which associates with every event A € F a number P(A) € [0, 1]. The col-
lection F is a o-algebra of sets, meaning that it is not empty and it is closed
under complements and the formation of countable unions. The probability
measure satisfies certain properties: For example, 0 < P(A) < 1, P(Q2) =1,
and P(AUB) = P(A)+ P(B) if ANB # ¢. We refer to the triple (2, F, P)
as a probability space. (These ideas are introduced more carefully in the
Appendix.)

A function, say f, from 2 to the real numbers is said to be measurable
for this probability space if the inverse images of intervals are events in
F, that is, f~%([a,b)) € F for any numbers —o0o < a < b < oo. This is
weaker than continuity, since there is no topology in 2 to describe “close-
ness”, but it ensures that the mapping is consistent with the probability
space’s attributes; in particular, P{w : a < f(w) < b} is defined for any
real numbers a < b. A random variable, or measurement of samples, is a
measurable function from 2 to the real numbers. If f is measurable, then
its distribution function

Frla,b) =Pla< f<b)=P{lweN:a< f(w) <b}

makes sense for any real numbers a < b. The distribution function plays a
central role in studies of random variables. We write Fy(z) = Fy(—o0, z),
and we denote the derivative of this function by Fy(z) = 0Ff(z)/0z. The
existence of this derivative is discussed in the Appendix.

Let {Q, F, P} be a probability space and let T be a measurable trans-
formation T : Q — Q. We say that T preserves the measure P if
P{T7'(A)} = P(A) for A€ F, where T~ (A) = {w: Tw € A}.

For example, consider the probability space where Q = [0, 1] with mea-
surable sets the Borel sets in 2. These are the o-algebra generated by the
intervals [a,b), where 0 < a < b < 1. The probability measure is defined by
Lebesgue measure, so Pla,b) = b — a. The mapping Tx = 22 (mod 1) is a
measure—preserving mapping of [0, 1] into itself, and Lebesgue measure is
the invariant measure, as shown in Figure 1.1.

A set B € F is called invariant if Tw € B whenever w € B (i.e., T(B) C
B). In this case, B C T~!(B), and the probability of the difference between
T-Y(B) and B is

P(T™Y(B)\ B) = P(I'""(B)) — P(B) = 0.
More generally, a set B’ € F is called quasi—invariant if

P(T™(B)\ B')=0.
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Figure 1.1. This figure depicts the mapping Tx = 2z (mod 1) of [0,1] into itself.
Note that the preimage of an interval of length b — a has length 2 x (b — a)/2.

We define T-"(C) = {z : T"z € C}, where Tz = z and for n = 1,2,...,
Tz =T(T" 'z). Then if B’ is a quasi-invariant set, the sets

B, =(\T7"(B), By=BU|JT"(B)

are invariant, and we have
By C B'C By, P(B;)=P(B') = P(By).

A set is quasi-invariant if it is invariant as far as probability can determine.

Denote by Z the collection of all invariant sets in F and denote by QT
the collection of all quasi—invariant sets in F. Then we have the following
properties:

(a) QT is a o—algebra;
(b) T CQT;

C 1s the o—algebra that is generated by the null sets of P, i.e.,

If MV is th lgeb hat i d by th 1 f P, i
{C €Z: P(C)=0}, then N C QT and QZ = Z V N is the smallest
o—algebra containing Z and A

With these definitions we have the following result, which describes a
relationship between time averages and averages over €2
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Theorem 1 Let {(w) € L1(P) (that is, £ is a function that is Lebesgue
integrable over Q with respect to the measure P), and let T be a
transformation of 0 into itself that preserves the measure P. Then the
limit

Jim 3" g(Th) = () (L1)
k=1

exists for almost all (with respect to measure P) w € Q, and

£w) = E(§(w)/QT).
The expectation E in the last formula is defined in the Appendix. This
theorem is referred to as Birkhoff’s ergodic theorem, and it is proved in [8].
The proof is not presented here.

In our example, the iterates of the mapping Tz = 2z (mod 1) will take
almost every z € [0,1] all over the interval. The simulation in Figure 1.2
illustrates this. Select a point g € [0, 1] at random. Calculate the numbers
{T"zo} forn = 1,...,10%, and plot a histogram of the results. The outcome
of this for zy = 0.9218 is shown in the figure.

1200 T T T T T T T T T
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Figure 1.2. This figure depicts a histogram of iterates of the mapping
Tz = 1.99999z (mod 1) of [0,1] into itself. This begins with the point
zo = 0.9218 and plots a histogram of the results for n = 1,...,10°. This shows

that the iterates are trying to reproduce the graph of the invariant measure’s
density function Fy(z) = 1.0.

The following definitions are useful:
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Definitions.

(1) A measure P is called ergodic with respect to a transformation T if
QT C N, that is, if quasi-invariant sets have measure zero.

(2) A transformation T is called metrically transitive with respect to the
probability measure P if T C N, and so QLT C N.

Remark 1 If QI C N, then in Theorem 1 &(w) = FE&(w) with
probability 1.

Remark 2 If £(w) = E&(w) with probability 1 for all £(w) € Ly(P), then
QI C N.

Remark 3 Suppose that L C L1(P) and L is dense in Ly (P). If £(w) =
E¢(w) with probability 1 for £ € L, then QT C N.

The following lemma is useful to establish ergodicity of measure P.
Lemma 1 Let |£(w)| < ¢ with probability 1. Then &(w) = E&(w) if

n

Jm 5[ Bleerto) - (Bew)’] ~o (12)
k=1

Proof of Lemma 1 Let a = E¢(w) and
1 n
= TFw).
fn(w) = — ;5( w)

Equation (1.2) is equivalent to the relation

B{(w)é(w) = a®. (1.3)

It is easy to see that £(T"w) = {(w) (mod P) for all k. The relation (1.1)
implies that E¢,(w)é(w) = a?, so BE2(w) = a?.
(]

Theorem 2 A measure P is ergodic with respect to a mapping T if there
exists a linear set of bounded random variables L that is dense in L1 (P)
for which (1.2) is fulfilled.

The proof of this theorem follows from Remark 3 and Lemma 1.

1.1.1  Mizing Conditions

We say that the mapping T satisfies the mizing condition if for any bounded
random variables ¢(w) and n(w),

lim BE(w)n(T w) = B¢(w) Bn(w). (L4)
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This relation implies that

n—oo

lim Eﬁ(w)% Z n(T*w) = B¢ (w)En(w). (1.5)
k=1

If (1.5) is true for all bounded random variables £ and ), then we say that T
satisfies the weak mizing condition. Note that (1.3) and (1.5) are equivalent,
so any metrically transitive mapping T satisfies the weak mixing condition.

1.1.2  Discrete-Time Stationary Processes

A measurable space (X, B) is a set X of elements and a o-algebra B of
subsets of X. A discrete-time sequence of X-valued random variables has
the form &, (w), n € N, where N is either the positive integers Z or the set

of all integers Z. We assume that the joint distributions of {(w) = {&,(w)}
satisfy the relation

P{& € Aoy, §k1 € At} = P{&kr1 € Aoy &1 € At}

for all Ao, ..., A; € B, and all relevant k, [. We will say the sequence {{,(w)}
is a stationary random sequence.
In (X%, BY) we introduce a probability measure u for which

p({@: 2™ € Ag,...,a* D € 4)}) = P{& € Ao, ..., & € A}, (1.6)

where 7 € XV and ¥ = {z(, n € N}.

Let S# = {z(™*Y n € N}, so S is the shift operator in the space of
sequences. It follows from relation (1.6) that S preserves the measure pu.
Hence, we have the following theorem.

Theorem 1 Let g: XV — R be a BY-measurable and p-integrable
function. Then with probability 1 there exists the limit
1 o -
lim — %" g(5"¢(w)) = g(w), (1.7)

and g(w) = E(g(g(w))/QI), where QL is the o—algebra generated by the
random variables

(o= ol o(s(€len) = of€len) }

(Note that two random variables are considered equal if they are equal for
almost all w € Q.)

We say that a stationary sequence is ergodic if we have in equality (1.7)
that g(w) = Eg(¢{(w)).

Theorem 2’ A stationary sequence {&,} is ergodic if for every positive
integer | € Zy and all sets Ag,...,A; € B and By, ..., B; € B, there exists
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the limit

1l
lim *ZP{fo61407~-~7§z€Al»EkEBoa-n,ka € B}
k=1

n—oo n

= P{fo € Ag,..., & € Al}P{fo € By,...,& € Bl}. (1.8)

Finally, we define the mixing condition:

Mixing Condition: A stationary sequence {£,} satisfies the mixing con-
dition if for all sets Ag,...,A; and By,...,B; in B, the following relation
is fulfilled:

nh_)ngop{go 614-07"'751 eAlv gn EBOv"‘7§n+l EBl}

= P{&) € Ag,..., & € Al}P{go € By,...,& € Bl}. (19)

For example, consider the sequence of independent identically distributed
random variables {Z,}. This is a stationary process. Moreover, sup-
pose that these random variables have finite variance o?. Then x,, =
EZy Zpmin = 0if m # 0, but is 02 when m = 0. In addition, if EZ,
is finite, then by the law of large numbers there exists the limit

1 n
lim — E Z =m,
n—oo N
k=1

and m = FE(Z,). Thus, in this case the process is stationary and ergodic.
(Note, by the way, that the process

n
Yo=Y 7
k=1

is not stationary even if m = 0, since EY,? = no?.)

Next consider a random variable Z* having finite mean (m) and variance
(0?), and let the process {Z,} be such that each Z,, = Z*. In this case,
Xm =E Zn Zpyn = o2 for any m,n, and we have the limit

LG )
Am g2 B2
which is not the result of the ergodic theorem. The reason is that this pro-
cess does not satisfy an appropriate mixing condition. (See [90] for further
discussion of these processes.) In the first case, the sequence x,, converges
to zero quickly (in one step), but in the second case, it does not converge
to zero.

Figure 1.3 shows a simulation of these two cases using 10* sample paths
in each case. In the first case the independent variables Z,, are uniformly
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distributed on the unit interval with mean % and variance ﬁ In the second
case Z* has the same distribution.

6000 T T T T T T T T T

5000 - 1

4000 q

3000 - 1

2000 1

1000 - q

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

140

120
100

80
60

40

20

% 0.1 02 03 04 05 06 07 0.8 0.9 1
Figure 1.3. The top figure shows the convergence of the sample means in the
case of an i.i.d. process. The law of large numbers tells us that the sample means

converge to the common mean, 1 in this case. In the bottom figure, the sample

’ 2
means are exactly samples of the random variable Z*. In this simulation, 10*

sample paths were used in each case.

1.2 Discrete-Time Markov Processes

We consider next a homogeneous Markov process in a measurable space
(X, B) with the transition probability for one step being P(z, B), = € X,
B € B. That is, P(z, B) gives the probability that starting at = the process
arrives in the set B in one step. Let p be a probability measure on X defined
for sets B € B. The measure p is called an invariant distribution for the
transition probability P(x, B) if

o(B) = [ pldo)P(a. B). (1.10)

for each set B € B. Let &, for n € Z; be a Markov chain with transition
probability P(z, B) and initial distribution p, which means that P{& €
B} = p(B). Then {,} is a stationary random sequence in X. We say that
p is an ergodic distribution if this sequence is ergodic. A subset B € B is



1.2. Discrete-Time Markov Processes 57

called p—invariant if p{z € B : P(z, B) < 1} = 0. Then p is an ergodic
distribution if p(B) = 0 or p(B) = 1 for every p—invariant set B.
We denote by P, the measure on X%+ for which

PAZ: 2% € Ap,...,a" € A,}

. (mo)/P(xo, daY1a, (@1) - P(at, de?)- - La, (20) P(a"", da™).
The function P, is the distribution of 5: {&0,&1, ... } under the condition
& =x. (Here 14(x)=1ifz € A, and 14(z) =0if x ¢ A.)

Theorem 3 Let p be an ergodic distribution and F : X" — R be a
B t'-measurable function for which

/ |F (o, ...,z )| p(dxo)P(zo, dx1) - - - P(xp_1, dz,) < 00.

Then

Px{hmn—)oo % Zzzl F(§k, T 7§k+r)

= /F(a:o, ooy xp)p(dao) P(xo, dxy) - - - P(xp—1, dx,.)} =1 (1.11)

for almost all x with respect to the measure p.

Under what conditions is relation (1.11) true for all z? To answer this
question we need some further ideas. A Markov process {&,} is called
Harris-recurrent if there exists a nonzero measure m on B for which

PQJ{Z 1{§n€A} = +OO} =1

for all z if m(A) > 0. A measure m on B is called an invariant measure for
the Markov process {¢,} if

m(B) = / P(z, B)m(dz)

for all B € B.
With these ideas, we have the following theorem:

Theorem 4 Let the Markov process {&,} be Harris-recurrent. Then

(i) it has a unique (up to a constant multiplier) o—finite invariant measure
w, and

(ii) a w-integrable positive function G : X — R exists for which

px{%:c(gn) = +oo} =1

forallxz € X.
If a function F satisfies the conditions of Theorem 3, then for all x € X,
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(iii)
{nlggoZF gk,...,fkﬂ)/ZG(sw = F} =1 (1.12)
k=1

k=1

and

(iv)
T B Y F (G &) [ > Gl = (1.13)
k=1 k=1

where

F:/F(a:o,...,xr)ﬂ(dxo)P(xo,d:cl)~~~P(:z:r_1,d:cr)//G(x)w(dx)

(1.14)
and E, is the expectation with respect to the measure P,.

For the proof, see [168, Chapter 6, Theorem 6.5].

Definition. A Markov chain {¢,} is called uniformly ergodic if (1) it has
a unique stationary distribution, (2) it is Harris-recurrent with respect to
the ergodic distribution p, and (3)

n 2
. 1
i sup B, (n ;w(m - /w(x)p(d$)> =0
for every bounded measurable function ¥ : X — R.

Remark 4 Let P,(x, B) be the transition probability of the Markov chain
for n steps. Assume that the measure P, (x,-) is absolutely continuous with
respect to the ergodic distribution p and that

dP,(z,-)

) = pae ),

Pn(x,B):/Bpn(m7x’)p(dx’).

Then the condition

lim sup/ Ipn(z,2") — 1|p(dx") =
n—oo
implies the uniform ergodicity of the Markov chain.

For example, consider a finite-state Markov chain, say {Z,}, having states
{1,2} and transition probability matrix

a 1—a
P_<1—b b )
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where a,b € (0,1). The eigenvalues of this matrix are 1 and a + b — 1,
for which |a +b — 1| < 1. The eigenvector corresponding to the larger
eigenvalue is (1 — b,1 — a)/c, where ¢ = 2 — a — b. This Markov chain is
stationary and ergodic, and the ergodic measure is defined by the table of
values p(1) = (1-b)/c, p(2) = (1—a)/c. In fact, the spectral decomposition

of P is
_( @=b)/c (1-a)/c N
P= ( (1=b)fe (1—a)e )Tletb=DP,
where PoP, = P, and PP, = PP, = 0, where P; is the first matrix in
this formula. Thus, for large m, P™ =~ P;.
The simulation illustrated in Figure 1.4 is used later.

State
State

. .
0 20 40 60 80 100 0 0.2 0.4 0.6 0.8
Time Frequency

Figure 1.4. The figure on the left shows a sample path for the case where
a = 0.75,b = 0.4. The figure on the right shows the proportion of times each
of the two states was visited by this sample path. The ergodic measure indicates
that the expected proportion of visits to state 1 is 0.706 and to state 2 is 0.294.
The proportion of visits observed in this sample path of length 100 are 0.69 and
0.31, respectively.

Simulations of the kind illustrated in Figure 1.4 do not converge rapidly
if many states are involved. For example, consider a Markov chain hav-
ing 10 states and a transition probability matrix P whose first row is
(1-0.2,0.1,...,0.1) and the rest of whose rows are determined as shift
permutations of this row, so the resulting transition matrix is a circulant
matrix. The simulation in Figure 1.5 shows a sample path of length 10000,
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and the histogram at the right shows the proportion of visits to each state
by this single sample path.

10 m
9 L

State
(9]
T
L
State

0 . . . . . . .
0 2000 4000 6000 8000 10000 0 0.05 0.1 0.15 0.2
Time Frequency

Figure 1.5. The figure on the left shows a sample path of length 1000. The figure
on the right shows the proportion of visits to each of the ten states by this sample
path. The ergodic measure indicates that the expected proportion of visits to
each state is 0.1, but the histogram shows substantial deviation from this even
at 1000 time steps. Things improve significantly at 10? time steps, but at greater
computational expense.

1.3 Continuous—Time Stationary Processes

We consider an X-valued stationary stochastic process £(t), t € A, where
A = R4 or A = R. This means that

P{g(tl) S Al,...,ﬁ(tk) S Ak} = P{E(tl +S) S Al,...,f(tk +S) S Ak}

for all t1,...,tx,s € A and for all sets Ay,...,Ar € B. We denote by Ba
the Borel o—algebra in the set A.

Suppose that £(t,w) is Ba ® F-measurable. We denote by Lg the Hilbert
space generated by the random variables of the form

,7:/.../f(th,.,,tmg(tl),...,f(tk))dtl...dt,w (1.15)
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where f: RF x RF — R is a bounded Bp» ® B*-measurable function. Note
that n; and 79 are identical in Lg if P{m = n2} = 1. We introduce the
operators in Lg by the following formula: If 7 is given by (1.15), then

STn:/---/f(t1—T,...,tk—T,ﬁ(tl),...,f(tk))dtl---dtk, T €A.

It is easy to see that S; 4., = 5,5, and that S; is an isometric linear
operator. (If A = R, then S, is a unitary operator.)

Let I¢ be the subspace that consists of those elements ¢ for which S,¢ = ¢
for all 7 € A. Let Z¢ be the o-algebra generated by {¢, ¢ € I¢}.

The following theorem is a consequence of Theorem 1.

Theorem 5 Suppose that a measurable function F : X* — R satisfies the
condition

E|F(£(t), .. £(t))] < ox.
Then with probability 1 there exists the limit

T—o0

T
= lim 1/0 F(E(t +5), ... E(tx + 5))ds, (1.16)

where ( € I¢ and

h
C:E(}ll/o F(g(tl+s),...,§(tk+s))ds/zf> (1.17)

for any h > 0.

The process £(t) is called ergodic if I¢ contains the constants only. Then
Z¢ is the trivial o-algebra. In this case

(=EF(&(t), ..., E(t)). (1.18)

1.4 Continuous—Time Markov Processes

Now consider a homogeneous Markov process in the space (X, B) with tran-
sition probability P(t,z, B) for t € Ry and B € B. Assume that P(t,x, B)
satisfies the following conditions:

I. P is a probability measure for B € B for each fixed ¢ and x;
II. P is measurable in ¢ and x for each fixed B;

IIT. P satisfies the Chapman—Kolmogorov equation:

P(t+s,z,B) = /P(t,:v,dac’)P(s,ac’,B)7 t,se Ry, x€ X, BeB.
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Finally, we suppose that the o-algebra B is countably generated.
A o-finite measure p is called an invariant measure for the Markov process
if

p(A) = /p(dx)P(t,x,A) for all A € B. (1.19)

Suppose that there exists an invariant probability measure . The X-valued
process £(t) for which

PLE(0) € Ag,....£(t2) € Ar) = //w(dxo)l,qu (0) P(tr, 70, dz )14, (21)

. ><P(tk—tk_l,xk_l,dxk)lAk(l‘k), 0<ty < - <y,

(1.20)
is a stationary process in X. So Theorem 5 is true for this process. To
formulate the next theorem we introduce the measure P, that is the prob-
ability for the Markov process under the condition that its value at ¢t = 0
is x.

Theorem 5’ Let a measurable function F : X* — R satisfy the condition

k
//’F(xl,,xkﬂw(dxl) HP(tJ 7tj,1,l'j,1,d$j) < o0.
=2

Then the limit (1.16) exists with probability P, = 1 for almost all x with
respect to the measure m, and it can be represented by formula (1.17).

We describe Z¢ in this case.

Definition A set B € B is called m-invariant if for all ¢ > 0,
/ P(t,z, X \ B)m(dx) —|—/ P(t,x, B)n(dz) = 0. (1.21)
B X\B

Denote by Z§ the collection of all m-invariant subsets of X. It is easy to
show that Z¢ is a o-algebra.

Theorem 6 Z¢ is generated by the set of random variables

{15(¢(0,w)), Be I} .

For the proof, see [168, Section 2.3].

Definition An invariant probability distribution 7 is ergodic if for all B €
T we have either that 7(B) = 0 or n(B) = 1.

In this case we say that the o-algebra Z& is trivial with respect to the
measure 7. Note that if there exists only one invariant probability measure,
then it is ergodic.
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Definition We will say that the Markov process is uniformly ergodic if it
satisfies the following conditions:

(1) it has a unique invariant probability measure ,

(2) forallAe B
RC{/OOo La(£(t))dt = +oo} —1

for all z if m(A) > 0,
(3) The relation
: 17 :
Jin swp £, (7 [ uteas - [vwnian) ~o

holds for every bounded B-measurable function ¢y : X — B.

Remark 5 If the transition probability of the Markov process P(t,x, B)
is absolutely continuous with respect to the measure w and if
dP(t,z,-)
t ! — s /
plt ') = 0 @),

then the condition

1 T
lim — sup/ Ip(t,x,2") — 1|n(dz") =0
T— o0 T 0

implies uniform ergodicity of the Markov process.

This completes our introduction to the ergodic theory of stochastic
processes.



2

Convergence Properties of Stochastic
Processes

In this chapter we describe ways that sequences of stochastic processes can
converge. Our general results about perturbation methods give the first
two terms of an approximation: The leading term is based on convergence
(as € — 0) to some nonrandom values, and the second term is based on
convergence to a diffusion process. These are in the spirit of the law of
large numbers and the central limit theorem, respectively. In this chapter
we define the senses in which these limits are valid; we describe technical
conditions that are sufficient for various kinds of convergence; and at the
end, we describe a central limit theorem for ergodic stochastic processes.
While the results in this chapter are developed mostly for continuous—time
processes, there are analogous results for discrete-time processes that are
left to the reader.

2.1 Weak Convergence of Stochastic Processes

The concept of weak convergence is important for our approximations.
Definition 1. Let §,(t), t € Ry, n = 0,1,2,..., be a sequence
of continuous-time R%-valued stochastic processes. We say that &,(t)
converges weakly to £y(t) as n — oo if

lim Ef(&u(t), ... &ulty)) = Bf(o(t1), ..., &o(tr))

n—oo

for every k € Z., for all times t1,...,t;, € Ry, and for all f € C((RH)F).
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In this case, we say that all finite-dimensional distributions of the process
&n(t) converge weakly to the corresponding finite-dimensional distributions
of the process &y(t).

Definition 2. A sequence &,(t), t € Ry, n = 1,2,..., is said to be
weakly compact if each subsequence ni,na, ... admits a further subsequence
Ny, Ny, - such that &, (t) converges weakly to a stochastic process £(t).

Remark 1 Let {£(-)} be the set of stochastic processes that are the lim-
its for weakly convergent subsequences {&,, (t)}. The entire sequence &,(t)
converges weakly to some stochastic process if and only if all the processes

&(+) have the same distribution.

The proof of this is left to the reader. The following result gives sufficient
conditions for a sequence of processes to be weakly compact:

Proposition 1 The collection of stochastic processes {&,(t)} is weakly
compact if it satisfies the conditions

(a) Tlg{)lo llﬂsolipP{\fn(Oﬂ >r}=0
and

(b) limlimsupsup sup P{|&,(t) — & ()] >} =0

h=0 nooo ¢<T |t—t/|<h
for every tolerance § > 0 and terminal time T € R

Proof Conditions (a) and (b) imply that the finite-dimensional distri-
butions of the processes &, (t) are weakly compact. Denote by @ the set
of nonnegative rational numbers. Let {n; : [ = 1,2,...} be a sequence of
natural numbers, n; — co as | — oo. Using the diagonal method we can
construct a subsequence {n;,,k =1,2,...} for which a limit exists,

‘C’(f7t17 s Jtr) = kll)rgoEf(gmk (t1)7 s 75"119 (tT))7

for all t1,...,t, € Q4 and f € C((R%)"). This implies the existence of a
stochastic process £(t), t € @4, for which

L(ft1,. . ty) = Ef(E(t1),. .., &(t)),
for t1,...,t. € Q, f € C((R?)"). It follows from condition (b) that
lim sup (P{E) — E(¢)] > e} i 1.t € Quult— | <h) =0
h—0
for all € > 0. So a limit in probability exists,

. &4l
t/ﬁ%}{/neQ+ &), forallte Ry,
which we denote by 13 (). Then the sequence &,, (t) converges weakly to the

stochastic process £(t).
O
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2.1.1 Weak Convergence and Weak Compactness in C

Denote by Ciq ) (R%), for [a,b] C Ry, the space of continuous functions
z(t): [a,b] = R? with the norm of a function being defined by

lz()llcray = sup [z(t)].
t€la,b]

Let £(t) be a continuous R%-valued stochastic process. Denote by /Lg the
distribution of £(¢), ¢t € [0,T7, in the space Cjor)(R?). That is, ,u?(A) =
P{¢(-) € A} for all measurable sets A in Cp 77(R?).
Definition 3. The sequence &,(t), n = 1,2, ..., of continuous R%-valued
processes converges weakly in C to a continuous R*-valued process &(t) if
ung converges weakly to /AZ; for allT € Ry. That is, for oll T € Ry,

lim EFT(&,(-) = EFT(£(+))

n—oo
for any continuous function F* : Cjo r)(R?) — R.

Weak Compactness in C' of a Sequence of Continuous Processes
A sequence of continuous processes &,(t),t € Ry, n=1,2,..., is said to be
weakly compact in C if any subsequence {ng, k = 1,2, ...} admits a further
subsequence {ny, }, ! = 1,2,..., such that fnkl (t) is weakly convergent in

C.

Remark 2 A process é (t) is called a partial C-limit for the sequence
{&n (")} if there exists a subsequence {ny} such that &, (t) converges weakly
to g(t) in C. A sequence of continuous functions is C-weakly convergent
(i.e., there exists a process to which it converges weakly in C) if

(1) the sequence is weakly compact in C,

and

(2) all partial limits have the same distributions.

In particular, &, (¢) converges weakly in C'if (1) is true and if &, (-) converges
weakly.

Proposition 2 Let {&,(t)} for t € R ort € Ry be a sequence of
continuous processes. It is weakly compact in C if and only if

(a) Tlingc llrrglsotip P{|&(0)] >r} =0

and

(b)  lim limsup P {sup sup  |&n(t) — &n(t)] > e} =0

h—0 n—ooco t<T |t—t'|<h
foralle >0 andT € R,..

For the proof see [7, Section 7].
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Theorem 1 Let a sequence of continuous processes &,(t) satisfy the
following conditions:

(a) condition (a) of Proposition 2;

(b) there exists a sequence d,, } 0 for which

lim P sup  [€n(t) = &nls)| > €ep =0
n—oo t<T, |t—s|<8,

foralle >0 and T € Ry;
(c) there exist o > 0, B> 0 for which

E(IN[&1) = &(s)|) <Cr(ft—s'"TP +0,10) ift<T,

where 6, is the same as in (b), Cp < oo for every T > 0.
Then the sequence {&,(t)} is weakly compact in C.

Proof Let
1 .
o) e (a)

pn = max{[&,(t) = &u(s)] 1 t ST\ |t — | < 6, ).

i<2kT

Pnk = Max {

and let

Then
max{|&,(t) — &u(s)], t < T, [t —s| < h}

log, $2k>log2 %
If 27% > §,,, then
P 0 < ! C 1 < (T o
=01 /ij go (01 Doy < T+ Doz
i/2k<T

Therefore,

P{  sup & (1) —En(s)| = €} < P{,én—i— Z 5t pnk > 6}

t<T, |t—s|<
ST [t=s|<0n log, h=1<k<log, 5,

€ T+1
<P{An>f} ) 9=k,
SRR UG (Ore)°
log, h=1<k

where
SO=2 and YL <o
"2 gooks =

So relation (b) of Proposition 2 is satisfied, which implies the result.
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We can apply this theorem to a sequence of random polygonal functions.

i) rm((57) -4(5))

ktl 1} and let
n n

n
in probability as n — oo for every T > 0. Suppose that for each T > 0 there
exists a pair of a >0 and > 0 for which

Bl = {-len) - a0 }) < O (10147 4 L)

Corollary Let

fort e [%,

sup
k<nT

fort <T. Then the sequence &, (t) is weakly compact in C.

2.2 Convergence to a Diffusion Process

2.2.1 Diffusion Processes

We consider a continuous Markov process £(t) in R? with transition prob-
ability P(s,z,t,B) for # € R* 0 < s < t < oo and for B € B(R?).
This process is called a diffusion process if there exist continuous functions
a(t,z): Ry x R* = R% and b(t,z): Ry x R? — L, (R%), which is the set of
nonnegative symmetric d X d matrices, such that

/g(ac )P(s,z,t,dx") / / w9(2" )P (s, z,u,dx") du, (2.1)

where g € C?(R?), 0 < s <t, and

d d

] 1 .
i=1 i,j=1
where a', ..., a% are the coordinates of the vector a and b/, i,j € 1,d, are

the elements of the matrix b. The operator L,, is called the generator of the
Markov process.

Proposition 3 Let a(t, z) and b(l, x) be continuous and satisfy a local
Lipschitz condition: For every r > 0 there exists a constant l,. for which

la(t, ) — a(t, )] + [[b(t, ) — b(t, &) || < ly|a — 2|
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if |x| <7, t <r, and there is a constant q for which (a(t,z),z) + b(t,x) <
q(14 (z,2)). Then the transition probability is determined by the functions
a(t,x) and b(t,x) through relation (2.1).

This statement is a consequence of the following observation.

Remark 3 Consider the stochastic differential equation
dE(t) = a(t, £(1)dt + b2 (1, £(8) duw(?), (23)

where b'/%(-) is the positive symmetric square Toot of the matriz b(-) and
w(t) is the Wiener process in R% (i.e., Ew(t) = 0, E(w(t),2)? = t|z|?,
z € RY). It follows from the theory of stochastic differential equations [108,
p.166] that the conditions of Proposition 3 imply the uniqueness and the ex-
istence of the solution to equation (2.3) for a given initial condition. Denote
by &z,5(t) the solution to equation (2.3) on the interval [s,00) satisfying the
initial condition

&s.5(8) = .
Then
P(s,z,t,B) = P{& s(t) € B}.

Remark 4 Let g € C®(R?), and let £(t) be the diffusion process with a
generator Ly. Then

a(E(t)) - / Lg(€(s))ds

is a martingale with respect to the filtration (}'f,t € R,) generated by the
process £(t). (See Appendix A for definitions.)
This follows from relation (2.1).

Proposition 4 Assume that a(t,z) and b(t,x) satisfy the conditions of
Proposition 3. Let £(t) be a measurable R*-valued stochastic process on Rt
and let (F,,t € R.) be the filtration generated by the stochastic process
(E(t),t € Ry). If for all g € CP(R?) the stochastic process

1o (1) = 9(€(1)) — / Log(é(s))ds

is a local martingale with respect to the filtration (Fy,t € Ry), then £(t) is
the diffusion process with the generator L.

A proof of Proposition 4 is presented in [188].

We also will consider diffusion processes in a region of R? having an ab-
sorbing boundary. Let G be an open set in R? and let G’ be its boundary.
Let £(t) be a Markov process in G UG’ satisfying the following properties:
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(1) If 7 =inf{t: £(t) € G'}, then &(t) = &(7) for ¢ > 7 (i.e., the boundary
is “sticky”).

(2) For every g € C®(R?) for which g(x) = 0 if 2 € R¥\ G (the comple-
ment of G) the relation (1) is fulfilled. Then &£(¢) is called the diffusion
process in G with the generator L; and absorption on G'.

Propositions 3 and 4 are true for diffusion processes in a region G with
absorbing boundary conditions on G'.

Remark 5 Assume that &(t) is a diffusion process in R® with the generator
L; and G C R is an open set in R?, G’ its boundary. Set

T=inf{t: () € G'}, &(t) =& AT).

Then &' (t) is the diffusion process in G with the generator Ly and absorption
on G'.

Remark 6 Let 5(0) =0, and let g(t) satisfy the conditions of Proposition 3
with

1 d
Lug = 5 Zlgxlxl
i=

Then &(t) is a Wiener process for which EE(t) = 0 and E(g(t),z)2 =
t(z,z).

2.2.2  Weak Convergence to a Diffusion Process

Theorem 2 Let {£,(t)} be a sequence of measurable R%-valued random
processes fort € Ry. Suppose that

(1) The distributions of £,(0) converge weakly to some distribution mq(dz)
on B(R%) as n — oc.

(2) There exists a generator L, of a diffusion process with its coefficients
satisfying the conditions of Proposition 3 for which

n—oo

t+h
i BG(6,(0)..-&0(00) ) |a(€n(t+m) ~a(6n(0)~ [ Lualn(w)ita] =0

forallk € Zy, 0 <ty < -+t <t <t+h, and all G(x1,...,2x) €
C((RYH*) and g(x) € CD(R?), uniformly in h € [0, 1].

Then &,(t) converges weakly to the diffusion process £(t) with the generator
Ly for which the distribution of £(0) is mo(dz).

Proof First we show that the sequence {&,(t)} satisfies the conditions of
Proposition 1. Set
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Then a constant ) exists that does not depend on ¢ and for which

Lupelo)] < Qfoele) + 2.

As a result,

t
lim sup Ep.(£,(t)) < / we(x)mo(de)+Q /0 limsup E. (& (s))ds+ %Qt.

n— 00 n— 00 \[

Using the limit relation in condition (2) of the theorem in the case G =1,
t=0, h=t, g = p. we have the relation

s Boc(6,(0) < (J01+ [[ulama(de) ).

So
limsup P{én ()] > v/} < nmsupp{%@n(t)) > 1}

n—00 n— oo 2

< 2(\}6Qt+/cpc(x)mo(dx))e¢?t.

The last expression tends to zero as ¢ — oo. Thus, condition (a) of
Proposition 1 is fulfilled. In the same way we can obtain the inequalities

limsup B[l — ¢ (& ()] @1 (€n(t + ) = £a (1))

n—oo

t+h
< limsup E[1 — ¢.(&n(t))] /t |Lsp1(&n(s) — &n(t))|ds

n—roo
< Qch,

where
Q. = stup(l — (@) L1 (y — ).

The operator L} is the differential operator in y having coefficients a’(t,y),
b% (t,y). This implies (together with (a)) that condition (b) of Proposition 1
is satisfied.

Let n; be a subsequence for which the sequence &, converges weakly to
some stochastic process £(t). The distribution of £(0) is mo(dx), and &(t) is
a stochastically continuous process, i.e., P{|£(t) — &(s)| >} = 0 as s — ¢
for all € > 0. Using this property, it is easy to check that

t+h
lim EG(em(t), .. € (1)) / F(€ni())ds

l—o0

) R t+h
:EG(g(tl),...,g(tk))/t f(&(s)) ds

if G satisfies the conditions that are listed in (2) and if f is a bounded
continuous function.
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So, condition (2) implies that for 0 <ty < --- <t <t <t+h,

N - ~ N t+h -
EGEn)...., (1)) [g@(th)) - olén - | Lsg@(s))ds] 0.

Set

fig(t) = g(£(1)) —/0 Log(£(s))ds.
It follows that
Elfig (¢ + 1) = fig(1)G (£(02),...,E(t)) = 0

for all continuous bounded functions G' and t; < t3 < -+ < t; < t. This
means that fi,(t) is a martingale. Proposition 4 implies that £(t) is a diffu-
sion process with generator L;. The distribution of £(¢) is determined by the
generator and by the initial distribution, which is mg(dz). The remainder

of the proof follows from Remark 1.
O

Remark 7 If, in addition, the sequence {&,(t)} in Theorem 2 is weakly
compact in C, then &,(t) converges weakly in C to the diffusion process

&(t), which is described in the theorem.

Remark 8 The statement of Theorem 2 is true if condition (2) is fulfilled
for all functions g € D, where D is a dense linear subset in C?)(R?). In
particular, D can be chosen as C®)(R?).

Remark 9 Let V be an open set in R? and 7 = inf(t : &, (t) € V'), where
V' is the boundary of the set V, {&,(t)} is a sequence for which condition
(1) of Theorem 2 is fulfilled, and P{¢,(0) € V} = 1. Suppose that L is
a second—order differential operator that is defined in the set V and that
is the generator of a diffusion process é(t) in 'V with absorbing boundary
conditions on the V' and

nh—{r;o EG(fn(t1>7 cee 7§n(tk))
t+h
X |g(€n(t+h)) — g(&a(t)) — /t Lyug(§n(w)) d“] 1{7—{}§t+h} =0

for all k €

mathbfZ, 0 < ty,...,.<t, <t <t+h, GeC(RH), g(x) € C?(RY)
for which supp g C V', where supp g is the closure of the set {x : g(x) > 0}.
Then the sequence &,(t A 7™) converges weakly to the process £(t) with
initial value £(0) having the distribution mq(dz).
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2.3 Central Limit Theorems for Stochastic
Processes

We consider central limit theorems for both continuous— and discrete—time
processes in this section.

2.3.1 Continuous—Time Markov Processes

We consider a homogeneous Markov process y(t) in a measurable space
(Y,C) along with its transition probability P(t,y,C), wheret € Ry, y € Y,
C € C. We will make some assumptions about the process y(t), which we
refer to as strong mizing conditions (SMC).

SMC 1. Suppose that the Markov process y(t) is uniformly ergodic with
ergodic distribution p(dy). If g is a bounded C-measurable function, for
which g : Y — R and [ g(y)p(dy) = 0, then

sup

/ / ty,dy)dt‘—)() as ty,ty — 00.

In this case there exist the limits

T
lim / /g(y’)P(s,y,dy’)ds = R'g(y)
T— o0 t

and

SI;p|Rtg(y)| =0 ast— oo.
Let
- [ [ Pevan s -pmla= [P0 5)-pm)]
0 0

We note that R is sometimes referred to as a quasi-potential.

SMC II.
We assume SMC 1 and that

/ sup sup|P(t,y, B) — p(B)|dt < <.
0 y B

In this case R(y, A) is an additive function of bounded variation in A, and
this variation is uniformly bounded in y.

Theorem 3 Let g(y) be a bounded measurable function for which

J9(y)p(dy) = 0. Set
1T
fT(t):ﬁ/o 9(y(s
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Denote by w(t) the Wiener process with Ew(t) = 0, Ew?(t) = bt, where

b=2[g(y)Rg(y)p(dy).

(1) Suppose that y(t) is a random process that satisfies the condition SMC
I. Then &r(t) converges to w(t) weakly as T — oo.

(2) Suppose that y(t) satisfies the condition SMC II.
Then &r(t) converges to w(t) weakly in C as T — oo.

Proof For f € C®(R) we have

Fer(t) — Flertt) = [ F/(€r($)VTaly(Ts)ds

t1

= [ (e (3) ot as

1 toT ,
v f'(&r(t1))g(y(s)) ds

= TT ( ( ) /M )9(y(s)) ds du.

Denote by F/' the filtration generated by &7 (¢). Then

B(#(en(t) ~ sler(t) — 5 [ 05" (ents) sy

- E(\/lff/(fT(tl))[Rog(y(tlT)) — R g(y(t:,T))]

1 toT

w3 [ 1) (st Ro(u(e) = 55 ) du
1 toT

3 [ )R gty ) a7

=51 [ 1ot (st matw) - 30w/

1T

otk [ sl
+ / sup |[R“g(y du).
\f T y

The expectation in the last expression tends to zero as T" — oo because of
SMC'T and the uniform ergodicity of y(t), which implies that

B(|3 [ stnmotunin— 3ol /o) =) —o

uniformly in s,y as L — oo.
The remaining expression tends to zero as T — oo. With this, the proof of
statement (1) follows from Theorem 2 and Remark 5.
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Suppose that SMC II is true. We will calculate E((&p(t2) — fT(tl))4/}"tT1).
Let

an(T,y) = E(E7(h)/y(0) = y).
Then
B((&r(ts) — &r(t)) " /FL) = @t (T, y(TH)).
On the other hand, we have

wtn=g [ ][] st

X P(tlayadyl)P(tQ - tlayladyQ)P<t3 - t27y27dy3)P(t4 - t373/37dy4)-

Set Q(u,y,dy’) = P(u,y,dy’)—p(dy’ ) Usmg the relation [ g(y")p(dy’) =
we can rewrite the expression for ¢, (T, y) in the form

24
(T, y) = T/ //// 9(y1)9(y2)9(y3)g(ya)
0<t1<ta<t3<tsa<Th

x {P(dyl)Q(tz —t1,y1,dy2) p(dy3)Q(ts — t3,y3, dya)

+ Q(t1, y, dy1) p(y2)Q(ts — t2, yo, dys)Q(ta — t3, ys, dya)
+ p(dy1)Q(t2 — t1,y1,dy2)Q(ts — ta, y2, dys)Q(ts — t3, ys3, dyas)
+ Q(t1,y,dy1)Q(t2 — t1,y1, dy2)p(dys)Q(ts — t3,ys3, dys)

+ Q(t1,y,dy1)Q(t2 — t1,y1, dy2)Q(ts — ta, Y2, dy3)Q(ts — t3, 3, dy4)}

1
C<h2 + T2)

The fact that [ [|Q(u,y, dy')g(y)|du < oo implies
1
Blér(te) - &r(ty)]" < C<|t1 — o+ T2>

Since |§T(t1) — fT(tg)‘ < C1\/T|t1 — ta], the sequence {r(t) is compact in
C because of Theorem 1.
O

2.8.2 Discrete—Time Markov Processes

We consider a Y-valued homogeneous Markov process {y%,n = 0,1,...}
with transition probability for one step being P(y, B) for y € Y and B €
C. Denote by P,(y, B) the transition probability for n steps. The strong
mixing conditions for discrete time are analogous to the continuous—time
versions:
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SMC 1. The process {y’} is ergodic with ergodic distribution p(dy). If g
is a bounded C-measurable functionY — R and [ g(y)p(dy) = 0, then

> /g(y’)Pk(y,dy’)‘ =0.

n1<k<ng

lim sup
ni,nz—o0 y

In this case there exists the sum
Rogy) = Y- [ Putwd)ale).
k=1

and supy|R°g(y)| < 00.
SMC II. Condition SMC 1 is fulfilled and

S sup sup| Pu(y, B) — p(B)| < oc.
i Y BecC

The next theorem is a discrete—time analogue of Theorem 3.

Theorem 4 Let g(y) be a C-measurable bounded function for which

/ g(y)p(dy) = 0.
Set

6nlt) = = / " oy (5)) ds,

where y*(s) = yi for s € [k,k+ 1). Let w(t) be the Wiener process for
which Bw(t) = 0 and Ew?(t) = bt, where

b= / (62(y) + 20(4) R9(9)) p(dy).

Then the following statements hold:
I. If {y}} satisfies condition , then &,(t) converges weakly to w(t).

II. If {y:} satisfies condition SMC II, then &,(t) converges to w(t)
weakly in C.

The proof of this statement can be obtained in the same way as the proof
of Theorem 3.

2.3.8  Discrete-Time Stationary Processes

We consider here an ergodic stationary process {&, k = £1,4+2,...}. We
suppose that E¢; = 0 and introduce the process

6t) == [ s
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where £*(s) =&, for k <s <k+ 1.
We will find conditions under which &, () converges weakly in C' to a Wiener
process. Denote by Fy, the o-algebra generated by {&, I < k}.

Theorem 5 Let {&} satisfy, in addition, the following two conditions:
(1) there exists 6 > 0 for which E|&|*° < oo,

(2) the series Y po; E(&/Fo) converges in Lo(P).

Set

mo =Y E(&/Fo), b=E(& +2&m).

k=1

Then &,(t) converges weakly in C to a Wiener process w(t) for which
Ew(t) =0, Ew?(t) = bt.

Proof We introduce the notation: Sy = & + -+ + &, m =

S wr1 B(&/Fr), and nf, = E(S; — Sk/Fy). Let f € C®(R). Then for all

t>0,

m—1
1 1.1 1
li E|\E — S, | - — b= ) —0.
i sup, ‘ (f<¢a5n> 1) zbn;_%f(ﬁsk)/%)\ 0
(2.4)
To prove this we define functions

ae,) = 23 |z +2) = 1) = £ = 312

Blesa) = (e +2) = 1) - f(2)a).

Then

~
7N
Bl
S8
~———
=
=
|
\gh
N
~

|
=N A 3
sUJL
N\

S &kt = 1 &it1 1 &it1
_ + ! 1 ) i+ - Sit
> SR ro-2 ()5 (5 5R))

1,,(1 Eria 1o &\ &
+3f <n5k o “‘(nsk’ Yo H
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Therefore,

n

and

m—2
§k+1>

E Sk,

—~ (‘ (f on

1 Ekr1

sk,f) \|«sk+1|n;?> L EDL,

St1

Si-
—~
S|

?T‘

3
3

where

D =53 S (250) |56+ o - 30| /7).
m n n 2 2
Using the relation
la(z,2)| + [8(z,2)] < C(lz| A1),
where ¢ > 0, and using condition (1) of the theorem, we can prove that
m—2
Jim > B(Jo(Jrsw )2+ (s 2 ) et ) =

if m/n < t. It follows from the ergodic theorem (Chapter 1, Theorem 1)
that

m+l

1 1
Z <2§i+§kn,’€”—2b>’—>0 as | — oo

k=m

1
-E
l

uniformly in m (this expectation does not depend on m!). This implies that
E|D;| — 0 asn—o0, m<nt.

So relation (2.4) is proved. This relation can be rewritten in the form

i, sup £ B €0(0) ~ Fer0)— [ 3017 xtsas [ )| =0 25)

T—o0 t<to
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for tg > 0, f € CB®)(R?). Since {£} is a stationary discrete-time stochastic
process, relation (2.5) implies that for all ¢; < tq,

i |5 ( fer(e2) - Ster) - [ s 7 )|-

T—o0 t
1

So Theorem 2 implies that the stochastic process {r(t) converges weakly
to w(t) as T — oo.
To prove the theorem we prove that the family of stochastic processes
{&r(t), T > 0} is weakly compact in C. Set U(x) = |z|* where 2 < v <
(2+6/2) A3. Then
V(@) =Ala e, (@) =y = Dz,

and

o (2, y)] < (|72 + [y 72,

1By (2, )] < e(ja] ™2 + [y["7?),

where ¢ > 0 is a constant, and the functions ay, and 3, are determined in
the same way as « and [ for the function W. We can obtain the following
for some positive constants ¢y, ca:

o) <2 (4

m—1
Co 1 Cy

k=1

7 iy Elet]”
(&1 + |Eesrmi?]) + m/21>

This inequality implies that for m < nh and h <1,

1 1
_ v/2
E@(\/ﬁSm) < (Cs (h + n«,/z)

where C'5 is a constant. This implies the inequality

E|€n(t2) - fn(tl)W S 03 (h’Y/z * 7”[3-/2>

So the weak compactness of the sequence {&,(¢)} follows from the corollary
to Theorem 1.
(]

2.3.4  Continuous—Time Stationary Processes

We now consider an ergodic stationary stochastic process {{(t), t € R}
that satisfies the following properties:
(1) E¢(t) =0, BJE()

246
’+ < oo for some § > 0;
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(2) ng(f(s)/]-'o)ds converges in Lo(P), as ¢ — 00, to some random
variable 7y, where Fy is the o-algebra generated by {£(t), ¢ < 0}.

Set

Er(t) = \%/0 E(u)du, T > 0.

Theorem 6 {1 (t) converges weakly in C, as T — 0o, to a Wiener process
w(t) with Bw(t) = 0, Bw?(t) = bt, where b = Eng&(0).

Proof Set &, = :H €(u)du. Tt is easy to check that the &, satisfy the

conditions of Theorem 5. Let us define

En(t) = \}ﬁ/on £ (u)du,

where £*(u) = & if k < u < k + 1. It follows from Theorem 5 that &, ()
converges weakly in C' to w(t) as n — oo. We can check that for any ¢y and
e >0,

lim P{sup’ﬁT(s) - {Cm(s)‘ > e} =0,

T— 00 s<to

where [T is the integer part of T'.

2.4 Large Deviation Theorems

Large deviation theorems are related to the estimation of probability that
the difference between the time-averaged value of some ergodic process
and its expectation is significant. The first such theorem was proved by
H. Cramer in 1938 [24]. Let &,k = 1,2,..., be a sequence of independent
identically distributed random variables for which

Eexp {t|&1]} < oo

for some t > 0. Then the relations

1
hrrbnglogP ka >nx p = —H(z), x > E&
k<n
and
1
lim — =—
1£nnlogP Z§k<mc H(z), z < E&
k<n
hold, where

H(z) = sup (tz — log Ee'tt)
t
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2.4.1 Continuous—Time Markov Processes

Let X be a compact metric space with metric r, and let B(X) be the
Borel g—algebra in X. Denote by M(X) the space of probability measures
on B(X), and let d be a distance in M(X) for which convergence in d is
equivalent to the weak convergence of measures. Denote by C(X) the space
of continuous functions f : X — R with the norm

[ £l = sup [f(z)].
zeX

We consider a homogeneous Markov process z(t) € X,t € R4, with the
transition probability function

P(t,z,B), t€ Ry, x € X, B € B(X).
We assume that the process satisfies Feller’s condition:

(FC)
(a) For a ball Bs(z) C X, the formula

lim P(¢ B =1
tlﬁ)l (,.%‘, 5($))

holds,
and
(b) the function

/f P(t,z,dz") (2.6)

is continuous in z for all f € C(X

If condition (FC) holds, then formula (2.6) defines the family of the opera-
tors Ty, t > 0, in the space C(X), which is called the semigroup associated
with the Markov process. We define the generator A of the semigroup
Ti,t > 0, by the relation

Af(@) = lim £ (Tif (&) — [ () (2.7

on all f € C(X) for which the limit on the right-hand side of formula (2.7)
exists uniformly for x € X. The set of such functions f is the domain of
definition of the operator A, and it is denoted by D(A). It is easy to see
that if f € D(A), then T, f € D(A) for all t > 0, and we have the following
formulas:

d

2T (x) = AT, f(x) = T,Af (),

T,f(x) - f(z) = / T, Af(x)ds

This implies that the stochastic process given by the relation

&(f) = f(x(t)) - F(x(0)) - / Af(x(s))ds
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is a martingale with respect to the filtration {F;,t > 0} generated by the
stochastic process z(t) for all f € D(A).

Lemma 2 Let ¢ € D(A) be a nonnegative function. Set

1 () = ¢(x(t)) exp {—/0 (¢(3f(8)))_1A¢(x(8))d8}- (2.8)

The function u(P) is a martingale with respect to the filtration {F;,t > 0}.

Proof We can represent the process p;(¢) in the form

(@) = @(6)+ [ Asta(opas)en {~ [ (el ao(als)is |

So (@) is a semimartingale, and we can write the relation

dyie(9) = exp {— / )~LAG(x(s))ds )€ (6).

With this, the lemma is proved.
|

Denote by CL(X) the space of all right—continuous functions z(-) : Ry —
X having a left limit z(t—) for all ¢ > 0. Condition (FC) implies the
existence of the measure @ on the o—algebra B(C'L(X)) for which
P{a() € C} = Q(0), Cec(X),
where C(X) = J, C:(X) and C;(X) is the algebra generated by the sets
Cs(B) = {z(-) € XT'+ : 2(s) € B}, s <t, B € B(X).

Let ¢ € D(A), ¢ > 0. Introduce a probability measure on B(CL(X))
defined by the relation

With these preliminaries, we have the following lemma;

(@), C € Cy(X). (2.9)

Lemma 3 The stochastic process z(t) having trajectories in the space
CL(X) and distribution Q4 is a homogeneous Markov process satisfying
Feller’s condition (FC) and having generator

Aof = é(A(an) — fAd), D(Ay) = {f € C(X) : 6f € D(A)}.

Proof It suffices to prove that for all f € D(A4) the stochastic process

t
&) = (1) - [ Asf)ds)un(o)
is a martingale. We introduce the notation g = ¢f,

Oy = (¢(x(t) " me(9),
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and
_ [T Ag(x(s)) — g(x(s))Ag((s)) .
ve- | 9(a(s)) o
Then
§(f) = rg(x(t)) — Yy
So

d&i(f) = @:d&i(g) — Vidpu (o).
With this, the lemma is proved.

We define a function I : M(X) — [0, +0o0] by the relation

I(m) = —inf {/(¢(m))_1A¢(x)m(dx) 9 €D(A), 0> 0} . (2.10)
This function has the properties listed in the next lemma.

Lemma 4 (i) I(m) > 0 for allm € M(X), and I(m) = 0 if and only if
m 1s an invariant measure for the Markov process,
(ii) I(m) is a convex function, i.e.,

I(smi+(1—8)ma) < sI(my1)+(1—s)I(m2), m; e M(X),i=1,2, 0<s<1.
(iii) I(m) is a lower continuous function, i.e.,

liminf I(m,,) > I(m).

My —m
(iv) for any b > 0 the set

Co(I) ={m: I(m) < b}
is compact, and the function I(m) is continuous on this compact set.

Proof Note that the function ¢ = constant satisfies the relation A¢p = 0,
so I(m) > 0. Let p be an invariant measure for the Markov process; this
means that

/ P(t,, B)pldz) = p(B), B € B(X),t> 0.
Then
[ Tis@ptdn) = [ f@ptan), e cx,e>o

It is easy to see that

1 1 T,
/ ()™ Ad(a)m(de) = Tim 5 / log

td(z)
@) m(dz).
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Jensen’s inequality can be used to show that

/(10g Ti¢(x) — log ¢(x))p(dx) > /(Tt log ¢(z) — log ¢(x))p(dz) = 0.
So
/ (¢(x)) " Ad(x)p(dz) >0, ¢ € D(A), ¢ > 0.

This implies that I(p) = 0.
On the other hand, suppose that I(m) = 0. Then

I(m, ¢) = / (6(x)) " Ad(x)m(dz) > 0

for all ¢ € D(A). This implies that

/Tt log ¢(x)m(dx) > /log ¢(x)m(dx), ¢ € D(A),t> 0.

/ m(de) /f | fec(x),

since D(X) is dense in C(X), and m is an invariant measure. With this,
statement (i) is proved.

Statement (ii) follows from the definition of the function I(m).

Now we note that the function I(m, ¢) is continuous in m for every ¢ > 0
with ¢ € D(A), so the function

inf{I(m,¢):¢ >0, € D(A)}

is upper semicontinuous. This implies statement (iii), from which follows
that the set Cy (1) is closed. The function I(m) is continuous on the compact
set Cp(I) as a bounded convex function.
This completes the proof of the lemma.

So

O

Now we introduce a random measure in 5(X) by the relation

1 t
v (B) = ;/ Liu(s)eByds, B € B(X).
0
Theorem 7 For any closed set F C B(X) we have that

lim sup — logP{ut € F} < —inf{I(m):m e F}.

t—o0

Proof For any ¢ € D(A) with ¢ > 0 we can write the inequality
Bo(x(0)) = Ep(6) > inf 6(x)E exp {~41(1,9))
> CEl{VﬁEF} ngé% €Xp {_tl(mv ¢)}7
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where ¢ > 0 is a constant. This implies the inequality

1
lim sup n log P{v; € F} < sup I(m,¢).

t—o00 meF
Using the inequality

inf{sup I(m,®): ¢ € D(A),o > 0}
meF

< sup inf{I(m.9) : ¢ € D(A),6 > 0} = sup (—I(m))
meF meF
we obtain the proof.
O

Note that condition (FC) implies the existence of invariant measures for
the Markov process. The process is ergodic if there exists a unique invariant
measure. Next, we present a sufficient condition of ergodicity.

Lemma 5 Assume that there is a probability measure 7 for which
P(t,z,:) < m for allt > 0 and x € X, (i.e., this measure is absolutely
continuous with respect to ™ and

LapP(s,z,-)
inf —22(2)ds >0
xng/O dm (2)ds >

for almost all &' with respect to the measure w). Then the Markov process
is ergodic, and its ergodic distribution p satisfies the condition p < .

The proof follows from the observation that the conditions of the lemma
imply that the Markov process is Harris recurrent.

If the conditions of Lemma 5 are fulfilled, then the same condition holds
for the Markov process whose distribution Q4 is given by the formula (2.9).
Denote by pg the ergodic distribution for the Markov process corresponding
to the measure Q4. Then

I(pg) + 1(pg,®) = 0. (2.11)

The proof of the last formula follows from the relations

I4(m) = —inf {/ A;iqm(;c)m(dx) 19 €D(Ay), 9 > O} =1I(m)+1(m,¢)

and I;(ps) = 0, which follows from statement (i) of Lemma 4.

Theorem 8 Let the transition probability P(t,x, B) satisfy the conditions
of Lemma 5. Then for every open set G € B(X) we have that

1
o1 S _
htrglogf ; log P{v; € G} > nlzréfc I(m).

Proof Let ¢ € D(A) and ¢ > 0, where py is the same as in formula (2.11).
Assume that py, € G and that 6 > 0 satisfies the relations Bs(ps) C G.
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The ergodic theorem implies that
A Qo{we € Bs(pg)} = 1,

where
N I
(B) =7 [ Lewemds, 2() € CLXX), B e BX),
0

It follows from formula (2.11) that

Qu{tn € Bs(py)} = El{utec}m exp {~1G (v, )}

< cexp {~t(Glps, 6) +05)}Plwy € G,

where ¢ > 0 is a constant, and s — 0 as 6 — 0. Using formula (2.8) we
can write the inequality

hmmf log P{v, € G} > hm hmlnf log P{v; € Bs(ps)} > —I(pgy)-

This completes the proof.

2.4.2  Discrete-Time Markov Processes

Now we consider a homogeneous Markov chain {¢,,n = 0,1,...} with
transition probability for one step, P(x, B),z € X, B € B(X), satisfying
the following conditions:

1) [ f(a")P(z,d2’) € C(X) for all f e C(X),

(2) the Markov chain is ergodic with ergodic distribution p and condition
SMCII of Section 2.3(b) is satisfied.

For ¢ € C(X), ¢ > 0, set
= log / o(z')P(z,dz’) — log ().
Introduce the function
mf{/5¢> ): e C(X )¢>>0},meM(X).

We can verify that for this function all of the statements of Lemma 4 hold.
Let the random measure v, be defined by the relation

1
vn(B) = - > lieeny, BeBX).

k<n

The following theorem is a main result in large deviation theory.
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Theorem 9 Let F' C B(X) be a closed set, and G C B(X) be an open set.
Then the relations

hmsup logP{VneF}—— 1nf I( )
and
1
liminf ~ log P{v, € G} = — inf I
iminf — log {vn € G} Inf, (m)
hold.

The first relation can be proved in the same way as Theorem 7. The second
one we can prove in the same way as Theorem 8 using instead of the
martingale u:(¢), the martingale

k<n

This completes our review of convergence results for stochastic processes.
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Averaging

In this chapter we consider random perturbations of Volterra integral equa-
tions, of differential equations, and of difference equations, and we develop
an averaging method for each. In each case there is an equation of the form
F.(z(-),w) = 0, where F_ is an operator acting on functions x(t). This equa-
tion is to be solved for a function x = x.(t,w), where w is a sample from a
probability space on which the random perturbations are defined and ¢ is
a small positive parameter. We average this equation over the probability
space by defining F(z(-)) = EF(z(-),w), and we use ergodic theorems to
show how the limit as ¢ — 0 of the perturbed problem is related to the
averaged problem F(Z(-)) = 0. The results in this chapter show how to
derive, under natural conditions, convergence properties of x.(t,w) — Z(t)
as € — 0. In general, this error will approach zero in a probabilistic sense
that is made precise in each case.

3.1 Volterra Integral Equations

We consider first an equation of the form

2(t) = 6(t) + /O K(t,2(s),s) ds, (3.1)

where ¢ is a continuous, bounded function R, — R? and K(t,z,s) is
a continuous function from R, x R? x R, — R We seek a solution
z(-) € Cg, (R?). This equation has a unique solution if the kernel K (¢, z, s)
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satisfies a Lipschitz condition, that is, for some constant [ > 0,
|K(t,:€,5) - K(t,x',s)\ < Z‘I - l‘/|,

for all relevant ¢, s, z, and z’.
A stochastic Volterra integral equation has the form

2t w) = é(t,w) + /0 K(t, 2(s,w), 5,) ds, (3.2)

where ¢(t,w) : Ry xQ — R%1is a stochastic process and K (¢, x,s,w) : Ry X
R?x Ry x Q — R?is a random function. It is easy to see that if ¢(¢,w) is
a continuous—time stochastic process and the random function K (¢, x, s,w)
is continuous in ¢, s and satisfies the Lipschitz condition uniformly over
time and over the sample space (2, say

|K(t,x,s5,w) — K(t,2',s,w)| < |z — 2|, (3.3)

then equation (3.2) has a unique solution, and this solution is a continuous—
time stochastic process. This follows from the standard results of the theory
of integral equations (see, e.g., [16]), since we can consider equation (3.2)
for any fixed value of w.

We focus here on equations having rapidly changing stationary kernels:

¢
xe(t,w) = o(t) + / K(t,z-(s,w), Z’ w) ds, (3.4)
0
where for fixed t, z, the kernel K(t,z,s,w) is a stationary R%-valued
process. We assume that E|K(t,z,s,w)| < oo, and we set
K(t,z) = EK(t,z,s,w). (3.5)

The expectation on the right-hand side of this equation does not depend
on s, since K(+) is a stationary stochastic process.
Denote by Z(t) the solution of the averaged integral equation

Ht) = ot) + /0 "R (t,3(s)) ds. (3.6)
Theorem 1 Let ¢(t) be a continuous function, ¢ : Ry — R?, and let
K(t,x,s,w) satisfy the following conditions:
(1) K is measurable in all variables;
(2) K is an ergodic stationary process in s for fized t, x;
(3) K satisfies Lipschitz condition (3.3);
(4) |K

(tl,l',S,(U) - K(t2,$7s7w)| < )\(|t2 - tl‘v C) lf t1 < ¢, to < &
lz| < ¢, uniformly in w and s, where \(-,-) : (Ry)?> — Ry and
A0+, ¢) =0 for all ¢ > 0;

(5) E|K(t,z,s,w)| < oo, and both E|K(t,z,s,w)| and |K(t,x,s,w)| are
uniformly integrable in t for fired x and s.
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Then for any positive constants ty and 0, the solutions of (3.4) and (3.6)
satisfy

hmP{sup‘xetw)—m()‘>5}:0. (3.7)
e—0 t<to
Proof We have

o () — 2(t |_‘/ (foe(s,). 2 0) = K(t,2(5))) ds

<

; (t ze(s,w), g w) —K(t,f(s),g,w)‘ ds

/Ot (K (t,i’(S), g,w) - K(t,j(s))> ds

< l/o |m€(s,w) - i(s)} ds + |V (t,w)],

+

where

V(1 w) = /Ot (i (8:265), 2 0) — K(t,2(5))) ds.

The inequality

t
2ot w) — 2(1)] < z/ o5, w) — 2(s)| ds + [V (t,w)|
0
implies that

bup’a:E (t,w) — x(t)’ < sup | U (¢, w)| exp {lto}.
t<to t<to

Therefore, the proof is a consequence of the following lemma.

Lemma 1 Let . be as defined in the preceding proof. Then

sup |¥.(t,w)] — 0
t<to

in probability as € — 0.

Proof The function Z(t) is continuous on [0, tg], and therefore it is
bounded on this interval. Define the constant

c1 = sup |K(t,Z(s))| (3.8)

S7t§t0
and the function

_ K(t,z,s,w) if |K(txsw)|<r,
Kr(t;x,s,w) { rK(t,x,s,w)/|K(t,x,s,w)| if |K(t’x,5,w)‘ >,

Let K,.(t,z) = EK,(t,7,s,w). Then
W, (t,w) = V7 (t,w) + V' (t,w),
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Note that for t1 < tg, ta < tg,
’\DZ(tl,w) — \Pg(tg,w” S |t1 — tg‘ - 2r 4+ )\(‘tg - t1)7 C) 'lf()7
where ¢ > tg, ¢ > sup,<;, |Z(s)|. Therefore, for any integer m > 0,

9 1
A (k)‘ + A ( c>
m m m

sup [V (t,w)| < sup
t<to k<mtg

k41
Tm k _ s _ k k
+ Z /i <KT< ,x(s),g,w)—Kr (m,x(m)>) ds
k<mt0 m
k+1 k
+ Z 21/}c f(m) —(s)| ds.
k<mtg m

It follows from the ergodic theorem (Theorem 1’ of Chapter 1) that with
probability 1 for all &k, m,
k+1

k+1
m k Tm k k
lim KT(,:E(S),S,w> ds = hms/ Kr<j<),s,w) ds,
e—=0 |k m g e—0 k m m

m em

Lo (fo() ) - (£(2)

Moreover, for fixed r, ¢, tg,
[k _
x<m> —I(s)

2 1
lim (T +t0>\(, c> +
m—oo \ M m
lim P{sup [UL(t,w)| > 5} =0
e—0 t<to

k+1
m

Zzl/k

k<mtg ™

ds) =0.

This implies that
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for all § > 0.
Using equality (3.8) we can show that

/ (B, (t,2(s)) — K (t,2(s)) ds

0

lim sup =0.

e—0 t<tg

We denote by [a], @ € R, the integer k for which k < o < k4 1. Then for

t S th
t
/ K<W,i<[ms]),s,w> — K(t,i’(s), S,w)) ds
0 m m € €
to
< to)\<1, c) —|—l/ x([ms]) — Z(s)| ds.
m 0 m
The same inequality holds for K., so
sup |07 (¢, w)| < 2to\ ( c) —|—21/ ) Z(s)| ds
t<to

to
+ sup / K<k,i<[m5]>,s,w>—KT k’f<[sm]>7s7w>
k<mto Jo m m € m m €
1 fo
S 2t0)\<, C) + 21/
m 0

m to
+Z/ K(k,mcms]),s,w) —KT(k,m([sm]),S,w)‘ds.
—~Jo m m € m m €
Since
lim E‘K(k,x<z),s,w> —K,.(k,x(z),s,w>’ -0
r—00 m m g m m g

uniformly in s (it does not depend on s!), we have that

lim FE sup \i/;(t,w)‘ =0

r—00 t<tg

uniformly in € > 0.

3.1.1 Linear Volterra Integral Equations

Let K(t,z,s,w) = K(t,s,w)x, where K(t,s,w) is a measurable function
from R, x R, into L(R?). (Recall that this is the space of linear oper-
ators on R?.) In this case the Lipschitz condition (3.3) is equivalent to
the inequality ||K (¢, s,w)|| < I. Therefore, Theorem 1 implies the following
theorem.
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Theorem 2 Let x.(t) satisfy the equation

ra(t) = olt)+ | t K(t, jw) 22(s) ds, (3.9)

where ¢(t) is a continuous function Ry — R% and K (t,s,w) satisfies the
conditions:

1) K is measurable in all variables;

3) 1K (t,s,w)|| <1, 1 a constant;

(1)

(2) K is an ergodic stationary process in s for fized t;

(3)

(4) |K(t1,s,w)—K(tz,s,w)|| < A([ta—t1], [t1|V|t2]), where X : (R})? —

R, M0+, ¢) =0 for all ¢ > 0.

Suppose that the average K(t) = EK(t,s,w) is a continuous L(R?)-valued
function. Let Z(t) be the solution of the averaged equation

t

70 =0(0)+ | R(t)i(s) ds. (3.10)

Then the relation (3.7) is valid.

We consider condition (3) of the theorem to be a very strong restriction.
The following result allows us to avoid it. For this purpose we impose a
mixing condition on the stationary process K(t, s,w).

Condition M. For any ¢y, > 0 there exist ¢;, > 0 and a bounded decreasing
function pi,(u) > 0 with lim,_,o pt,(u) = 0 such that for any n > 2 and
any times t; if tx < tg and 87 > s9 > ---s, > 0, we have

E”K(tlv Sl;W)K(tQa 527w) e K(tnv 57”“)) - K(tl) e K(tn)H

n
<At prg(sk — se—1).
k=1

Here || - || is the norm in L(R?).

Theorem 3 Let x.(t) be the solution of equation (3.9) and suppose that
the conditions of Theorem 2 are satisfied except for conditions 3) and 4).
In addition, we assume Condition M and the following condition:

(4') K(t,s,w) is continuous in t uniformly in s and w, and K(t) is a
continuous function.

Then for any tg,

lim sup E|z.(t,w) — Z(t)| = 0.

e—0 t<tg
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Proof The solutions of the linear problems (3.9) and (3.10) can be written
explicitly using the resolvent series, respectively, as

+Z/ / (t7ﬂaw) K <3n—1387n7w>
0<sp <" <51 <t € €

X ¢(sp)dsy -+ dsp,

+Z/ /<S”< et K(t)K(s1) - K(sp-1)p(sn) ds1 - - dsy.

Elze(t) — 2(t)] < E‘/Ot (K(t ?w) _ K(t))d)(sl) ds,

It follows from Condition M that for ¢ < ¢,

//Q » <91<tEHK(t Bow)o k(82 0) - K@) K (snm)

S — 8
X dsy -+ dsp, <cp 1 E // <kk+1> dsy -+ dsy,
0<sp<--<s1<t €
t() TL—].
<Ct0 1t0\:[/t0<€>( ),

So

|p(sn)| dsy -+ dsy.

n!
where W, (T) = + fo pto(w)du — 0, as T — oco. Let

Ko(t,w) = K(t,s,w) if ||K(t,s,w)| <,
POETE K (s, w) /| K (s, 0)| i Kt s,w)] > T,

and K,.(t) = EK,(t,s,w).
Then using the inequality

sup /0 t (K (t, %w) - I_((t)) d(s1) ds,
< tS;ltpoE /Ot (Kr (t, %,w) - _r(t)) P(s1) dsy

s [ R (6 20) 6 (1 20) [t

+mm/nkm—Kmmwmww

t<to JO
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and the ergodic theorem, we can prove that

/ot (K (t’ Salw> - mt)) ¢(s1)ds1 = 0.

The next theorem gives more general conditions under which relation (3.7)
is true. Introduce the stochastic processes

lim sup £
e—0 t<to

O

p(s,w) = Sup | K(t,s,w)

and

An(s,w) = sup || K(t1,s,w) — K(t2, s,w)|l,
[t1—t2|<h

where s € R, and h is a positive parameter.

Theorem 4 Let x.(t) be the solution of equation (3.9) with ¢(t) a contin-
uous function and the function K (t,s,w) satisfying the conditions (2), (3)
of Theorem 2 and the following conditions:

(5) E|K(t,s,w)| < oo
(6) u(s,w) is an ergodic stationary process with Eu(s,w) < oo;
(7) for any h >0, Ap(s,w) is an ergodic stationary process with

lim EAp(s,w) = 0.
h—0

Then relation (3.7) holds.

Proof Condition (7) implies that K(t) is continuous, so Z(t) is also
continuous. We have

) =200 < [ (2 ) ) 2t s

/ot (K (t’ j“’) - f((t))x(s) ds|.
/ t (K (t,

f££|x5(t) — Z(t)| < ne(to) exp {/Oto u(;w) dS}

< 1 (to) exp {E/OWE u(s,w) ds}.

+

Let

(LR

N (to) = sup
t<to

,w) - K(t)):f(s) ds.

Then



96 3. Averaging

It suffices to prove that 7:(t9) — 0 in probability, as e — 0. For any positive
integer m, we have the following inequality:

Q

[ (552 (3 s

ns(tO) < sup { +

k<m

Sth e
sup {/ K(ktOJrh >_(s)ds/ K<kto,s,w>f(s)ds
o<n<te L1Jo m 0 m-e
E0th B
+/ K(’“Hh) ()ds—/ K(kto)x(s)dsH .
0 0 m
Let
C—SUP{H»T VI )
and

— — 4
§m = sup{HK(h) - K(tQ)H : |t1 —t2| S %, tl S to, tg S to} .

wto _
/ (K(kto, S,w) - K(kt()))x(s) ds
0 m € m
to to
—l—c{/ /\to/m<8,w>ds+sup/ u(s,w>ds+ct0+6mto}.
0 € k<m J kg, € m

It follows from the ergodic theorem that

0 x4 B
K(kto, S,w)x(s) ds — / K(kto)x(s) ds,
m € 0 m

to
/0 Ato/m (:7w> ds = toEXg, jm (8, w),

k+1t

m 0
L
kg

m

Then

e (tO) < sup
k<m

L

/

t
w> ds — 2 Eu(s,w)
m

M| ®»

as € — 0 with probability 1.
Therefore,

t 2
lim sup P{ng(to) > 5} < P{ctOE)\tO/m(s,w)—|—cﬂzEu(s,w)+Cm0—|—5mto > 6}.
e—0

This probability equals 0 if m is large enough.
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3.1.2  Some Nonlinear Equations

Let y(s) be a Y-valued measurable process, where (Y,C) is a measurable
space. We consider an integral equation of the form

w) =000+ [ tK(t, s ) ) as (3.11)

where K : R, x Ry x R4 xY — R?is a measurable function. In this case we
can consider separately the conditions for the function K and the process
y(s). We call y(-) the perturbing process and suppose that it satisfies one
of the following conditions.

The perturbing process is assumed to be one of two types:

PPa y(s) is a stationary ergodic process.

PPb y(s) is a homogeneous uniformly ergodic Markov process.

We denote by p the ergodic distribution for y(s).

Our additional conditions on K in this case are the following:

(LC) (Lipschitz’s Condition) For any ¢ > 0 there exists [. > 0 for which
|K(t,s,x1,y) - K(t,s,xg,y)| <lc|zy — x9]

foryeY,0<s<t<e x1,z9 € R%

(TC) (Time Continuity) Let

Ah,c) = sup{‘K(thsw,y) — K(tg,s,x,y)| 1 <e ty <c,
[t1 —ta| < h, s <ec |z Sc,er}.

Then A(0+,¢) =0 for all c € R..
Let us introduce the function

ke(y) = sup |K(t,s,0,y).
0<s<t<c

Then we assume the following condition:
(UI) (Uniform Integrability) [ k.(y) p(dy) < occ.
Let

K(t,s,x) = /K(t,s,x,y) p(dy) < 0.

In the same way as we proved Theorem 1 we can prove the following
statement.

Theorem 1’ Let K(t,s,1,y) satisfy conditions (LC), (TC), and (UI).
(1) If y(s) satisfies condition (PPa), then relation (3.7) holds for all ty €
R..
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(2) If y(s) satisfies condition (PPb) and

sup {/kc(y’)P(&y?dy’), s€R,y¢c Y} < oo,

where P(s,y,dy’) is the transition probability for y(s), then for all ty € Ry
and 6 >0,

lim sup P, {sup’avE —f(t)’ > 5} =
e=0yey i<t

where Py is probability under the condition that y(0) =y, and Z(t) is the
solution of the averaged integral equation
t

)=o)+ | K(t,s,2(s))ds.

0

Consider now a linear equation with K(t,s,z,y) = K(t,s,y)x, where
K(t,s,y) is a measurable function Ry x Ry x Y — L(R?). Let

pe(y) = sup{||K(t,s,y)||, 0 < s <t}

and

Ac(hyy) = sup{HK(tl, s,y)—K(ta, s,9)||,

<c ty < e fti—to] < h,s < c}.

Theorem 4’ Let x.(t) be the solution of the equation

2o (t) = o(t) + /K(t, 8,1/(2))965(8) ds,

where K(t s,y) satisfies the conditions
1) [ pe(y) p(dy) < oo for ¢ € Ry,
and

(2) limp—o [ Ac(h,y) p(dy) = 0.
Denote by z(t) the solution of the averaged equation

+/O K(t,s)z(s)ds

where K(t,s) = [ K(t,s,y) p(dy).

I. If y(s) satisfies the condition (PPa), then relation (3.7) is valid for
all ty € R+.

II. If y(s) satisfies the condition (PPDb), and

sup {/uc(y’)P(s,y,dy’) ryeY,se R+} < 00,

and

Lim sup {/)\c(ha Y )P(s,y,dy’): y€Y,s€ R+} =0
%
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then relation (3.7) is valid.
We will apply these results in various settings later.

3.2 Differential Equations

We consider a system of differential equations of the form
t
Te(t) = a(mg(t), ), t>0, z:(0) = xo, (3.12)
€

where a(z, s) is an R%-valued random field, and we investigate the solution
7.(t) which is an R%valued stochastic process. We can rewrite (3.12) as an
equivalent integral equation:

x5<t):xo+/0t <x5() )ds

The following statement is a consequence of Theorem 1.
Statement Let a(z, s) satisfy the following conditions:
(A) a(z,s) is an ergodic stationary process for any v € RY;
(B) E|a(z,s)| < oo;

C) |a(z,s) — a(@,s)| < l|x — &|, where x, & € R?, s € Ry, and | is a
positive constant.

Let a(x) = E(a(z,s)) (note that this expression does not depend on s
because of condltlon (A)), and let Z(t) be the solution of the equation

Z(t) = a(z(t)), #(0)= . (3.13)
Then

lim P{sup’xs — :E(t)| > 5} =0, >0, ty>0.
e—0 t<to
We will obtain more general results than this in other cases. For example,

Theorem 5 Let a(z, s) satisfy Conditions (A), (B) above and the following
condition:
(C") There exists an ergodic stationary process A(s,w) for which

la(z, s) — a(Z, s)| < A(s,w)|z — &

with EX(s,w) < co. Then for any ty > 0,

P{hm sup |z (s) — Z(s)| = 0} =1 (3.14)

0 s<to
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Proof We have

o) 7(0] < [ (20 loelo) ~ 706)] as
/Ot (a <:E(S), z> - a(z(s))) ds|.

Therefore, Gronwall’s inequality gives

to
sup |z (t) —i‘(t)‘ Sexp{/ /\< W
t<to 0

/Ot (a (x(s% z> - a(x(s))) sl

to
lim A(i_,w) ds = toEX(s,w)
0

e—0

+

X sup
t<to

Since

with probability 1, it suffices to show that with probability 1

la sup sup /Ot (a (:E(s), z) - a(w(s))) ds| = 0. (3.15)
Set
s) = }if(z)l{iiqdﬁf}'
Then
sl (o) )
Sf;ltpo /Ot <a (fn(S% i_) - a(%(S))) ds

to
+ sup|z, (t) — z(t)| / {x\({@) + )\] ds,
t<to 0 €
where A = EA(s,w).

[ 66(5)2) ()
o [ (o

t< k+1

sup
t<to

I
m
\_/
\/

I

Ql
N

I
7N

3|
N——
N——
N——
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and so the right-hand side tends to zero as ¢ — 0 with probability 1. So

P{glig(l)f;lg /Ot (a(xn(s), z> - a(xn(s))> ds| = 0} —1
and
P{lir;ljélptsgtpo /Ot (a(x(s),j) —a(:c(s))> ds| ds

< 2sup|z,(t) — a‘;(t)|t0A} =1
t<to

This implies (3.15) because limy,_, o0 SUp,<,, |Zn (t) — Z(t)| = 0.

Now we consider the differential equation of the form

do(t) = a(t,xs(t), y<z>) 2.(0) = 0 (3.16)

where (Y, C) is a measurable space, a : R, x R xY — R? is a measurable
function, and the Y-valued process y(s) satisfies the condition (PP) of
Section 3.1.

Theorem 6 Assume that a(t, z,y) satisfies the following conditions:

L [|a(t z,y)|p(dy) < oo.

II. There exists a measurable in y function l(c,y) : Ry XY — Ry for
which |a(t,z,y) — a(t,&,y)| < lc,y)lz — & if t < ¢, |z] < ¢ and
JUe,y) pldy) < 0.

III. There exists a measurable iny function A(h,c,y) : Ry xRy XY — R4
for which |a(t,z,y) — a(t,z,y)| < Nt —1t,c,y) if t <c, |x| < c and
limy,—y0 [ A(h,c,y) p(dy) =0 for all c € R

Let a(t,z) = [a(t,z,y) p(dy) and let T(t) be the solution of the averaged
problem

z(t) =a(t,z(t)), t>0, z(0)==o. (3.17)
Then relation (3.14) holds for all ty > 0.

The proof is the same as the one for Theorem 5.

3.2.1 Linear Differential Equations
We consider the equation

t

Te(t) = A(t, €>x5(t), 2:(0) = xo (3.18)
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where A(t,s) = A(t,s,w) : Ry x Ry xQ — L(R?) is a measurable function.
In addition, it is either

(a) an ergodic stationary L(R?)-valued stochastic process for any ¢ € Ry ;
or

(b) A(t,s,w) = A(t,y(s,w)), where y(s,w) = y(s) is a Y-valued ergodic
homogeneous stochastic process with ergodic distribution p(dy).

We assume that E||A(t,s)|| < oo in case (a) and [||A(t,y)|p(dy) < oo in
case (b).

Set A(t) = EA(t, s,w) in case (a) and A(t) = [ A(t,y) p(dy) in case (b).
Theorem 6 implies the following statement

Theorem 7 Assume that in case (a) A(t,s,w) satisfies the condition

sup ||A(t1,s,w) — A(te, s,w)|| < A(h,e,8,w) if t1 <
[t1—ta|<h

where M(h, ¢, s,w) is an ergodic stationary process in s and
EX(h, ¢, s,w) < oo;
and in case (b) A(t,y) satisfies the condition
[A(t1,y) — Alt2,y)[| < Ak, cy) if ti<c [ti—ta| <h

and limy, oo [ A(h, c,y) p(dy) = 0.
Let Z(t) be the solution of the averaged problem

z(t) = At)z(t), =(0) = x0.
Then relation (3.14) is true for all ty > 0.

3.3 Difference Equations

Let @, (7, w) : Zy x R x Q — R? satisfy the following condition:

{pn(z,w), n=0,1,2,...} is an ergodic stationary sequence for any = € R,
and ¢, (z,w) is B(R?) ® F measurable for all n € Z .

We consider the sequence of random vectors {zfl, n = 0,1,...} that
satisfies the relations

o =m0, 5.1 =2 +ecp,(v5,w). 3.19
0 n+1 n 2 n

Suppose that E’gpn(x,w)| < oo and let () = Ep,(x,w).
Let %, satisfy the relations:

o =x0, Ty =Ty +eP(T). (3.20)

Lemma 2 [73] Suppose that @(x) satisfies a Lipschitz condition with
constant [.
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Then for any ty > 0,

lim sup |zf — z(ke)| =0,
E—)OkStD/J k ( )|

where T(t) is the solution of the equation

z(t) = ¢(z(t)), z(0) = w. (3.21)
Proof Note that
(k+1)e
z((k+ 1)) — z(ke) = / @(z(s)) ds.
ke
Therefore, if ke < ¢, then
(k+1)e
o((k+ 1)) oy =ake) skt [ (p(alo) - pla)) ds
ke
and
Z((k+ 1)) — @444 | < |2(ke) — 25| + el|z(ke)| + ela, (3.22)

where a. = sup{|Z(s) — Z(t)| : t < to, |s—t| <e}.
Then (3.22) implies that

sup |Z(ke) — 25| < ltoae exp {lto}.
ke<to

O
Theorem 8 Let ¢, (x,w) be as in the previous theorem and satisfy in ad-

dition the following condition: There exists a stationary ergodic sequence
ln(w) for which El,(w) < co and

‘gpn(x,w) — @n(i‘,w)’ < lp(w)|z — 7. (3.23)
Then for any ty € Ry,
P{lim sup |25, — Z(ek)| = O} =1, (3.24)
e—0 ek<to

where T(t) is the solution of equation (3.21).

Proof Note that |¢(z)—@(#)| < El,(w)|z—Z], so the condition of Lemma
2 is fulfilled. Therefore, it remains to prove that

P{lim sup |z, — % | = 0} =1 (3.25)

e—0 ek<to

It follows from relations (3.19) and (3.20) that

Ty — Ty = SZ[Wc(xivw) - @(fi)]
k=1

=e ) pp(rf,w) +€Z[<Pk(fi’w) — (5],
k k=1

Il
-
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S0
Thg1 — Tpy| < Ezlk ok — il +e Z e (Th,w) — ¢(E3)] ],
k=
and
m
@51 = T | < s 1Y on(af,w) exp{ Zlk }
manle—1
Since

lim sup ex I ( =exp {lt =1
{H sup p{ Z k(W } p{ 0}}

where [ = El,(w), (3.25) is a consequence of the relation

Zwk (75w )‘ = 0} =1. (3.26)

P { limsup sup

e—=0 me<tp

k=1
Note that
S o w) — 2@D)] - 3 [o(#(ke).w) w(x(fw))]’
k=1 k=1

Z w) + 1) sup|z§ — z(ie)|,

i<m

so (3.26) is equivalent to the relation

m

> [on(@(ke,w) — p((ke))] ‘ = 0} =1,  (3.27)

k=1

P{limsup sup
e—=0 me<to

and this can be proved in the same way as (3.15) in Theorem 5.
O

Remark Assume that or(z,w) = o(z, &), where {{, k=0,1,...} is a
sequence of Y -valued random variables ((Y,C) is a measurable space) that
satisfies one of the following conditions:

(A) @ is an ergodic homogeneous Markov chain,

or

(B) ¢r is a stationary ergodic sequence.

Let the ergodic distribution of & be denoted by the measure p(dy) on C.
Suppose that the function

o(z,y): R xY — R?
is measurable and f|<p(x,y)’p(dy) < 00. We let

P(z) = /w(fm y) p(dy).
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Suppose that |g0(x,y) - cp(:E,y)‘ <I(y)lz — &| and [I(y) p(dy) < co. Then
the statement of Theorem 8 is true.

3.3.1 Linear Difference Equations

Assume ¢i(x,w) = ¢p(w)z, where {¢r(w), & = 0,1,2,...} is a discrete—
time (R?)-valued ergodic stationary process. Suppose that EH(;Sk(w) H =<

oo. Then the process I} (w) = H(;Sk(w)H satisfies the conditions of Theorem
8. Let @(z) = ¢z, where ¢ = E¢p(w), z, = (I 4 ¢)Fzo, and Z(t) =
exp {t¢}zo.

The statement of Theorem 8 remains true in this case.

We can also study in the same way the problem when ¢ (x,w) is of the
form ¢(& )z, where ¢(y) : Y — L(R?) and & satisfies one of the conditions
(A) or (B).

3.4 Large Deviation for Differential Equations

We consider in this section the differential equation

Le(t) = alze(t), y(t/e)) (3.28)

in R? with the initial condition
z.(0) = zp € RY,
where y(t) is a homogeneous Markov process in a compact space Y with
transition probability P(t,y, B) satisfying Feller’s condition (see (FC)
Section 2.4), the process is ergodic with ergodic distribution p and sat-
isfies the conditions of Lemma 4 in Chapter 2. Assume that the function
a(-,-) : R4 x Y — R? satisfies the following conditions:
(al)
sup{la(z, y)| + [|az(2,y)|| sz € RY, y € Y} < o0

(a2) For any z € R? the function a(z,y) is continuous in y for almost all

y with respect to the measure p(dy).

(a3) Denote by M the set of all probability measures on B(Y), and by
M, the set of measures m € M that are absolutely continuous with
respect to the measure p. Set

Alz) = {z Rz /a(x,y)m(dy),m c Mp} .

Then for all + € RY A(x) is a closed bounded convex set in R? with
nonempty interior.

Note that the only condition in (a3) is that A(z) contain an interior point
for each z .
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Here we consider large deviations of the solutions to equation (3.26). We
will use the notation and results of Section 2.4. In particular, the function
I(m) is given by formula (2.10).

3.4.1 Some Auxiliary Results

Denote by (AC)(xo,T) the set of continuous functions z(-) : [0,7] — R¢
that have the derivatives x’'(t) satisfying the relation z'(t) € A(x(t)) for
t < T and z(0) = zg. Denote by (AD)(zo,T) the set of functions of the
form

t
z(t) = o —|—/ Z Lt <s<tps}Vk 5, (3.29)
07

where tg =0 < t; < --- < t, =T and vectors vy, ..., v,_1 from R? satisfy
the relations v, € A(x(t)) for ¢t € [tg, thr1).

We consider M to be a metric space with a distance d, convergence in
which is equivalent to the weak convergence of measures.

To construct a function from (AD)(xg,T) let us introduce the function

u(z,v) =sup{t:v € A(z + sv)},s < t}. (3.30)

Then the function z(t) given by formula (3.29) is a function from
(AD)(xo,T) if and only if v, € A(z(tx)) and try1 — tr < w(x(ty,vy) for
k < n. Using condition (a3) we can prove the next statement.

Lemma 1 Let x(-) € (AC)(zo,T). Then for any h > 0 a function z*(-) €
(AD)(x,T) exists for which

sup |z(s) —x*(s)| < h.
s€[0,T)

Now we consider a method for constructing functions from (AC)(zo,T).
Denote by C(T,b, M) the set of continuous functions m : [0,7] — M
satisfying the condition

sup I(m(t)) <b.
te[0,T]

Let m(-) € C(T,b, M), and let

U (t,x) = /a(w,y)m(t,dy).

We consider the solution to the differential equation
.i‘m(.)(t) = () (t, T+ (t))
with the initial condition z,,(.)(0) = x¢. It is easy to see that

Tm() () € (AC) (0, T).
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For v € A(z) set

Ma0) = {m: [ ate gyl = o},

S(xz,v) =inf {I(m) :m € M(x,v)},
and
My (z,v) = M(z,v)N CS(;C,U)+T‘(I)'

For h € (0,1) denote by Hj, the set in R? x R that is determined by the
relation

Hy = {(z;v),z € R* v € R*: (1 —h)" (v — ha(x)) € A(z)}.

Remark Note that a(z) is an interior point of the set A(x). If (z;v) € Hy,
and h > 0, then v is an interior point of the set A(z), and for any interior
point v of the set A(x) the relation (z;v) € Hy, is fulfilled for some h > 0.

Lemma 2 The function S(z,v) is continuous on the set Hy, for all h > 0,
and the set-valued functions M (x,v), M*(z,v) are continuous on the same
set in the metric

d(A, B) = sup mf d(m,m’), A€ B(M), BeBM),

meA™ME

where B(M) is the Borel o-algebra in M.

The proof of the lemma rests on convexity of the sets M(x,v), M} (z,v)
and of the function I(m).
Using the last lemma and Remark 1 we can prove the next statement.

Lemma 3 Assume that z(-) € (AC)(zo,T) satisfies the condition
(x(t),2(t)) € Hp,t € [0,T]

for some h > 0. Then
(1) For any r > 0 there exists a number b > 0 and a function

m() € C(Ta ba M)
satisfying the conditions
m(t) € M (x(t),2'(t)),t € [0,T]

and
(1) = / a(e(t), y)m(t, dy), t € [0,T

(2) If ©(t) is a continuous function, then for any § > 0 there exists a
function

x*(t) € AD(zo,T)
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for which ©*(t) is constant on the intervals (ko, (k+ 1) ANT),k=0,1,...,
and

sup |z(t) — z*(t)] < cd?
t<T

for some ¢ > 0.

Introduce a random variable

1 t
l/t(C) = ¥~/O 1{y(s)€C}7 Ce B(Y)v

in the space M and let Q; be the distribution of v; under the condition
y(0) = y:

Q,(B) = P{v € B/y(0) =y}, B € B(M).

We need some additional statements concerning the asymptotic behavior of
vy as a function of t. Denote by B,.(m) the closed ball in M that is centered
at m and has radius r.

Lemma 4 For all m € M the relation

. . 1
lim sup lim sup sup n log Q3 (Br(m)) + I(m)| =0 (3.31)

r—0 t—ro0 Y
1s fulfilled.
The proof follows from Theorems 2.7 and 2.8.

Corollary 1 For given § > 0 there exist numbers T > 0,p > 0 for which
the inequalities

— 0ty = (t; —t;-1)I(my)

i<k

tivey, —ti_10,
<logP, [ ({1227 e B(my) p | <0ti— D (t; —tj—1)I(my)
; ti—ti1 _
i<k 7 i<k
(3.32)
are valid for all natural numbers k, y € Y, 0 <ty < --- <ty satisfying the
conditions t; —t;_1 > T, j <k, andr < p.

Introduce the family of probability measures
1 t(S+A)
V(s B) = / Ls(y(u)du, t>0,s€[0,1,A € (0,1]. (3.33)
st

Theorem 10 Let m(-) : [0,1] — M be a continuous function for which

sup I(m(s)) < oo.
s€[0,1]
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Then the relation

lim lim sup lim sup sup
A—=0 -0 t—o0 y

s€1[0,1]

%logPy { sup d(VtA(S)am(S)) < T}
(3.34)

1
+/ I(m(s))ds| =0
0
is fulfilled.
Proof Let
"(t,r) = P, e (k k < (3.35)
q, (t,r) =Py r&a;l( ve \ o)l <r. .
Note that
var (l/tA(Sl) — I/tA(Sz)) < 2‘51%ASQ|.

Here var(-) denotes the variation of a signed measure. Since the convergence
of measures in variation implies their weak convergence, we can assume that
var(my —mg) > d(mq, ma). So

|s1 — s2]

d (v (51), v (s2)) <2 A
Set

an, = sup  d(m(s1),m(s2)).
|s1—s2|<n—1

Then

sup d(v(s),m(s)) < rlg?:l(d <y$ <fl> ,m (i)) + n% + . (3.36)

s€0,1]

For n large enough we can write the inequality

q, (t,r) > P, { sup d(v(s),m(s)) < r} > q, (t,r — nlA — an) .

s€[0,1]
(3.37)
It follows from Corollary 1 that

lim lim sup sup flogqy (t,r) -1 Z ( < )) =0. (3.38)

r—0
t—o0 Yy k<n

This relation and inequalities (3.37) imply the proof of the theorem.
|
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3.4.2  Main Theorem.
Theorem 11 (i) For any function m(-) € C(T,b, M), the relation

lim lim =0 (3.39)
r—+0e—0

T
clog P sup. |o.(t) = 2 (O] < 71+ [ T(m(s) ds
te[0,T] 0

is fulfilled.
(ii) For any function x(-) € J,so Hn having a continuous derivative i(-),
the relation

T
elog P{ sup |z(t) —z.(t)] < r}—i—/ S(z(t),z'(t) dt’ =0 (3.40)
t€[0,T] 0

il
holds.
Proof We use notation

v(e,hys,-) = vl (s,)

(see formula (3.33)). Let T = nh. Since

[ (o ()= f sttt

for all bounded measurable functions g : Y — R, we can write the relations

2o ((k+ V)h) — 2o (kh) = h / a(wo (kR), )v(e, by kh, dy) + O(R?),  (3.41)
and

Ty (b D)R) — gy (KB = I / 0y (k) y)m(kh, dy) +O(h?). (3.42)

These relations imply the existence of a constant ¢; > 0 for which the
inequality

max
k<n

/ a(, y)v(e, b kh, dy) — / a(a:,y)m(kh,dy)D
(3.43)

<c|h+h Z sup
k<7l ‘x‘§|x0|+éT

is fulfilled. Let

O = sup d(v(e,h, s),m(s)).
s€[0,T

Then for any r > 0 we can find § > 0 and hy > 0 for which

a — Ton(- <
e [r2(s) = ) (5)] <7
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if 05 <6, h < hg. So Theorem 1 implies the inequality

lim lim inf <£10gP{ sup |2 (t) — Ty ()] < r}) > —/0 I(m(s)) ds.

r—0 =0

te[0,7]
(3.44)
Let x(-) satisfy (ii) and let
z*(-) € (AD)(z0,T), sup |a"(t) —x(t)] <,
t€[0,77]
and
* * T
¥ (t) = a), + (t — tp)vg, t € [th,tey1], th =ko, k=0,1,...,n, §= o

R

where the dj are chosen in such a way that the relations

V(‘gatk+1 *tkatk) € Fkak =1,...,n,
imply the inequalities
|we(tr) —a*(te)] <2r, k=1,...,n
This implies the relation
P< sup |ze(t) —z(t)| <rp <P ﬂ {v(e,ther — th, te,-) € Fi} ¢ -
t€[0.7] k<n
(3.45)

It follows from Corollary 1 that

hmbuplogP{ U {v(e,tgs1 — t,ti,-) € Fk}} Z inf I(m)(tge1—tr)-

€0 k<n k<n mEF
(3.46)
It can be proved that
hm hmsup Z (tks1 — ti)] mf I( ) — S(z,v)| = 0. (3.47)
k<n
So we obtain the inequality
lim limsupelog P< sup |z(t) —z(t)| <rp < / S(z (t))dt
r=0 e0 te[0,T]
(3.48)

The proof of the theorem follows from inequalities (3.44) and (3.46), and
the relation

I(m(t)) = S (T (£), Ty 5
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which is true for all

e JeT M.

b>0

Corollary 2 (i) For all x € R? the relation

lim hmsup elog P{lz(T) — x| < r}

r—

—|—1nf{/ S(x ))dt : z(-) € (AC)(xo, )x(T)zx}‘zO

is fulfilled.
(ii) For any closed set F C R% we have the relation

lim(elog P{ inf ]p(ace(t)7F) =0})

1nf{/ S(z V) ds: () € (AC),:c(t)eF,te[O,T]}

where

p(z,F) =inf{|z — 2’| : 2’ € F}.

3.4.3 Systems with Additive Perturbations
Assume that
a(z,y) = a(x) + B(x)b(y),

where a(-) : R — R? and B(-) : R? — L(R?) are continuous functions
with continuous bounded derivatives a,(x), By(x); B(z) is an invertible
matrix for all x € R and b(+) : Y — R? is a continuous function for which
J b(y) p(dy) = 0. Let

V= {veRdv—/b m(dy), me./\/l}
Set
I*(v) = inf {I(m) : /b(y)m(dy) —v, ve V} .

The main properties of this function are presented in the following
statement.

Lemma 5 [*(v) is a nonnegative convex function, and I*(0) = 0.
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Proof We prove the convexity of this function. Let vy € V. k = 1,2, and
€ [0,1]. For given h > 0, the measures my € M,k = 1,2, satisfy the
relations

I (0k) — I(mi)| < h / bly)mi(dy), k = 1,2.
Since we have the relation
/ b(y)(s ma(dy) + (1 — ) ma(dy)) = sby + (1 — )b,

we can write the inequality

I"(sv1 + (1 = s)ve) < I(smy+ (15)ma) < sI(mq) + (1 — s)I(m2)
< sI*(v1) + (1 — s)I*(v2) + h,

which completes the proof.

Remark The function S(z,v) is determined by the relations

S(z,v) = I"(B~!(2)(v — a(x)))

if B71(x)(v—a(x)) € V, and S(z,v) = +oo otherwise. Introduce for T > 0
the function from C 7j(R?) into [0, +00] by the relations

/)= / S(F(t), f(t)) dt

if f(-) is absolutely continuous, and Hp(f) = +oo otherwise. Then the
relations

lim limsup |elog P{ sup |zc(t) — f(t)| <r}+ HT(f)’ =0 (3.49)
=0 e0 te[0,T]
and
lig Himsup < Tog {l2-(T) — o] < r}-+inf(Hr(f) : £(0) = w0, F(T) = 3| =0
(3.50)

hold.
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Normal Deviations

In Chapter 3 we derived the leading—order approximation to the func-
tion z. by solving an associated averaged problem for T and estimating
the difference between them. In this chapter we consider the remainder
z:(t,w) — Z(t,w) in greater detail. We refer to this remainder as the first—
order deviation, or simply the deviation. The deviation tends to zero in
some sense if an averaging theorem is true. When that is the case, we can
investigate the asymptotic behavior of (z.(t,w) — Z(t,w)) /be as € — 0,
where b. is a small scaling factor that is to be determined. If the scaled de-
viation is (asymptotically) a Gaussian random variable, which is plausible
from the central limit theorem, we will say that the deviation is normal.
As a rule, we can choose b, = +/z.

4.1 Volterra Integral Equations

We consider first the Volterra integral equation in (3.4) and the cor-
responding averaged equation (3.6). We define the scaled deviation to
be

. xe(t,w) — Z(t)
Te(t) = ———F—7—. 4.1
(1) NG (4.1)
We suppose that the conditions of Theorem 1 of Section 3.1 are satis-
fied, and we investigate additional conditions under which Z.(t) converges
weakly to a Gaussian stochastic process.
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First we will obtain an equation for Z.(¢), and then transform it to a suitable
form. Tt is easy to see from formulas (3.4) and (3.6) that Z.(t) satisfies the
relation

Fo(t) = /Otel/‘l (K (t,fc(s) —|—51/2§:E(s),§, ) —f((t,z(s))) ds

) (4.2)
= /0 L. (t,s,;ﬁa, g,w) ds + z(t),
where
2 (t) = 5*1/2/0 (K (t,f(s),g,w) —f((t,f(s))) ds (4.3)
and

Lo(t, s,z u,w) = /2 (K(t,i(s) + V20, u,w) — K(t,i(s),u,w)) .
Note that L.(t, s, z,u,w) satisfies the Lipschitz condition
|L5(t,s,x,u,w) - LE(ta Sai7u7w)| < l|$ - 'i|

if K satisfies relation (3.3), and the constant [ is the same as in (3.3), so it
does not depend on . Suppose that the derivative K,(t,z,s,w) exists as
an L(R4)-valued random variable. Then, as ¢ — 0,

L.(t,s,z,u,w) = K, (t, z(s),u,w)z.

Furthermore, the process z.(t) converges to a Gaussian process 2(t) under
some general conditions.
We first consider the linear equation

xZ(t):/OtL(t,&;w) 2 (s) ds + 2. (t)

where L(t,s, g,w) =K, (t,gﬁ(s), g,w). This equation is obtained by sub-
stituting L for L. in equation (4.2). Set L(t,s) = EL (t,s,2,w); let (1)
be the solution of the equation

bo(t) = /O Lt 8)d-(s) ds + 2(2); (4.4)

and consider the equation

() = /O L(t, )i (s) ds + A(t). (4.5)

It is easy to find conditions under which Z.(t)—a%(t) and % (t)—Z. converge
to zero in probability. Once that is done, we prove that Z.(t) converges
weakly to Z(t). Since Z(t) is the solution of a linear equation, it can be
expressed as a linear transformation of a Gaussian stochastic process Z(t),
s0 Z.(t) is asymptotically a Gaussian stochastic process.

The conditions in the next theorem ensure that this plan works.
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Theorem 1 Let K(t,z,s,w) satisfy the conditions:

(1) K is measurable in all variables; it is a stationary ergodic process in s
for fixzed t and x, with E | K (t, z, s,w)| < co; and it satisfies conditions
(1) and (2) of Section 2.3.4.

(2) K satisfies a Lipschitz condition in x: For some positive real constant

L
|K(t,z1,s,w) — K(t,22,s,w)| < lz1 — 22|

(3) Let K(t,x) = EK(t,x,s,w) and K (t,z,s,w) = K(t,z,5,w)—K(t, ).
Then there exists an L(R?)-valued continuous function

B(t1,21,t2,22,v) : Ry x R* x Ry x R x R — L(R?)

for which
E (k(th?ﬁl,&w),zl) (K(fz,xz,s +v,w),22> (46)
= (B(t1,$1,t2,x2,v)21,22)
and
/ ||B(t1,$1,t27$2,1})||d1} (47)
— 00

converges uniformly with respect to t1 < ¢, |x1] < ¢, ta <¢, |z2| < ¢
for every ¢ > 0.

(4) There exists the derivative K,(t,z,s,w), and for z € R%,

|Ka(t, 2, s,w)z — e (K(t,x +ez,s,w) — K(t,2,5,w))| < ale)(1+]z]),
(4.8)

where a(e) — 0 as e — 0,

(5) K.(t,x,s,w) is an ergodic stationary L(R?)-valued stochastic process
for fized t and z, and

”Kﬂb’(tl?xlv va) - KI(t27 T2, s,w)|| <A (|t1 - t2|a C) +A (|£C1 - LC2|, C)

(4.9)
forti <c, ta <c¢, m1 < ¢, w9 < ¢, where the function A(h,c) : R3 —
R satisfies the relation A(0+,¢) = 0.

Denote by 2(t) a Gaussian R%-valued process for which E2(t) =0 and
E(2(th),21) (2(t2), 22) = (B(t1,t2)21,22), 21,21 € RY,
where
t1A\to [ee]
B(ty,t2) :/ ds/ B(t1,Z(s),t2, Z(s),v)dv. (4.10)
0 —o0

Then the stochastic process Z.(t) converges weakly to the stochastic process
Z(t), the solution to integral equation (4.5).
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Proof For the proof, we follow the plan outlined above and use the
notation introduced at the beginning of this section. Note that

t ¢ (t,s,isg(s), S,w) — L. (t, s, x2(s), g,w)‘ ds

|Ze(t) — 22 ()] <

0

+
<t [ i) =) ds+ale) [ (+las)) ()] ds.

This inequality implies that
/O 15.(s) — 2(s)[2 ds < A(to)a(e) (1+/0 12 (s)| ds), (4.11)

where A(tp) is a constant. Since HL (t, s, 2, w) H < I, there exists a constant
B(tp) for which

ds

L. (t,s,xs(s) S,w) x2(s)

[ ez as < Bit) [P ds (4.12)

Now we consider the difference x(t) — &-(t). We can write

|22(t) — 2(1)] < l/o |22(s) — 2e(s)] ds

/Ot (L(t, s, g,w) — ﬁ(t7s)@5(s)> ds|,

which implies that for some constant ¢(tg),

/ * () — (o) < elt) / ’ ( / (2 (1 20) - Bt ) ds)2 dt.

(4.13)

_|_

Let ¢(t) be the solution of the Volterra equation

o(t) = / Lt $)o(s) ds + (1),

where ¥ (t) € L2(0, ). The solution of this equation can be written as

() = b(t) + / I(t, s)p(s) ds,

where I' is the resolvent kernel

D(t,s) =L(t,s) + /t L(t,s1)L(s1,s) ds1 + -

+// I:(t,sn)-~ L(s1,8)dsy - dsp+ -+,
s<x1< <5 <t

and T'(t, s) is a bounded continuous function.
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It follows from (4.4) that

Ze(t) = z(t) —|—/0 I(t, s)z:(s) ds. (4.14)

We next investigate the asymptotic properties of the process z.(t). For this
purpose we prove the following lemma.

Lemma 1 The stochastic process z:(t) converges weakly to the stochastic
process Z(t).

Proof It follows from formula (4.3) that if B.(t1,t5) is an L(R%)-valued
function for which F (z:(t1),21) (2e(t2),22) = (Be(t1,t2)21,22), then for
t1 < ta,

B.(th, 1) :/ ds/ B (t1,#(s), ta, 5(s + £v), v) dv,
0 —

s
€

where B is given by equation (4.6). It is easy to see that B.(t1,t2) —
B(t1,t2) as e — 0 uniformly for t1,t3 < ¢ < 0.
The proof of the lemma is a consequence of Theorem 6, Section 4.2.

|

Now, to prove the theorem it suffices to prove that

N

in probability as £ — 0. Set L = L(t,s, 2,w) — ﬁ(t, s) and

Foltsiuw) = I (W] , [”S],u,w) ,

Ze(s) ds) dt — 0 (4.15)

L (t, s, z,w) — L(t,s)

n n

where [na] is the integer part of na (= k if k <na < k+1).
It follows from condition (5) that for s < ¢y and t < tg,

where 3, — 0, since sup <, |7(s)| < oc.
So, we have to prove that

in(t,S,U,W) - E(ta Sau;w)H S ﬂ?’“

/ "o (s)]? ds (4.16)
0

is bounded in probability and that

to| ot
~ S R
/0 /0 L, (t, s, g,w) Z:(s)ds

2
dt =0




4.1 Volterra Integral Equations 119

in probability. Let r.(t1,t2) = E (&-(t1), Z(¢2)). Then it follows from (4.14)
that

t1
ro(ti,a) = TeBa(ty, 12) + / TeB. (ta, )T (1, 5) ds
0
to t1 to
—|—/ TrBE(tQ,s)I‘(t%s)ds—i—/ / TrI'(t1, 51)0(t2, s2) B: (81, $2) ds1 dso
0 o Jo
(4.17)

(here Tr B is the trace of the matrix B, i.e., the sum of the elements on
the main diagonal of B). So

to to to
E/ |2 (s)[? :/ / re(s1, 82) dsy dss
0 0o Jo

is bounded. It is easy to see that ro(t1,t2) — r(t1,t2) uniformly if ¢; < to,
to < to, where r(t1,ts) is defined by (4.17) when we replace B. by B. Note

that
/Otin (t, s,g,w) <i5(s) _ i, ([;])) ds
§4l2/0tE Bo(s) — 2. ([”ns]) i ds
e [ e (220) o (0]

since ||L(---)|| <1 is a consequence of condition (2).
Therefore,

2
B

nliggoE/otO </Ot in (t,s,z,w) (is(s) — & ([T])) d5)2 ds = 0.

The proof of the theorem is now a consequence of the fact that for each k,

k+1

lim ! L, (t,s, f,w) ds =0
€

e—=0 |k

with probability 1.
O

Remark If we could prove that z.(t) converges weakly to Z(t) in Cpg 4],
then we could conclude that #.(t) converges weakly in Cjg 4, to #(t). But
we have only the weak convergence of Z.(t) to Z(¢), that is, the convergence
of finite-dimensional distributions.
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4.2 Differential Equations

Next, we consider a system of differential equations of the form
t
z:(t)=a (xg(t), E,w) , t>0, z(0) =z, (4.18)

where a(z,s,w) is an R?-valued random field and the solution z.(t) is an
R%valued stochastic process. As was shown in Section 3.2, we can trans-
form equation (4.18) into a Volterra integral equation. After this, we can
use Theorem 1 from Section 4.1.

Theorem 2 Let a(x,t,w) satisfy the following conditions:

(1) a is measurable in all variables; it is a stationary ergodic process in t
for each fized z, E |a(x,t,w)| < oo; and it satisfies conditions (1) and
(2) of Section 2.2.

(2) Let a(x) = Ea(z,t,w) and a(z, t,w) = a(x,t,w) — a(x). Then there
exists an L(R%)-valued function B(x1,2,t) for which

E(d($1,t1,&)),21) (é($27t27w)722) = (B($17x27t2 - tl,W)Zl,ZQ)

and [ ||B(z1,22,t)|| dt converges uniformly for |1|,|x2| < ¢ for
any ¢ > O

(3) The derivative a,(x,t,w) exists as a stationary ergodic process in t
for fized x; there exists a function N(0,c) : R%: — Ry for which
A0+, ¢) = 0; and for any ¢ > 0 there is an ergodic process p.(t) with
Ep.(t) < 0o such that for any small real number 6,

07" (a(z + 02,t) — a(z, 1) — az(z,t)z] < pe(t)A(D,c)|z]
and
llaz (21, t) = ax (@2, )| < pe(t)A(|21 — 22|, ¢) if [11] < ¢, 22| <c

Then the process i-(t) = e~/ (x.(t) — Z(t)), where Z(t) is the solution of
the problem

z(t)=a(z(t)), =z(0)=mo, (4.19)

and a(x) = Ea(z,t), converges weakly in Clo4,) to the Gaussian process
Z(t), which is the solution of the linear stochastic differential equation

di(t) = ag (T()) &(t) dt + d2(t), (0) =0, (4.20)

where 2(t) is an R*-valued Gaussian process with independent increments
for which E2(t) =0 and

:K/Zw@@w@m%@m¢. (4.21)
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Proof We have

F.(1) —/Otaz (:z(s),;w) Fe(s) ds+/0t iga (;f(s),g,w) ds
+/Ot (15 a(j(s)Jr\@xe(s),z,w)—a(f(s),z,WH (4.22)
—ag (;z(s), gw)> F.(s) ds
Let
2(t) = \2/:& (z(s),g,w) ds. (4.23)

It follows from Theorem 6 of Chapter 2 that z.(t) converges weakly in
Clo,t,] to the process Z(t). Equation (4.22) implies that for ¢ < ¢,

i< [ (]

where ¢ > sup, <, [Z(t)]. So, u = sup, <4, |Z(t)[, then

ws |z6<t>|exp{/ot° (Jas (2660 2:0) [+ (2) A42.0) s}

a, (2(s). 2,0)|| + pe (2) MV ) 13(6)] ds + |==()].

= ae(t).
(4.24)
Let
ue(t) = /0 (\2 [a (i‘(s) + Vez(s), g,w) -a (5@(8), S,w)}
—ay (i(s), g,w>) ds.
It follows from condition (3) that
sup (0] < A(VE: () [ "o (2) s (125)
Let Z.(t) be the solution of the equation
do(t) = /0 s (#(s), 2.) (o) ds + (1) (4.26)
Then
() — #(8)] < /0 a (a(), 2,w)|| 12:() = - (3)] ds + Juc (1)
Therefore,
sup [5=(1) — 3<(0)] < exp {/Ot . (#(s), SW)H ds} sup fuc()] . (427
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Now denote by z*(t) the solution of the equation

¢
xi(t) = / Gy (Z(5)) 2 (s) ds + ze(t). (4.28)
0
It is easy to see that x7(t) converges weakly to &(t) in Cpg ), since we have
the same result for z.(t). In addition,

t s
sup |27 (£) — ()] < sup / (a (#(5). 2
t<tq t<to |Jo £

to s
xexp{/ Qg (a’:(s),f,w)H ds}.

0 E

So to prove the theorem, it suffices to prove the following two lemmas.

&
N——
\
S]]

8
—
S
—
w
S~—
S~—
QL
w

Lemma 2

s (gf(s S )H ds—/oto lae ((s))]| ds.

/ (w069, L) ds - / " s (3(s)) ds

in probability as € — 0.

Lemma 3

sup —0

t<to

Suppose that we have proved these lemmas. Then #.(t) converges weakly
to #(t) in Cl4, because of the inequality (4.29). Since sup,,, [2:(t)| is
bounded in probability, sup,«;, |u(t)] — 0 as € — 0 because of (4.25). This

implies that Z.(t) converges weakly to &(t) in Cpg 4, because of inequality
(4.27).
This completes the proof of the theorem.

Proof of Lemma 2
Note that it follows from condition 3) that

o (a0, ) = s (a0, 20| < (2) Ahmate) - 20010

if Z,,(¢) is an R%-valued function for which |z, (t)| < ¢ and |Z(t)| < c. Set

o =2(%)

ifte [k k+1) Then

to
/0
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It follows from the ergodic theorem that
to
lim
e—=0 Jo

to
_ S _
@z (#a(s), 2,0) | ds :/ |z (2a(s))]| ds.
0
The proof of the lemma is a consequence of the relations

lim sup |Z,(t) — Z(t)| =0
n— oo t<to
and
to

lim ; laz (2n(s))] ds:/o laz (2(s))]| ds.

n—oo

|
Proof of Lemma 3
We note that
t - s - s
sup ay (x(s),f,w) ds — ay (xn(s),f,wﬂds
t<to JO 9 5
to
< (sup 2a(t) — 2(0) ) Jae ( ) i,
t<to 0
and for any n,
t s t
lim su am(fcns,f,w> ds—/(ix z,(s)) ds| =0,
tim sup | [ (7002 . @)
which follows from the ergodic theorem.
|

Next, we apply these results to a linear problem.

Theorem 3 Consider a linear initial value problem of the form

() = A <t,w) 2.(t), 2.(0) = 0, (4.30)

3

where A(t) is an ergodic, L(RY)-valued stationary process satisfying
conditions (1) and (2) of Section 2.2.

Let A= FEA(t), 2(t) = exp {tA}zo, and B(t) = EA*(t,w)A(0,w).

Assume that

/Oo 1B dt < .
0

Then the process Tc(t) = (x-(t) — Z(t)) /\/€ converges weakly in Cigy4,) to
the Gaussian process Z(t) defined by the formula

() = /0 exp {(t — 5)A}(dZ(s))2(s), (4.31)
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where Z(t) is an L(R%)~valued Gaussian process with independent incre-
ments for which

EZ({t)=0, EZ*(t)Z(t)=t / b B(v) dv. (4.32)

— 00

Proof The proof of this statement is a consequence of Theorem 2 when
we set

a(z,t,w) = A(t,w)z.

The conditions on A(t,w) imply that all of the conditions of Theorem 2 are
satisfied. Denote by Z.(t) the L(R%)-valued stochastic process

2=z [ (4(2) - 4) as

This process converges weakly in Cjg 4, to the process Z(t), and . (t)
converges weakly in Cjy 4, to the process Z(t), which is the solution of the
equation

di(t) = A&(t)dt + dZ(t) Z(t), (0) = 0. (4.33)

The solution Z(t) can be rewritten in the form shown in equation (4.31).

O

Remark 2 Let
2o (t) = Z(t) + Vei(t). (4.34)
It follows from Theorem 3 that the distributions of the processes
relt) —#(1) de(t) ()
Ve Ve

coincide asymptotically as € — 0. So the distributions of x.(t) and Z.(t)
are also close in some sense.
There are several useful consequences of Theorem 3.

I. Consider a function ¢ (z(-)) : Cio,) — R, and suppose it satisfies the
Lipschitz condition

6 @() +40) — 6 @) <l [yl
for all 2(-) and y(-) in Cio 4], where ly is a constant and where

1y, = S ly(®)]-

0,t0

Then
|E¢ (2:(-)) — E¢ (2:(-))| = o(v/e), (4.35)
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since

Ve - Ve
The last relation follows from the facts that the family of functions

1 _ _
{62000 = 7 (060 + VEI) - stal) . <> 0}
is uniformly locally bounded in Clg ., and that all these functions satisfy
the Lipschitz condition with the same constant ly.

oy (LD =00 _ OO0 Ly (uag

e—0

I1. Let ¢ (x(-)) satisfy the condition of statement I and suppose there exists
the derivative

¢ (2(-),y() = lim = (@ (@) +hy() — ¢ (x(-))- (4.37)

Suppose further that the functions

{000 = (6 @0+ VESO) - 600) - VES (@().91) . € > 0}

(4.38)
satisfy a Lipschitz condition with the same constant (this is true, for
example, if ¢” is bounded). Then

[E¢ (2:(-)) — B¢ (&(-))] = o(e). (4.39)

Remark 3 The process T.(t) satisfies the stochastic differential equation
die(t) = Az (t) dt + Ve dZ(t) 2.(t) — e dZ(t) &(t).

We introduce the process :@E(t), which is the solution of the stochastic
differential equation

die(t) = Ado(t) dt + /e dZ(t) 2. (2).
If £.(0) = 2.(0) = Z(0), then

tsiltp Z(t) —z(t)| = O(e).

These remarks show that we can approximate the process z.(t) using a
solution of a linear stochastic differential equation of diffusion type.

We consider next construction of the solution of the nonlinear equation
(4.18) guided by our work on linear problems. First, we transform the
process Z(t) that was introduced in Theorem 2. Let B(z) = [ B(x,,v)dv,
so B(z) is an Ly (R%)-valued function on R¢, and B(z) is a nonnegative
symmetric operator. We assume that det B(z) > 0, so we may write B(z) =
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Q?(x), where Q(z) is also a nonnegative symmetric operator. Next, we
introduce an R%valued process

w(t) = /O Q-1 (3(s)) dZ(s). (4.40)

Then w(t) is a Gaussian process with independent increments, and Fw(t) =
0. Moreover,

0

:/0 (B(2() Q71 (2(s)) 2, Q7" (2(s)) 2) ds = t(z, 2),

for any vector z. So w(t) is a Wiener process in R?, and Z(t) can be
expressed as

2 = /O Q (#(s)) duw(s). (4.41)

With these preliminaries, we state further important results in the following
theorem.

Theorem 4 Let Z.(t) be the solution of the stochastic differential equation
die(t) = a (2:(t)) dt + Ve Q (2(t)) dw(t) (4.42)

with the initial condition &.(0) = xo, and suppose that the function Q(x)
satisfies the Lipschitz condition ||Q(x1) — Q(z2)|| < glz1 — x2|. We assume
that the conditions of Theorem 2 are fulfilled and that x.(t) is the solution
of equation (4.18).

Then:

L If ¢(x(-)) : Clou) — R satisfies the Lipschitz condition, then (4.35)
holds.

II. If ¢ has a continuous bounded derivative ¢'(x,y) for which the function
H. (y(+)), which is represented by formula (4.38), also satisfies the Lipschitz
condition, then (4.35) holds.

The proof of these statements can be obtained in the same way as state-
ments I and IT in Remark 2. We have only to take into account the fact
that

sup [2(t) + VE (1) — 2:(t)] = O(e), (4.43)

t<to

which relation can be proved as was done in Remark 3 for the linear
equation.
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4.2.1 Markov Perturbations

Let (Y,C) be a measurable space, and let y(t) be a homogeneous Markov
process in this space having transition probability

P(t,y,C) = P{y(t) € C/y(0) =y}, C €C. (4.44)

We assume further that y(¢) is an ergodic process with an ergodic dis-
tribution p(dy) satisfying the mixing condition SMC II from Section 2.3
and

R,0) = [ [Plt.C) = plO)] dt. (4.45)
0
We consider the initial value problem
t
Z:(t)=a (t,xs(t),y <6>> , z:(0) = o, (4.46)

where a(t,z,y) : Ry x R?xY — R?is a measurable function that satisfies
additionally the following conditions:

(al) There exists a function A\(h,c) : R2 — Ry, increasing in h, for which
A(0+,¢) =0 and

la(ty, z,y) — alte, z,y)| < A([t1 —to], 11 Via V]2]).

(a2) There exists a function I(c,y) : Ry x Y — Ry, increasing in ¢, for
which

la(t, z1,y) = alt, za,y)| < (e, y)|zr — xa for [a1] <c, [za] < (447)

and
/1(07 y)p(dy) < oo, /\a(m,y)lp(dy) < 0.

(a3) There exists the derivative a,(t,z,y), with [ |la,(t,z,y)| p(dy) < oo,
and ay(t,z,y) is locally uniformly continuous in ¢ and x uniformly with
respect toy € Y.

Let
alt,a) = [ alt,z.)oldy). (1.45)
Then
o (t.) = [ a(t.0.9) o).
Let Z(t) be the solution of the initial value problem
z(t)=a(t,z(t)), z(0)= o,
and define

x:(t) — a’c(t)

Te (t) = \/g
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Denote by B(t,z1,r2) the operator in L(R?) defined by

(Btara)m,) = [ (atarp). o) (altsza,1/), 22)
< {R(y', dy) p(dy’) + R(y, dy") p(dy)} -
Suppose that det B(t,z,z) > 0, and let Q(t,z) = BY2(t,x, ), where
Q(t, ) is a positive matrix. Let Z(t) be defined by the formula

2(t) = / Q (5, 7(5)) du(s),

where w(t) is the Wiener process in R?, and denote by Z(¢) the solution of
the integral equation

¢
i) = / as (s, 7(5)) () ds + Z(1).
0
Let Z(t) be the solution of the stochastic differential equation
dz(t) = a(t,z(t)) dt + Q (t,2(t)) dw(t). (4.49)
With these preliminaries, we state the following theorem.

Theorem 5 (1) The process Z.(t) converges to the process &(t) weakly in
Clo,to) Jor all to.
(2) The statements I and II of Theorem 4 hold.

The proof is the same as the proofs of Theorems 2 and 4, and it is not
presented here.

4.3 Difference Equations
We consider a difference equation of the form (3.19), where the sequence
{on(z,w), n=1,2,...} satisfies the following conditions:

(p1) For n = 1,2,..., the function ¢, (z,w) : R x Q@ — R%is Bra @
F-measurable and E |, (z,w)|* < co.

(¢2) For fixed z € R, {p,(z,w), n=1,2,...} is an ergodic stationary
sequence, and it satisfies the conditions of Theorem 5 of Chapter 2.

(¢3) There exists an ergodic stationary sequence {l,,(w),n=1,2,...} in
R, for which

B on(,0) — on(a )] < (@)l ']
(p4) There exists the derivative

Opn,
ax (:L.7 w)V
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and for fixed x the sequence

Opn, B
{ax(as,w), n= 1,2,...}

is an L(R?)-valued stationary sequence. Moreover, there exist a func-
tion A(f,c) : R% — Ry, increasing in 6, and a constant ¢ for which
A(0+,¢) =0 and

07 (on(z 4 02,w) — pp(z,w)) — (z,w)z| <l (W)A(G, |2]).

Eigwn

(¢5) There exists a sequence of L(R?)-valued functions
{Bp(x,2'), k=0,+1,4£2,...}
for which
(Bh—m(x,2')2,2") = E (¢n(x,w), 2) (Pm (2, w),2'), (4.50)
where @, (z,w) = on(z,w) — @(z), §(z) = Ep,(z,w), and

D lIBi(z,2)| < oe.
k

If condition (¢5) is satisfied, we set
B(x,2') =Y By(z,2). (4.51)
k

Denote by z¢ the sequence that is determined by relation (3.20), and let

5, = (25, —77)/Ve.
Let

#) = 3 (@ - 75,), (4.52)
ek<t

and let Z(t) be the solution of equation (3.21).

Theorem 6 Let conditions (p1)—(p5) be satisfied. Then the process T (t)
converges weakly in Clo4,) to the process (t), which is the solution of the
equation

i(t) = /0 %@(i(s)) @(s)ds + Z(t), (4.53)

where Z(}f) is a Gaussian process with independent increments in R for
which EZ(t) =0 and

E (Z(t),x>2 - /Ot B (2(s), #(s)) ds. (4.54)
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Proof Note that ¢ satisfies the relation

=Y Velpn(as,w) — @lai) = Y Ve (pr (@ + VETL, w) — oi(@7))

k<n k<n

+ 57 VE (pr(@hw) — 3(3))

k<n
(4.55)
Let

)= Velpr(@,w) —77)-

ek<t

It follows from Theorem 5 of Chapter 2 that Ze (t) converges weakly in
Clo,t,] to the process Z(t).
Since

lor(z + Vey,w) — oz, w)| < Velk(w)lyl,

we have that

7] < e Ik(@)[FE] + sup [25(1)]

k<n t<en

and so

sup |Z5| <exp{e Z Ig(w) p sup |2°(t)]. (4.56)

en<to ek<to t<en

It follows from condition (p4) that

S VE (ou(Eh + VT, w) — ou(35) — 22k (25, w)E

oz
k<n
<o 3 L (VA 1)) (4.57)
k<n
and
sup EZlk (Ve 7)) < (ﬁ, sup |5:fl) (4.58)
en<to k<n en<tg
Since
limsup € Z lg(w) =to By (w), (4.59)
e=0 ek<to
and
lim su ol =0, 4.60
nsup > hil (4.60)

Ek}StO
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where
s ~ 0ok, _ s
= VE (or(@ 4+ VEFLW) — (@) - S (Fw)EL (461)
it follows from (4.55) that
. ok ;
5 = 5%(%7 w)Ty, + Z Vi + Z°(en). (4.62)
k<n k<n
Let
ok 20, .\ -~
o= (St - Fan) ) ai
Then
~c 8@ —e ~c £ £ AE
n= ;5%(%7@% + ’Kzn(% + Br) + Z°(en). (4.63)

Using the ergodicity of a‘p"( w), the boundedness of sup <, |[7%], and
the proofs of Lemmas 2 and 3 in Section 4.2, it is easy to show that

Zﬁk

k<n

sup
ne<to

in probability as ¢ — 0. If 25, is the solution of the equation
9% R
i =Y P(a5)d5 + 2% (en), (4.64)

then it follows from (4.63) and (4.64) that

sup |5, — 5| < exp{cto} sup | > _(v; + B5)],
en<to en<to ken
where
00 .
c= sup ||—(Z
ek<to 833( k)

With this, the proof of the theorem follows from the next lemma.

Lemma 4 Set
i t) = Z‘%Z 1{sn§t<s(n+l)}~
n

Then the process 1°(t) converges weakly in Co,) to the process &(t).

Proof Let z°(t) = >, %5, 1{cn<ice(nt1)}- Let 2¢(t) be the solution of the
equation
t 6@

&°(t) = 5z (@°(5)) &°(s)ds + Z°(1),
0
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and let z*(¢) be the solution of the equation

xi(t) = % (z(s)) z*(s)ds + Z5(t). (4.65)
0
Then
sup [#(1) - :ﬁ’f(t)‘ + sup [#(1) —22(5) = 0

in probability. Since z7(t) converges weakly in Cjg 4] to Z(t), we have the

same for Z°(t).
O

Remark 4 We can extend Theorem / to the case of difference equations
without any additional assumptions.
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Diffusion Approximation

In this chapter we consider randomly perturbed systems of differential and
difference equations whose averaged systems are static. So, the solution of
the perturbed equation is expected to converge as € — 0 to a constant de-
termined by the initial position of the system. It follows from the theorem
on normal deviations that the deviations of such solutions from the initial
position are asymptotically Gaussian random variables whose variance is
of order et. Here we consider the problem farther out in time. We prove,
under some reasonable assumptions, that the stochastic process x.(t/e),
where . (t) is the solution of the perturbed system at time ¢, is asymptot-
ically a diffusion process as € — 0. We derive here a detailed description
of these processes. Moreover, if the averaged equation has a first integral
(i.e., a function @ exists that is constant on any trajectory of the averaged
equation), then for any fixed time, say t1, the function ¢(z.(¢1)) is asymp-
totically constant, but the function ¢(z.(t/€)) is approximately a diffusion
process.

5.1 Differential Equations

We study differential equations involving various kinds of random pertur-
bations that are either Markov or stationary processes.
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5.1.1 Markov Jump Perturbations
Consider the solution x.(t) in R? of the initial value problem
t
$€(t) =a (xE(t)vy <€>> ’ .’EE(O) = Ty, (51)

where y(t) is a homogeneous Markov process in a measurable space (Y, C)
and a(z,y) : R x Y — R? is a measurable function. Furthermore, sup-
pose that y(¢) is a jump process having a transition probability function
P(t,y,C), fort >0,y € Y, and C € C, that satisfies the relation

lim + (P(t,,C) — 1o(y) = 7(y. C), (5.2

t—0 ¢
where the limit 7 is of bounded variation, i.e.,

sup Variation 7 (y,-) < co.
y

In addition, suppose that y(¢) is an ergodic process with ergodic
distribution p satisfying SMC II of Section 2.3. As before, we define

R.0) = [ [P(t.0,C) = p(C)] de. (5.3)

The following lemma is a direct consequence of formula (5.3)

Lemma 1 Let g : Y — R be a bounded measurable function for which
[ 9(y)p(dy) = 0. Then

limi{/ P(m?,dy)/R(y,dy’)g(y’) - /R(ﬂ,dy’)g(y')] =—g(y). (5.4)

t—0

The following corollary results from this lemma.

Corollary For any y € Y and any C € C,

/ w(y.dy') R(y',C) = —1c(y). (5.5)

Next, we formulate our assumptions about the function a(zx,y):

(al) Forallz, i € R, [ |a(z,y)| p(dy) < oo and there exists a measurable
function [ : Y — R, for which [I(y) p(dy) < co and

’CL(.’I},y) - a(.’l),y)’ < l(y>|l' - aj|
for each y € Y
(a2) [a(z,y) p(dy) = 0.
Condition (al) implies the existence and uniqueness of a solution to (5.1).
We are interested in the case where the noise in the system acts on a faster

time scale than that on which the system responds. So, we consider random
perturbations of the form y.(¢) =y (t/e).
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Lemma 2 The process (z:(t),y:(t)) is a homogeneous Markov process in
the phase space R x Y . Its generator is determined by the relation

}L”%% (Bayg(ze(t), ye(t)) — g(z,y))

(5.6)
~ (e 0)ale.) + 2 [ gle Dy, dp).

which is defined on the functions g : R* x Y — R for which g(x,y) and
9z(z,y) are measurable and bounded; E, , is the expectation under the
conditions that x¢(0) = z, y.(0) = y.

Proof Denote by v.(t) the number of jumps of the process y.(t) on the
interval [0,t]. Let P,, E, be the probability and the expectation, respec-
tively, related to the Markov process y.(t) under the condition y.(0) = y.
It follows from the theory of jump Markov processes (see [64, Chapter 7])
that

Pyve(t) > 1} = ot), PyAue(t) = 1} = 2 (¥ \ {y}) + o(t)
and
Eyg(u:(t) — 9() Ly ry = £~ / (0) - 9(u)) 7y, dy') + o(t).

So
oy {0(0e(8),9:(1) — 9(2,9)} = Euy /0 (92 (22 (5), 1), alz=(s), ) ds

* Loy + = [[(9(.8) — 9(o.9)) w(w.dy') + 000

This completes the proof of the lemma.
O

Denote by F; the o-algebra generated by (ms(s), ys(s))7 s < t. It follows
from (5.6) that for functions g that are bounded and measurable and that
have the same g, the following relation is valid: If ¢; < to, then

E(g(:cg(tz)ws(fz)) - 9<$e(t1)7ys(t1))/~7:fl>

= E(/: {(gx (2e(s), 92 (5)), a(z=(s),y=(s))) (5.7)
1

+ E/g(;rsg(s),g])ﬁ(ye(s),g)} ds/}'fl).
Note that the averaging theorem (see Chapter 3, Theorem 5) is valid for
xe(t). It follows from condition (a2) that a(z) = 0. Therefore, as ¢ — 0,
x.(t) = x¢ uniformly with probability 1 over any finite interval of ¢.
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We will investigate x¢(t) for “large” ¢, which means here for ¢ to be of order
1/e. It will be shown that the process z.(t/c) converges weakly in C to a
diffusion process under some additional assumptions. This diffusion process
then is referred to as a diffusion approximation to x.(t).

Theorem 1 Let y(t) satisfy condition SMC II of Section 2.3, and let
a(z,y) satisfy conditions (al) and (a2) and the following additional
condition:

(a3) There exist the first derivative ay(z,y),

sup [|a(z,y)| + [laz (2, y)|] < oo,
Ty

and
}iir(l)sup{ﬂax(xl,y) —ag(z2,y)|| t |r1 — 22| <d,y €Y} =0.
We define the second—order differential operator L acting on functions
feC?(R)

by the relation
L) = [[ (3£ @hatei) B didaten)) plin. (55)

We assume that L is the generator of a diffusion process &(t) in R%. Finally,
define the process T.(t) = x.(t/e), where x(t) is the solution to equation
(5.1) with 2.(0) = xg. Then &(t) converges weakly in C as e — 0 to the
diffusion process Z(t) with initial value Z(0) = xg.

Proof Let 0 <t <ty < 00. Define
Aty t2) = E(f(ze(t2)) = f(ae(t1)/FF,),
where f € C®)(R?). Using the relation

ST 0) = (' (@=(0), ala=(0), 5-(1)

we can write

A(ty,te) = E(/ ’ (f'(z(s)), alze(s), y:(s))) ds/]:fl). (5.9)

t1

The function A(z,y) = [ a(z,§)R(y, dy) satisfies the equation

/W(y’dy)A(x,z)) = —a(x,7). (5.10)
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It follows from formula (5.7) that
E((f'(ze(t2)), Alze(t2), ye (t2))) — (f (2(t1)), Alwe(tr), e (1)) / F7,)

5 ([ (5 e Al (61961 (o) (D))
=2 (o9, alaelo).e )| /7).
(5.11)
(Here relation (5.10) was used.) It follows from (5.11) and (5.9) that

Aty t2) = el (F(Ie(t2)7ye(f2)) — F(ze(t1),y:(t1))

+ / 2(@(%(3),yg(s»,a(xg(s),%(8)))ds/f;>,

where
F(z,y) = (f'(z), A(z,y)).
Set
c(z,y) = (Fu(z,y),a(z,y)) — Lf(z).
Then

(1 (x(2)) =1 (o (2) - 01 (e () a7
—p(a(L2)- // Lf (o) 45/ 75, . )

—0(e) + E<5 /t t// ¢(ze(s), ye (s)) ds | F, /E>. (5.12)

Note that [ ¢(z,y)p(dy) = 0. Define the function

(e T) = sup{ B | elaa(s). 2(s)) ds

for e > 0,7 > 0. Set

A(0) = supfle(z1,y) — c(x2,y)| : |1 — 22| <0,y € Y]

It follows from condition (a3) that A(§) — 0 as & — 0. We estimate C'(e,T)
and show that e C(e,T) — 0 as € — 0. This implies the relation

:xeRd,yEY,€t<T},

ti £| (£ (22(02) — 1ol - | Lf (i) ds/ 77 )| =0, (513
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where Ff = i/e- Using the relation ’xg(tg) - xg(tl)‘ < alty — t1], where
o = sup, , la(x,y)|, we have

E., / e(a2(s), ye(s)) ds

- ‘Ew /Ot [e(2e(5), e (s)) — clz, y=(s))] ds

+/ c(z,y’)(P(;y,dy’)*p(dy’))ds
0

t/e
/O (') [P(s. . dy') — pldy)] ds

It follows from SMC II that fot c(z,y)[P(s,y,dy’) — p(dy')] ds = O(1)
uniformly in ¢, z, and y. So

E‘T’y/o c(ze(s),y-(s)) ds

where ¢* is a constant. Therefore,

‘Ex,y (/t e(2o(s),9.(5)) ds/f;> ’ < Malts—t) (ts— 1) + "¢

t1
with probability 1. Set 7, = kh, h = t/ne. Then

Eo( [ elanto)neto) as/ 7, ) ‘ < Mah)h+ e,

k

< AMat)t+¢

< AMNat)t+c*e,

<en[A(ah)h+c* ¢

t
=c"e’n+tA <a) .
ne

Let e?n — 0 and ne — oo. Then 2n + t A\(at/ne) — 0. So relation (5.13)
is proved.

It follows from Theorem 2 of Chapter 2 that the process Z.(t) converges
weakly to the process Z(t). To prove the theorem, we will prove that the
family of stochastic processes {Z.(t),e € (0,1)} is weakly compact in C.
We need some auxiliary results to do this.

3

t/e
Em,yA C(l's(s)ays(s)) ds

Lemma 3 Let ¢(z) = 1 — exp{—|z|*}. Then a constant C > 0 exists for

which
Ey¢ <x5 <z> - xo> < Ct (5.14)

E,¢? (:17 (z) — x()) < C(e2 +1?) (5.15)

and



5.1 Differential Equations 139

Proof Applying the relations (5.9) and (5.11) to the function f(x) =
¢(x — xg), with t; = 0 and t5 = t/e, we obtain the relations (here we write
t. for t/e)

By (. (12) — 20) = ~B, (¢ (22 1) — ), Az (1), e (1)
# 8, [ (2 0/ 005) 0, A ).t (5,005 ) ds

=0(t) — ek, [( (ze (te) — w0) , A (ze (te) s ve (te)) — A(z0, e (tc)))
+ (¢ (@ (te) — @0) s A (w0, y (tc)))]
SO (t+eByo (e (tc) — x0)) -
Here we have used the inequalities: |x.(t/e) — x| < Kt and
(& (2 = z0), Az, y) — Alzo, )| < K ¢z — o),

which are true for some K > 0. This completes the proof of (5.14).
Define ¥(z) = ¢?(x). Then in the same way as for ¢ we can obtain the
estimate

B,V (536 (ta) - xO) <¢ekE, (\Iﬂ (5'36 (ta) - xo) VA (x07 Y (te)))
+ca By (E\I/ (e (te) — o) + 5/0 ] d(z(9)) ds)

te
<ecot + c1e B,V (z (to) — x0) + 015/ cesds,
0

since |¥'(z)| < K1®(x) for some K;. This completes the proof of (5.15).
]

It follows from Lemma 3 that
Ey¢*(2:(t2) — z(tr)) = EyE(¢° (xc(t2) — 2=(1))/FF,)
< c(e® 4 (ta — t1)?).
Since

sup  |Z(ta) — 2o(t1)| < K 6/e,
[ta—t1]|<é

where K = sup,, la(z,y)|, the family of stochastic processes {Zc(t),e €
(0,1)} is compact in C, which follows from Theorem 1 of Chapter 2.
|

Remark 1 The differential operator L defined in (5.8) is of the form

Lf() = (@), a(2) + 5T (@) B),

where

- // al(x, 9)a(x,y)R(y, dj) p(dy)
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(M@%@:2//@@w%@@@@%deAmM@% e R

The function a(x) is bounded and continuous, and B(z) has a bounded
and continuous derivative. Under these conditions the generator L deter-
mines the transition probabilities of the process (and there exists a diffusion
process with this generator) if the following additional condition is satisfied:

(ad) inf|,—; (B(m)z, z) >0 for all z € R®.

5.1.2 Some Generalizations

We consider a family of Markov processes {(z.(t),y(t)),e > 0} in the
space R? x Y satisfying the following conditions:

(i)

(i)

Let Pe(s,x,y,t,B,0), for 0 < s <t,z € R, y €Y, B € B(RY),
and for C' € C be the transition probability function for the Markov
process (z:(t),y:(t)), i.e.,

Pe(s,x,y,t,B,C) = P{x.(t) € B,y:(t) € C/x.(s) = z,y-(s) = y}.

Then the following relation holds for any function g(x,y) for which
g(z,y) and g¢,(x,y) are bounded and continuous in z and are
C-measurable in y:

1
lim — ( / Pe(t,z,y,t + h,da’ dy")g(2',y") — g(, y)>
h—0 h

= (alt2.9),9al2,)) + - [ oy ),

where a(t, ,7) is a bounded function from R, x RY x Y into R?, and
7*(y,C) is a signed measure of bounded variation for all y € ¥ and
r € R

The function a(t,z,y) is continuous in ¢ and z and is C-measurable
in y, sup, , var 7*(y, C') < oo, and there exists a constant [ for which

la(t,z1,y) —a(t,z2,y)| < 1|z1 — 22|

Remark 2 Under condition (ii) the transition probability P satisfies
the backward Kolmogorov equation: For any function g that satisfies the
conditions listed in (1), define the function

G (t,,y) = / / o'y )P (t, 2,9, T, da’, dy).
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This function satisfies the equation

8G8
8t(tmy) (a(t,z,y), G5(t, 7, y)) /Getxy Ty, dy")

ift <T and limy_,p G*(t,z,y) = g(z,y).
This equation can be used to evaluate the transition probability G¢. In
particular, the processes (x:(t),ye(t)) satisfy the relation

j:E (t) = a(t, Te (t)v ys(t))'

(iii) Introduce the operator

M*g(y) = / 9(y" 7" (y,dy’) for g € B(Y)

where B(Y') is the space of bounded C-measurable functions g : ¥ —
R. This is the generator of some homogeneous Markov jump process
in Y for any x € X. We assume that the Markov process y*(t) with
the generator II* is ergodic and satisfies condition SMC II of Sec-
tion 2.3. We denote by P®(¢,y,C) the transition probability function
for the Markov process y*(t), and by p*(c) its ergodic distribution.
Set

R*g(y) = /Ooo g ) (P*(t,y,dy’) — p°(dy’))dt  for g € B.

Remark 3 If g(z,y) is a function for which g(z,-) € B(Y) for any fized
x € RY, then Lemma 1 implies that

" R*g(x,y) = —g(x,y).

Note that in the case a(t,z,y) = a(z,y) and 7*(y,C) = =n(y,C), the
stochastic processes x.(t) and y-(t) are the same as in Section 5.1.1. The
following theorem is an extension of Theorem 1 to the more general case
considered here.

Theorem 2 Let conditions (1)—(iil) be satisfied. In addition, assume that
the following conditions hold:

(iv) [a(t,z,y) p*(dy) =0 for all t,x.
(v) There exist bounded and continuous derivatives in x and t,

da 82a 8a 82a 3R””

for any bounded measurable function g: Y — R.
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(vi) For f € C®®)(RY) there exists the limit
Lf(x)

1 T4S OR*
or

(' (@), alt. z.1)). alt, x,y>) o (dy) dt

1m —
T—00, S—oo T’ T

(@), /(@) + 5 TeB(@) 1" (2).

(5.16)

(vil) The differential operator L is the generator of a unique diffusion
process in RY.

Then the process T-(t) = x. (t/e) converges weakly in C as e — 0 to the
diffusion process &(t) having generator L and initial value xg.

Proof Denote by Ff the o-algebra generated by {(z(s),y(s)) : s < t}.
We will establish that for 0 < ¢ < ts,

tiy BB (1 (a2(0)) ~ £ (at00) = [ Liau(o) s/, )| 0. (5a)

For this purpose we need some auxiliary statements that we establish in
four steps:

(1) Let g : Ry x R xY — R be a measurable bounded function that has
bounded derivatives g;(¢,z,v), g (¢, z,y) that are continuous in ¢, 2. Then
for 0 < 1 < to the following relation holds:

E(g(ta, xc(t2), ye (t2)) — glt1, z<(t1), ye(t1))/ Fr,)

:E[/z(gt(t,xg(t)»ye(t))+Hgg(t,xs(t),ye(t)))dt/]—"fl . (5.18)

t1

where
1 xT
H!g(z,y) = (92(2,9), a(t, z,y)) + “I7g(,y).

To prove this we observe that it follows from (ii) that the derivatives of the
right-hand side and the left-hand side of (5.18) with respect to t5 coincide.

(2) Let ¥: Ry x RY x Y — R be a bounded measurable function having
the derivatives W, (t, z,y), ¥, (¢, x,y) that are bounded and continuous in ¢
and x. Assume that [ V(¢ 2,y)p"(dy) = 0 for all ¢t > 0 and z € R%. Then
for any t > 0 and h > 0,

t+h
’Et,z,y/t U (s,2:(5),y:(s)) ds| = O(e + €h), (5.19)

where E;,, is the conditional expectation under the conditions that
z:(t) = z, y-(t) = y. To prove this statement we introduce the function

Z(t,x,y) = R*U(t,x,y).
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Then Zi(t,z,y) and Z,(t,x,y) are bounded and continuous in ¢ and z.
Therefore, using (5.18) we write

Eioy(Z(t+h,z(t+h),y(t + h)) — Z(t,3,y))
t+h
~Euay | %@mammﬂqumx»@%umm
+ iHIZ(s,zg(s),yE(s))] ds.

Since IT* Z (s, z,y) = —V(s, z,y),

t+h
Ei oy / \Il(s, x(8), ys(s)) ds =eEy 5y (Z(t, x,y) — Z({t+ h,z(t+ h))
t

t+h
+5Et,z,y/t [Z:(5,22(5), ye (5)+(Za (5, 22 (5), e (5)), a5, 2(5), 9 (5))) ] ds.

Relation (5.19) is a consequence of this relation.
(3) Now we apply relation (5.18) to the function g(z,y) = f(x):

E(f(z(t2)) = f(z(tr))/F7,)

) 5.20
:E(/t (f'(z(s)), als,z<(5),y=(s))) ds/fti) (5.20)
Set F(t,z,y) = R*(f'(x),alt, z,y)). Then

HIF(t,;L',y) = —(f’(x),a(t,x,y)).

Applying relation (5.18) to the function F'(¢,z,y), we have

E(F(tQ,xs(tQ)ays(tZ)) - F(tlvxs(tl)vys(tl))/ffl)

:E</t Q[Ft(&l‘g(S)vye(S))‘f' (Fu(s,22(8),ye(3)), a(s, 2 (s), y=(s)))
_ 1(f’(xg(s)),a(s,336(3),ys(g))ﬂ ds/}—fl)’

3

E(/tl (f’(a:a(S)),a(s,x5(5)7y5(s)))ds/j:ti)
- {F(tl’xs(tl)’ys(tl)) — F(t2,ze(t1),y=(t1))

+l%w%@%w+M@m>m»@%m% »Mﬁ}
' (5.21)
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Set
¢(S7 1‘7 y) = (Fw<87 x7 y)7 a(87 m’ y>)7

O(s,x) = /q)(s,x,y) e (dy), @(s,x,y) = (s, z,y) — (s, 7).
U(t,z,y) = Fy(t,z,y) + O(s, z,y).
It follows from relations (5.20) and (5.21) that
E(f(x:(t2)) — f(z=(t1))/ FF,)

(= [ B [0 o) a7, ) 0

(5.22)
Note that O(e) < sup|F(t,z,y)|e.
Since U(s,x,y) satisfies the conditions of statement (2), relation (5.19) is
satisfied, and

ta

‘E</ (s, 2e(5),ye(5)) ds/fi)‘ = O(éf(tg —t1)+€). (5.23)
t1

We substitute ¢ /e and t2/e for 1 and t5 in (5.22) and use relation (5.23).

In this way we get that

E(f(Z:(t2)) = f(Z:(t1))/F, )c) = O(e(ta — t1) +€%)

tg/t’:‘ _
+5E</ D(s,x:(s))ds/ t51/5>7
t]/&

and after changing s to s/e in the integral on the right-hand side we obtain
to B
E(f(2e(t2)) = f(@=(t2)) — / O(es, ie(s)) ds/Fy, ) = Ole).  (5:24)
ty
(4) To prove (5.17) it is enough to show that
to _
;i_r)% E‘E(/t1 (P(es,ze(s)) — Lf(z=(s))) ds] t€1/5) ‘ =0. (5.25)
For this we show that
1 t+h. B
lim — sup El%y/ (P(es,ze(s)) — Lf(z:(s))) ds =0 (5.26)
t

e—0 e t,x,y €

for any h. > 0 for which h. — 0 as ¢ — 0.
Note that it follows from (5.24) that
E: ., (f(z(t+h)) — f(z(t))) = O(e + h). (5.27)

=Y

Therefore, for some constant ¢; the following relation is true:

Pepyflec(t+1h) = 2] > 0} < Se+h). (5.28)
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To prove this we apply relation (5.27) to the function

f(@) =1—exp{—|o - z[*}

under the condition that z.(t/¢) = z. The function ¢(es,x) — Lf(x) has a
bounded derivative in z, so

t+h
<@@ﬂ[ [(®(es,2(s)) — L (22(5)))

X (5.29)

— (®(es,x) — Lf(x))] ds| = O<h5 + ﬁ(a + h))

t+he ~ e [t/ethe/e -
7/ (®(es, x) Lf(x))ds:h— y O(s,x)ds — Lf(x) — 0

uniformly in ¢, x, and y if h./e — 00, due to condition (vi). The function
¢(es,x) — Lf(x) has a bounded derivative in x, so

t+h
Et/s,m,y/t [((es, ze(s)) — Lf (we(s))) — (R(es, ) — Lf(x))] ds

= O(h6 + 51 (e+ h)) (5.30)

Set h. = /g, § = 0. = €'/%. Then

1 t+he _
Exyh—/t (B(es, 42(s)) — LF(32(5))) ds = (/%) + o(1),

where o(1) — 0 as ¢ — 0 uniformly in ¢, 2z, and y. So relation (5.17) is
proved, and the process Z.(t) converges weakly to the process &(t) because
of Theorem 2 of Chapter 2. To prove the theorem we have to prove the

compactness in C' of the family of stochastic processes {Z.(¢),e € (0,1)}.
This can be done in the same way as in Theorem 1 using the relation

Bi,,0(i(t+h) —i.(t)) = O(c + h), (5.31)

where ¢(z) = 1 — exp{—2?}, which follows from equation (5.24).
|

5.1.8 General Markov Perturbations

Let Y now be a finite-dimensional Euclidean space. We consider a Markov

process (z<(t),y-(t)) in R? x Y that satisfies the following conditions:

(A1) Denote by P=(s,x,y,t,dx’,dy’) the transition probability of the
process. Then for g € C®®) (R4 x Y),

lim — (/Patxy,t—i—h dx’ dy')g(z',y") — g(x,y))
h—0 h
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= (g0 (e.),alt,,9) + - A"g(z,), (53

where a(t, z,y) satisfies condition (ii) from Section 5.1.2 and A*, for
fixed x, is the generator of a homogeneous Markov process in Y,
which is defined for g € C)(Y). Note that A%g(z,v) is the result of
the action of A* on the function g(z,y) as a function of y.

(A2) Denote by y*(t) the Markov process in Y having generator A%, and let
Q7 (t,y,dy’) denote its transition probability. We assume that y*(¢) is
an ergodic process and that its ergodic distribution is p®(dy). Finally,
we assume that y”(¢) satisfies condition SMC II of Section 2.3. If

R*(4,C) = / S (@ (ty.0) - 7 (0)) (5.33)

then [ g(z,y")R*(y,dy’) € CP(RIxY), [g(x,y) p"(dy) € C?(R?)
for g € C®(X x Y), and

A / o,y )R* (y,C) = / o(e.9) " (dy) — g(z,y).  (5.34)

(A3) We assume that a(t, z,y) satisfies conditions (iv), (v), (vi), and (vii)
in Section 5.1.2.

Theorem 3 Under conditions (A1), (A2), (A3) the statement of Theorem
2 1s valid.

The proof is the same as in Theorem 2, and it is not presented here.

5.1.4 Stationary Perturbations

Let a(t,r,w) be an R¥-valued random function on R x R%. We assume that
g—i(t,x,w) is a random function that is locally bounded in ¢ and z. Let
z<(t) be the solution of the initial value problem

ze(t) = a(t/e,xe(t),w), x(0) = zo. (5.35)
Assume that the random function a(t,x,w) satisfies the following condi-
tions:

(F1) ais astationary function in ¢; in particular, for any fixed h the random
functions a(t, z,w) and a(t+h, x,w) have the same finite-dimensional
distributions. It follows that %(t,x,w) is also a stationary random
function. We assume that

Oa
P{S;lf”ax(t,m,w)H < oo} =1

(F2) Denote by F; the o-algebra generated by {a(s,z,w), s < t} and by
F* the o-algebra generated by {a(s,z,w), s > u}. Let L§(P) be the
space of F..-measurable random variables ¢ for which E£2 < co. We



5.1 Differential Equations 147

introduce the linear operator 6, in L§(P) for which 0, (a(t,z,w), z) =
(a(t + s,amw),z), t € R,z € R 2 € RY. We assume that the
following weak mixing condition is satisfied: If &; is Fy-measurable,
&y is FO-measurable, and &1, & € L§(P), then

tli}glo(Eflotgg - EflEgg) =0. (536)

Under condition (F2) the random operator 6, satisfies the ergodic property
for all F-measurable ¢ for which F|¢| < oo, namely,

1T
Th—rgof/o 0s&ds = E€. (5.37)

Denote by a(z) = Ea(x,w). It follows from Theorem 5 of Chapter 3 that
2¢(t) converges uniformly as e — 0 to the solution Z(t) of the averaged
problem

z(t) = a(z(t)), 2(0)=uxo (5.38)

on any finite interval [0, ¢p]. We will assume that a(z) = Fa(t, z,w) = 0.
The behavior of z.(t/¢) will be investigated under this condition and some
additional conditions that are formulated below.

(F3) We assume that for any Fy-measurable random variable £, with
El&| < oo and E¢y = 0 there exists fooo E(0:&/Fo) ds = TIp&p.
Define 11,y = 6, 11p&y. Then 11§, is a stationary process. Set

T
e = / E(0.60/Fo)ds, T > 0.
0

We assume additionally that limg_, o, E|TIZ &y — Mo&| = 0.
(F4) Introduce the functions
a(z) = E(pay (0,2,w))a(0, z,w) (5.39)

(this function is R%-valued because a, is an L(R%)-valued function)
and

B(z) = 2E (Ilpa(0, z,w)) * a(0, z,w), (5.40)
where 21 * 25 is the operator from L(R?) for which
(21 % 29)x = (21,%)22, 21, 22 € R

Then Tlpa,(0,z) and Ipa(0,z) are defined, because Fa(0,z,w) = 0 and
FEa,(0,2,w) = 0. We assume that the functions @ and B are bounded and
continuous and that the differential operator

L) = (f(2), a(2)) + %Tr F(2)B(@) (5.41)

is the generator of a diffusion process; so, the transition probabilities of this
process are determined by a and B.
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(F5) We assume that

SLmlp(|a(O,a:,w)| + ||am(0,x,w)||) < 00

and

lim Esup(|H0a (0, 2,w) — Ioa(0, z,w)| + ||(II§ — o) a,(0,z,w)||) =

T—o0

Theorem 4 Let conditions (F1)—(F5) be fulfilled. Then the process . (t) =
z:(t/e) converges weakly as e — 0 to the diffusion process &(t) having initial
value xo and generator L given by (5.40).

Proof We consider

E(f(i(t2)) = f(ie(t1))/ Fiyje2)

( tQ/E (s)),a(s/e, xc(s),w)) ds/}-“/gz).

tl/s

(5.42)

We transform the right-hand side of (5.42) using the following relations:
For 0 <a < g,

B

B
| o, atsfeato.w) ds = [ (Feala).als/eaele).w) ds

// P (@e () )alufe, ze (u),w), als/e, 2 (u),w)) du ds
+ /a /a (f'(x=(w)), az(s/e, 2o (u), w)a(u/e, o (u),w)) du ds.
Note that
B[ (7 et ats/eseetan. ) asy 7.,
(), BT a0, )
(e u))a(u/z, 2eu), ) als e, ), o) ds/ s )

=e(f"(x)a(u/e, z,w), Q%Hg_l(ﬁfu)a(O, z,w))

E(

T~

r=xc(u)’

5
/ (' (@e(w)), au(s/e, 2e(u), w)a(u/e, za(u), w)) dS/fu>

=e(f'(2), G%Hg_l(ﬁ)*u)aw(o, z,w)a(u/e, z,w))

E

VS

=z (u)’
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Therefore,

E(f(is(tQ)) - f(is(tl))/f%) = E(fl(x)v 9%H872(t2_t1)a(0’wi))x:xg(tl/a)

+ ek </11 (f"(x)a (g,x,w) ,H%Hg_2(trw)a(0,m,w))

e

du/ftl/z-:?)

z=z.(u)
tz/E _2 .
" €E<// (f'(2), [0 rsu)ar(ovx’w)])xﬂg(u) d“/ft1/62>'
tl €
We introduce the following random functions: For f € C®)(R?) let

Zof(z) = (f'(2), [Hoas (0, z,w)]a(0,z,w)) + (f(x)a(0, z,w), Hoa(0, z,w))

(5.43)
and
Z§ f(z) = (f'(2), [I§ az (0, 2, w)]a(0, z,w))+ (" (2)a(0, z,w), II{ a(0, z,w)).
(5.44)

It follows from condition (F5) that
sup| Zg f () = Zof ()] < M(T),

where A1 (T) is a Fop-measurable random variable for which limg_,o, EA (T') =
0. Then
to/e
el
ti/e

[Hu/g (Zg_z(w—eu)f(x) _ ZOf(J"))]r:azs(u) du

to/e ta—t1 _ _
< g/ Ex (2 - Y du= / Exn (2200 (5ap)
t /e e € 0 €

Using (5.45) and condition (F5) we can obtain from relation (5.42) the
following statement:

E‘E(f(ig(tg)) — f(Be(ty)) — € /tt// [0useZ0f (@)] ,—y () du/fn/e>

2=t ty —t; —
§O<z—:+/ E>\1(2521v)dv>.
0

So

ta
;I_I)%E‘E(f(:%s(tQ)) 7f(£5(t1)) 7/1‘/ [ou/e2 ZOf(x)Lc:fcg(u) du/]:tl/52) ‘ = 0.
1 (5.46)
Now we prove that
EIILI})E’E(/“ ([Gu/EzZof(x)}a::ja(u) — j;f(jjg(u))) du/ft1/52> ’ =0.
(5.47)
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For any § > 0 set
A2 (0, w) = sup{|Zo f(x) — Zof(2')| : |z — 21| < 6}

Then A2(d, w) is an Fyp- measurable random variable for which EAs (6, w) —
0 as § — 0. Note that |#.(u) — - (v)| < (¢/e)|u—v|, where ¢ is the constant
from condition (F1). This implies the inequality
]
< eu/sz)‘Q (;7 w) )

to 1 v+8
E‘/ 5/ ([Gu/gz Zof(x)]x:is(u) — [QU/E2Z0f($)}z:@E(U)) du dv
t1 v

‘[eu/sz ZOf(m)]I:iE(u) - [eu/s2 ZOf(x)}z::is(v)

if |u —v| < 6 from which it follows that for § > 0,

S (t2 - tl)E}\Q (25, w>. (548)
It follows from the ergodic theorem that for all z,
L1 : .
;13%)5 Ouse2Zof(x)du= Lf(x) if 0 =0,

v

satisfies the condition d, /.2 — oco.
Since
E

1 v+
sup / (Ou 2 Z0 () — Bu ez Zo () du| < Era(p,w),

le—a'|<p 0

we conclude that

lim E sup

e—0 ‘$|S’I‘

56
l/ 0u)c2Zof(x)du— Lf(z)] =0 (5.49)
0

€

for any r > 0 if §. /.2 — 0o as ¢ — 0. Then (5.49) and (5.48) imply (5.47),
and the last relation and (5.46) give us the relation

to R
iy 2| f(002)) ~ £Gaeter) ~ [ L6 s [y )| =0 (550
15 t
With this the statement of the theorem follows as a consequence of
Theorem 2 of Chapter 2.

O

5.1.5  Diffusion Approzimations to First Integrals

Consider the solution of equation (5.1) with the same assumptions on the
Markov process y(t) that were stated in Section 5.1.1. Assume that the
function a(z,y) satisfies condition (al) of that section, and we write a(z) =
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[ a(z,y) p(dy). (We do not assume here that a(z) = 0.) We consider the
case where the averaged equation

z(t) = a(z(t)) (5.51)

has a first integral, say denoted by ¢(z). That is, the function ¢ : R — R
is continuous and differentiable, and it satisfies the differential equation

(¢'(x),a(x)) = 0. (5.52)

Then ¢(Z(t)) = constant, and

[ @ate)ota) =o.

We will investigate in this section the stochastic process ¢(z.(t)). Note
that condition (al) ensures that Theorem 5 of Chapter 3 can be applied to
study equation (5.1). Therefore, p(z(t)) converges to ¢(zo) uniformly on
any finite interval as ¢ — 0 with probability 1. In this section we derive a
diffusion approximation to ¢(z.(t)).

Some preliminary work is needed to formulate the results. First, assume
that the function a(z, y) satisfies, in addition, condition (a2) of Section 5.1.1
and that the derivatives ¢, ., exist as continuous and bounded functions.
Then, for any twice continuously differentiable function # : R — R, we have

E(0(p(x=(t2))) — 0(p(2=(t1)))/ Fr, /e)

- / 0 (p(2e())) (¢ (2(5)), ale(5), v (5)) ds

t1

(5.53)
e [G(memye(tl)) Gl (), y. ()
R A CHCRE ARG RAE) LA
where
Gl y) = 0 (o)) / Ry, dy) (¢ (2), a(z. y')).
(We used formula (5.7) here.) So,
E(0(p(re(t2/€))) — 0(p(x(t1/2))) ) For o)
(5.54)

to/e
- E( H(p(ae(s)), 22 (), yo(s)) ds/ Fo, /g) L 0().

tl/E
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where
Hip.2.9) =0"(o) [ (Bl.dy)(¢' @) ale.9) - (¢'@):al.)
+010) [ (Rl dy') (" @ale. ') o)
+0(0) [ (R0 @) (o5 )al,0).

Set H(p,x) = [ H(p, x,y)p(dy). Since [[H(p,z,y) — H(p,)|p(dy) = 0, it
follows from the proof of Theorem 1 that

lim e
e—0

ta/e .
~/t / (H(LP(.’EE(S)), xs(s)v ye(s)) - H(QD(CCE(S)), (EE(S))) ds| = 0.
1 (5.55)

Define

B(z) = / / Ry, dy)pldy) (¢ (z), alz, ) (¢ (2), alz, v)

and
A ] B ) [ wateny' )+ (7 @)l ale.))

Then, it follows from relations (5.54) and (5.55) that
0= lim B (8¢ (12/2)) ~ 0(slac(1))

ta/e
—e [ oo (olaeloD) + g (D (o) oy )|

1/e
(5.56)
We need an assumption concerning the ergodic behavior of the solution of
the averaged equation:
EAE1 Denote by Z(t, zo) the solution of equation (5.51) for which

Z(0,z9) = xp.

For any constant ¢ for which the set ®. = {x : ¢(x) = ¢} is not empty,
this set is compact, and there exists a probability measure m.(dx) on R?
for which

T—o0

T
lim %/0 9(z(t, 20)) dt:/g(x)mw(xo)(dx)

uniformly in g, |zo| < 7 for any 7 > 0 and every g € C(R?).
Set

a() = [ a(eym.(dz)
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3(e) = / B(x) me(dx),

and define é_ = inf, o(z), é4 = supp(x). The functions &(z) and 3(2)
are defined for z € (é_,¢é4). The conditions on a(x,y) and ¢(x) ensure
that these functions are bounded, and condition (EAE1) implies that a(z)
and (3(z) are continuous. Note that 3(z) > 0. Assume that §(z) > 0 for
z € (é—,¢4). Then the differential operator L¥, which is defined by the
relation

and

1~
L¥0(z) = a(2)0'(2) + 56(2)0”(2), z € R, (5.57)
for € C®)(é_,¢éy), is the generator of a diffusion Markov process in the
interval (¢é_,éy) with absorbing boundary.
Theorem 5 Assume that the following conditions are fulfilled:

(i) The function a(x,y) satisfies the conditions (al) and (a2) of
Section 5.1.1.

(ii) The Markov process y(t) satisfies condition SMC II of Section 2.5.

(iii) Condition (EAE1) is satisfied by a function ¢ : R — R that has
continuous bounded derivatives Q. oz and satisfies equation (5.52).

(iv) The differential operator L¥ given by the formula (5.57) has posi-
tive coefficient 5(z) for z € (¢—,¢4), where ¢— = inf, (x), ¢4 =
sup p(z), so L¥ is the generator of the diffusion process on the inter-
val (é—, é4) with absorbing boundary. Denote by 7. = max{t : z.(s) €
(6—,é4),8 < t}.

Then the stochastic process z:(t) = p(x(tAT:/€)) converges weakly in C to

the diffusion process with generator L¥ and absorbing boundary satisfying

the initial condition z(0) = @(x), where

xo =x:(0) forall €>0.
Proof First we prove the relation
to
lim E’ (9(26@2)) —0(z:(t1)) — / L¥0(z(s)) ds/]-'tl/gz) ‘ =0 (5.58)
e—0 t

for any function 6(z) € C®(R) for which such a z; < 2 exists for ¢_ <
21 < 29 < ¢4 that 0(z) = 01if z < 21, 2 > 2z9. We derive next some auxiliary
statements.

Lemma 4
Pl - (01> ) < 0( 15555 (5.59)

for every A > 0 and ¢ > 0.
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Proof The proof follows from formula (5.54) if we set t; =0, t2 = ¢, and
0(z) = exp{—A2?2} there and take into account that H = O()\).

([l
Lemma 5 Let U € C(R%) and V(z) = [ W(z)m,(dz). Then
t2/€ to R
lim FE|e U(ze(s))ds — / U(z.(s))ds| = 0.
e—0 t1/€ th
Proof It follows from Theorem 5 of Chapter 3 that for any 7' > 0,
1 (T
lim E’ / (W(2 (e (5), 1) — W (s +u))] du| = 0
e—0 T 0
uniformly in s. So
ta/e tase | T
im Ele [ Wa.(s))ds — a/ 7/ U(#(z.(5), u)) duds| = 0.
€0 tl/e tl/s T 0
It follows from condition (EAEL) that for any ¢ > 0,
e .
lim sup E‘ / U (Z(ze(s),w) du — \I'(zg(s))‘l{ZE(s)KC} =0.
T—00 5<(t/e) 0
This relation and Lemma 3 imply the relation
t2/5 to .
limsup Ele ) du— / B(z.(s)) ds| = 0.
e—0,T—00 ty)e ty
O

We return now to the proof of the theorem. Relation (5.58) is a consequence
of relation (5.56) and Lemma 5. Relation (5.58) and Remark 8 of Chapter
2 imply the weak convergence of the processes z.(t) to the process z(t) as
e — 0. To prove that the family of stochastic processes {z.(¢),e € (0,1)}
is weakly compact in C, we use the same method as in Theorem 1 using
Lemma 3.

O

Remark 4 The behavior of the diffusion process z(t) in the case (¢_,¢4) =
(0,00) (i.e., inf, p(x) =0 and p(z) = 400 as |z| = o0) is determined by
the coefficients of the differential operator L¥: Set

Uz) = exp{ - / 26(u) B (u) du}, 20 > 0,

I = /Ozou(z) dz, I = /-/0<u<z<zo (Zz)(;)(u)dudz
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(i) If I = +o0, Iy = +oo, then 0 is a natural boundary for z(t)
(this means that P{ry = 400} = 1, 19 = inf{t : z(t) = 0}, and
P{lim;_, 2(t) = 0} = 0). The point z = 0 is inaccessible.

(ii) If I < 00, Iy < o0, then 0 is a regular boundary, P{ry < oo} > 0,
and P{ry < 00/2(0)} — 1 as z(0) — 0.

(iii) If I < 00, Is = +00, then 0 is an attracting boundary:

Pl{ry<oo} =0, li P(r =0 0)21.

{0 < oo} P Jim z(t) = 0/2(0)

(iv) If Iy = 400, I < 00, then 0 is a repelling boundary; let 7(0, z) be the
exit time from the interval (0,z). Then for u € (0,z), P(2(7(0,z2) =
2/z(0) = 0) = 1, and E(7(0,2)/2(0) = u) is uniformly bounded in
u € (0, 2). The point 0 is inaccessible.

The proof of these remarks is available in [40].

Now we consider the case when equation (5.51) has m first integrals, say
p1(x), ..., om(x) satisfying equation (5.51). We assume that the mapping
T = (p1(2),...,pm(z)) of R into R™ is continuous. Denote by ¢ the
image of R? under this mapping: If (z;, ..., zy,) € ¢, then x € R? exists for
which pi(z) =2z, k=1,...,m.

We introduce an extension of EAE1 to this case:

EAE2 Denote by ¢, .., the set of those z for which ¢ (z) = 2z, k =
1,...,m, (21,...,2m) € ¢. Assume that ¢, . ., isa compact set and that

a measure m, exists, z = (z1,...,2m) € R™ for which

T—oo 1

T
lim /0 o(F(t, 20)) dt = / g(@)m. (dz) (5.60)

if (01(20),. .., @m(z0)) = 2z for g € CA(R™) uniformly in z, |z| < C, for
all C' > 0. }
Define a second—order differential operator L by the relation

29) = [[[ (5o omeavali ) alon))

x R(y,dy") p(dy) m.(dzx)

for functions ¥ € C®(R™) for which supp ¥ C int ¢, provided that con-

tinuous bounded derivatives 86“‘;’“ (x), 8;;? (x), k = 1,...,m, exist. Here
supp ¥ is the closure of the set {z : |[¥(z) > 0} and int ¢ is the set of

interior points of ¢.

(5.61)

Theorem 6 Assume that the following conditions are fulfilled:
(i-ii) (i) and (ii) of Theorem 1 hold.

iii) Condition (EAE2), and -2 op(x), Lo k(x) are bounded and continu-
893(*0 BZL’SO
ous fork=1,...,m.
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(iv) The differential operator L is the generator of a diffusion process z(t)
in the set int ¢ with absorbing boundary.

Set

)= (e1(2(2) ) oom(2(2) ) )7 =t 2 € s < 11

Then the stochastic process z:(t A 7.) converges weakly in C as e — 0 to
the stochastic process z(t) with generator L?, absorbing boundary, and with
initial value z(0) = (1(0), - - -, ©m(T0)).

The proof is the same as the proof of Theorem 5 and is not presented here.

5.2 Difference Equations

In this section we consider discrete-time systems described by difference
equations that are also perturbed by random noise.

5.2.1 Markov Perturbations

Let {yn,n € Z1} be a homogeneous Markov process in a measurable space
(Y, C). Denote by Py (y, C) its transition probability for k steps. We consider
the difference equation

ry o —x, =ep(xy,yn), n >0, x5 =0, (5.62)

where ¢ : R x Y — R is a measurable function.
Assume that {y,} is an ergodic process with ergodic distribution p(dy),
that the function ¢ satisfies the condition [ |¢(z,y)|p(dy) < oo, and that

/w(ﬂc,y) p(dy) = 0.
We define a continuous-time stochastic process in R? by

°(t) = Z Lezncicez iy [(te72 —n)as  + (n+1—te?)as], (5.63)
n

so Z°(t) is a continuous function of ¢ and
i°(ne?) = a<.

We will prove that under general conditions the process Z°(t) converges
weakly in C' to a diffusion process in R.

Theorem 7 Assume that the Markov process {yn,n € Z.} satisfies condi-
tion SMC'II of Section 2.3 and that ¢ is a measurable function that satisfies
the following conditions:
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(a) (x,y) is continuous in x and has a continuous derivative p,(x,y) with

sup(|e(z, y)| + ez (z,y)|) < oo
I7y

(b) lims o sup{[|pz(2,y) = u(z’,y)|| |z — '] <4,y € Y} = 0;
¢) [¢(z,y)p(dy) = 0.
Let an operator L be defined for functions f € C®)(R%) by the formula

L@ = [ (5 [ (et y))R(y,d@,w(x,y))p(dy)

. (5.64)
45 [ Gu@ple0),ole.0))plds),

where

R(yac):1{y€C}+Z(Pk(y70)7p(C))v ceC.
k=1

Assume that L is the generator of a diffusion process Z(t). Then as e — 0
the stochastic process @(t) converges weakly in C to the diffusion process
Z(t) having initial condition Z(0) = .

Before proving this theorem, we establish several supporting facts.

Lemma 6 Let ¢ : Y — R be a measumble function for which
[ 9(y) p(dy) = 0. Then the operator Rg(y) = [ R(y,dy’)g(y’) satisfies the
relatzon

/P(y7dy’)Rg(y’) = Ryg(y) — 9(y)-
Proof

= Z/Pk(y,dy’)g(y’) +9(y),
k=1
since [ g(y) p(dy) = 0. So,

/P(y,dy JRg(y ’i/Pk Y,y )g(y').

This completes the proof of Lemma 6.

Lemma 7 Let ¢(z,y) : R? x Y — R satisfy the following conditions:

(o) ¥(z,y) and V¥, (x,y) are bounded measurable functions continuous in

(B) If A(0) is defined by the relation
A(6) = sup{|¥s(z,y) — Vo(2',y)| : o — 2’| <6y €Y},
then lims_,o A(0) = 0.
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(v) [(z,y) p(dy) = 0.
Set

() = / (e 5)R(y, d7). (5.65)

Denote by F,, the o-algebra generated by {yo,...,yn}t. Then for any nq <
na,

E( Z w(xi’yk)/frq) =k (\Il(le’ynl) - \I’(xf12+17yn2+1)/fnl>
k=n1
+ 5E< > (a2, yrg), w(xi,ykﬂ))/j:nl)

k=n1
+ O(eA(e)(ng — ny)).
Proof It follows from Lemma 6 that
B(U(2fq1 1) — V(25 yn) [/ Fr)
= E(W(af, yr1) — (ko yn) [ Fi) + B (@510, ver1) — W25, Yer1) / Fi)
= (et ye) + B ((Pu (@, yur), 9(k yr)) / Fi)

+ E(‘I’(ﬂfi + ey, Yrt1), Yk) — V(2% Y1)

(Wl wlain) [ 7).
It follows from condition () that

|\I](I +€¢(I7y)ay) - \IJ(:Ly) - E(Wz(m,y),gp(x,y))} = O(€>‘(€))
So

E<\I](x22+l’yn2+l> - W(Iilaynl)/}—n1>

- E( Z [e(Wo(af, Yrs1), 0(25, Yi)) — w(xi,yk)}/}—m)

k=n1
+ O((n2 — n1)eA(e)).

This completes the proof of Lemma 7.
O

Lemma 8 Assume that a function 6(z,y) : R x Y — R satisfies the
following conditions:

(1) O(z,y) is a measurable bounded real-valued function.

(2) Let p(0) = sup{|b(z,y) — 0(z',y)| : |x — 2'| < §,y € Y}. Then
lims_,0 p(6) = 0.
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Set 0(z) = [ 0(x,y)p(dy). Then for any integers ny < na,

E(f; oo /7.) =530

k:nl

/]—'n1>+o(n2 ny)+(ne—n1)B(e),

k= ny
where lim._, 5(e) = 0.

Proof Denote by E, the conditional expectation operator under the
condition yo = y. It follows from condition SMC II that

n—1

1 _
limsup E,|— Z O(z,yp) — 0(z)| =
xeRd,er n k=0
Let m < ng — nq. Then
na
Z G(xivyk)
k:n1
ng 1 m— 1
= Z ( 29 T Yhti) E O0(T5q 15 Yr+i) —9($ivyk+1))
k=n1 'LZO
+ O(m).

If |o(z,y)| < ¢, then |0(xf,,y) — 0(xf,y)| < p(eme) for 0 < i < m due to
condition (2). So

E( i (0, ue) — 0(25)) / ]-'m)

k:nl

< E(é} E(’ Z o( xk,ykﬂ)) f(a5) /fk>/}‘n)
+ 0(7;1 :r (n2 — nl)ﬂ(cmf)) = O(m + (nz — n1)(p(cme) + am)),
where
am:sup{ 7:2 (z, yr) ):xeRd,er}.

As a result, a,;; — 0 as m — oo. This completes the proof of Lemma 8.
O

We now return to prove the theorem.
Proof
Let f € C®)(R?). Then

F@iqn) — f(@5) =e(fa(2R), o(2F, yar1)

+ %82 (fm(xi)sﬁ(ffia Y1), P(Ts yk+1)) + 0(53)'
(5.66)
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Set ¥(z,y) = [(fa(2), (x, 7)) Py, 7).
It follows from conditions (a) and (b) that the function ¢ (z, y) satisfies the
conditions of Lemma 7 with A(e) = ¢1¢, ¢; > 0 a constant. So for ny < na,

E(kg (5, yr) /J—"n> = 0(1) + O(e*(n2 — m1))
+€E<Z (W (25, yrr1)s (2, Yrs1) /fnl)

k:nl

where ¥(z,y) is determined by formula (5.65).
So for 0 < n1 < ng we have

E(f(x7,) = f(a7,)/Fny) = O(e) + O(%(n2 — na))
no—1

+ €2E( Z [%(fxa:(JTZ)(p(l‘z, yk+1)7 gp(xi7yk+l))

k:nl

+ (‘I/a:(xzvyk-‘rl)a@(xivyk"rl))]/}_m)

(5.67)
Let

0(e) = [ |5 Unaolon ol ) + (0ot )o(o.) | Plo i),

Then the function 6(z,y) satisfies the conditions of Lemma 8. We apply
Lemma 8 to the last sum in equality (5.67). This gives us the relation

E(f(z,)—f(x5,)/Fu,) = 62E(Z O(x /fn1>+0(63(n2—n1))+0(5),

k=nq
(5.68)

- / 6(z,y)pldy)

— [ [3eatorpton o) + (@t ol | la)

= Lf(z).

Let Ff = \/, <.z, Fr and assume that t; € [n;e?, (n; +1)?), i = 1,2. Then
it follows from (5.68) that

E(f(z°(t2)) “(t1))/F5)
= E</t : Lf(z(t)) dt/ffl> +0(e) + O(e(t2 — t1)).

Theorem 2 of Chapter 2 implies that the stochastic processes Z°(t) converge
weakly to the process Z(t).

(5.69)
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Now we prove that the family of stochastic processes {Z°(t),e € (0,1)} is
weakly compact in C. Let
#(x) = 1 — exp{—|z — zo|?*}. First we prove that
Ey(¢(x3,) — o) = O(*n).
Applying Lemma 7 to the function

P(z,y) = (5, (2, 1)),
we can write

E,¢(z5) = B, Z (x5, yr) + O(en)
k=0

= —eBE,¥(x;,yn) + O(e’n) = O(e°n),
since |U (x5, y)| = O(|x5, — zo|) = O(en). This implies the inequality
Ey(z°(t)) < kt,

where k does not depend on € € (0, 1). In the same way as in Lemma 3 we
can prove that

B, 62 (& (1) < k(€2 +1).

Now we can apply Theorem 1 of Chapter 2 in the same way as in the proof
of compactness in Theorem 1.
This completes the proof of the theorem.

O

5.2.2  Diffusion Approzimations to First Integrals

We consider the averaged differential equations we obtained for the
difference equation (5.62): It is of the form

#(1) = p(a(1), #(0) = o, (5.70)

where
o(z) = /@(fm y) p(dy). (5.71)

It is assumed that the function ¢(z,y) satisfies conditions (a) and (b) of
Theorem 7, except possibly for the condition [ ¢(z,y) p(dy) = 0.

Let ¢(x) be a first integral for equation (5.70), so ¢(x) has a first derivative
@'(x) that satisfies the relation

(¢'(x), p(x)) = 0.

Denote by Z(zo, t) the solution to the initial value problem (5.70) satisfying
the initial condition Z(zg,0) = . Then ¢(Z(xo,t)) = d(x0). It follows from
the averaging theorem for difference equations (Theorem 8 of Chapter 3)
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that |25 —Z(z¢,en)| — 0 with probability 1 as e — 0 uniformly in n < ue~!
for all © > 0. So

sup |p(zo) — p(a5,)] = 0
n<ue—1
with probability 1 as e — 0.
Set c— = inf{p(z) : x € R}, cy = sup{p(z) : & € R}, 25 = ¢(a5,,,), and
ve =sup{n: ¢(z%) € (c—,c4), k <n} forn=0,1,.... We will investigate
the asymptotic behavior of the stochastic process

2= [(te® =nm)zhp + (n+1—te )2l encicr i) (5:72)

n

In particular, we will show that 2°(t) converges weakly in C' to a diffusion
process on an interval in R.
First, we introduce some restrictions on the function ¢(z).

(¢1) ¢(x) is a continuous function with the bounded continuous derivatives
¢'(x) and ¢"(x), and ¢”(z) is uniformly continuous in RY.

(¢2) Denote by ¢. the level set U, = {z : ¢(z) = ¢}. For all ¢ € (c_,ey)
the set U, is compact in R?, and a probability measure m,. exists in
R? for which

1 /7

—/0 g(z(xo,t)) dt — /g(x’) M) (dz’)| = 0

lim sup
T—o00 |zo| <7

for g € C(RY), and r > 0. For all g € C, [ g(x) m,(dz) is continuous
in u.

We introduce the differential operator L#0(u) in C®)(R) by the formula
0
JJ (G 6@ ) ot DL oo ) i) ol e

+3 [ (stttanote..ote) ot mata). -

Theorem 8 Assume that the stochastic process {yn,n € Z} satisfies con-
dition SMC 1II of Section 2.3, the function p(x,y) satisfies conditions (a)
and (b) of Theorem 7; the function ¢(x) satisfies conditions ($1), (42),
and the differential operator LO(u) is the generator of a diffusion process
z(t) in the interval (c—,cy) with absorbing boundary. Then the stochastic
process z°(t) converges weakly in C as e — 0 to the diffusion process z(t)
with the initial value z(0) = ¢(xg), where zg = x§ for all € > 0.

Proof Let
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where § € C®)(R) and suppf C (c_,c; ). Then
(=5, 1)—0(:)
= (G (07), ol ) + 53 (C D ) oo ) + 0().
Set W(z,y) = (G'(z), ¢(z,y)). Then
[ ¥t plds) = 80026 @), 2(a) = 0.

It follows from Lemma 7 that

E(9(222+1) - e(zil)/j:m) = E(52 i w(xiwk)/}'m)

k::nl
1 2
#5228 ( 3 (@ hotat ) wlato) [ 72, ) +OC)
k:n1
where U(z,y) is related to ¢ (x,y) by formula (5.66).
Set
Lo

H(z,y) = ¥(z,y) + 5(G"(@)¢(z,y), oz, y))

and

(o) = [ Ha,y) pldy).

It follows from Lemma 8 that

5( 3 (et - Tah) /7)) = ona = )+ (02 =m0

k=nq

where 8(g) — 0 as € — 0. This implies that

na

B0, ) ~ 005 7)== B( 3 6D /7 ) w00

k}:’l’bl
+ o(ng —n1) + (n2 — n1)B(e).
At this point, we need another auxiliary result.

Lemma 9 Let
Au) = / () ma (dz).

Then

no

ey (H(z) - H(x5))| = 0. (5.75)

k:n1

lim sup F

e—0 n2§u/62
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Proof For any N we have the inequality

S (h At - )

DS (#160)- 3 6| <&
k=n1 k=n, k=n1 =1
o <E 3 ;V(EN:H(xiH) - ol ie) )
k=n1 i=1
no N
+El Y <]1V Zﬁ(:ﬁ(xi, i€)) — H(z;)> ’ + O(N).
k=nq =1

It follows from the averaging theorem for difference equations (Theorem 8 of
Chapter 3) that a function N(¢) : (0,1) — Z exists for which eN(g) — oo
and

N(e

lim sup E,
e—0 z,y

)
H(7) - H(f(w,ia))‘ = 0.

1
Ne) =
Here 5 is the solution to the difference equation (5.63) with xg = x. This
implies that

no N
N Ak - Haled.io) =0, 670)

k=n, °© i=1

lim sup F Z

e—0 no<u/e2

It follows from condition (¢(2) that for any r > 0,

no 1 N o )
lim sup B » (N Z(H(:E(x,i,is)) - H(zz)))1{|xi|§r} =0 (5.77)

if eN. — 0.
Using relation (5.74) we can prove in the same way as in Lemma 4 that

na
lim limsup sup F Z 521{|wi\>r} =0. (5.78)

"0 60 ny<u/e? k=n1

Relations (5.76), (5.77), and (5.78) imply relation (5.75), and the proof of
the lemma, if e N, — oo, 2N, — 0.
]

We return to the proof of the theorem. It follows from equations (5.74) and
(5.75) that for 0 < t; < ta,

lim B B(0(* () — 0(=*(11)) — / CL0(E(s) ds F2)| =0, (5.79)

e—0 t

where Ff = V. 2,<;F}),. Here we have used the fact that

H(u) = L*0(u).
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This is true for all § € C®), so Theorem 2 of Chapter 2 implies that the
process z¢(t) converges to the process z(t) weakly. To prove the theorem
we have to show that the family of stochastic processes {z5(¢),e € (0,1)} is
weakly compact in C'. This can be proved in the same way as in Theorems
5 and 7. This completes the proof of Theorem 8.

O

Remark 5  The differential operator L*0(u) can be represented in the
form

L0(u) = a(u)f (u) + %B(u)@"(u), (5.80)

where
atw) = [ (5@ @) el ) ) o) o) mo()

; (5.81)
45 [[ @ @), o) pldy) ma(da)

and
Blu) =2 / / / (&' (2), o2, 4) (@ (@), (2, ) Ry, dy') pldy) ma(de)

+ / / (&' (), (. ))? pldy) m (d).
(5.82)

It follows from the conditions of Theorem 8 that a(u) and B(u) are
continuous.

Remark 6  Assume that ¢(x) > 0, ¢(x) — oo as |z| — oo, and there
is a unique point T for which ¢(x) = 0. Then mo(B) = lizepy. We can
calculate o(0) and B(0); namely,

1

a0 = 5 [(@"@(.0). o(.) pldy).

Assume in addition that [|p(Z,y)|* p(dy) > 0 and the Jacobian determi-
nant detd”(Z) > 0. Then the point 0 is either a natural or a repelling
boundary for the diffusion process z(t) on the interval (0,00). (See Re-
mark 3.) Also, +0o is the natural boundary for this process. Let T be the
stopping time for which 2(s) € (0,+00) and

ig}:é(s) A(E(s)"t = 0.

Then P{T = +o0} = 1.
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Remark 7 Assume that o(x,y1) has a continuous conditional distribution
for allz € R* and yo € Y. Then P{v. = 40} = 1.

5.2.83  Stationary Perturbations

We consider the difference equation
xp . — o = eppp1(ag,w), k=0,1,..., 5=, (5.83)

where o € R? is a nonrandom initial value, and the sequence of random
functions {pg(z,w), k =1,2,...} satisfies the following conditions:

(1) There exists an F-measurable transformation T': Q —  that pre-
serves the measure P (here (2, F, P) is the probability space on which
the sequence {¢y(z,w)} is defined) for which ¢y (x,w) = @o(x, TFw).

(2) There exists a o-algebra Fy satisfying the condition that for all Fo-
measurable bounded random variables {(w) the series

Ré(w) =) [E(E(T"w))/Fo) — E¢] (5.84)
k=0

is convergent and sup,, | R¢(w)| < oo.
(3) @o(z,w) is Fop-measurable and Fo(z,w) = 0.

4) ¢

o(z,w) is a twice differentiable function in z, and ¢o(z,w),
2
%20 (1), %ff (z,w) are bounded continuous functions of .

(5) the transformation T is ergodic.

Theorem 9 Assume that conditions (1)—(5) are satisfied. Then the
stochastic process T°(t) defined by equation (5.63) with {x5} given in equa-
tion (5.83) converges in C, as e — 0, to the diffusion process Z(t) having
generator L that is defined for functions f € C@ (R by the formula

Lf(z) =

E[(;f (f/($)7 R@O(x7 TW))’ SDO(Z’W)> * %(f”(.%)(po(l’, w)’ (po(l‘, w))

(5.85)
with initial condition Z(0) = xg.
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Proof Let n; < ny. Then for f € C®)(R?) we can write
’nzfl

Fas,) = F@5) = > [f@i) — fap)]

k=n1

i (&) polef THw))
(f"(@3) 0 (x5, TF W), o (27, TF'w)) + O(?)].

Let ¢(z,w) = (f'(z),¢o(z,w)). We consider the sum
nog — 1
Z w Tk—‘rl

]CTL1

Note that for any bounded F-measurable random variable &,
B(RE(Tw) — RE(w) [/ Fo) = —€(w).
So
V(z,Tw) = E(RY(z, Tw) — Ry(z, T?w) | F1),
and

Y(ag, T w) = B(Ry(af, TF'w) — Ry (a5, TF2w) [ Fit)
= E(Ry(af, T"'w) — Ry (a1, TFw)
+ 5R(gw

167

(l'k,Tk+2 ) @0($Z,Tk+1W))/fk+1) + 0(52).

Using the last equality we obtain the following representation for E(S1/Fp, ):

no—1
E(S1/Fn,) = €E< Z R((Zzﬁ(a?i),Tk+2w> ’ <po($i,Tk+1w))

k=n1

RS, T w) - Ry(at,, T ) / fm)
+ (7?,2 — n1)0(62).
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Let ng—1 < tye=2 < ny, k = 1,2. Then using the boundedness of Ri(x,w)
we can write

E(f (@ (t2) — (& (1) / F7,)

no—1 a
= 5(2 3 [ RGN T, ol 7))

k:n1

(" (25) g (a5, THw), @o(ﬂfiaTkHw))] / f) o)

=F Jif(aﬁs(t))dt/}'fl> + 0(e?) + A(e),

ty

(5.86)
where
A, =F(&? N (x5, TF W) — Lf(25)] / Fn, (5.87)
(B wara- )
and
o(e.0) = B(R( 5ot T wulo0) ) [ 52) 43 (7 @pali) ol )
(5.88)
Now we can prove the relation
lim E'E(f(if(tg)) ~FEm) - /t i) di [7;)| =0 (5.89)

for f € C®)(RY), where Ff = Vjcpe2Fp. Since Eg(z,w) = Lf(z), to
prove this we will prove that

lim E|A.| = 0.
e—0
This is a consequence of the following lemma:

Lemma 10 Assume that a bounded function h: R% x Q — R satisfies the
following conditions:

(a) it is Fo-measurable in w;
(b) there exists a constant | for which
[h(z1,w) — h(za,w)| <z — 22|
for all z1, x5, € R and w € Q. Let h(z) = Eh(z,w).
Then for any u > 0,

lim B<?| >~ (h(af, T 'w) — h(z))| = 0. (5.90)

e—0
k<u/e?
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Proof It follows from relations (5.86), (5.87), and (5.88) that
E(1 — exp{—M\7°(t) — z0|*}) = O(e) + O(\t). (5.91)
To obtain this we apply these relations to the function
f(a) =1 —exp{=Alx — zo[*}

and t; = 0, to = ¢ and take into account that f'(z) = O(X), f”(z) = O(N).
So

A
P{|xi—mo|>r}20(1€+_)\r2> ifk§U€_2,
—e€

and

P{lzy — x| > 1} = O<E + lj;;) (5.92)

Condition (5) implies the relation
o
R Z h(z, TF) = h(zx)
with probability 1 for all z € R?. Since the function
1 Y .
NG Z h(z, T*w) — h(z)
k=1

is uniformly continuous in 2 with respect to w due to condition (b), the
function

N
a(N,r) = E sup Z h(z, T*w) — h(x) (5.93)
|z|<r k=1
satisfies the relation
lim a(N,r)=0, r>0. (5.94)
N—o00

Let N be a fixed integer in Z,. Then

B Y (haf, THY) = h(a})) = ZLn + 225 + Z2 , (5.95)

k<ue?
where

Zy=2E Y ( S hat, TH) - ﬁ(x@), (5.96)

k<ue— =1

Z2N_52E Z Z xk+z 17 ) h(xvak-H))a (597)

k<ua—2 i=1
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and
N
1 )
Zin="E > (— ¥ > (@i TET) + h(x;lTk“w)). (5.98)
k<ue—2 =1

We have the next inequalities for \Zg ~hi=1,2,3

221 < u(a¥or) + 20— ) + 0 (5.99)
VT = |zo
|Z2 §| < ulNeqe, (5.100)
and
|Z2 §| < 2Nege?, (5.101)

where ¢; = sup, , [po(z,w)| and ¢y = sup,, , h(z,w). Inequality (5.99) is a
consequence of the relation

N
1 X N
E| 5 Y (g, T (w)) = haf)| < a(N,7) + 202 P{af| > 7}
=1

and (5.92). Inequality (5.100) is a consequence of condition (b) and the
inequality
|z, — zf| < crelk — 1.

Inequality (5.101) follows from the identity

n n 1]\771 Nle_l_i Nle_Z.
gak—gﬁgak+iz ;7]\, aﬁ-;iN Gnti-

Relation (5.94) implies that

3
. . 1 o
]\}grcl)o lim sup <l§_1 |ZE’N|) =0.

e—0

O

We return to the proof of the theorem. Relation (5.90) and Theorem 2 of
Chapter 2 imply the weak convergence of the process z°(t) to the process
Z(t). To prove the theorem we have to prove the weak compactness of the
family of stochastic problems {Z°(t),e € (0,1)}. It follows from relation
(5.87) that

E(1 — exp{|#°(t) — 20]*}) = O(c + ).
This equation implies that

E(1 - exp{|i®(t) — 2°(0)]*})* = O(e* + ¢7)
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and therefore
B(1 — exp{—|3 (t2) — 5 (1) P})? = O(® + |t1 — ta]?)
for 0 < t; < ta. Note that
[#(t2) = (1)) < Ttz = ta].

So compactness of {z¢(¢),e € (0,1)} follows from Theorem 1 of Chapter 2.
O

Consider difference equation (5.83) with the function ¢ (z,w) satisfying
conditions (1), (2), (4), (5) and the additional condition

(3") wo(z,w) is Fo-measurable.

Let ¢(z) = Fygo(x,w). The conditions listed here are sufficient to use the
averaging theorem (Theorem 8 of Chapter 3). We assume that the averaged
equation

a(t) = ¢(2(t)) (5.102)

has a first integral ¢(z) that satisfies conditions (¢1) and (¢2) of
Section 5.2.2. Set

Zk = (Tinv, )

where v, is determined in Section 5.2.2, and define z°(t) by formula (5.73),
with

c_ = inf{p(z) : z € R}, cy =sup{p(z) : x € R4}
With these preliminaries, we have the following theorem.

Theorem 10 Assume that the sequence of functions {¢r(z,w),k = 0,1}
satisfies conditions (1), (2), (3°), (4), (5), that the first integral ¢(x) to
equation (5.102) satisfies condition (¢1), ($2), and that the differential
operator L*0, which is defined by formula (5.73), is the generator of a
diffusion process z(t) in the interval (c—, c4.) with absorbing boundary. Then
the stochastic process z°(t) converges weakly in C as e — 0 to the diffusion
process z(t) with the initial value z(0) = ¢(xq), where xg = xf for alle > 0.

The proof of the theorem is the same as the proof of Theorem 8 if we use
Lemma 10 instead of Lemma 8. The details are left to the reader.



6
Stability

In this chapter we consider a variety of stability problems for differential
and difference equations when they are perturbed by random noise. This
entails an investigation of the behavior of solutions z.(t) as t — oo for
small values of €. In addition, we describe the growth of solutions to cer-
tain randomly perturbed convolution equations. A number of examples of
stability phenomena are presented here, also.

6.1 Stability of Perturbed Differential Equations

To begin the discussion of stability properties, we consider systems of
differential equations in R¢ of the form

do(t) = a<y<z),x6(t)>, (6.1)

where the perturbing process y(t) is either an ergodic Markov process in a
measurable space (Y,C) or a Y-valued ergodic stationary process. We will
assume that the corresponding averaged equation has an equilibrium point
Z, so Z(t) = T is a solution to the averaged equation, and we investigate
the behavior of the solution to equation (6.1) as t — oo for z.(0) close to =
and for € small. The solution to equation (6.1) is stable in a neighborhood
of the stationary point Z if for any § > 0 there are numbers g9 > 0 and
€1 > 0 for which
P{ lim . (t) = x} >1-8 ife<eoand |2.(0) — 7| < &1

t—o0
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6.1.1 Jump Perturbations of Nonlinear Equations

First, consider a linear initial value problem of the form

b(t) = A (y (2)) 2.(t), 2.(0) = o, (6.2)

where A(y) is a measurable function from Y to L(R?). (Note that in this
case, = 0 is a static state of the system.)
Our first stability results are summarized in the following theorem.

Theorem 1 Let y(t) be a Markov process that is uniformly ergodic, and
suppose that A is bounded: For all y € Y, ||A(y)|| < b for some finite
constant b. Let A = [, A(y) p(dy). If z(t) is the solution to equation (6.2),
then the following statements are equivalent:

(i) There exists tog > 0 for which ||et0AH <1
(ii) There exist 6 > 0 and €9 > 0 for which
P{sup|x5(t)’e& < oo} =1 (6.3)
>0
for any € < ey and zy € R.

(iii) For any a >0, g € R?, and ¢ > 0 there exist g9 > 0 and tg > 0 for
which

P{lz-(t)| > ¢} < @
fO’r‘tZto,é‘Sé‘o.

Proof Using the relation

G 00 =2 (4 (v (£) ) 20,00 ) < 20 @2(0)..00)

we can prove that

|z (t)] < |wo| exp {bt}. (6.4)
It follows from the averaging theorem (Theorem 6 of Chapter 3) that

sup |z (t) — etﬁxol -0
t<t1

in probability as e — 0 for any ¢; > 0, uniformly in y = y(0), where
z(t) = ey is the solution of the averaged equation, z(t) = AZ(t), having
initial condition Z(0) = xo.

Therefore,

tim By e (1) < 4] o (65)

Here E, is the expectation under the condition that y(0) = y.
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(i) = (ii). If (i) is satisfied, then there are numbers ¢ < 1 and ¢y > 0 for
which

Eylzc(t)| < qlwo| for e < ep.

Let U.(t1,t) be an L(R%)-valued stochastic process that is a fundamental
solution of the differential equation

d t
%Us(tlvt) =A <y (€)> Us(tl,t) for t>t; (66)
with the initial value Ug(t1,t1) = I. Then
E(|Uc(t1,t1 + to)zo|/ Fry /) < qlzol,

SO
Ey|zc(kto)| = E|E,U.((k — 1)to, kto)x- ((k — 1)to)| 67)
< qBy|ze((k = Dto)| < ¢"[aol
if e <egp. Let t € [kto, (k+ 1)to]. Then
Eyl|z-(t)] < quyf:vE(t - kto)‘ < gFebo|zg| < Cem|xyl, (6.8)

where C' = e /g and o = —log q/tg, since "1 < ¢(t/%0) = exp {tlogq/to}.
Let 0 < d < . Then

d t

%(e&xg(t)) =6tz (t) + A (y <5>) z ().

Integrating gives

€20 (ty) — Mg (ty) = /t t (5%(7:) 1A (y (2)) xa(t)> et dt,

and so
to
1

eétl‘xs(tlﬂ g/t (8]z-(t)| +C|m5(t)})e‘stdt+eét2|w€(t2)|.

So using (6.8) we can write

S|z (1)) < (0+5)/ o ()|e™ dt, (6.9)
t1
)
sup €5|t1||1‘5(t1)| < (C’+5)/ |x5(t)|e§t dt; (6.10)
t1>0 0

and relation (6.3) is proved.

(ii) = (iii). This is obvious, and the proof is left to the reader.

(iii) = (i). Let {e1,...,eq} be a basis in R?, and let 2*(¢) be the solution
of equation (6.2) with xg = e for k = 1,...,d. If (iii) is satisfied, then
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numbers g9 > 0 and tg exist such that

P{lat0] > 55} < 5

for € < gg and t > to, where d is the dimension of R?. Let

Then

P{ sup |22 (to)] > ;|x0|} < ip{\x’;(t); > 2161} < %

Q1,y...,Qd

Therefore,

—

toA| _ 1 a2 2 < < =
et = Tim sup{la-(to)| : oF + -+ +aF <1} < 5.

This means that (i) is satisfied, and the proof of Theorem 1 is complete.
O

Remark 1 If the solution x-(t) satisfies condition (i), it is said to be
exponentially stable, and if it satisfies condition (iii), it is said to be stable in
probability. Condition (i) means that the solution to the averaged equation
is asymptotically stable. The theorem shows that stability in probability,
exponential stability of the perturbed system, and asymptotic stability of
the averaged system are equivalent for this linear system.

Next we consider a nonlinear initial value problem of the form (6.1):

. t
ze(t) =a <y (5) ,xs(t)> ze(0) = o, (6.11)
with the same assumptions on y(t). We assume also that the function « :

Y x R? — R satisfies the following conditions:

(1) There exists a continuous (in z) derivative a,(y,z) and ||as(y, )| <
b, where b is a constant.

(2) supy€Y|a(y, 0)| < by, for some constant by > 0.

Set a(xz) = [a(y,z)p(dy), and let Z(t) be the solution of the averaged
initial value problem
z(t) =a(z(t)), z(0) = =o. (6.12)

Conditions (1) and (2), the assumptions on y(¢), and Theorem 6 of Chapter
3 imply the uniform convergence as e — 0 of x.(t) to Z(t) with probability
1 on any finite interval.
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(3) Assume that 7 is a stationary point for equation (6.12), i.e., a(z) = 0,
and that A = a,(Z) satisfies the condition

lim ||| = 0. (6.13)

t—o0

It is known in the theory of stability for ordinary differential equations (see
[134, p.321]) that in this case there exists § > 0 for which

tlixgoyf(t) —z|=0 if |z(0)—z| <. (6.14)

We will formulate some additional conditions on a(y, z) under which z.(t)
is stable at the point Z in a probabilistic sense. Consider the following
condition:

(4) a(y,z)=0for all y € Y and

Sggla(yyx) —A@y)(z — 3)| = o(|lz — ), (6.15)

where A(y) = a,(y,z) and [ A(y)p(dy) = A.
With these preliminaries, we have the following theorem:

Theorem 2 Assume that the Markov process y(t) satisfies condition SMC

IT of Section 2.3 and that a(y, x) satisfies conditions (1) through (4). Then

there exists €9 > 0 for which

lim P {tlim sup |z.(t) — 7| = 0} —1 (6.16)
—00

ro—T
for all e < g.

Proof We divide the proof into several parts.

(1) There exists a symmetric positive matrix C € L(R?) for which B =
CA* + AC is a strictly negative matrix (for example, we can set C =
—(A+ A* + puI)™!, where > 0 is small enough).

Set A(y) = A(y) — A, B(y) = CA*(y) + A(y)C.

We introduce the function

V. (z,y) = (C%,%) + e(/é(y’)R(y, dy’):z,gz) = (Ci,%) +¢(D(y)%, ),

where & = x — T and the function R(y,dy’) was introduced in Section 2.2.
Under the assumptions of the theorem there exists a constant by > 0 for
which [(D(y)Z,&)| < b1(3,2) forall 7 € R?, y € Y.

(2) Recall that (2.(t),y(t/c)) is a homogeneous Markov process in X x Y
with generator

Gef(a9) = (), fole) + £ [ [Fens)) = So]nudy), (617)

which is defined for functions f that are bounded, measurable, and contin-
uous (in x) and whose derivative f;(z,y) has the same properties as stated
in Lemma 2, Chapter 5.
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It follows from Lemmas 1 and 2 in Chapter 5 that
GV (z,y) = (Caly,z),7) + (Ci,a(y,x)) +(D(y) A(y)i, 7)
+e(D(y)z, A(y)z) — (B(y)7, &)
= (CA(y),7) + (A*(y)C%,7) — (B(y)i, 7) + o(|#[*) + O(e|7|?)
= (B, %) + o(|Z|*) + O(c|z|?).

This relation implies that § > 0, eg > 0, bs > 0, and b3 > 0 exist such that
for e <eg and |z — Z| < § we have

U (x,y) > bo(2,2) and GV (x,y) < —b3(Z, ).

(3) Let z-(t) = z-(t) — &, and let 7. be the stopping time with respect to
the filtration (F7,¢ > 0) generated by the stochastic process y(t/e) defined
by the relation 7. = inf{t : ’ig(t)‘ > 5}. Then for ¢t < 7.,

1Z.(t)]* < %\Ijs (xs(t),y (Z))
=5 Uot GV, (zs(s),y (Z)) ds + U, (x0,y0) + Cs(t):| :
where

(1) = Te (x ()) /Gw ()9 (2)) ds = welwo, o)

is a locally bounded martingale with respect to the filtration and E(.(t) =
0.
As a result of this,

autenmf < o ([ 60 (1000 (2)) do+ welonm) + 00

by
1 tAT: ~ 5
<o (wetonsn = [ nala) as) 4 el nn)
0
(6.18)
Therefore,
1
P{r. < oo} <5 b4|x0 z?, (6.19)
where by = ||C|| + €ob1 and
lim P{r. < oo} =0. (6.20)

To—T

(4) The function V. (z.(t),y(t/¢)) is a bounded supermartingale (see, for
example, [90] for definitions) on the interval [0, 7.); therefore, there exists

tim ¥ (=00 (7))
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Equation (6.18) implies the inequality

t/\Tg
E/ 2 ds < 0,

and bQ(fEﬂf) < \Ils(xay) < b4(jvj)a Y

E/OMTE W, (xg(s),y (g)) ds < 0.

Therefore,
P {tlggo i (t) = 0/7. = +oo} ~1. (6.21)
Equations (6.20) and (6.21) complete the proof of the theorem.
O

Remark 2 Let A < b3/by, and set n-(t) = eMV, (w.(t),y (t/€)). The
function n:(t) is a supermartingale on the interval [0,7.), since

ne(t) = 1:(0) + / A dC(s)

+ /Ot G (wo()y () + 2 (20900 (2) )] ds,

The first integral is a martingale, and the second integral is a decreasing
function for t < 1., since for |Z| < 6 we have

GV (Z,y) + AV (Z,y) < —b3(Z,2) + Nba(Z,T) < (Aby — b3)(Z, T),

and Aby — bz < 0. In the same way as in part (4) of the proof we can prove
that

lim P{ lim |Z. ()] e = o} =1 (6.22)
ro—T t—o00
We consider next a generalization of Theorem 2.

Theorem 3 Assume that the Markov process y(t) satisfies condition SMC
IT of Section 2.3 and that a(y,x) satisfies the following conditions:

(A) a(y,x) and ay(y,x) are measurable and locally bounded in x.

(B) There exists a function V. (x,y) that is continuously differentiable in
x and measurable in y with the properties that

lim sup ¥_(z,y) = 0,
r—T Yy

Ve(z,y) 2 g(z), and GV (z,y) < —g(z)
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fory €Y, |x—z| <4, where g(x) is a continuous function, g(x) > 0,
for|lzr—2| >0, g(x) =0, and G. is as in (6.17), and § is sufficiently
small.

Then
lim P{ lim g (z.(t)) e = o} =1 (6.23)

To—T t—o0
for any e >0 and A < 1.

Proof We consider the stopping time 7. introduced in the proof of Theo-
rem 2. Then U, (z.(¢),y (t/€)) is a supermartingale on the interval [0, 7).
Set a = inf{g(z) : [x — 2| =0} > 0 and p(z) = sup, Y. (z,y). Since

aP{r. < 00} < p(x),

we have lim,, ,z P{7. = co} = 1.
For any A < 1, we can prove in the same way as in Remark 2 that
W (z(t),y(t/e))e is a supermartingale on the interval [0, 7). So

Pl |7 (00 (2)) ] <) =

p {sup g (z(t)) ] < OO} =1,

t<Te

Therefore,

and
P {supg(xg(t)) M < oo} >1— P{r. < oo}.
t

This completes the proof of the theorem.
O

Suppose that there exists a Liapunov function for the averaged equation
z(t) = a(z(t))

at the point Z, i.e., there exists a function fo(x) that satisfies the following
conditions:

(o) fo(z) is continuous, fo(Z) = 0, and fo(x) > 0 for = # Z;
(8) fo(z) has a continuous derivative for z # Z and
(@(x),Vfo(z)) <0 for z #z.
We consider the function V. (z,y) = fo(z) + e f1(z,y), where

fi(y) = / Ry, dy) (a(z.y/). V fo(z))
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Then
qujs(xay) = (CL(IL’,y),Vfo(.T)) - Hf1($,y) + €(a(z,y),Vf1(x,y))

~ (a0). 2@ + < [ R (st rato). o)
+ (%2;20 (x)a(z,y), a(%y’)) } :

Remark 3 Assume that there exist constants ¢y, ca, c3 for which

|(a(z,y), Vfo(x))] < e1fo(x), (6.24)
|(az(z, ¥ )a(z, y), Vfo(2))] < 2| (alz), Vfo(x))], (6.25)

and
@;;0 (x)a(z,y),a )‘ <3 < 8f o )‘ (6.26)

forO<|z—Z| <d andy,y €Y. Then U (x,y) satisfies the conditions of
Theorem 3 with the function

o) =10 = a2 o] A | =1~ e + en)e) (ate), o))
ife <(1/er) A(1/(c2 +c3))-

Example 1 Liapunov Function for a Noisy Planar System
Consider a system in the plane R%, where we write * = (z1,22), a =
(a1, az). In particular, we take

ar(z,y) = a(y)zr + By)z3, az(z,y) =y(y)zs + 6(y)zs,

where a(y), 8(y),v(y),d(y) are bounded measurable functions. Suppose
that

The averaged system is

I1 = af, o =7Is,
for which the function fo(z) = 2%/2+ x4 /4 is a Liapunov function at (0, 0).
Then

a(z, ), 22 ()
(st )

= a(y)(z1)? +7(y)(22)° + (Bly) +7(y)) 21 (x2)*> = O (fo(x)),
_ (alz,y) 38(y)(z2)? ?fo _ (1 0
az(z,y) = ( 5(y) 3,}/(y)(x2)2> Y om2 (0 3($2)2> )

QJ
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where (a ,% ) )2+ 7(x2)% and |a(z,y)| = O ((1)? + (22)°).
So the inequalities (6.2 (6 26) are satisfied, and the statement of Theorem
3 holds with g(x) = 9[z1 + 2§] if 6 is small enough.

Example 2 Randomly Perturbed Gradient Systems in R¢
Consider a gradient system of the form

z(t) = =VF (z(t)), (6.27)
where F': R* — R is a sufficiently smooth function and where
OF aF\"
VF=(— ..., —
(8331 Y 8$d)

is the gradient of F. If Z is a local minimum of the function F, then F(z)—
F(z) is a Liapunov function for equation (6.27), since

(VF,~VF(z)) = —|VF(z)|”. (6.28)
Let z(t) be the solution of the equation
i.(t) = —VF <y (Z) ,sce(t)) , (6.29)

where V contains derivatives only with respect to the components of x, the
function F': Y x R? — R is measurable in y, and it satisfies the following
additional conditions:

(i) F(y,z) =0 for all y € Y, the first and second derivatives of F with
respect to the components of x exist, the functions F(y, x), VF(y, z),
VVTF(y,z) are continuous in x and locally bounded for |z — Z| < 6.

(ii) VF(y,QE) =0forallyeY.

(ili) If F(z) = [ F(y,)p(dy), then for 0 < |z — & < §, |VF(z)| > 0,
F(z ) > 0,

VE(y,2)| = O (|[VF(@)]),
and
VE@)|* =0 (F()).
Set W(z,y) = fo(z) + fi(z,y), where fo(z) = F(z) and
fiw) = [ Rly.dy) (-VF(/.2). VF()).
Then
iey) = 0 (IVF@)[*) = 0 (fo(x)

and

(VE(y,2), V i) = O (|VF@)[*) = O (|(VF@), Volw))])
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It follows from these assumptions that the statement of Theorem 3 holds
for this example.

6.1.2 Stationary Perturbations of Differential FEquations

First, we consider linear differential equations of the form

() = A (t) 2. (t), (6.30)

3

where A(t) is an L(R?)-valued stationary process. Set A = EA(t). We
prove the following theorem.

Theorem 4 Suppose that

(1) limyyo0|[e®]| — 0,
and

(2) A(t) is an ergodic stationary process satisfying the condition
Eexp {A|A®)|} < oo for all A > 0.

Denote by U.(t) the L(R%)-valued stochastic process that solves the
differential equation

. t
U(t)y=A <€> U.(t) (6.31)
with the initial condition
U.(0) = I. (6.32)
Then g9 > 0 exists for which
P{ lim |U.(t)] =0} =1 (6.33)

for all e < gy.

Proof Note that the solution of equation (6.30) satisfying the initial
condition z(0) = z¢ can be written in the form

xe(t) = U (t)xo. (6.34)

Condition (2) of the theorem implies that the statement of Theorem 5 in
Chapter 3 is satisfied, so HUE(t) — exp {tA}H — 0 uniformly in ¢ on any
finite interval with probability 1. Using the relations

U.(1) :1+/0 A(Z)U(s) ds
and

|U.(t ||<1+/HA )| 1w-(s)11as
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and Gronwall’s inequality we can prove that

ol < e { [ 4 (2)] a5} (6.35)

It follows from condition (2) and Jensen’s inequality that
E|U.(6)|* < Eexp {at 7/ HA )H ds}
< Ef/ exp {at A() H}ds < 0.
t Jo €

So lim._,o E||U.(t)|| = exp {tA} for any t > 0; hence, there exist &g, ¢ < 1
and ¢ for which E||U.(?)|| < q for € < &.
Let Ug(to,t) for t > tg be the solution of the differential equation

O (to, 1) = A(z) U (to,1),

with the initial condition U (to, tp) = I. It is easy to see using the semigroup
property of U, that for 0 < t; < --- <t} the following relation holds:

Us(tk) = Ue(tk—latk‘) to UE(Oatl)-

Denote by A the o-algebra generated by {A(¢), t € R}. Let R(A) be the
linear space of A-measurable random variables. We introduce the family of
mappings {6y, h > 0} acting in R(A) that is defined by the relation

0s, (A(t);vl,mg) = (A(t + h)xhxg), x1,12 € R, t € R.

Then U, (to,t) = 04,/:U:(0,t —to) (0 acts on all elements of the matrix
Us(oa t— tO))'

The sequence of L(R?)-valued random variables
Va(k) = UL ((k — 1), ki)

is stationary and ergodic. In the same way as in the derivation of inequality
(6.35), we obtain the following inequality:
AE) e}
€

t
1U-(to. )] < exp{ /
to

If t € [nt, (n+ 1)t], then
n (n+1)t s
U=l < exp{zlogw;(k) [ ds}. (6.36)
k=1 nt
Note that

Elog||Ve(k)|| = Elog||U:()|| < logg <0
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(nt+1)t
S o)
(n+1)t nt
) et

with probability 1 as n — oo due to the ergodic theorem. So

1 n
- log Vo (k) +

as n — 0o. This completes the proof of the theorem.

and

Ao

(n+1)t

t

A (Z)H ds) — Elog||U:(®)|| <0,

Next, we consider a nonlinear differential equation of the form
t
ie(t) =a ( xa(t)> : (6.37)
€

where a(t, z) is an R%-valued random function that is defined on R, x R%.
We assume that this random function satisfies the following conditions:

(al) For fixed z, a(t,z) is an ergodic stationary process in ¢; there exists
the derivative a(t,); and for fixed z, a, is an L(R%)-valued ergodic
stationary process.

(a2) There exists a stationary process A(t) for which |a(t, z)|+] ax(t, )| <
A(t) and EN?(t) < oo.

Under these conditions Theorem 5 of Chapter 3 may be used; therefore, if
a(x) = Fa(t,z) and Z(t) is the solution of the equation dz = a(z(t)) with
the initial condition x(0) = xg, then with probability 1,

sup|a.() — 2(t)] - 0
t<T

as € — 0, for all T > 0, where z.(t) is the solution of equation (6.37) with
the initial condition z.(0) = zo.

Suppose that Z is a stable stationary point for the averaged equation; i.e.,
there exists 0 > 0 for which lim; o, Z(t) = 7 if |xo — Z| < 4.

We investigate next additional conditions under which Z is a stable sta-
tionary point for equation (6.37). In particular, we require some additional
assumption about the random field a(¢, x).

(a3) For all n and x1,22,...,2, € R? the stochastic process
(a(t, x1),a(t,za),...,a(t, :cn))

in (R?)" is stationary and ergodic.
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Let Fs be the o-algebra generated by the history of a up to time s,
{a(t,z),t < s,z € R?}. We will make use of the translation operator
05, that was introduced in the proof of Theorem 4.

Denote by DY the set of F-measurable random variables ¢ for which E¢ =
0, BE€% < oo, and limy_0 BE(0,6 — €)? = 0. Suppose there exists an F-
measurable random variable R(§) for which

lim E( /0 " B0,/ ds — R(f))2 ~0. (6.38)

T—o00

We write this as
R(€) = /0 0,6/ Fo) ds, (6.39)

where the integral on the right-hand side of (6.39) converges in the mean
square sense.

Lemma 1 Let & € DS. Set

1e(€) = OR(€) — R(E) + /0 . ds. (6.40)

Then 1(€) is a square integrable martingale, and its square characteristic
(1(€))+ satisfies the relation

E(u(&))e = 2tE(SR(E)). (6.41)

Proof y;(€) is square integrable because £ € DY, so

t

BOREO? = B(R©) <o, B( [ Blo.g/m)as) <o,

0

For ¢t > 0, h > 0 we have
B(0i4nR(€) — 0.R(€)/F1) = 0, E(0,R(€) — R(€)/Fo)
= GtE(/h E(0,¢/F) ds 7/0 E(0:¢/Fo ds/}‘o)

= —QtE( /0 hE(Hsf/}'o) ds> =-F ( /t o 0s& ds/fo>-

So for 0 < t1 < to,

E(GtzR(g) — 0, R(O) + /t oy ds/]-"t1> 0. (6.42)

1

This relation means that p:(€) is a martingale.
Next, we calculate E (6, R(§) — R(ﬁ))2 = Ay.
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We have
An = E(0,R(6)* + B(R(€))” — 2ER(€)0,R(€)
= 2B(R(€))” — 2ER(€)E(0,.R(€)/Fo) = 2ER(€) E(R(€) — 0, R(€) / Fo)

h
= 2ER(§)/ 0.&ds
0
(here we used formula (6.42)). Note that

h 2 h h
— 21,2
E(/O 03§ds> _/0 /O 0,60, ds du < EE2R2.

Therefore,

h
B(psn€) = m(9) = Bun(©))” =2BR() [ 0,65+ O(h2).

For all n,

t/n 2
Ed) = nEn (€ = 2B R(E) [ ougas+0(nly).

This relation implies formula (6.41).

Lemma 2 Let £ € DY and g € CV(RY). Set
G(t,z) = 6:R()g(x).
Assume that conditions (1)—(3) are fulfilled. Then for 0 < t1 < to and

e >0,
B <G (t; xg(t2)> e (t;,xg(tl)) /fw)
-&( [ - e gtoo) + [0:RE) (6.43)

< (saloeto0 (2i9)) | /54 ).

Proof Fort >0, h > 0 we have

o (" e m) - (L) =0, o (L) -0 0.0.0)]
= 0. [0, R(O) — RE)] lolae (1) — g(a(0))] +

02 [0 R(€) — R(E)] 9(w-(0)) + 0. R(€) / ' (90 @-()),a (2. 22(5) ) ) ds.
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Denote the function that is integrated on the right-hand side of equation
(6.43) by H.(s,&,g). Then

E(GCthwﬂ+hO—G(;%®>—tﬁzﬂ@&m@ﬁWJ
~ £({0: [0 7(6) - 7(©)] lote=(h) - 9(2-(0)
/fh (gz(xe(s)),a<§,$s(s))) <9:R(§) GiR(ﬁ)) ds

t+h
2 [ b ante)) - (o) ds /7).
Using the inequalities
E[0,R(€) — R()]" < e1h
and

E[g(z-(h)) — g(-(0))]” < e2h?

we can prove that

E(G(tthwg(t—i—h)) —G(i,%(f)) — :Hb H.(s,&,9) ds/]:t/s) = o(h)

uniformly in ¢. This implies relation (6.43).
]

Remark 4 Let g(t,z) = 6:£g(x). Then g(t, ) is a stationary process for
all z and g(0,x) € DY.
Set

G(t,z) = 0,R(g(0,z)). (6.44)

The statement of Lemmoa 2 is equivalent to the following one: The stochastic
process

w0 =6 (Laul0)

[ o) - (26 (200) (o))
is a martingale. (6.45)

We show next that relation (6.44) implies that the stochastic process 7. (t)
given by formula (6.45) is a martingale under more general conditions.
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Lemma 3 Assume that g(t,z) = 0;g(0,x), where g(0,x) € DS for all z,
and that G(t,x) is defined by formula (6.44). We assume, in addition, that
g(t,x) and G(t,x) satisfy the following conditions:

L |g(t,z1) — g(t,z2)| < y(t)|w1 — @a|, where y(t) is a stationary
stochastic process, Ey?(t) < oo.

II. There exists 26 (t x)as a continuous function of x, and PG (t a:)‘ <
~(t), where 'y( ) is the same as in condition 1. Moreover,

oG oG
B (|5 na) - Lt

/ft) < a(h)y(t),

where a(h) is a nonrandom increasing function from Ry to R and

a(0+) =0.
Then the process n.(t) determined by (6.45) is a martingale.

Proof Let 0 <t <t+hande > 0. Then

o2, m+h> 6(“ o)
_ t+h< x( )a(j_,xs(s)))ds
Lk > (1)

and

E

/ o (0 00)) = G L))o (2o )
o) P CJoeo )

where ¢ > 0 is a constant. Further,

p(a( " n) - (L) i)
B(-2 [T (L) asi)
p(-L ”hg(j%(s)) ds
) % /tt-&-h <g<27x5(s)> —g(z,xs(t)>) ds/]-"t/5>
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and
B[ (o 200) - o(Lne0) ) s
<E/t+h < )’xs 5) — e (t)] ds
gE/tth(z) /t a<":,x5(u)) duds < c1h2.
So

E|E(ne(t + h) — ne(t)/Fy)2) |

= E‘E([G <t+€h,x5(t + h)) -G <z,x5(t)>
; {G (tth,%(t)) e (z,%(wﬂ n i/t”hg (Z..(5)) ds
[T (6 () 0 (Bore)) as) < (ca (2) + Leun).

This implies the statement of the lemma.

Next we make some additional assumptions about the random function

a(t,x).
(ad) Assume that a(¢,0) = 0 for all ¢,

Oa oa
— (0,

2% = 5
a constant ¢ > 0 exists for which |42 (¢,0)| < c,

a(0,2) — a(x) € DY, (x) € DY forall x € R%

|52 w00) ~ate))| <. IR(a(0.) - ) = .
and
la(t, x) — ag(t,0)x| < cz® if |z| < 1.

Theorem 5 Let conditions (al)—(ad) be fulfilled. Set A = EA(t). Assume

that there exists a positive matriz C € L(R?) such that the matriz AC+C A*
is strictly negative.

Then the point T = 0 is stable for x.(t) with probability 1: That is,

lim P {limsup |z (t)| = O} =1
zo—0 t— 00
Proof Define g € C?(R?) by g(x) = (Cx,x) for |z| < 1.
Let us introduce the random fields

g(0,z) = (gw(x),a(o,x)), G(0,2) = R(g(O,x)), G(t,z) = 0:G(0,x).
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It follows from Lemma 3 that the stochastic process

ne(t) = G(Z,ws(t)) - % /Ot (gi(:ﬂs(s)),a(z,xe(s)) - d(xg(s))> ds

el

is a martingale. Using the relation

/ot (gagc“a(s”’“(i’%“))) ds = g(x=(t)) — g(x0)

we can write

o) = (o) + [ (alae(s)). GHGwe(9) ds+ <n.

t L10G (s s
+{—:G<E,x5(t)) +€/0 <8$ (6,15(5)>,a<57$s(5)>) ds.
(6.46)
Assume that |xg| < § < 1 and set

Te = inf{t : |z (t)] = d}.

For t < 7. we have

t

(Cze(t), (1)) = (Czo,z0) + ; ([AC + CA*]z.(s),z(s)) ds

+/0 [(Ca(zc(s)), me(s)) + (a(ze(s)), Cae(s))] ds

+s/0t<aaf (Z,x5(5)>,a<z,xs(s)> ds+5G<z,azg(t)> +ena(t),
(6.47)

where a(r) = a(x) — Az, |a(x)| < clz|*.
Using condition (a4) we obtain the inequality

(Cze(t), (1)) < (Cxo,x0) +/0 ([AC + CA*]zc(s), x:(s)) ds

t t
+2Cleb [ fao)Pds+zer [ fo (o) + callo )] + 2na(t)
0 0

if ¢ < 7.. There exist A > 0 for which ((AC + CA*)z,z) < —A(z, ) and
w > 0 for which (Cx,x) > u(x,x). So

(n—ecr) (e (1), 2 (1)) < (C’xo,:vo)—()\—scl—2||C||cc5)/0 |2 (5)|? ds+ene(t)

for t < 7..
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Let g9 > 0 and § > 0 satisfy the inequalities
1 1
cre0 < 5”’ c1g0 + 2||C||ed < 5/\.

Then for € < &g and t < 7,

g|x5(t)\2 < (Cxg,x0) — ;\/0 |z-(8)|? ds + en-(1). (6.48)

The proof of Theorem 5 follows from this relation in the same way as the
proof of Theorem 2 followed from relation (6.18).
O

Let conditions (al), (a2), (a3), (a4) be fulfilled and let the averaged equa-
tion have a Liapunov function g at the point z = 0 (see Remark 3). We
will show that under some additional assumptions the solution z.(t) of the
perturbed equation is stable at the point x = 0 with probability 1; i.e., the
statement of Theorem 5 is true.

We use the functions ¢(0,z), G(0,z), and G(t,z) that were introduced in
the proof of the theorem, but now using for g the Liapunov function for the
averaged equation. Then relation (6.46) is true, where 7.(t) is a martingale.

Remark 5 Assume that there exist § > 0 and a constant ¢ > 0 for which
oG _
|G(07.’E)| < Cg(.%‘), %(Ov‘r)va(ax) < C‘(gm(x)va(x))‘

for |x| < 4. Then the statement of Theorem 5 is valid.
To prove this, we note that for t < 7., where 7. was introduced in the proof
of Theorem 5, we have

t

g(sce(t)) < g(m0)+/()‘ h(xg(s)) ds—l—gcg(xg(t))—l—s/o c‘h(aig(s)) ’ ds+en.(t),

where h(z) = —(a(x), g(x)) > 0.

(1- cs)g(zs(t)) < g(zo) — (1 —ce) /0 h(xs(s)) ds + ene(t).
Let ce < 1. Then

9(xo)
1—ce’

Eg(xs(Ts)) <
Let inf{g(x) : |x| =} =m > 0. Then

g(o)
P < <
mP{r. < oo} < 1 — oo

, $liglo P{r. < oo} =0. (6.49)
Set
f(x) = (1= ce)g(z) Ah(z).
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Since the function f(z) is strictly positive for 0 < |z| < 4,

Flae(t Am) < glao) — / " f () s+ ene(t A )
and

E/OTE f(ze(s)) ds < g(wo). (6.50)

The relations (6.49) and (6.50) imply the statement of Remark 5.

Example 3 Stationary Gradient System
We consider a gradient system that is perturbed by stationary noise: Say,

i.(t) = —VF(t,z(t)), (6.51)

where F(t,z) is a stationary random field in ¢ that has first and second
derivatives with respect to the components of x. Let a(t,z) = —VF(¢,x),
and suppose that this function satisfies conditions (al), (a2), (a3), (ad).
Set F(z) = EF(t,x). Then the averaged equation

z(t) = —VF(z(t))
has the Liapunov function F'(z)—F(0) at the point 0, if 0 is a local minimum
for F'(x). In this case
h(z) = — (vﬁ(x), —vﬁ(x)) = |VF(@)[.

We have assumed that the second derivatives VVT F (0, z) are defined. So,
G(0,z) = —(VF,R(VF(0,z) — VF(z))),
(VG(0,),a(0,2)) = (VVT F(z)VF(0,2), R(VF(0,2) — VF(2)))
+ (R(VVTF(0,2) — VVTF(2))VF(z), VF(0,z)).
Suppose that the following conditions are fulfilled for |z| < §:

VE()|*< ¢ F(z) — F(0))[?

and
IVE(0,2)|* + |R(VF(0,2) — VF(2))| + || R(VVTF(0,2) — VVTF(2))||
< VF(@)P,
where 6 > 0 and ¢ > 0 are some constants.

Under these assumptions all the conditions of Remark 4 are fulfilled, so

lim P {limsup |ze(t)| = O} =1. (6.52)

To—T t— o0
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6.2 Stochastic Resonance for Gradient Systems

Let Y be a compact space, and let y(t), for ¢ € Ry, be a homogeneous
Markov process in Y satisfying all conditions of Section 2.4. In particular,
p is the ergodic distribution of the process, and the function I(m) is defined
by formula (2.10). We consider the stochastic process z.(t) in R? satisfying
the differential equation

ia(t) = VF($E(t)’ y(t/s)), (653)

with initial condition x.(0) = xo, where ¢ is a positive number and F :
R xY — R is a continuous function with continuous derivatives in z of
the first and the second order. We use in this section the notations of vector
field theory; in particular, by VF we denote the gradient of the function
F with respect to the components of z; i.e., VF = F,. We will investigate
the asymptotic behavior of the function z.(t) as ¢ — 0 and t — oo.

Set

Fa) = [ Fla.y) oldy).
The equation
z(t) = VF(z(t)) (6.54)

is the averaged equation for equation (6.53). We assume that the function
F satisfies the conditions

(1) F(z) = o< as |z| = oo, and (x, VF(x)) > 0 if |z| is sufficiently large,
(2) the set {z : VF(x) = 0} is finite.

Note that a point Z € R? is a stable static state for the averaged system if
and only if it is a local minimum of the function F'.

6.2.1 Large Deviations near a Stable Static State

Assume that Z is a local minimum of the function F', and

[[F@0. 9@ RO otan) 0.
where the function
R(y, B) for yeY, BeB(Y)

is defined in Section 2.3. It follows from Theorem 2 of Chapter 4 (equation
(4.19)) that with the initial condition xy = Z the stochastic process

x(t) — T

NG
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converges weakly in Cjo 7] to a Gaussian stochastic process with indepen-
dent increments, z(t), in R for all t > 0. The distribution of the random
variable z(t) is determined by the formula

E(=(t),0)? = 2t / / (0, VE(E.9)) (v, VF (&, )R(y. dy) p(dy).  (6.55)

So T cannot be a static point for equation (6.53) if € is small enough.
We will consider gradient systems with additive noise; that is, the function
F(z,y) in equation (6.53) has the form

(GSAN)

F(z,y) = F(z) + (a(x), b(y)),

where the functions F' : RY — R and a : RY — R? are continuous and have
continuous bounded derivatives of the first and the second order, and the
Jacobian matrix B(z) = a.(z) is invertible for all z € R?. The function
b:Y — R?is continuous and satisfies the relation [ b(y)p(dy) = 0. As
before, the notation (a,b) is the usual dot product of the two vectors.

We will use the notation of Section 3.4.3 for the set V' C R? and the
functions I*(v), S(x,v), and Hp(f). Using Theorem 10 of Chapter 3 we
can prove the following lemma.

Lemma 11 Let x # . Set
7(20, T, e,0) = inf{t : |z (t) — x| < 0},

where xo = x:(0), 6 > 0. We set inf{0} = +oo. Let

Gr(zg,z,9)

= inf{H,(f) : f € Cpo.r)(R?), f(0) = o, |f(u) — x| < §,u € [0,T]}.
Then we have that

gi_% elog P{7(xo,z,€,0) < T} = —Gr(zo,z,9).
Introduce the functions
Gr(zo,2) = WE{HL() - f € Clour (R, J(0) = 2(0), f(a) = 0 € 0,7}
and
G(xo,x) = Th_I)r;<> Gr(zo,x).

The existence of the last limit follows from the inequality Gr(zg,z) >
Gt/ (o, x) for T > T. It is easy to see that

lim Gr(xg,x,d) = Gr(xo,x),
§—0

and that the function G(x,z’) satisfies the inequality
G(x1,12) < G(x1,x) + Gz, x3), 1,22,2 € R% (6.56)
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Set
RA(Z) = {a:o € R: Jlim () = f},

where Z(t) is the solution to equation (6.54) satisfying the initial condition
Z(0) = xo. We need an additional assumption about the function I*(-):

(PI) The relation I*(v) = 0 holds only for v = 0.

Remark Let condition (PI) be satisfied. Set
0(s) = inf{I*(v) : |v]| = s}, s€[0,b], b=sup{|v|:veV}.

Then 6(s) is a continuous increasing function, and it is positive for s > 0.
Introduce the function 6*(s) by the formula

inf{af(u1) + (1 — @)8(u2) : ur,us € [0,b],a € [0,1], cus + (1 — @)ug = s},

for s € [0,b]. Then 6*(s) is a convex positive function for s > 0 satisfying
the inequality 0*(s) < 6(s), for s € [0, b].

Lemma 12 (i) For all zg € RA(Z) the equation G(xo,z) = G(Z, x) holds.
(i) G(Z,z) >0 if v # T.

Proof Let Z(t) be the solution of equation (6.54) satisfying the initial
condition Z(0) = zo. Then

Grit(zo, ) < Gr(Z(t), 7),
S0
G(zo,z) < G(Z(t), ).
It is easy to see that the function G(z,2’) is continuous, so

G(zo,2) < tlirglo G(z(t),x) = G(zo, T).

To prove statement (ii) we use the formula

Hr(f) :/o (BT () + VE(f(1)))) dt, (6.57)

which follows from condition (GSAN), equation (6.53), and Remark 2 of
Chapter 3. We estimate H,(f) for a function f € Cj ,(R?) satisfying the
relations

f(O):f, f(U)ZCC, ‘x_i‘|:6v |f(t)—.’f|§5, tG[O,’LLL

where § > 0 is small. The functions B~!(z’) and VF(z') are continuous
and have continuous derivatives, so

B7'(z') = B+ 0(5), VF(z') = Az'(1 + O(6))
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for |2’ —#| < 6, where B = B~!(Z) is an invertible matrix, and A = F.(Z)
is a positive matrix, since Z is a minimum of the function F. We can write

)= [ B ) + AF®)) dt (14 0().

The remark preceding the statement of the lemma implies the inequality
[ @+ agonaz [Co o+ ano) a
> (£ [C 10+ Aflar)
> (2 [N+ anop) a

since the function 6* is convex. Here c¢; is another constant. Using the
methods of the calculus of variations, we can prove that there exists a
positive constant ¢(8, A) depending only on § and on a positive matrix A
for which

1
[ 1o+ Ap de = . 5.
0
As a result, we have the inequality
Hy(f) 2 07 (c(6, A)),

which completes the proof.
|

Now we investigate the distribution of the stopping times 7(Z,x,¢,d) for
small d ase — 0 and T — oo.

Theorem 11 Set

Ur(z,z,e,0) = P{1(Z,x,¢,0) < T}.
Let T(-) : Ry — Ry be a decreasing function for which

gi_r)r(l) T(e) = +o0.
Then
(i) the relation
gii% Ure)(Z,7,6,6) =0
holds if
limsup(T'(e)Ur(Z, x,¢,0)) = 0;

e—0

(i) the relation

glg% Ur)(Z,7,¢,0) =1
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holds if
lim inf(T'(e)Ur(Z, x,¢€,6)) = +o0.
e—0

The proof of this theorem rests on the following lemma.

Lemma 13 Let {Fy, k=1,2,...} be an increasing sequence of o-algebras,
and let Ay, € Fy, be a sequence of subsets satisfying the relations

cipy < P{Ap/Fr1} <copr, k=2,...,

where 0 < ¢1 < ¢o are constants. Then
C2 Zk P
P Ap s> 1 — =
{L,) } E0p— 17
if >, Pr 15 large enough, and
P {UAk} < Cy Zpk.
k k

Proof The second statement of the lemma is evident. To prove the first
we introduce the random variables & = 14,, k = 1,2,.... Then we have

the relation
P{UAk} = P{ng > 1} .
k k

Using Chebyshev’s inequality we can write

P {ka < 1} - P {Z(gk — E(&/Fr-1)) < = ) (B&/Fr) + 1}
k

k k
{|Z &k — E(&k/Fil >C1Zpk—1}
C2kak

BEGODN R
The lemma is proved.
|

For the proof of the theorem we consider the sequence of stopping times
T, where 75 = 0, and

T =inf{t > _1 +T:|z(t) —Z| <4}, k>0,
where T > 0 is sufficiently large and § > 0 is sufficiently small. We set
_ €
.7:19 - .7:7_5,
where Ff is the o-algebra generated by y(s), s <t/e, and
A = {inf{|z(t) —Z| <d:t €[, 7]} }-
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Remark Let the function T'(¢) be such that lim(elogT'(¢)) = A. Then
the relation

lim lim P{T(f,x,é‘,é) < T(&)} = 1{)\2G’(£7w)}

§—0e—0

holds.

6.2.2 Transitions Between Stable Static States

Denote by {Zr,k = 1,...,m} the set of all stable static states of the
unperturbed system. It can be proved that

1 T
im li — 1 mi . =0.
Yy Tim sup Bz /0 {ming<m |2e (t) -2k 26} At =0

This means that the perturbed systems is almost all of the time in a neigh-
borhood of the set of stable static states, but the system can change from
near one stable static state to a neighborhood of another. To describe these
changes we need some preliminaries.

Assume that for all £ < N we have

G(Zg, T;) # G(Zk, T;)

if @ # j. Introduce the function ¢ : {1,...,N} — {1,...,N} for which
u(k) =7qif

jiglfVG(aék,fj) = G(Tp, T;).

We use the notation
HE) =), SO =), n> 1

for iterates of ¢.

The following theorem shows that if ¢(i) = k&, then the solution probably
passes from near x; to near x; before any other minimum, and it describes
the (approximate) distribution of passage times.

Theorem 12 Let i < N, 1(i) =k, and let § > 0 satisfy the relation
B;s(z;) € RA(Z;), | < N,

where By.(+) is the ball of the radius r. Then
(i) for all x € RA(Z;), and all j < N, j #1, j # k, we have the relation

lim P{7(z,Zx,€,0) < 7(x,%j,¢,0)} = 1;
e—0
(i) for some function A;(-) : Ry — Ry we have the relation

liH(l) P{7(z,Zk,c,0) > sA(e)} =e™ %, s> 0.
E—
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Proof Statement (i) follows from the inequality G(Z;,Zr) < G(Z;,Z;)
and the above remark, which implies the relations

gig%P{T(x,:Ek,s,é) < exp{g}} =1
and
gi_I}(l)P{T(IL',J_Jj,{-:,(;) > exp{g}} =1

for g € (G(fla fk)a G(Q_j“ g_jj))
To prove statement (ii) we note that the random variable 7(Z;, Zx, €, d) has
a continuous distribution, so for some positive value A;(¢) the relation

P{1(%, Z1,€,0) > Ni(e)} = e
holds. Now the proof follows from the relations
P{r(Z;, Tp,e,8) > (s +t)Ai(e)}
= El{r(z, 2,>th: ()} PAT(Tis Thy €,0) > (s + 1) Ai(e)/ Fip, o0
~ P{1(Z;,Zp,€,0) > tAi(e) }P{7T(Z;, Tk, €,0) > Ai(e)}.
This completes the proof.

6.2.3 Stochastic Resonance
Now consider a gradient system that depends on some parameter, say a:
i(t) = VF (o, x(t)),

where the function F(«,z) for fixed a € R satisfies the conditions intro-
duced in the preceding section, and it is a continuous, periodic function
of a with period 1. We assume that « is slowly varying in time, say
a(t) = t/T(e), and we consider this system perturbed by additive noise,
i.e., satisfying the additional condition (GSAN), which has the form

te(t) = VE(t/T(e), 2 (t)) + Blae(t))v(y(t/e)).

Theorem 13 Let the function F(a,z) for all a have two minima,
Zr(a), k = 1,2, and let the functions

g1(@) = G(Z1(a), 22()), g2(a) = G(Z2(), 71(ar))
satisfy the relations

91(0) > g1(@) > g1 <;) < g (; + a) <aq(1)

and
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for a € (0, %), and g2(0) = ¢1 (%) = g. Let the function T(e) satisfy the
relation

gl_I}(l) elogT(e) = g.

Assume that the initial conditions satisfy the relation x.(0) € RA(x1(0)).
Then, for allt > 0 we have that

t
;@%E/O (2 (sT(2)) — x(s)] ds = 0,
where
x(a) = T(a) (@), k(a) = Z(l + 1{046["—1/1”)})'
Functions ¢ satisfying the conditions of this theorem were drawn in

Figure 10 in the Introduction. The proof follows from Remark 7.

Remark For every t > 0 we have the relation

] tT(e)
i B [ ) = x(/T(e) ds =

So the transitions from a neighborhood of a stable static state to a neighbor-
hood of another one occurs at essentially nonrandom times! These occur
periodically, but with a very large period. This phenomenon illustrates
stochastic resonance, in which a pattern of an entire system emerges when
noise is applied to it, while in the absence of noise only one mode of the
system’s dynamics emerges.

6.3 Randomly Perturbed Difference Equations

Consider the initial value problem for a difference equation of the form
xfwrl - xfz = 6(,0n+1($f“ w)v {EE = Zo (658)
that was introduced and studied in Section 3.3. Assume that there exists
a nonrandom # € R for which ¢, (#,w) =0 for all n € Z and all w € €.
Then z5, = & is the solution of equation (6.58) when xy = &. This solution
is said to be stable with probability 1 if
lim lim P{ lim 2% = x} -1 (6.59)
e—=+0x0—2 n—o00

If the conditions of the averaging theorem (see Theorem 8 of Chapter 3)
are satisfied, we can consider the differential equation

z(t) = ¢(z(t)), (6.60)

where ¢(z) = Ep,(z,w). Since (&) = 0, the point £ is a static state for
equation (6.60). The main problem we consider here is the following: Let
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Z be an asymptotically stable state for equation (6.60) (this means that
lim; 00 Z(t) = 2 if |z — &| is small enough). Under what additional condi-
tions will & be stable with probability 1 for the solution of equation (6.58)7
We investigate this question in a series of steps of increasing complexity.

6.3.1 Markov Perturbation of a Linear Equation

Let {y*, n € Z} be an ergodic Markov chain in a measurable space (Y, C)
with transition probability matrix for one step P(y, C) and an ergodic dis-
tribution p(dy). Let A(-) : Y — L(R?) be a measurable function for which
J IA() || p(dy) < co. We consider the solution %, to the linear difference
equation

To1 — T = eA(yp) 4, 25 = To. (6.61)

Set

A= /A(y) p(dy).
In this case £ = 0, and the solution & = 0 of the averaged equation
z(t) = Az(t) (6.62)

is asymptotically stable if and only if there exists a positive symmetric
matrix C' € L(R?) for which CA+ A*C < 0 (i.e., A is a negative symmetric
matrix). Then

4] < bemet
for some positive constants b > 0 and a > 0.
Theorem 6 Assume that
a) [[A(y)|| < by fory € Y where by > 0 is a constant,
b) |lexp {tA}|| = 0 ast — oo,
c) The Markov chain {y}} is uniformly ergodic.
Then there exist § > 0 and €9 > 0 for which

P{ lim |25 |e™ = 0} =1
n—oo

for all e < gg.

Proof It follows from Theorem 8 in Chapter 3 that for any 7" > 0 and
xTo € Rd,

lim sup F sup |xf1 — e”EAxO‘ =0.
e—0 y ne<T

Since %, = (I +eA(ys_,)) -~ (I + e A(yg))ao,

lim sup sup E sup ’zf, — e"EAxo} =0.
€20 301<1 ¥y ne<T
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Let T satisfy the condition

1 1 T
A<~ for t> .
e <3 tor ¢
There exists €y > 0 for which
i 1
sup sup E sup |z}, — e (6.63)
lzo|<1 y  ne<T 4
if € < eg. Then
3 T
sup E|z}| < Z|x0\ if 3 <ne<T.
y

It is easy to see that
3 T

for any m, where F,, is the o-algebra generated by {7, ..., v}, }. Therefore,
for I < n and any k,

3 k
Befal/7) < () il

Note that for n; < no,

71,271

5, < TT I+ - 15, | < exp{(ne — ma)ebi} -|a5,, |

k:nl
So we have for a > 0,

P{ sup eema‘xfn| > 1} < P{"xin' > e—s(k+1)nae—snb1}
kn<m<(k+1)n

k
< P{|$in| > e—(k+1)aTe—Tb1} < (i) kol JT(5+b1)

It log% + o < 0, then
ZP sup e | > 15 < o0
kn<m<(k+1)n

and
P {limsupesma|x;| < 1} =1.
m—0o0

This shows that the conclusions of the theorem hold for any § < «.
O
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Remark 6 Assume that conditions (a) and (c) of Theorem 6 hold, and
for any ¢ > 0 and for any xy € RY,

lim  sup P{|z5| > c} =0. (6.64)
>t

£=0,t=00 g >
Then
tlirgo||exp {tA}]| =o. (6.65)

To prove this statement we note that relation (6.64) implies the following:
For any ¢ > 0,

lim sup sup P{|z}| > clzol} =0, (6.66)

e—0,t—00 en>t |zo|<1

which is a consequence of the fact that x5 is a linear function of zg.
Assume that for ¢ < g9 and en > %7

1 1
P ¢ — < -.
{lezl> ool < 5
Together with relation (6.63) this implies that
- 1 T
Hexp {EnA}H < 3 if 3 <ne<T,
$0

fesp{ea)]| < & if te [ZT}

Thus, relation (6.65) is proved.

6.3.2 Stationary Perturbations of a Linear Equation

Let {A,(w),n = 0,1,2,...} be an L(R%)-valued stationary sequence.
Consider the difference equation

x5 —xy, = eAp(w)xy, x5 = Xo. (6.67)
The solution of this equation can be represented in the form
2511 = Uy i (W)ao, (6.68)
where
Us=1, Ug(w)=T+eA(w))(I+ed_1(w)) - (I+eA(w)). (6.69)
Note that UE(w) also satisfies the difference equation

w1 (W) = Up(w) = edn(w)U (w). (6.70)
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Assume that E|A,(w)|| < oo and denote by U(t) the solution of the
averaged equation

U(t) = AT(t), U(0) = 1. (6.71)

It follows from Theorem 8 of Chapter 3 that for any 7" > 0 we have the
relation

;gn P{ sup [|US(w) — Ulen)| > 6} =0. (6.72)

en<T
Theorem 7 Assume that the following conditions are satisfied:
(1) The stationary sequence {A,(w)} is ergodic.
(2) For all A > 0, Eexp {\||Ao(w)||} < 0.
(3) Ty [T(8)] = 0.

Then there exist eg > 0 and § > 0 for which
P {sup |UE|[es™ < oo} =1 for e<ey. (6.73)
Proof Note that for a > 0,

E|Us@)|* < B[] exp{as| Ax(w)|}

k=0
1
n = (6.74)
< ([T Eexp i+ Daclanl
k=0
= Eexp {(n+ 1)ae||Ao(w)][}-
(Here we used Holder’s inequality.) So
sup  E|U;(w)||* < Eexp{aT|Ao(w)]}- (6.75)
e(n+1)<T
Assume that ||U(t)|| < 3. Let en. < T and lim._,q(en.) = T Since
lim EJ|U7_(w)]| = [|U(T)] (6.76)

because of relations (6.72) and (6.75), there exists o for which E||U;;_(w)|| <
3 for € < .
First we show that

P{ lim ||Ug, (w)|erm==0 = 0} =1 (6.77)
k— o0 €

if 5, < T~'log2. Consider the sequence of random variables

G = 1T + eAgn, (W) + eApn. 1 (W) -+ - (I + eAe—yn.+1(w))[. (6.78)
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It is easy to see that {(f, kK = 1,2,...} is an ergodic stationary sequence
and ¢f = [|U;;_(w)]|. Since

k k
1 @) < [[ ¢ = exp {Zlogcf}

i=1 =1

and

k
HUlan (w)”ekngeél < exp {Z log ¢ + de}

=1

k
= exp {k(T51 + ;Zloggf> },
i=1

it follows that E'log (f < —log2, so relation (6.77) is a consequence of the
ergodic theorem.
It is easy to see that for 0 <[ < n. we can write the inequality

1Ukn. 1) < Uz, (@)lvRs (6.79)
where
(k+1)ne

i=ew{s 3 Ia@I},

i=kn:+1

and {vf, k=0,1,2,...} is an ergodic stationary sequence. Let a < 1. Then
with probability 1,

lim af vg < hm
k—o0

??‘\»—A

k
which follows from the ergodic theorem. So for any d2 > 0,
P {klim vi exp{—kneeda} = 0} =1 (6.80)
— 00

Relations (6.77), (6.80) and inequality (6.79) imply the statement of the
theorem with § = §; — d».

(|
6.3.3 Markov Perturbations of Nonlinear Equations
Consider now the difference equation
L1 — Ty, = £0(27, Up), (6.81)

where {y}} is the same Markov chain as in Section 6.3.1. We assume that
the function ¢ : R? x Y — R? is measurable, and in addition that it
satisfies the following conditions:
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I. There exists Z € R? for which ¢(z,y) =0 forally € Y.

II. o(z,y) is continuous in z if |z — Z| is small enough, and there exists
the derivative ¢, (Z,y) = A(y), where ||A(y)|| < bfor all y € Y, where
b > 0 is a constant.

III. For some ¢ > 0
p(z,5) — Az — 3)| < el — 32,
IV. If A = [ A(y) p(dy), there exists a positive matrix B € L(R?) for
which (BAx,z) + (Az, Bx) < 0 if |z| > 0.

Theorem 8 Assume that conditions I-1V are satisfied and that the Markov
chain {y}} satisfies condition SMC II of Section 2.3. Then there exists
go > 0 for which

lim_P{ lim xi:f}zl if € <ep.
r—T n—oo

Proof Denote by P, (y,C) the transition probability of the Markov chain
for n steps:

P(y, € Cly) = Pa(ys, O).
It follows from condition SMC II that the function

oo

R(y,C) =Y [Pu(y.C) — p(C)]

n=1

is a signed measure for C' € C with its variation uniformly bounded in
y €Y. Set

Then

[ Py R €) = Bw.C) = 1yec) + p(C).
Define the function
Ve(z,y) = (B(z — 7),2 — 7)

+ 6/{(BA(Z/)[$ — &~ 7) + (Ble — 7], A(y) [z — 2) } R(y, dy).
(6.82)
Using formula (6.81) we can show that
/wa v+ ep(x,y),y )Py, dy') — e (. 9)
=¢e(Alz — 7], Blx — 7]) + ¢(BA[z — 7],z — ) (6.83)

+5(B[9€—ff] 80( ) (y)[x—f])
+e(Ble(z,y) — )],z — z) + O(*|z — z[?).
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It follows from formula (6.82) that for some ¢; > 0 we can write the
inequality
(1—c1e)(B(x —2),2 — %) < tpe(w,y) < (1 +c16)(B(z — ),z — ). (6.84)
Using condition IIT and relation (6.83) we can find ¢ > 0 for which

/wa(x + 6(,0(.%, y)v y/)P(y’ dyl) - %(% y) < _E(‘Zl[x - j]’ B['T - iﬁ]) (685)

if |# —Z| < 6.
So taking into account this inequality (6.83) we have the inequality

/ Ve(a +ep(e,y), 5Py, dyf) — bo(2,y) < —cactbe(z,y)  (6.86)

for |z — x| < §, where ¢ > 0 is a constant.
We consider the sequence of random variables

T = Ve (25, U7,)-
If F,, is the o-algebra generated by yg, ..., y, then
B /Fn) < (1 —cog)ny, if [af, — 2 <6, (6.87)
which is a consequence of relation (6.86). Set
Cn = Msup,c,, lof—a1<0}- (6.88)

Then (41 < G, and ¢, is an F,-measurable random variable. It follows
from (6.87) that

E(15, 1141/ Fn) < (1 = cae)n5Cn (6.89)

So 75, ¢, is a nonnegative supermartingale, and there exists lim,,_, o 15 Cn.
It is easy to see that

P{ lim 75¢, = 0} ~ 1.
n—o0

Note that
nSCO = 1/16(107 yS) 1{|Io*i’\§5}a
SO
1 B(wo — &), v0 — 7
S B ESEIL SRR
n 1

(here we use inequality (6.84)). Assume that
sup nfLCn < 61

and v = sup{k : (x = 1}. Then

01 2 (a5, yp) 2 (1 - ere) (B(ag, — @), 25, — 1) 2 (1 - cre)ba |2, — 77,
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where by = || B~ 7. So
|50 — ] < oy, — 2 +elp(ar, y,)| < (1+eba)lzy, — 7
—_1 1
< (14eb)? (1 — ce) " 7by 262,
1
If eg < o then
1

|25, 1 — x| < 007 for e < e,

where 0 is a constant that does not depend on €. Assume that (; = 1 and
1
0007 < 6. Then v = +00. So

} 1o (1 +Cl€)(B(Z‘0 —i‘),l‘o —.f)

{hmn =0 5 ,

n—oo

and
limip{ lim 7 = 0} =
To—T n—00

It follows from inequality (6.84) that

P{hm nn—O} P{lim xi:f}

n—oo

Remark 7 Inequality (6.89) implies that
(1 = c28) "0 Can

is a nonnegative supermartingale. So

P {S%pnign(l —ce) " > h} < (1+ c1e) (B(x}(z —I),x0 — j)

We have proved that lim,, .z P{v = 400} = 1. Therefore,
lim P{ lim |zf — Z[e"*" =0} =1 (6.90)

To—T n—o00

if 1< e <

1— scz'

Remark 8 Let an operator G. acting in the space B(R% xY) of bounded
measurable functions f : R* x Y — R be defined by the formula

Gof(ey) =t / [/ +eo@y). ') — F@. )] Pl dy).  (6.91)

Assume that the Markov chain {y}} satisfies condition SMC II of Sec-
tion 2.3, that p(x,y) satisfies condition 1, and that there exists a bounded
measurable function F.(x,y) for which:

(a) Fe(x7y) > 0, Fa(iay) = 0, Fa(xvy) > where /\( ) is a
T a

Ax),
nd \(z) =

continuous function with A\(x) > 0 if x #
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(b) GFo(z,y) < —Aa) if [t — & <6, y €Y, where § > 0 is a constant.
Then there exists eg > 0 for which

lim P{limxi = i} =1 for e <egy.

T0—F
If in addition we have:
(¢) For some constant cs,
F.(z,y) < esA(x).
Then
lim P{ lim A(z)esom = o} —1

To—T n—soo
for a < 1/cs.
The proof of these statements is based on the formula
E(Fe(2 41, Ypi1)/Fn) = Fo(a5,y3) + G- Fo(a5,y7)

and can be completed in the same way as the proofs of Theorem 8 and
Remark 6.

Remark 9 Assume that the averaged differential equation for the
difference equation (6.81); i.e.,

z(t) = p((t)),

has Liapunov function fo(z) at the point T (see Remark 2 in Section 6.1),
which satisfies conditions («), (8) of Remark 2. Let

FE(x’y) :f0($)+€f1(1'7y), (692)

where
hea) = [ Ra) (e L), (6.99)

Then

Geutey) = £ |l + ep(o) — o) = (Po(o). ol |

+(@1 Do) + [+ o)) - e Pody). (699

Using this representation for F.(x,y) and G.F-(x,v), we can check whether
conditions (a), (b), (¢) of Remark 8 are fulfilled.
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6.3.4 Stationary Perturbations of Nonlinear Equations

Now we consider the difference equation (6.58), where
{on(z,w), n=0,+£1,£2,...}
is a stationary sequence of random functions; this means that the following

condition holds:

or all m > 0 and any z1,x2,...,Z,, € the sequence
(d1) for all m > 0 and any @1, 2a, .. ., R the seq
{(pn(z1,w), ..., on(Tm,w)), n="0,1,2,...} (6.95)
is a stationary sequence in (R?)™

We assume that the sequence {¢,(z,w)} satisfies the following additional
conditions:

(d2) The sequence (6.95) is ergodic.

(d3) Denote by F,, the o-algebra that is generated by the random variables
{or(z,w) : € R, k < n}; introduce on the space L§ of all square
integrable F,.-measurable random variables, the operator 6 for which
0(&1 - &2) = 081 - 0¢5 and Opy (2, w) = @rt1(z,w). We assume that for
any Fo-measurable random variable ¢ € Fo, with E§ = 0 the series

R¢ = fj E(0%¢/Fo) (6.96)

k=0
converges in L.

(d4) There exists a point # € R? for which ¢y (#,w) = 0 for all w € Q and
k > 0, and this point & is an asymptotically stable equilibrium for
the averaged differential equation

(d5) There exist derivatives

55;’“( w) = Ap(w) and %(@):A, with EAg(w) = A,

and there exists a positive operator B for which operator BA + A*B
is negative.

(d6) There exist ¢ > 0 and 6 > 0 for which
P{ Ao(w)]| + [R(Ao(w) — A)l| + sup | leo(@,w)ll < e} =1,

|z—2
[Ar@)l < ¢, llon(r,w)=ApW)(@=2)|| < cla—af* if |z-3 <4,

and for every § > 0 there exists v > 0 for which

P{ sup ’cpo T,w) — Ao(w)(x—ij)’ < ﬁ|x—§c|2} =1.

lo—&|<vy
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Theorem 9 Let conditions (d1)—(d6) be satisfied. Then there exist eg > 0
and o > 0 for which

lim P{ lim |25 — #les® = o} =1, (6.97)

To—T {n—>oo
fore <ep.

Proof We define a stationary L(R%)-valued sequence by the formula

Dy (w) = 6" (BR[Ap(w) — A]). (6.98)
It follows from the definition of the operator R that for all m > 0,
BE(0™ RE/F) = ™ RE — 0™¢, (6.99)
for any ¢ that is an Fy-measurable random variable from L3. So
E(Dyy1(w)/Fp) = Dyp(w) — BlA,(w) — A]. (6.100)
Next, we consider the sequence
(o= (B(ag, — &),35, — &) + e(Dp(w)(af, — &), 2, — &). (6.101)
Note that

E(Cni1/Fn) = Cn + 26(B(;, — &), pn(a5,, w)) + &2 (pn (a5, w), pnla),, w))
fl - A)vx -

+ eE[(Dpy1(w) (x5, — 2),25 — &)/ Fn] — e(Dpgr (w) (= )

= 2e(BA(25, — £),25, — &) + 2|25, — &

€
n

(here we use relation (6.100) and condition (d6)), where the random vari-
able pi,, is bounded by some nonrandom ¢; if |25, —#| < J (6 was introduced
in condition (d6)). The remainder of the proof is the same as in Theorem
8.

|

6.3.5 Small Perturbations of a Stable System

Consider equation (6.81) with the function ¢(z,y) not satisfying condition
I of Section 6.3.3. Rather we assume here that the averaged equation has an
asymptotically stable state Z € R?. We investigate the asymptotic behavior
of zf, for small € and large n in this case.

Theorem 10 Assume that the Markov chain {y}} satisfies condition SMC
IT of Section 2.3 and that the functions p(x,y) and @(x) satisfy the
following conditions:

(1) p(z,y) is a continuous function of x for |xr — Z| < &, where § > 0,
there exists the derivative Z—ﬁ(f,y) = A(y) for which

sup([[A(y)[| + sup . (2, y)l) < oo,
v .

lz—z|<
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and there exists ¢ > 0 for which

lo(z,y) — (@) — Ay)(z —2)| < clz —2* if |o—z[ <6
(2) @(z) = [p(z,y)p(dy) is such that $(Z) = 0, and there exists a posi-
tive operator C' € L(R?) for which CA+ A*C is a negative operator,
where

_ dsp
A=—"(z)

Let N € Z, and define

- / Ay) pl(dy).

=T

. _
X i
N
LN = T p > N,

Ve

and

ZJEV(t) = Z l{nz—N}1{5n§t<a(n+1)}zz’N7 teR.
Introduce an R%-valued Gaussian stationary process 1(t)
t
U(t) = / exp {(t — s)A} ®(ds), (6.102)

where ®(ds) is an R%-valued Gaussian measure with independent
values on R, and

Ed(ds) =

E(z,®(ds))? = (Bz,z)ds,

where

(Bz,2) = / (0@, 9). =) pldy)
+2//(s0(5c,y),2) (e(z, '), 2) Ry, dy) p(dy).

(R(y, C) was introduced in Theorem 8.)

(6.103)

Finally, assume that eN — 0o, N = o(Xlog1) ase — 0, and z§ = O(,/%).
Then the stochastic process z5 (t) converges weak’ly in C to the process (t)
on any finite interval as € — 0.

Proof Consider the stochastic sequences

€

2 = n ¥

n \/E )
us, = Ve p(T + Vezy,yn) — o(Z,y5) — VEA(yn)z ],

]

and

25 =U(0,n)z5 +VE Y _ U (k,n)p(Z,yi_1),
k=1
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where
Us(k,n) = (I +eA(yp_1)) - (I +€A(yy) if k<n, (6.104)
Uf(n7n) =1.

Then {z} and {25} satisfy the difference equations

Zr1 — 2y = €A(yn) 2 + Vew(Z,y) + up,

G — 2 = €AYn) 2, + VER(T,up),

with the same initial conditions

~ o — T
25 =25 = 7z
So
n
(2 — 25) = Z U (k,n)ug_4
k=1
and
To—T . ) . € e
ZTEL = UE(O7TL) Oﬁ + \/EZ UE(k,n)go(x, yk,—l) + Z U (kvn)uk,—l‘
k=1 k=1

(6.105)
First, we investigate the limit behavior of the sequence {2¢}. Note that
the operator (I + €A(y)) is invertible for ¢ > 0 small enough, because
sup,, [|A(y)|| < oo. So the operators U¢(0,n) and U¢(k,n) are invertible.
Let

e = [U9(0,n)] 25
It follows from (6.104) and the formula
U¢(0,n) = U*(k,n)U®(0, k)

that v; can be written as

VG =25+ VE DU, k)] (i) (6.106)
k=1
Set
0 = % VS VielE i), (6.107)
k=1
where
VE=(I+cA)~F (6.108)

Next, we estimate E|vs — 05]%. Set

Vi = [Us(0,k)] .
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Then

€ ~e
Up — Up

3 |

\@Z[Vf —Vile(@,y51)
k=1
NG

= Vi1 = Vile(@,yi-1) (6.109)
k=1
+ 0( S UVl + Vs — v:1||)).
k=1

Using the representation
VeV =Y VEAViwor =) (VE-VOAVi o+ Y VEAVi ia,
k<n k<n k<n

where
P= (I HeAly) " =T +eA)7
and the estimate

IVl ~ exp {kep},
where p > 0 is a constant, we can establish the inequalities
2

E < ¢1[e? exp {2epn}n + £* exp {4epn}n’]

D VAV i
k<n

and

E|VE-VE|? < e1[e? exp {2epn}nte? exp {depn}n?] {Z E||VE-VE|*4n],

k<n
(6.110)
where ¢; > 0 is a constant.
It follows from relation (6.110) that
B|VE = VE|? < cane? exp {2epn} (6.111)

if ne? exp {2epn} is small enough.
From relation (6.107) we can obtain that for some constant cz the inequality

Bleg — 03P < cas (30 BV - Vil + & X BV
k<n k<n
is satisfied. So
B — 952 = O(ne® exp {2epn}) (6.112)
if
n?e® exp {2epn} = o(1). (6.113)
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Note that in the same way that we established relation (6.111) we can prove
the relation

E|U%(0,n) — UZ||? = O(ne?), US=(I+cA)" (6.114)

(in this case p = 0 because |UZ|| = O(1)). We can write the representation
for z¢ as

28 =USvs = USoS + U (vS — 05) + [US(0,n) — USJos. (6.115)

It follows from formula (6.107) that
Blog | = O(exp {2epn});
therefore,
&, = Usor, + O(IUENvs, — 05| + U0, n) — US| ([vr| + o5, — 95])
and
E|25 — US05|? = O(n2e® exp {2epn} + vne(n2e® +1)% exp {epn}),

if relation (6.113) is fulfilled.
Using the representation

2 =2t VEUR Y Viui
k=1
and the inequality
il <0 (3|22
we can prove that if relation (6.113) is satisfied, then
E|25 —UL05|> = O(n?e® exp {2epn} +v/ne(n?e® + 1)% exp {epn}). (6.116)
Assume that n = o(2log ). Then it follows from relation (6.116) that
Bleg — 02052 = o(1),  [0528] = o(1).

Therefore, the stochastic process 23 (t) coincides asymptotically with the
stochastic process

AW = D U+ @i ). (6.117)
k<N-+te—1

This process converges weakly in C' to the stochastic process ¥(t), because
of Theorem 4 in Section 6.3.2 and the fact that

(I +eAYN=FHt/e L exp {tA+ (N — k)eA}.
]

Remark 10 Let 7¢ be a stopping time with respect to the filtration {F,}
for which x5 = O(\/e). Then the theorem can be applied to the sequence
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22, So the point T is not a stable point for a5, since El|z5, — Z|* < ae
for n large enough and some positive constant o > 0. The behavior of
x5, in a neighborhood of T can be described in the following way: First x:,
approaches T according to the averaging theorem until the distance |xS — T|
becomes of order \/e. After this, x5 moves in a neighborhood of T like the

stationary Gaussian process that was introduced in the theorem.

6.4 Convolution Integral Equations

Consider an integral equation of the form

ze(t) = o(t) + /0 M(t— &y(é))xg(s) ds, (6.118)

where ¢ : Ry — Rand M : Ry xY — R are measurable, locally bounded
functions of ¢, and y(t) is a homogeneous Markov process in the space (Y, C)
satisfying SMC II of Section 2.3.

Set

(1) = / M(t, ) p(dy)

and let Z(t) be the solution of the average integral equation

#(t) = o(t) + /O M(t — 5)(s) ds. (6.119)

It follows from Theorem 1 of Chapter 3 that x.(t) — Z(t) — 0 uniformly in
t on any finite interval with probability 1.
In this section we investigate the characteristic value

1

lim sup - log |z (¢)|
t—o00 t

for small € > 0.

We need some auxiliary results.

Lemma 4 The solution of equation (6.119) is represented by the formula

t
Z(t) = o(t) + / I(t — s)p(s)ds, (6.120)
0
where T' is given by the resolvent series
I(t) = M(t)
—I—Z/ M(t — 5,)M(8y, — Sp_1)--- M(s1)dsy - ds,.
n=1 0<s1< <8 <t

(6.121)
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Proof Let B(t) = sup,<, |M(s)|. Then

B (t)t"
nl

/ M(t—sn)M(sn—sn_1)~-~1\_4(51)d51~-~dsn’S
0<s1< <5, <t

So the series on the right-hand side of equality (6.121) is absolutely and
uniformly convergent on any finite interval. Therefore,

/t M(t—s)['(s)ds =T(t) — M(t). (6.122)

As a result,

t

T(w)T(t — ) du

t

S—

o)t —u)du + /0 I(t —u) /Ou M (u — 8)Z(s) ds du

/Ot
/

e(u)T(t — u) du + / [D(t —s) — M(t — 5)]Z(s) ds

0
and
¢ t
/ e(u)T(t —u)du = / Mt — u)z(u) du. (6.123)
0 0
Relation (6.120) is a consequence of relations (6.123) and (6.119).
O
Lemma 5 Let M(t,y) = M(t,y) — M(t) and
¢
L(t,y) = M(t,y) +/ [(t — s)M(s,y) ds. (6.124)
0
Then the solution xc(t) of equation (6.118) satisfies the equation
t
_ s
xz(t) = Z(t) + /0 L (t -5,y (g)) x:(s)ds. (6.125)

Proof It follows from (6.118) and (6.119) that

ze(t) ~ 7 (t) = / B (t=s(2)) z(s)ds+ / V(- )fre(s) — 5(s)] ds.

Therefore, using relation (6.122) we obtain

x:(t) — Z(t) + /o D(t — s)[xz:(s) — T(s)] ds

. (6.126)

= /Ot L (t -8,y (S)) x:(s)ds +/() D(t — s)[z:(s) — Z(s)] ds.
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It is easy to see that

/L(t,y)p(dy) =0 forall t.

Lemma 6

=alt +Z/ / (t_s"’y<sn>)xm
0<s1< <8, <t €
S1 _
X L(82 - 517y(6>)x(31)d51 <o dsy.

Proof The local boundedness of the function L(¢,y) in ¢t ensures that
equation (6.124) has a unique solution. If Byi(t) = sup,cy, s<; |B(t,9)|,
then -

‘/ / t sn,y(s—n))~-~L(52—sl,y(s—l))j(sl)dsl.dsn
<31< <sp<t € €

tTL

(6.127)

where ¢; = sup,<, |Z(s)|. Therefore, the series on the right-hand side of
equality (6.127) is uniformly and absolutely convergent. It is easy to check
that the sum on the right-hand side of equality (6.127) satisfies equation
(6.124).

|

6.4.1 Laplace Transforms and Their Inverses

Nonperturbed convolution equations can be solved using Laplace transfor-
mations (see [200]). We describe this technique for equation (6.119): The
Laplace transformations for the functions ¢(t), M(t), and Z(t) are

ﬂm:/m¢wf”ﬁ

/ M (t)e P dt,
am:A F(t)e ™ dt,

respectively, where the complex number p is the transform variable. We
assume that there exists a € R4 for which

[p(t)] + [¥(5)] = O(e™). (6.128)

Then the functions ¢(p) and M (p) are analytic in the half-plane {p :
Rep > a}, where Re p is the real part of the complex number p. Let
aq satisfy the inequality

IM(p)| <1 for Rep > ay,
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The existence of such «; follows from the relations

|A2(p)|§(/n M (t) e~ Ren)t gy, Jim |M(t)|e= dt = 0.
0 —+o0 Jo

Since

t/ —m/ Mt_5 ms_AmeW%ﬂﬂﬁ-AmaﬂNUMt

if [;°|e "M (t)] dt < oo and ;7 |e PN (t)| dt < oo, it follows from (6.121)

that
e —pt k M(p)
A dt = ENJ 47@5
and so
#(p) = $(0) + %@@» (6.129)

Thus, for convolution equations, it is easy to solve for the Laplace transform
of the unknown z.
Let f: Ry — Rbea continuous function satisfying the relation f(t) =

O(et) for some a > 0. Set f fo e Pt f(t)dt. Then for all ¢ and
Ao > a,
N (o + iu) Mg
— 1 e(Ro—iu)t 1
/ F(s)ds = o ¥ v du (6.130)

(see [200, Chapter 2]).

Remark 11 If for some )y > «,
© ~
/ | f(Xo + iu)| du < oo,

then

_i R *t
F(t) = = /RQM F(p)er"tap, (6.131)

2mi
where p* = Ao —iu if p = Ag + 4u. (This is Cauchy’s formula for inverting
the Laplace transform of f.)

Corollary 1  Assume that f(t) is a continuous function from R, into R
and f(t) = O(e®!) for some a > 0. Set

Ap(t) = tlgy<ny + (2h —t) Lip<i<ony-
Then

1 1 . .
o _ ,—ph\2 pt
/ Ap(t—s)f(s)ds =5 - (1—eP)?f(p)e? 'dp  (6.132)
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for A9 > a. This formula is a consequence of the formula

Ah(p) = / Ah(t)e_pt dt = piz(l _ e—ph)Q-
0

We apply the Laplace transformation to investigate the asymptotic
properties of the solution of convolution integral equations as t — oo.

Lemma 7 Assume that
SOz 0, [N = o, T + o] = 0f)
and for all X > «a,
/OO 160 + iu)| du < oo.

Let there exist o > a for which M(ag) = 1.
Then there exists oy € (a, o) for which

z(t) = cpe® + O(e™h),

where

co = avd(ao) (/ Le=00t N (1) dt) o

Proof Note that [M(A 4+ iu)| < M(X) if u # 0 and [M(\ + iu)| — 0 as
|u| — oo uniformly in A on any finite closed interval [y, §] C («, 00). We
can find oy < ay for which the function M (p) — 1 has only one zero in the
region Re p > ay. We consider the function

o(p) Co _ f (»).

1—M(p) plp— o)

This function is the Laplace transformation of the function

ﬂﬂ=ﬂﬂ—%@w—w-

The function f (p) is analytic in the region Rep > ay. So
10 = 50 [ e i
21 J_oo ’

since [*°_|f(p)|dp < oo and

oo

|f()] < %ealt/ |f (a1 + iu)]| du.

— 00

This implies the statement of the lemma.
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Remark 12 The same result is true if there exists | € Z for which

/ IM(\ 4 iu)|' du < 0o for A > a.

— 00

To prove this we introduce functions

=
0
=

(t), Mk(t)z/OMk,l(t—s)M(s)ds, k=23,...,

T(t) = Z/O ot — )My (s) ds.
Then
-1 t B
z(t) = p(t) + Z/ ot — s)M;(s) ds + 7 ().
=170

The conditions of the lemma imply that as t — oo,

p(t) = 0(e™),  M;(t) = Ot 'e™),

and
I(t) — 7(t) = Ot te),
Note that
U (M () (p)
| erawa=aem = TS
Since

/ VT + )| - | (A + iu)| du < oo,

— 00

we can apply the same calculation to Z;(p) as we used in the proof of
Lemma 7.
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6.4.2 Laplace Transforms of Noisy Kernels

The Laplace transform of Ex.(t) can be calculated. For this we need some
notation. Set

R(t,y,dy’) = P(t,y,dy’) — p(dy’),
L(p,y) = /OOo e PUL(t,y) dt,
Li(e,p,y) = Lp,y),
Lk+1(5,p, y) = /OOo /R (s,y,dy")L(es,y)Li(g,p,y )e P> ds, k>0,
Li(e.p.y) = 2(p),
Lia(e,p,y) = /OOO/ R(s,y,dy’)Ly(e,p,y")e"""ds, k>0,
Liep) = [ Lutep oty
= e Lisilen),
k=1

oo
L7 (e,py) =Y " Ly (e, y).
k=0

Note that L (e, p) = 0.

Remark 13  Assume that the conditions of Lemma 7 are satisfied and
the constants ¢, c1 satisfy the relations

o0
B(0)] + | M(t, y)] < ce*, / VarR(t, y, ) dt < 1.
0

Then for Rep > ay,

|i/k(gap)| < (ccl)k_17

Rep — ap

|Li(e,p)| < (cer)™ .

Rep — «

Therefore, for Rep > ap and € < 1/ccy the functions L(g,p) and L*(g,p)
are well-defined and analytic in p, and they satisfy the inequalities

o0
c c eccy
Lep)| < =—— ecep )P <
£ p)|*Rep—a0k§;2( ) ~Rep—agl—ece;’
and |L(e,p)| < 1 if, in addition,
c ecey

<1
Rep—apl—cce
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Lemma 8 Assume that the conditions of Lemma 7 are satisfied. Then for
any & > o there exists a number £y > 0 for which

/000 e P'Ex (t)dt = L (e, p,yo) (1 — E(E,p))_l (6.133)

fore < éy and Rep > &, where yq is the initial value of the Markov process
y(t): yo = y(0).

Proof It follows from formula (6.127) that

Ex(t E / / L(t — sp,yn) -~ L(s2 — s1,41)
0<s1< <5, <t
X P(17y7dy1) t P(Sn — sn_laynladyn)x(sl)dsl dsn
e €

/ / L(t — sn,Yn) -~ L(sa — s1,y1)%(s1)
1 0<s1<--- <5<t

<R( kT Skl ykl»dyk> +P(dyk)> dsl e d$n7
=1

So

/Oooe_ptExE( dt — &(p Z/ // / e~ P(uotFun) % Z(ug)

ﬁ { Uk s Yk < ( ,yk 1,dyk> +p(dyk)>] dug - -+ duy,

)L

Z Nk(;?’) kl(u07" un7y07"'7ynadyla"'adyn)du0"' duna
0<k1<--<ki<n

::]:\

.o:r

where sg =

where

N]EIL?___’]Q (u07 sy Uns Yos - -5 Yny dyh s dyn)

- x(UO);ﬁ |:L(uk,yk)R< L o hdykﬂ <11 = p(dyg,)

= Rlug, —1/5 Yri—1, dYk,)
(6.134)

It is easy to see that

/// / e_p(uo—‘rm—‘ru")Nkim’kl(u[)a'"uun7y07'"ayn>dy17"‘7dyn)
0 0

X dug -+ - duy, = " 'L}, (£,0,Y0) Liy—k, (£,0) -+ Lty 1 (€, D).
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Therefore,

/OOO e P'Ex (t) dt = #(p)
+ Z Z (e" 'Ly (e.p), wo) (eirlﬁh (e,p)) -+~ (s“*lﬁil (e.p))

n=114;+iz+---+i;=n+1
i12>21,322>1,...,4,>1

= L*(¢,p,y0) + ZL*(EJ?, o) (L(e,p))
1=2

-1

O

We will extend the analytic function given by the expression on the
right-hand side of equation (6.133). For this we need some additional
assumptions.

Lemma 9 Assume that the conditions of Lemma 7 are satisfied and that
there exists 6 > 0 for which

[R(t,y,C)| < cpe™". (6.135)

Then there exists a number g > 0 for which

L(e,p,y) = G(e,p,y) + K(e, p,y)

(p — ao)p
for e < eg, where G(e,p,y) and K(e,p,y) are analytic functions in the
region Rep > p1 that can be represented by the formulas

G(e,py) =Y Gile,p,y), (6.136)
k=1
K(e,p,y Zsk 'Kr(e,p,y), (6.137)
k=1
where
Gl(5 p,Yy)=
Gria1(e,py) = / /R (s,y,dy’ ) L(es,y)G, (g, p,y" e P° ds,
K1(57pa y)
Krt1(e,p0,y / /R s,y,dy" ) L(es,y)K, (e, p, 9 )e P*ds, r >0,

and

G(y) = ag /Ooo e UM (t,y) — M(t)] dt/ /OOO te” M (t) dt,
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Proof G(y) is a bounded function and

1 o0 —pt gy g [Z et M (t,y) dt
K(p,y) = ) )/O e P M(t,y)dt ol }0 e e V(D) d

is an analytic function in the region Rep > «;.
Let c3 satisfy the relation

|G(y)| + |K|(p,y)| < cs if Rep > a.

Then
i 2 Co C3
Ga(e,p,y)| < c e Otee0temEMt Jf — Qg — 20
‘ 2( py)|7 SA 264—60[1—0(05
and
202 "
Gry1epy)| < | 7———— ] c3,
|Gria(epy)| < (5+80¢1 —a05> 3
and in the same way
202 "
Krpi(e,p,y)| < | m————— ) ¢
IKrs1(e,py)| < (5+€a1a0€) 3
under the assumption that § — (g — a1) > 0. If gy satisfies the inequality
o

g < —
202+OZ0—C¥1’

then

2
— =2 <1 for 0<e<e,
5—(040—041)6

and series (6.136) and (6.137) are uniformly convergent in the region Re
p > ayp. This completes the proof.
]

Corollary 2 Let
G*(e,p,y) :/ z(es)R(s,y,dy' )G (e, p,y )e” " ds,
0

Kiepy) = / #(es) R(s,y, dy' )K(e,p,y )e P ds.
0

Then G*(e,p,y) and K*(e,p,y) are bounded analytic functions in the region
Rep > ay, and

£
p(p — ao)

The last formula is a consequence of the following representation:

L(e,p,y) = 2(p) + 5/ Z(es)R(s,y, dy')L(e, p,y e " ds.
0

L*(e,p,y) = 2(p) + G*(e,p,y) +eK*(e,p,y)- (6.138)
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The proof of the corollary is left to the reader. The next result estimates
the expected value of z.(t).

Theorem 11 Assume that there exists a function 0 : R — Ry for which
[\ + iu)| + [M(A +iu,y)| < 6(w) for X> ay

and [ 6(u) du < .
Then for e small enough there exists a. satisfying the relation a. — ag =
O(g) and constants Ac, B for which
6o¢5t _ eaot
Ex (t) = Ac—————— + B.e®" + O(e™).
Qs — Q)

(The numbers ag, o were introduced in Lemma 7.)

Proof We will use the inversion formula for the expression on the right-
hand side of equality (6.138). Let

Gle.p) = / Ge,pry)pldy),
K(e,p) = / K(e,p,y)p(dy).

Then

Gl(e,p)
(p—ao)p

1
— (p—a0) (p - EED aom(s,p)) |

(1-Lep) " = (1 - - /C(e,p)> h

It follows from general properties of analytic functions that there exists a
unique a. = ag + O(g) for which

oc a0~ YO0 (o —apkep) =0, (6139)
ae > 0, and
G(e,
‘p ap — (pp) —(p—a0)K(e,p)| >0

if Rep > a3 and p # a.
Using equation (6.139), we obtain the representation

ac=an+ = / / N(0,)C(/ ) R(y.dy)p(dy) + O().  (6.140)



6.4. Convolution Equations 227

Using formula (6.133), Lemma 6, and equation (6.138) we can represent
the Laplace transformation for Ex.(t) in the form

/00 e P! Ex (t)dt = #p)
0 : L'(e,a:)(a: —p)  plp—a)l(e,ac)(ae —p)
eK(e, p, yo)
L'(e, ae)(ae — p)
where the function H(e, p,yo) is analytic and bounded in the region Rep >
aq. Since the function

EG* (87 g, yO)

+ H(€7p7 yO)a

1 3 1
1—L(e,p) L'(s,00)(ae —p)

is bounded in the region Rep > «y, we have that

for Rep > a;. We can use the inversion formula for the Laplace transform
of the function H(e,p,yo), because under the assumption of the theorem
we have that

/|:i’(041 +iu)|du < 0o and /|IC(€, aq + iu, yo)| du < .

Therefore,
-1 ¢ eG* (g, e, y) et — et
B (t) = ———— [ &(t—s)e*d
ze(t) L'(e, ac) /0 g s)e o £/(E7a£) a — Q¢
< ' (t—s)
———— | ko(s,y0)e® ) ds + O(e™?). 6.141
g | e s o e

(We used here the property of Laplace transforms that the Laplace trans-
form of the convolution of two functions is the product of their Laplace
transforms.) Here k. (s, yo) is the function for which

/ e Pk (t, yo) dt = K(e,p, y0).
0

O
Next, we estimate E(z.(t) — Z(t))%. It follows from Lemma 6 that
E(xc(t) — 2(1))?
= Z / o /O<Sl<~~<sl<t Lt(sly ey SLULy - Umy YTy e e yl+m)
I=1m=1 0<uy <+ <Up <t
l4+m
Tk
X [R(E, Yk—1, dyk> + p(dyk)} dsy -+ ds;duy -+ duy,,
k=1

(6.142)
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where 71 = vy, To = V2 — V1, ... Ti4m = Ul+m — Vi+m—1, and where

vy = min{sy, ..., s} U{us,...,un},
vp =min[{sy, ..., s} U{ug,...;um}t \ {v1,...,00—1}], 7> 1,
Li(S1,- ) S1,ULy ey Uiy YLy v o s Yikm)

=Z(s1)L(s2 — s1,Y5) - L(t — s1,95)
x T(u1)L(ug — w1, yiy) -+ - L(t = U, ¥, ),
and vj, = 81,...,V5, =81, Uiy = UL,...,V,, = Um.

m

Lemma 10 Assume that the conditions of Lemma 9 are satisfied. Then
there exists a constant b > 0 for which

l+m

T
‘//Lt(slv'vshula'aummyla'7yl+m) H [R(:ayk—hdyk) +p(dyk):|‘

k=1

)
< BN " 1 seu, (14m)} €XP { —z ) Tkl{kes]’}’

where Us(n) is the set of those subsets S of the set {1,...,n} for which
n €S and {k,k+1} NS is not empty fork=1,...,n—2.

Proof Since [ L(t,y)p(dy) =0, wehavefor1 <ry <ry <--- <1, <l+m
the relation

/Lt(sla"'7Slau17"'7umay17"'7yl+m)

X Ngftiffzy(le oy Tl4my Y1y - - - 7yl+m7dy17 .. '7dyl+m) =0

if r, = 1+ m or min;(r;+1 — r;) = 1. This means that the set difference
{1,...,04+m}\{r1,...,r,} belongs to Uy(I+m). The function N is defined
in relation (6.134).

Using inequality (6.135) and the relation

L(t,y)| < e,

we obtain the inequality

‘/Lt(sl...,sl,ul,...,um,yl,...,yl+m)

l+m
X N7(1),_,71)~V(7—1-~-aTl+mau1ay17'"7yl+m7dy1a"'7dyl+m)’
5 l+m v
l+m 2apt l+m— § E
Scl me [e%) 02 m Vexp{_€< T; — Tm)}'
i=1 k=1

This completes the proof of Lemma 10.
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Corollary 3 For ¢ small enough we have the inequality

E(z.(t) — Z(t))? < Bye?®ot(esht — 1), (6.143)
where By and by are nonnegative constants.
Proof To prove this we can write, using relation (6.140) and Lemma 10,

E(z. WY Y g 3 T )

n=2l4+m=n 5<k<n

1)
It(n,k):/--~/+ + <texp{_€(sl+m+8k)}

X 1{5120"”’57120} dS]_ s dSn

We used here the fact that Card S > n/2 if S € Us(n). We have the
following estimates:

¢ Wl (f— )k
It(n,k):/o eXp{_iu}(k‘—l)!(t(n—)k)! du
n—k o0 k-1 K yn—k
e A e = L O R

Since m < 2™, we obtain the inequality

[es} c n—k
Ba:() — 20 < Yoneyret 3 (5) o

2 <k<n

where

©Is

Let by and Bs satisfy the inequality
n(2b)" < Byby.

Then
tnfk

E(ze(t) = 2(1))* < Bae®™' Y by ) (%)k (n— k)

n=2 5<k<n

< Bactert S (g) i

=1 k=l

_ p. 200t a (EN'E By gy etb3
BQ@ @o ZZ b2 (5) ﬁ = l_gble 0 exp T -1
: 6

=1 k=l

if e < 5/1)2
]

Finally, we estimate the growth of solutions to the perturbed equation. We
first establish some auxiliary results.
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Lemma 11 Assume that p(t) > 0, M(t,y) > 0, and

e(t+h) —p(t) M(t+h,y) - Mt y)|] _
]115%) sup H o0 + sgp Mty) =0. (6.144)
Then
|z (t +h) —2(t)]
fim sup 0 =0
Proof Set
¢U+m—¢@’ M@+hmM@w}
=sup||————~——| +sup s
o tH () ) M(t.y)
Cp = sup |M(s,y)l.
y,s<h
Then

%@+Maﬁn%@+M¢m

| L R E) e
+:KH%A4(t+h——&y(z>>mgsﬁk
< prp(t) + pn /OtM(t s,y(z))xg(s) ds + Cp, /tHh%(S) ds

h
< [on + hChlo(t) + Ci /0 o (t + 1) — 2. (t)] du.

This implies the inequality
|ze(t+ h) — 2 ()| < [pn + hCr] exp {hCh}x. ().

(Note that under the assumptions of the lemma z.(t) is nonnegative.)

The statement of the lemma follows, since limy_o pp = 0.
O

Theorem 12 Assume that the functions M(t,y) and @(t) satisfy the
following conditions:

(1) ¢(t) > 0 and M(t,y) > 0.
(2) Relation (6.144) is satisfied.

(3) M(t,y) + o(t) = O(e*), where a > 0.
(4)

4) There exists g > « for which

0 —
/ e X M(t)dt = 1.
0
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(5) There exist a measurable function § : R — Ry with [ 6(u) du < oo
and oy € (a, o) for which

|G\ + )| + [M (A +iu,y)| < 0(u), uweR, yev,
if)\ZOél.

Then there exist g > 0 and v > 0 such that

1
P {limsup zlogzs(t) > ag +’y€} =0 fore<eg.

t—o0

Proof Using Lemma 11 we need only prove that for all A > 0,

1
P {limsup T log z.(kh) > ag + ’76} =0 fore<eq.

k—o0

Note that it follows from Corollary 3 and Lemma 7 that
P{z.(kh) > exp {(a0 + ye)kh}} < ExZ(kh) - exp {—2kh(ag + ve)}
= O(exp{(2aq + b1 )kh — 2kh(ag + v¢)}).
If 2y > by, then
ZP{xg(kh) > exp {(ag +7e)kh}} < oc.



7

Markov Chains with Random
Transition Probabilities

In this chapter we consider a Markov chain {&, k € Z,} having a finite
state space but random transition probabilities. Of interest here is the
asymptotic behavior of the chain and its transition probabilities as n —
oo under the assumption that the transition probabilities of the Markov
chain are close to those of a homogeneous Markov chain having nonrandom
transition probabilities.

By a Markov chain with random transition probabilities we mean the
following: Denote by P, the set of r X r stochastic matrices, i.e., matrices

M = (Uij)i}jeﬁ;
having the following properties:
(a) pij > 0;
(b) >0y pij = 1.

We consider a P,-valued stochastic process {Py(w), k € Z}. Let £ be the
o-algebra generated by the stochastic process {Py(w), k € Z}.

A stochastic process {&,,n € Z,} with values in 1,r is called a Markov
chain with transition probabilities {P,(w)} if for any k,n € Z,, and

19, ---,in € 1,7, the following relation is satisfied:
n—1

P{&(w) =0, Erpn(w) = in/E} = P{&(w) = i0/E} [ prri(w,ityivir),
1=0

(7.1)
where p,(w, i,7) are the elements of the matrix P, (w).
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The stochastic process {P,(w), n € Z} is called a random environment,
and {&,} is called a Markov chain in a random environment.

7.1 Stationary Random Environment

A stationary random environment is defined by a stationary P,.-valued
stochastic process {P,(w), n € Z}. It is convenient for our construction
to consider the process extended from Z, to Z; any stationary stochastic
process on Z, can be extended as a stationary process to Z.

We use the following notation for the transition probability from step [ to
step n:

Pru(@) = Pi(w) P (@) - Puca ().

Denote by D, the space of row vectors @ = (aq, ..., a,) with the norm

T
@l =Y laxl,
k=1

and denote by C, the space of column vectors

ol
CT = :
e

ch:maxc
|
k

with the norm

kl-

Let D} be the subset of probability distributions in D,.: If a € D}, then
a;>0and Y _ a; =1

Definitions (1) A D}-valued stationary stochastic process {dy(w), k € Z}
is called a stationary distribution for the stationary random environment

{Pn(w), n € Z} if
{(d(w), Pe(w)), k € Z}

is a stationary D} x P-valued process and the relation
dis1 (@) = di (@) P ()

holds for all k € Z.
(2) A C,-valued stochastic process {cg(w), k € Z} is called a stationary
vector for the stationary random environment {P,(w), n € Z} if

{(ct(w), (), k € Z}
is a stationary C,. X P.-valued process and the relation

cz(w) = Pk(w)clﬂ(w)
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holds for all k € Z.

Remark 1 If P{c}(w) = e} = 1, where ! = (1,..., )", then {ch(W)}
is a stationary vector for any random environment.

Theorem 1 For any stationary random environment {Py(w), k € Z}
there exists a stationary distribution {dy(w), k € Z}.

Proof Let @€ D}. For N > 0 introduce the D}-valued stochastic process
1 k
Q(Nw)= D @Puw), keZ
I=k—N+1
It is easy to see that {@y(N,w), Px(w)} is a D! x P,-valued stationary
stochastic process. It satisfies the relation

dk+1(N, w) — dk(N, w) = %(FLPk(w) - ﬁpk_N+17k+1(w)). (72)
Denote by Qx the probability measure on the space (D} x P,)% that is
the distribution of the stochastic process {(a@y (N, w), Px(w)), k € Z}. Since
D! x P, is compact (in the natural topology as a subset of R™ x RTZ), the
set of measures {Qn, N € Z, N > 0} is compact with respect to weak con-
vergence of measures. Let ) be a limit point of this set. We consider some
probability space {2, F’, P’} and a stochastic process {(gk(w’), Prw), ke
Z} that has the distribution Q. Then {(by(w’), Prw)), k € Z} is a
stationary process for which

P{[brr1 (W) = br(o) P (@)1 > €}

: 1 -
= lim P{N|aPk(w) — APy—N+1,k+1 (W) > E} =0

N—oc0

for all € > 0, because of relation (7.2).

Thus
b1 (') = by(w') Py (). (7.3)
Denote by Z' the o-algebra generated by {Py(w’), k € Z}. Then
E(bs1(W)/T') = E(br(w')/T') P (o). (7.4)

It is easy to see that the distribution of {P;(w’), k € Z} is the same as
{Px(w), k € Z}. Besides,

{(E(b(w)/T'), P (&), k € Z) (7.5)
is a stationary stochastic process. Denote by Fj, : PZ — D} a measurable

function for which F ({P} (w), k € Z}) = E(bp(w')/T).
Set

(W) = B, ({Pe(w), k € Z}).
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Then the distribution of the process {(dx(w), Py(w)), k € Z} coincides with
the distribution of the process in (7.5). This and relation (7.3) imply that
{di(w)} is a stationary distribution for {Py(w)}.

(|

It is known that an ergodic homogeneous Markov chain has a unique sta-
tionary distribution. We will investigate under what conditions a stationary
random environment {Py(w), k € Z} has a unique stationary distribution.
Denote by DY the subset of vectors @ = (ai,...,a,) € D, for which
Y r—qar = 0. Let II € P, and define

||lo = sup{|all|; : @ € DY, |a]; = 1}. (7.6)

Note that DY is a linear subspace in D, and it is an invariant subspace for
each Il € P,; i.e., @Il € DY for all @ € DY.

The norm | - ||o is useful for investigation of ergodic properties of finite
Markov chains. Following are some of its properties:

I ||II]jp <1 for any II € P,..
II. ||H1H2||0 < ||1_[1H0||1_[2H07 for any Hl, II, € 'Pr.

III. If |[II]jo = O and II € P,, then all rows of the matrix II coincide, i.e.,
mj =m; fori=2,...,r,j=1,...,r, where m;;, i,j € 1,r, are the
elements of the matrix II.

IV. . If |[II]lp < 1 and IT € P,, then there exists a unique vector @ € D}
for which dIl = &, and

lim II" =11,

n—o0

where II € P, ||I|jo = 0, and all rows of the matrix II coincide with
the vector a.

V. If |[II]|p = 1 and II € P,, then there exists k¥ < r and @ € DY for
which @ = @II*. If this relation is true for some k and @ € DY, then
[Tl = 1.

VI. For all IT € P,. there exists the limit
. -1 k
nh_)ngC n I;H .

Denote this limit by II. Then ||TI||o = 0 if and only if

r
rt g T
i=1

< 1
0
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in this case the rows of the matrix II are equal to the vector @, which
is the unique solution of the equation

i= a’<r—1 Zni), i€ D).
i=1
VII. Let A, B,Il € P,.. Then

[[AIL = BII[|1 < 2[[TI[fo.-

VIII. Set «(IT) = —log||||o, II € P,. (So, if ||II||o = 0, then a(II) = +0c0.)
Then for any matrices Ily,...,II,, € P, we have that

n
a(TTy -+ I,) > a(lly).
k=1

The following statement is a variant for stationary processes of the ergodic
theorem for Markov chains in random environments.

Theorem 2 Let {{,(w), n € Z} be a Markov chain in a random environ-
ment {P,(w), n € Z}. Assume that Ea(P;(w)) > 0 and that {P,(w), n €
Z} is an ergodic stationary process. Then the following statements hold:
(1) There exists a matriz II € P, with ||II||o = 0 for which

lim E Py, (w) =11

n—00
(2) There exists a unique stationary distribution {d,(w), n € Z} that
satisfies the relation

lim |d,(w) — @Po(w)l1 =0

almost surely for all @ € D}. R
(3) limp oo n ™1 300, Pok(w) =11 almost surely.
(4) Let f(i1,...,im) be a function from 1,7 into R. Then

n—1
P{HILIEO nt Z f(fk+1(w), e a§k+m(w)) = Af} =1
k=0

where

Af=F Z w1 (i, w)p1(in,i2,w) - Pr—1(Em—1s G, W) f (i1, - o i)

Q1seenim

and dy(w) = (m(1,w),..., 7 (1,w)), pr(i,j,,w) are the elements of the
matriz Pg(w).

Proof First we prove that there exists a limit

lim P_, (w) = Pp(w) (7.7)

n—0o0

for all k£ € Z almost surely in w. It follows from property VII that
[Pk (w) = Py ()| < 2[| Py (w)llo
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for —n < —l < —k. Property VIII implies the inequality

k—1

1P-ts(@)lo < oxp {— 3 a(B(w))}~ (7.8)

i=—1

Since

7 Z )) = Ea(Py(w))

i=—1
with probability 1, limy_,« || P—;k(w)]lo = 0. The existence of the limit on
the left-hand side of (7.7) is proved. From (7.8) we see that || P (w)/o — 0.
Denote by dy,(w) the vector representing the rows of the matrix Pj(w) (the
norms are the same). Since Pyy1(w) = Py(w)Pe(w), we have dyyq(w) =
di(w) P (w), so {di(w), k € Z} is a stationary distribution.
If {7 (w), k € Z} is an arbitrary stationary distribution, then

|di(w) — T (W) < 1Pt @)]oldr—1(w) = F—1(@)]1 < 2/|P-i k()]0 — 0

as | — oo. With this, we have proved the uniqueness of a stationary
distribution.
In the same way

| (@) = @Pan (@)1 < 2/|Pon(w)llo = 0

almost surely as n — co. Statement (2) is therefore proved. Statement (1)
follows from the relations

lim EPy,(w)= lim EP_,o(w)= EPy(w).

n—oo n—oo

To prove statement (3) we use the inequalities

1 Po,i(w) = Pe(@)lln < 2] Pox(@)llo (7.9)
and
n Y (Pok(w) — P ZHPOk Mo-

k=1 L.

Therefore,
n
nh_{lgo n Z(Po,k(w) — Pk(w)) =0
k=1 0

almost surely, since

lim
n— oo

nt Y Poaw) H = Tim || Pon(w)llo =0.
k=1 0
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The ergodicity of the process { Py(w), k € Z} implies the relation

{hmn (Zpk > = EPO(W)} =1.

Proof of statement (4)

First, we assume that P{{y(w) = i/E} = mo(i,w). Then {(&,(w), Pn(w))}
for n > 0 is a stationary 1,7 x P.-valued process. This follows from the
relation

E(f(fk+1(w)7 e ,§k+m(w))/5)

= Z M1 (01, W)Pr+1 (01, 2, W)+~ Probm—1(Em—1, U, ) f (i1, - - -, i)

D1 yeenslom
= (I)f(ijrl(W)a Pei1(w), -y Poym—1(w)),

where ®; is a bounded measurable function from D, x (Pp)

m=1 and

from the fact that {dj(w), Py(w)} is a stationary process. This implies the
existence of the limit

tm 3 F(Ei (@), (@) = ()
k=1

n—o0o MN

It is easy to see that Ef(w) = ;.
Denote by Zj the o-algebra generated by {{o(w),...,&k(w)}. Then

E(f(&rt1(w), s Eppm (@) /2 VE) = @5 (Ekr1(w), Pror1(w), -, Prgm—1(w))

= D 01, &1 (@)t (1, 82,0) - Prtmt (Bt G, @) f (i1 )

U1yenyim

and for j < k+1,
(f(§k+1( ) a€k+m(w))/5]\/8)
_ Zé f] PJ 7 117 )@f(il,PkJrl(w),...’Pk+m71(w))7

211

where 6(a, 3) =1 if a=8¢€ 1,7, but §(a, 3) =0if a £ B, a, B € 1,7.
Set

(k4 1,w) = Z@f (i, Pog1(w), -, Pogm—1(w)).

It follows from inequality (7.9) that

E(f(€s1(@)s -+ Euim(@))/Z5 V E) = Byl + 1,0) + O(I Py 1 @)lo).
Let &k +m < I. Then

E(f(&r1(@), - Eham(W)) f (1 (w), -+ s Erpm(w))/E)

= E[E(f(&s1(@) s Erm (@) f(E41(0)s -+, Gam (@) /E V Erim) /€]
= 0p(k+1,0)P; (I + 1,w) + O([|Petm,i+1(w) o)
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Therefore,
~ 1 n 2
()= i (500
k=1
1 1
+ 0(2 Z ||Pk+m,l+1(w)||o) + 0 <) )
n k+m<l n

Since {Py(w), k € Z} is an ergodic process, we have that
RN
Jim, 7 2 sk = s,
k=1
and
E(fPw)/€) =X}, P{fw)=Xf} =1

Statement (4) is proved if the distribution of &, (w) is the stationary distri-
bution for {P;(w)}. Let the conditional distribution of &y(w) with respect
to £ be arbitrary, say denote it by pg(w). Let

. 1 n+k—1
Ap = {W: T}LH;OE Z f(fj(w),...,§j+m_1(w)) = )\f}, k=0,1,2,....
=k

Note that Ay = Ag for all k& and that statement (4) is equivalent to
the relation P{Ag} = 1. Denote by pi(w) the conditional distribution of
&k (w) with respect to €. Denote by Qp(w) the conditional distribution of
{&(w), &ky1(w), ... } with respect to & if &, (w) has the conditional distri-
bution pi(w), and denote by @} (w) the same conditional distribution if

€ (w) has the conditional distribution d(w). Then
Var (Qr(w) — Q4 (w)) < 2|di(w) — pi(w)]1-
Therefore,
Q(w, Ag) > 1 = 2|di(w) — ph(w)l1,
since it has been proved that @}, (w, Ay) = 1. This implies the relation
P{Ao} = P{A}} = EQ(w, Ay) > 1 — 2E|dy(w) — pr(w)1-

This completes the proof of statement (4).
Statement (2) implies that

lim B|di(w) — pr(w)|y = 0.
k—o00

This completes the proof of the theorem.
|

Now we consider the general ergodic properties of the compound stationary
process { (& (w), Pr(w)), k € Z } under the assumption that the conditional
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distribution of £, (w) with respect to the o-algebra £ is determined by a
stationary distribution {dy(w), k € Z}.

Denote by A the set ﬁm with the cylindrical o-algebra Cy; the elements
of A will be denoted by A\ = (£o,&1,...), where & € 1,r. We introduce a
shift mapping from A onto A by 7:

TA:(€17£27...) lf A:(go,é.l,...).
Let PJ be the probability measure on 2 x A for which

PJ(A X {)\ & =10y, & = Zn}) = EplAdéo(w) H Pr_1(ig—1, ik, w).
k=1

(7.10)
Let T be the measurable mapping of  into Q for which Py(w) = T*w,
k € Z. Denote by 7 the o-algebra of those measurable subsets B € £ ® Cy
for which

/|1B(w,/\) 1p(Tw, 7 Po{dw, dN) = 0.

Next, we establish a lemma.

Lemma 1 Assume that the random environment {Py(w), k € Z} is er-
godic. Then for any B € T there exists a random subset Sp(w) C 1,r
satisfying the following conditions:

(a) for all n

1p(w,A) = g, esp(Tmw)s
(b)
Esz(1p(w,N)/€) = Z Liespw)do(w) s a constant.
Here E is the expectation with respect to the measure ZSJ'
Proof Let 0 =1p(w,\),
¢5(§o,w) = Ep(0/Z0 V E),

where Zj, is the o-algebra in A generated by &, &1, ..., &k It follows from
the Markov property that

Ep(0/Zn v E) = ¢p(&n, T"w),
since
1p(w,A) = 15(T"w, 7™ \).
Note that
0= nhﬁngo Es0/EVE,) = nl;rgo 0(&n, T"w).
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Therefore,
: . n _ n+1 _
Jim Eplp(&n, T"w) = ¢(§nt1, T w)| = 0.
Since
Eﬁ’l@(&h w) - (10<£17 le)| = Eﬁ'@(gn; an> - 80(57’7,4*17 Tn+1w)‘7
we have

90(503"‘)) = <)0(£17Tw) = Sp(fanw)

for all n € Z, and 15(w, \) = ¢(&,w).
Denote by S(w) the set of those i € 1,7 for which p(&,w) = 1 if i €
S(w). Then S(w) satisfies condition (a) of the lemma. Statement (b) is a
consequence of (a) and the ergodicity of {Py(w)}.
This completes the proof of the lemma.

O

Remark 2 The stochastic process

Ep(0/€) = 1iesyrnwdy(w)
is itnvariant with respect to the mapping T, so it is a constant.
Two direct corollaries to this result follow.

Corollary 1  The o-algebra I is an atomic one: Assume that Ez0 > 0.
Then Eﬁ,(@/f) = Eﬁ,@,

P{Sp(w)=0}=0, and E3(0/E)> miindé(w) > 0.

Corollary 2 The elements py(i,j,w) of the matriz P,(w) satisfy the
identities

an(i,j,(.L))l{jGSB(TnJrlw)} =1 fOT all i€ SB(T"w),
Zpo(iajvw)l{jGSB(T"Jrlw)} =0 foral i€ 1,77"\ SB(an).

Corollary 3 If

c= Z 1{i€SB(w)}d(i)(W)a 0<c<l,

then the vector stochastic processes

R ,
Pn(w) = E(dwlL(w)l{1€SB(T"w)}a o dn (W) lresy (Trw)})

and

1

o) = 1 (@) = ()
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are stationary distributions for the random environment { P, (w), n € Z}.
To prove this it suffices to verify that

P (W) Pr(w) = Pt (w),
which is a consequence of Corollary 2.
Remark 3 [t is easy to see that

15 (w) = P (W)l = 1.
Since

(Pn(w) = P (@) Po(@) = (Prs1(w) = Py (@),

[P (w)llo = 1.
Definition 3 A stationary distribution {d,(w), n € Z} is called ir-

reducible if for any stationary distribution {p,(w),n € Z} such that
pl,(w) =0 for all i for which d’(w) =0, we have p,(w) = d,(w).

Theorem 3 Let the random environment {P,(w), n € Z} be ergodic.
The stationary process {(&r(w), Pr(w)), k € Zy} with the distribution Py
given by formula (7.10) is ergodic if and only if the stationary distribution

{dn(w), n € Z,} is irreducible.

Proof It follows from Corollary 3 that if the o-algebra Z of the invariant
subsets for the process {(&k(w), Px(w)), k € Zy} is not trivial, then there
exists a stationary distribution p),(w) satisfying the following conditions:

(1) Pa(w) # dn(w);
(2) pi(w)=0ifd(w)=0forallicI,r,neZ,, we.

Assume that there exists a stationary distribution {p,(w),n € Zi}
satisfying conditions (1) and (2). Set

S(w) = {i: ph(w) >0}
and

9()‘7 w) = 1{§0€S(w)}~

It is easy to check that O(7A\,Tw) = 6(\,w). So (A, w) is a nontrivial
invariant function for the stochastic process {(&, (w), Pp(w)), n € Z }. This
means that the o-algebra Z is not trivial, and this completes the proof of

the theorem.
O
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Remark 4  Assume that By, ..., Bs are all the atoms of the o-algebra T
with respect to the measure Py. Then the stationary distributions:

{do(i,w),neZy}, i=1,...,s,

where

o 1
dh,(i,w) = —d}, (W) l{jesy, (Trw)} Zdj w)lijesy, (Trw)}s

&

are irreducible.

Corollary 4  If {d,(w),n € Z,} is the unique stationary distribution
for an ergodic random environment {P,(w), n € Z}, then the process

{(&n(w), Py(w)), n € Z4 } is ergodic.

7.2 Weakly Random Environments

In this section we consider random environments of the form
P,(w) = Pi(w) =Py +eQn(w), neZ, (7.11)

where P, is a nonrandom matrix from P,, € > 0 is a small parameter, and
Qn(w) for fixed n and w is a matrix from the space Q, of matrices of order
r x r with rows from D?. We refer to such a random environment as weakly
random.

We assume that {Qn(w), n € Z} is a Q,-valued stationary process for
which

P{Qn(w) > —cPy} = 1, (7.12)

for some ¢ > 0. (If A and B are matrices, then the relation A > B means
that all a;; > b;; where a;; are the elements of A and b;; are elements of
B.) The relation (7.12) implies that PZ(w) € P, for ¢ > 0 small enough.
The random environment {P,(w), n € Z} can be treated as a random
perturbation of the transition probability P.

We assume that the stationary process {Q,(w), n € Z} is ergodic and
satisfies the following ergodic mixing condition:

EMC Denote by & the o-algebra generated by {Q,(w), n € k,l}. Then
there exists a sequence {yy, | € Z } for which y; — 0 and

|E&1&e — B ES| <

if & is an &, °°—measurable random variable and &, is a £%H-measurable
random variable, |£1] < 1, [&| < 1.
If

Ea(Py 4+ eQo(w)) >0 for e small enough, (7.13)
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then Theorem 2 implies the existence of the limit

II. = lim EH Py + eQr(w))

n—oo

and the perturbed transition probabilities satisfy the relation

lim liP‘E (w) =TI

n—oo N 0.k e

k=1
where for k < [,
Piiw) = Pi(w) -+ Py (w).
Set Q = EQo(w). Then
||P0 + EQHQ < E”PO +€Q0(w)||0 < 1.

It follows from property IV of || - ||o that there exists the limit

lim (P +¢eQ)" =11
n—oo

(7.14)

(7.15)

(7.16)

Theorem 4 (1) Let relation (7.13) hold for all small € > 0, and let the
stationary process {Qn(w), n € Z} be ergodic. Suppose that o(FPy) > 0.

Then
[T —TLe[ly = O(€?).
(2) Let EMC be satisfied and a(Py) = 0. Then
tim (1L, ~ L[}, = 0.

Proof (1) We use the representation

EP§,(w)=P5+) & > Wi, k),

k>1 0<11 <t < <ip<n

where

Wis, ... ik) = EFg' Qiy (W) Py ™" 71 Quy () -+~ Qi (W) By 7™,

Note that Q;(w)II = 0 if ||II|jo = 0, since the rows of the matrix Q;(w) are

from DY. Let

II= lim Fy.

n—oo

Then |II|jp = 0, since a(Py) > 0. Let R; = P* —II. Then

Wity ... ix) = Py Qi (W) Riy—iy -1 Qiy R1-iy -
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There exist constants ¢ and 0 < # < 1 for which ||R;|| < ¢6'. Since
[|Qn(w)] <2 for e < 1, we have that

W (i1, ... k)|l < F12kom,

1 k
Z W(Zlaazk) < Ck712k <1_9> 3

0<i <io < <ip<n—1

and

n—1
EF5,(w) =Py +e> W(i)+O0().
=0

In the same way we can obtain the relation

n—1
(Po+eQ)" = Po+ey W(i)+O0(),
=0

where
W (i) = PQpPy~'~".
It is easy to see that W (i) = W(i). So
1(Po +eQ)" = EF§ ,(w)]l1 < e1€?,

where the constant ¢; does not depend on n. This relation implies statement
(1) of the theorem.
(2) Let n,l,r,€ Z,. It follows from EMC that

< cospy, (7.17)

s—1
HE H Pty knatysn (W) = (EPS,(w))
1

k=0
where ¢ is a constant that does not depend on n, 1, s.
Let Qi(w) = Qr(w) — Q. Then
1P g1 (@) = (Po+ Q) [l < leby, (7.18)
where by is a constant for which ||Q(w)|| < by. Relations (7.17) and (7.18)
imply the inequality
||EPOE7M( ) — (EP0 n ) Hl < cgs(p + se). (7.19)
Set

(7.20)
Then

EF;,(w)— (Po+eQ)"=> " > W(ir,... i)

k>2 0<iy < <ip<n

W(il, cey Zk) = E(Po—i—&@)il Qil (w)(Po—‘rEQ)iz_il_l s Q“ (w)(Po—‘rEQ)n_l_ik.
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Since ||W (i1, ...,iz)|| < b¥, we have that

n—1--(n—k+1)
k!

[R5 () (Rot@)" [, < 300k ™ < P _1-nehy.

k>2

Let en = X. Then the last inequality and (7.19) imply the relation
S\ NS l
| EPS s(w) = (Po+eQ) " ||, < c3s (uz + /\n> +s(e"* —1 -1 N). (7.21)

In the same way in which inequality (7.19) was obtained, we can obtain
the following one: For m > ns,

[P (@) = EFS ) EFGns@, < (427 ). (722
Property VII implies that
VEPS @) EFg @) = EFg @), < 2| EPS @)y (7.23)
In the same way we can write
[(Po+eQ)™ — (Po+2Q)™ ||, < 2||(Po+¢@Q)™||,- (7.24)

Since

1285 )y < 20 (Po 4 Q™ + | BB e — (P +2@)"
inequalities (7.21)—(7.24) imply that |EP§,, — (P +eQ)™ |1

<es(r+1) ( + M/n) + s(e* =1 — by \) + 4)|(Po + £Q) "SHO
There exists § > 0 for which

a(Py+eQ) > fe,
SO
[Py 2 <m0 = e

Thus,
ﬂebl,\

~ l
lim sup | EF5,, — (Po+€Q)™[|, < es(s+1) (ﬂlJrAn) * e NP,
m—o0
and for n — 0o, en — A, € = 0, we have for fixed s and [,

sAZb?
lim sup ||EP0 m— (Po+eQ) mH1 <e3(S 4 D)y + =Lt 470,

e—0,m—>00 2
The expression on the right-hand side of the inequality tends to zero if

[ — 00, As — 00, A%s — 0. This completes the proof of the theorem.
|

Next, we investigate lim._, II.. For this purpose we need some additional
facts about matrices Py € P,.
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Definitions (1) Py € P, is a reducible matrix if there exist two different
vectors dy, do from D} for which

diPy=d;, i=1,2.

(2) Py € P, is an aperiodic matrix if there exists lim,, oo PJ.
(3) The least number d € Z.. for which there exists lim,,_,, P3? is called
the period of the matriz Py.

Remark 5 (a) If Py is a reducible matriz, then ||Pollo = 1.
(b) If Py is an aperiodic matriz, then d = 1. If d > 1, then ||Pollop = 1
because of the relation ||Pd|lo = 1.
(¢) For any matriz Py € P, there exists a period.
(d) If Py is an aperiodic matriz, then the matriz Iy = lim,,_, o P} satisfies
the relations
MoPy = Polly =TIy, TI3 = Tl,.
(e) If d is the period of the matriz Py, and Iy = lim,_,, PP, then the
matrices Iy, g Py, . .. ,HOngl are distinct, and
Mo P¢ = P8Iy = My, T2 = Tl.
The proof of these statements can be found in [54, p.117, Theorem 12].
Theorem 5 Suppose that the conditions of Theorem 4 are satisfied. Then
(1) If a(Py) > 0, then
limII, =1y = lim BAj.
e—0 n— oo
(2) If a(Po) =0, but Py is an aperiodic matriz, then
il_I)I(l) II, = tlgrolo Ty exp{tT1oQI1y },
where Iy = lim,, o FJ.
(3) If d > 1, then

fi T = Jim exp{eR).

where Ty = lim,, o, P,

d—1

R= Z Ty PLQPY '~ l,.
i=0
Proof We use the relation
(P0—|—€Q)n:PgL+ZEk Z PélQ_”.Pék—ik—l—lépg—ik—l.
k>1 0<i1 < <ip<n

(7.25)
Note that

|(Po+ Q)™ — H€H1 < 2|[(Py +eQ)"|lo < 2exp{—na(Py +eQ)}. (7.26)
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So

n A (En)k k
[P = || < 2exp{-na(Po+eQ)} + Y | b}, (7.27)

k>1

where b; > 0 is a constant for which |B|; < b;. If a(Py) > 0, then
a(Py + Q) > 3a(PRy) for € > 0 small enough. Therefore, relation (7.27)
implies statement (1).

Now we consider the proof of statement (2). A sequence v, — 0 exists for
which v,11 < 7 and for which

1Py — ol < -
For any | € Z; we have the inequality
i1 3 ik —ir—1—17 pn—ix—1
‘Zoii1<~»~<ik<n Q- Pék R Qry

- nkfll k.
VI

x (1 - 1{i1Zl;m,ik*ik—lflzl,nfikflzl})

This implies the following estimate:

i1 A ik—ik—1—1 A pn—ig— A A
HZOSi1<~~<z‘k<n(P01Q'"Pok o on § 1*H0Q"'HOQH0)

< 2nk=1 bk n 2k 1nkpk~y,
- (k=1)! K! ’
It follows from relations (7.25) and (7.28) that

(7.28)

(Py +eB)™ = Iy exp{enllyBlly} + O((l + 'yl) exp{2€nb1}).
n

Taking into account relation (7.26), we can write

_ l
||1_[6 —1II e>(p{€nl'IOBl'Io}||1 < 2exp{—enf}+0 ((n + 'yl> exp{2€nb1}) ,

(7.29)
where [ is the same as in the proof of Theorem 4.
Let e » 0, n — 00, | = 00, I/n — 0, and en — t. Then
lim sup|| Iz — o exp{enIloBIlo}||, < 2exp{—t3}. (7.30)
e—0

This relation implies statement (2).
To prove statement (3) we use the representation

(Py+¢eB)? = (P + R+ O(e?)).
It is easy to check that
|(Po+eB)"* — (P§ + eR)"[|, = O(ne?).



7.3. Markov Processes with Randomly Perturbed Transition Probabilities 249

Since P¢ is an aperiodic matrix, statement (3) follows from statement (2).
]

Remark 6 Let
IIy, = tlg& Iy exp{tR},
where R =T,QIly in case (2) and R = R in case (3).

Note that under the conditions of the theorem, Ilg exp{tR} € P, and
Mg exp{tR}|lo < 1. The matriz Iy satisfies the relation

TIoI1, exp{tR} =1y for allt>0,
where Iy € Py, ||ﬁo||0 =0, and Iy is the unique solution of the equation

R =TIy, I e P,.
Thus, the limit matrix Il is one having identical rows.

7.3 Markov Processes with Randomly Perturbed
Transition Probabilities

Let {P; ¢(w), —o0 < s <t < oo} be a P,-valued random function satisfying
the following conditions:
(i) Ps¢(w) is right continuous in s, ¢,
(i) Ppi(w) =1,
(iil) Pst(w)Pry(w) = Psy(w) if s <t <.

We will call this random function a random environment.
Denote by £ the o-algebra generated by the random variables

{Ps+(w), —00 < s <t < oo} (7.31)

Consider an 1, r-valued stochastic process {{(t,w), t € R}, and let Z; be
the o—algebra generated by the random variables {{(s,w), s < t}. Here
&(t,w) is called a Markov process in the random environment (7.31) if

P{f(t7w) :]/5\/55} :ps,t(g(saw)ajvw)v (732)

where p 1 (i, j,w), for i,j € 1,7, are the elements of the matrix Ps ;(w).

7.3.1 Stationary Random Environments

We assume that the random environment (7.31) satisfies an additional
condition:
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(iv) For all h > 0 the stochastic process P;1p(w) is a stationary—in—t
‘P,-valued stochastic process.

Such a random environment is called stationary. Here we will consider
random environments satisfying a stronger condition:

(v) The limit

A(t, (U) = lim %(Pt,bl»h(w) - I) (733)

h—0

exists in probability and {A(t,w), t € R} is a Q,-valued stationary
process, where Q,. is the space of those r x r matrices ) for which
I+eQeP,fore>0,¢e<|Q1, and E||A(t,w)|1 < 0.

It is easy to check that condition (v) implies the following differential
equations for P 4(w):

aPs,t

s (w) = A(s,w) Ps ¢ (w), (7.34)
aPs,t o
5 (W) = Ps 1 (w)A(t,w). (7.35)

Definition An €-measurable D}-valued stochastic process cf(t, w) is called
a stationary distribution for the random environment (7.81) if it satisfies
the following properties:

(a) {(A(s,w),d(s,w)), s € R} is a Q, x D-valued stationary process.

(b) For s < t,

-

(f(t,w) = (S,W)Ps t(w)'

)

-

It follows from (7.33) that a stationary distribution d(¢,w) satisfies the
differential equation

dd -
—(bw) = ditw)A(t,w). (7.36)

Lemma 2 Assume that a D}-valued stationary process cf(t, w) having prop-

-

erty (a) satisfies relation (7.36). Then d(t,w) is a stationary distribution.
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Proof Relation (7.36) implies that

Il
H
=
&
I
~l
»
£
0

S
&
=
<
£
QU
S
+
2
V)
>
v
&

$,w) Py (w)]A(u, w)du. (7.37)

)

IS
S
T~

&
S~—"

|
~i
\.CIJ

&
S~—
20
o~

&
S~—

I
v\
!
£

S

~—"
|
/—\‘L

p(t) = |[dit, w) — d(s, w) Pu y(w) /nAuwndu

2, F(t) is an increasing continuous function, and

—
=
¢
=
=
IA

p(t)é/ p(u)dF (u), t>s.

This implies that p(t) = 0.
]

Lemma 3 If condition (v) is satisfied, then there exists a stationary
distribution.

Proof Let @€ D} For T > 0 set
= 1 [t
Jn(t,w) = & / GP, 1 (w)ds. (7.38)
T Ji—r

It is casy to check that the process {(dr(w), A(t,w)), t € R} is stationary
and dr(t,w) satisfies the differential equation

ddr

dt

We can choose a sequence for which the joint distributions of the processes

d}n (t,w), A(t,w) converge to the joint distributions of some pair of pro-

cesses d(t,w) and A(t,w). The remainder of the proof is the same as in
Theorem 1.

(t w) = dT(t O.))A(t,W) + %(a— C_l'Pt_Tﬂg(o.})).

O

Lemma 4 Suppose
(1) Let C € Q,., then et € P, for all t > 0.
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(2) For all C € Q, there exists the nonnegative limit
1
@(C) = lim —a(e'©). (7.39)

If |etC|lo < 1 for all t small enough, then &(C) > 0.

Proof (1) €'“ =lim, o0 (I + %C)n, and I +1C € P, for t small enough.
(2) Let P € P,. Then ||P|lo < 1 if and only if 1 is a simple eigenvalue of
the matrix P and all other eigenvalues A satisfy the relation |A| < 1. Since
the matrix C satisfies the condition ||e!“|| < 1 for all ¢ > 0, the number 0
is a simple eigenvalue for the matrix C', and all other eigenvalues A of C
satisfy the relation Re A < 0. The proof of statement (2) follows from the

Jordan representation of the matrix e*“.
|

As a direct corollary of this result, we have the following result:

Corollary 5
1Pyl < exp{— / &(A(u,w))du}. (7.40)

Theorem 6 Assume that {A(t,w), t € R} is an ergodic stationary process
and

Ea(A(u,w)) > 0.

Then the following statements are valid:

-

(1) There exists a unique stationary distribution {d(t,w), t € R}, and for
all @ € D,

lim |cf(t,w) — @Py4(w)|, =0

t— o0 1
almost surely.
(2) There exists the limit

tlggo EPy (w) =11
(3)

I -
lim —/ Pyi(w)dt =11 almost surely.
0

T—oo T

These statements can be proved in the same way as statements (1), (2),
(3) of Theorem 2, and the details are left to the reader.
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7.3.2  FErgodic Theorem for Markov Processes in Random
Environments

-

Let {d(t,w), t € R} be a stationary process. We consider the stochastic
process {(£(t), A(t,w)), t € R} in the space 1,7 x Q, for which

P{g(tl) =11,... 7€(tk) = Zk/g}

Z. o o (7.41)
=d" (t17w)pt1,t2 (Zla 12, UJ) Dt ,te (Zk—h Tk, w)v

where & is the o-algebra generated by the process {A(t,w), t € R}; d*(t,w)
are the elements of the vector cf(zf7 w); Ps,i (4, j,w) are the elements of the ma-
trix Ps;(w); and Ps ;(w) is connected with the process A(t,w) by equations
(7.34) and (7.35).

We consider the probability space Q of all Q,-valued functions w = Q)
with the cylindrical o-algebra in this space, and the distribution of the
process A(t,w) defines the space’s measure P. Denote by Y the space of 1, 7-
valued functions y(t) defined on R and denote by ]5(; the measure on Y x {2
that is the distribution of the stochastic process {(£(t), A(t,w)), t € R}
satisfying equation (7.41). This is a stationary process.

-

Definition A stationary distribution {d(t,w), t € R} is called irreducible
if for any stationary distribution {p(t,w), t € R} satisfying the condition
p'(t,w) =0 for all i for which d'(t,w) = 0, we have p(t,w) = d(t,w) (where

—

p'(-) are the coordinates of the vector p(-)).
Theorem 7 If the stationary process {A(t,w), t € R} is ergodic and the

-

stationary distribution d(t,w) is irreducible, then the compound stationary

-

process {(d(t,w), A(t,w)), t € R} is ergodic.

The proof of the theorem is based on the description of the o-algebra Z of
invariant sets for the compound process: For every B € 7 there exists a
random subset Sg(w) C 1, r satisfying the following conditions:

(a) Forallt € R
15(y(),w) = Lymessriw)
where Ttw(s) = w(s +t).
(b)
Ep(1p(£(),w)/€) = Y Liesp@nd (0,w),
where E is the expectation with respect to measure PJ.

This can be proved in the same way as in Lemma 1. The remainder of the
proof is an obvious modification of the proof of Theorem 3. The details are
left to the reader.
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Corollary 6 (Ergodic theorem for a Markov process in a random envi-
ronment). Let the conditions of Theorem 7 be satisfied, and let g(y,w) be a
function for which

EZ lg(i,w)|d"(0,w) < oco.

i=1
Then
t

lim 1 9(&(s), T°w)ds =E Zg(i, w)d'(0,w)

t—oo ¢
0 i—1

with probability 1.

7.3.8  Markov Process in a Weakly Random Environment
Let £(t) be a homogeneous Markov process with phase space 1,7. Its
transition probabilities p;;(¢) satisfy the differential equations
d
@P(t) = AP(t) = P(t)A,

where P(t) is the matrix with elements p;;(t) and
A=lim—(P(t)—1) (7.42)

is a matrix from QT.
We will next consider ergodic properties of a Markov process in a random
environment generated by a Q,-valued stationary process of the form

A (t,w) = A+eB(t,w)
where A € Q,, {B(t,w), t € R} isa Q,-valued bounded stationary process

and € > 0 is sufficiently small.
Denote by Ps;(w) the solutions of the differential equations

apsa,t(w) - <
B (A+ EB(s,w))R§7t(w), s<t, Piy(w)=1. (7.43)
They also satisfy the “forward” equations
oP:,
8157 (w) = P5(w)(A+eB(t,w)), t>s. (7.44)
We will assume that
E&(A+eB(t,w)) >0 for ¢ small enough. (7.45)

Let B = EB(t,w). Then &(A+¢eB) > 0.

Let the P,-valued function P¢(t) satisfy the differential equation
dPe
dt

(t) = (A+eB)P(¢t) (7.46)
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with the initial condition P¢(0) = I. Set B(t,w) = B(t,w) — B.
With these assumptions and notation, we have the following lemma.
Lemma 5 Let tyg <t. Then
Pg ((w) = P(t — to)

+Z / / (sl—t)WE(sl,...,Sk)f_’g(t—sk)dsl---dsk,
to<s1< <5<t

(7.47)
where

Ws(sl, cey SE) = B(Sl,&))Ps(SQ — Sl)B(SQ,W) o P (s — sk_l)é(sk,w).
(7.48)

These formulas are consequences of equation (7.43).
Remark 7 If P(t) is the solution of equation (7.42), then
Ptao,t(w) = P(1)

Jrz / / P(sy —t)W(s1,...,85)P(t — sg)dsy - - - dsp,
to<s1<---<sp<t

(7.49)
where

Wi(s1,...,sk) = B(s1,w)P(s2 — 51)B(s2,w) - - - P(s — sp—1) B(sk, w).
(7.50)

Using these representations for Pg,(w), we can obtain the following
extension of Theorem 4 to continuous—time processes:

Theorem 8 Let condition (7.45) hold.
(1) If &(A) > 0, then

limsup | EF§ ,(w) — P(t)|| = O(?).
t—o0

(2) If the stochastic process B(t,w) satisfies the condition
EMC

|E160 — ESIEE| < u(t), t>0,

where & is an E; °°~measurable and & is an E3F -measurable random vari-
able, |€1] < 1, |&2] < 1, and p(t) — 0 ast — oo (here & is the o-algebra
generated by random variables { B(u,w), u € [s,t]}), then

lim limsup || EF§ ,(w) — P(t)|| = 0.
e=0 {500 ’
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Remark 8 There exists the limit

Iy = lim P(t).

t—o00
If 6(A) > 0, then
lim lim P*(t) = M.

e—=>0t—o00
If 6(A) =0, then
gg% tlggo PA(t) = tli)Igo Mo exp{t R},
where R = Iy BI,.
If condition (7.45) holds, then &(R) > 0 and
Htll)rgo 11, exp{tR}Ho =0.

The proof of these statements is similar to the proof of Theorem 5.
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Randomly Perturbed Mechanical
Systems

An important aspect of mechanical systems is that they often experience bi-
furcations. For example, in a conservative system, as the energy increases
through a local maximum of the potential energy, the system can pass
through a saddle-saddle connection and go from having two possible oscil-
lations to having only one. On the other hand, when dissipation is present,
local minima of the potential function become stable equilibria. For exam-
ple, in the case of a two—well potential function, which is the basis of binary
quantum—mechanical devices, movement between the two states due to ran-
dom fluctuations is of great interest. Such systems are difficult to study.
We present in this chapter a method for studying these kinds of behaviors
in two—dimensional systems that is based on graphs.

Next, we consider random perturbations of oscillatory linear systems, and
at the end of this chapter we consider random perturbations of rigid—body
motions.

8.1 Conservative Systems with Two Degrees of
Freedom

We consider in detail the case of a conservative system with two degrees of
freedom. First, we study aspects of the nonrandom problem by formulating
a description of the system’s dynamics using a potential function graph.
Next, we study the same problem, but now perturbed by random noise
when the system is on graph edges and not near a graph knot. Finally,
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we investigate the behavior of the system when it is near a knot where
bifurcations can occur.

8.1.1 Conservative Systems

The position of a particle of unit mass moving in a straight line in a
frictionless medium is described by the differential equation

#(0) = -0 («(1), (8.)

where z(t) is the position of the particle at time ¢, & = dx/dt is its velocity,
and U(x) is a smooth function from R into R that describes the potential
energy of the system.

Suppose that U(z) satisfies the following conditions:

(P) U(x) — oo as |z| — oo, its second derivative U” (z) = §*U/dx? exists
and is continuous, the set of extremals {x : U’(x) = 0} is finite, and
U"(z) £ 0if U'(z) = 0.

Equation (8.1) can be rewritten in terms of phase space variables as a
first—order system of two differential equations:

Z(ﬁ2>:<4%2w9’ (8.2)

where the plane {(z,2) : * € R, @ € R} is called the phase space of the
system. Following are some properties of this system.
Equation (8.2) has a first integral, namely, the energy of the system

-2

nga%mzm@+%. (8.3)

So

U(z(t)) + @ =c, (8.4)

for any solution x(t), where the constant ¢ is determined by the initial
conditions of the system.

Let L. = {(x,%) : &(x,4) = ¢} denote the level set of energy c. If ¢ >
ug = inf, U(x), then the set L. is not empty, and it has a finite number of
connected components. Any connected component of L. is called an orbit
of the system. Orbits can be described as follows: We consider the set

A, ={z: U(z) <c}.
Then there exists a finite number of closed intervals [af, 55], [a5, B5],. - -,

[, Bs], Y < a5...05_, < af, for which

A = log, Bi]-

?
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The closed curve

i’2
? + U(I) =c¢ TE [a?aﬂﬂv (85)
is an orbit of the system. This orbit is regular if af < 8¢ and U(z) < ¢
for x € (af,87). The motion of the particle along a regular orbit can be
determined by solving the differential equations

d”;f) = 4\ /2e — 20U (a(t), (8.6)

where we choose the sign + for the motion from af to 3 and the negative
sign — for the backward motion. This motion is periodic with period

g d
T=2 / S — (8.7)
as /2c— QU(IL‘)
Moreover, for any continuous function F(x, ) the average of F' along an
orbit exists:
t

lim 1 F(z(s),i(s))ds

t—oo t 0

1[5 F(x,\/2c—20(z)) + F(z, — 2c—2U(x))d
- = .
2T Jae 2¢ —2U(x)

(8.8)

If an orbit is not regular, it is called singular. In this case, either af = 3¢
and af is a local minimum of U(xz), or the orbit includes several rest points

aj <m <<y < B,

where U(vy;) = cfor j =1,...,], and U(z) < c for x € (af, ), * # 7;,
j =1,...,1. The points ~1,...,7 are local maxima of U(xz). In the last
case, the orbit is the union of [ + 1 loops that are determined by equation
(8.5) on the intervals [af, 1], [v1,72], - - -, [, B¢ If the initial conditions of
the system are z = af, & = 0, and U’(a$) = 0, then z(t) = af for all ¢ and
af is a state of stable equilibrium. If z € [af, 3] and v1 < 72 < -+ < 7, are
local maxima of the function U(x) in the interval [af, 5], then x(t) —
as t — 0o, where the number ¢ = 1,2,...,[, depends on the initial position
of the system (we assume that the initial conditions (z, 4) satisfy relation

(8.5)).

Remark 1 If for given c¢ there exists a singular orbit, then ¢ is a local
minimum or a local maximum of the function U(z). So there exists only a
finite number of singular orbits.

Denote by O1(c),...,O.(c) the orbits of energy ¢, that is, for which
E(x,2) = c. These are enumerated in such a way that their projections
onto the z-axis are intervals with increasing left endpoints.
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The singular values of U make up the set Us = {ug,u1,...,u,} = {U(z) :
U’'(xz) = 0}. These are labeled so that ug < u; < --- < u,. Then O;(c) is
a regular orbit if ¢ € (ug,00) \ Us. The number of orbits of energy c, k., is
continuous on the set (ug,00) \ Us, and the set—valued functions O;(c) are
continuous in the metric generated by the distance

d(0;i(c),0;(c)) =  su inf r—F| 4| —7
(004N = sw wt (e 5+ i )

if ¢ € (ug, 00) \ Us.

Moreover, these functions are right-continuous at ¢ € Us. If O;(c) is defined
on the interval ¢ € [u;—1,u;) and O;(u;) is a regular orbit, then the function
O;(c) can be extended as a continuous function on the interval [u;_1, u;).
Note that the left limit O;(u; ) exists in the metric d; this limit can be
a regular orbit, and in this case O;(c) can be extended as a continuous
function on the interval [ujy1,ui42). Another possibility is that O;(u;")
is one of the loops of a singular orbit. If a singular orbit O;(w;) has k
loops, then there exist k continuous functions Oy, (c), ..., O;, (¢) for which
Oi,(u; ),...,04,(u; ) are different loops of the orbit O;(u;). For a regular
orbit O;(c), there exists a maximal interval on which the function O;(c) is
continuous; this interval is one of the intervals [u,,00) or [ug,u;), k <1 <
j<r.

Now consider all continuous functions on their maximal intervals of conti-
nuity, which we denote by O3 (c), O%(¢c),...,0% (¢), and let I1, Io, ..., I, be
the domains of these functions. Note that it can happen that I, = I;, but
we consider these intervals as being different because the functions O} (c)
and Of (c) are different.

The set G = {(¢,k) : c € I,k =1,...,m} is said to be the orbit graph of
the system. There exists a one-to-one correspondence between G and the
set of all orbits of the system: Each orbit can be represented in a unique
way in the form

0 =0j(c), c €I

The edges of the graph are the subsets of G having the form FE; =
{(c,k), c € It} for k = 1,...,m. Let uj = infI}. The points (u},k) for
k=1,...,m are called the vertices of the graph. The edge FE; is connected
to the edge Ej if sup I; = uj, and O} (uj—) C O (uj). In this case, we will
say that the vertex (u}, k) is the origin of the edge E;. A vertex (u}, k) is
called an end if there are no edges for which it is the origin. In this case,
we will call the edge Ej also an end. A vertex that is not an end is called
a knot.

Example 1 Suppose that the function U(x) has two local minima at the
points 21 < z3 and a local maximum at the point z3 € (21, z2), U(z;) = u],
such that uf < u}, u5 < u}. Then the graph G has the edges {(c, 1), ¢ € I},
{(¢,2), c € I}, and {(c,3), ¢ € I3}, where I} = [u}, 00), Is = [u},u}), and
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I3 = [u},u}). The vertices are the singular orbits: A knot

)
{(x,x) : % +U(z) =uj, x € [a,ﬁ]}
and the two ends

{(xlvut)}v {(:EQ,U;)},

where o < z3 < 8, U(a) = U(B) = uj. Figure 8.1 describes the potential
function graph and the orbits for U = 2.52%/4 — 0.52%/2 + 0.5x.

12 T T 10 T T

10+ 1

0 E
0 | 2
E,

-4 L L -4 L L
-4 -2 0 2 4 -2 -1 0 1 2

Figure 8.1. Potential function graph of the system  having
U(x) = 2.52"/4 — 52%/2 4 0.5z. Left shows the potential energy function
U. Right shows the potential energy graph associated with U. The extremals are
at x = —1.4618,z = 1.3613, and = = 0.1005, and we denote by E; the edge to
the lower left, F3 the edge going straight up, and F» the edge to the lower right.

Remark 2 If an orbit is regular, then a small change of the energy of
the particle leaves the orbit on the same edge. But with a small increase
in energy of a particle on a singular orbit, the particle leaves the orbit on
the same edge, but the new orbit is regular. After a small decrease of the
energy of a particle (if that is possible) on a singular orbit, the new orbit
belongs to one of the edges whose origin is the vertex where the singular
orbit is situated. If a singular orbit contains only one point, then a decrease
of the energy of the particle may not be possible.
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Denote by C(G) the space of all bounded continuous functions from the
graph space G into R. Suppose that U(u, k) foru € R, k € {1,...,m} and
(u, k) € G is a continuous function. Then ¥(u, k) is continuous in u on the
interval [ for fixed k, and

(i, k) = W(of 1)

for all ! for which the vertex (uj,k) is the origin of the edge Ej, where
v} = sup I;. If the derivative with respect to u, ¥'(u, k), exists for u € I,
ke{l,2,...,m}, and if

(i, k) = (0, )
for all k and [ for which the vertex (u}, k) is the origin of the edge Ej, then

U(u, k) € C(G). In the same way, we can define the derivative spaces
CNG), r=1,2,....

Remark 3 A function v(z,#) : R? — {1,...,m} exists for which
v(z, %) =k if (x, &) € O and the orbit O is in Ej. So for any ¥ € C(G) the
function

V(E(x,3),v(,&)) € O(R?),
and it is easy to check that if ¥ € C")(G), we have that
U(E(x, &), v(x,2)) € CT(R?).

8.1.2 Randomly Perturbed Conservative Systems

Consider now the solution to the randomly perturbed differential equation

2.0 =~ (. 00(2)), (5.9)

where the potential energy is described by a measurable function U(x, y) of
y, and y(¢) is a homogeneous Markov process taking values in (Y, C), which
is a measurable space called the noise space. We assume that y(t) satisfies
condition SMC IT of Section 2.3, and we denote by P(t,y,C) the transition
probability function and by p(dy) the ergodic distribution of the process.
Suppose that U(z,y) satisfies the following additional conditions:

(PP) The partial derivatives Uy (x,y), Ups(z,y), and Upye(x,y) in x exist
as continuous bounded functions, and the function

Ue) = [ Ul y)otay) (5.10)
satisfies condition (P) of Section 8.1.1.

With this condition, equation (8.1) is the averaged equation for equation
(8.9). We will investigate the behavior of the solution to equation (8.9) using
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the averaging theorems from Section 4.2, the diffusion approximation for
first integrals done in Section 5.1.5, and the fact that system (8.2) has the
first integral &(x, &).

First, we transform equation (8.9) into a system of differential equations of

the first order:
% @8) N <F(xj(:§)(,t )ys(t))> , (8.11)

where as before, we use the notation

_ dz.

)= GEO. Flo) = ~Ualea), vt =u (")

e

Remark 4 If z(t) is the solution to equation (8.1) satisfying the initial
conditions z(0) = xg, ©(0) = &¢ and if z.(¢) is the solution to equation
(8.9) satisfying the same initial conditions, then for any ¢,

P {limsup sup (o= () — z(t)| + |d:(t) — &(¢)]) = 0} =1

e=0 t<to

This follows from Theorem 6 of Chapter 3.
Next, we consider the stochastic process defined by the energy function

ée(t) = E(Ie(t), jje(t))' (8'12)

Lemma 1 We have
Y (CRONRO)ENT (5.13)
where F(z,y) = F(x,y) — F(z) and F(z) = —U'(z). In particular,

F(z,y) = —U(z,y) + Uy(x).

The proof can be obtained by direct calculation and is left to the reader.
The following lemma is comparable to integration by parts in nonrandom
calculus.

Lemma 2 Let ¢(x,i,z,y) be a measurable function from R® XY into R
that is bounded and continuous in x,%,z and

/(b(xwi‘a&y)p(dy) =0.

Suppose that the derivatives ¢y, ¢z, ¢, exist and are bounded and continuous
mnx,t,z. Set

mmmaw:/mmWymm@m

where

R(y,C) = /Om(P(t,yvC) —p(0))at
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(see conditions SMC II in Section 2.3). Let F be the o-algebra generated
by the history of y, that is, by the sets {y-(s),s < t}. Then for 0 <t1 < to
we have the relation

B( [ (6080060200 7,

ty

=ck <R¢(z€(tl)7 Te(t), 2 (1), ys(tl)) — Ro(xe(t2), B (t2), 2 (t2), ye (t2))

ve [ i) a0 2 0haelons /7).

ty

(8.14)
where
OR OR
¢1($ajjazay) = {a;b(l‘,x,z,y) - aj(x,x,z,y)F(x)]x
OR OR -
+ {af(%xaz,y) + 8j)(x7m>z7y)x:| F(I‘,y)

Proof The proof is accomplished by applying formula (5.7) to the function
g(z,z,y) = Ro (ac@, %iQ + U(x),y) and taking into account Lemma 1 of
Chapter 5.

O

Remark 5 Suppose that the function ¢(z, &, z, y) satisfies the condition

sup  sup(|gx(z, @, 2,9)| + |¢s (2, &, 2,9)| + [¢:(z, &, 2,9)|) < o0
le|<C.Ja|<C yeY

for any C' > 0. Then formula (8.14) is true with
to =T N1,
where

Te = inf{s : |z (s)| + |(s)| > c}.

Lemma 3 A constant ¢y > 0 exists for which
E22(t) < (32(0) + c1¢) exp{ciet}.

Proof Lemma 1 implies the relation

£2(1) = 22(0) + / (2 (5), e (5), 2 (5), ye ) ds,
where

o(z, &, 2,y) = ZF(x,y)Jbz.
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So, using the notation of Lemma 2, we have
o - B

+ 2[RF(J: Y)z + RF(z,y)i*|F(z,y
It follows from Lemma 2 and Remark 5 that
BZ2(t N7e) = 22(0) + e2RF (2(0), 5= (0)) 2 (0)2:(0)
— B RF(c(t A 7o), ye(t A 7e))Ee(t ATe)2:(t A Te)

i (8.15)
+ EE/ D1 (ze(5), Z(8), 2:(5),ye(s)) ds
0
for all ¢ > 0, where 7, is introduced in Remark 5. Note that
i? <2z —2infU(x).
So for some constant ¢y > 0,
RE(z,y)iz < co(1 + 2?)
and
d)l(xvi'v Zay) < 02(1 + 22)'
This and (8.15) imply that a constant ¢; exists for which
tATC
E22(t A1) < 22(0) 4 cre + clsE/ £2(s) ds. (8.16)
0
So
E22(t A7) < (2(0) + c1¢) exp{eiet}.
|

Remark 6 In the same way we can prove that
E(ée(t) - 25(0))2 - O(&t).

Denote by z.(t) the G-valued stochastic process that is determined by the
pair (2:(t),0¢(t)), where 0. (t) = v(z.(t), -(¢)) and v(x, &) is introduced in
Remark 3. This means that if 0.(t) = k, then z.(¢) is considered to be an
element of the edge Fy. If ¢ € C(G), then a function fj € C(I}) exists for
which

ka 2 ()10, (t)=k} - (8.17)

Lemma 4 Assume ¢ € C®)(G). Set

/ Fla, )P (z, 1) R(y, dy/)pldy). (8.18)
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Then for 0 < t; < ta,
B(p(z(t2)) — (2 (1)) / F,)

= ([ 1 i) + S el Fa ) ds 75 ) 519
+O0(e +&%(t2 — t1)).

Proof Suppose p(c, k) = fr(c) if (¢,k) € By, k=1,..., m, fir. € CO(I},).
Then ¢(z:(t)) is represented by formula (8.17) and

Set

+¢"(2)[#°F(2,y)RF (z,y) + i*F(z)RF (z,y)].

Using Lemma 2 we can write
B(p(z(t2)) - (2 (1)) / F,)

= ([ 609,260,520, s 7,
B[ ortael6) 000 2060 0 b5 7, ) 40,

(8.20)
Define

él(xaj;vz7y) = ¢1($,i’,27y) - /¢1(m7x7z,y)p(dy)

Then [ b1 (z,2,z,y)p(dy) = 0, and Lemma 2 can be applied to the function
<131- So

5( 1051, 80(), (), 42(5)) ds / 75

t1

=B ( [ 900,529,006 s 57 ) + 00
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where

0 _ -~ a _ -~
¢2(x,sb,z,y) = |:&L‘R¢1($,3'7,Z,y) - &R¢1(x7xaz’y)F($>:|m

0 - . 0 = . |2
#0020 + R, 20)3] Pl

It is easy to see that under the conditions on ¢ and U(z,y), the function
¢2 is bounded. So

B( [ 0160060809, 500l s )
- E(/tt q{)l(a:a(s),j;g(s),zg(s))ds/]:i) +0(e) + Ole(ts — 1)),

(8.21)
where

Fi(eb,2) = / o1 (., 2 y)p(dy) = (" () + () E().  (8.22)

Substituting relations (8.21) and (8.22) in formula (8.20), we obtain formula
(8.19).
]

Let z € G be a regular point, i.e., the corresponding orbit is regular and z €
E}.. Denote by T'(2) the period of the function x(t) for which £(x(0), (0)) =
¢, where z = (¢, k). Introduce the functions

T(=) |
a(z) = ﬁ/o F(x(t))dt, (8.23)
and
(=) R
b(z) = % /0 P2(t)F(2(t))dt. (8.24)

For ¢ € C®(G) we define an operator L by

Lo(z) = a(2)¢!(2) + 5h(2)e" (2). (8.25)

Lemma 5 Suppose that z:(s) is a regular point of the graph G. Then

‘E ( /serT(zE(S)) (Lp(ze ()~ [0 (2o (0))i2 (w) 4 (ze (W) E (2 (w))) du / fg) ‘

=0 (VE(T(2e(5) + T2 (2c(5)) )
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Proof It follows from Theorem 4 and formula (4.35) that
E <[90”(Zs ()2 () + ¢’ (2= ()] F (22 (w)

= [¢" (ze () (@ (w)* + @’(25(8))]F(x*(u))/f§> = 0(Ve)

for u € (s,s8 4+ T(z:(s))); here z*(u) is the solution to system (8.2) on the
interval (s,s + T'(z:(s)) with initial conditions
x*(s) = x(s), E*(s) = &e(s).

So

s+T(ze(s)) A
E ( / [ (2 (u)E2 (u) + @ (2 (u)| F (22 (u)) du / f;‘)

= B(Lp(2:())T (2:(s)) [ F5) + O(VE T (2(s))).

Since the function Ly has a bounded derivative, it follows from Remark 6
that for u > s,

E(Lp(ze(u)) — Lp(2:(3)) /[ FS) = O(Ve(u — s)).

Therefore,

T(2e(s))
B(LoteNTCao)- [ Doleelw)du /75 ) = OWET 2 (ac(e)),

This completes the proof of the lemma.
|

Denote by Ly the differential operator given by the formula
1
Ly (u) = a(w)e'(u) + 5b()e" (u)

on the space C'®)(I},). Denote by 2 () the diffusion process on the interval
I, with absorbing boundaries and generator L. The next theorem describes
the local behavior of the randomly perturbed system before it reaches a
vertex of the graph G.

Let V' be the subset of all vertices of the graph G. Set

¢ = inf{t: z(t) e V}.

Theorem 1 Let (2.(t),z.(t)) be the solution of Equation (8.11) that sat-
isfies the initial conditions x.(0) = xo, ©.(0) = do for all e > 0. Let
v(xzo, o) = k and E(xo, o) = ¢ for (¢, k) € G\ V. Suppose that the Markov
process y(t) satisfies condition SMC II of Section 2.3 and U(x,y) satisfies
condition (PP). Then the stochastic process {2:(t/€),t/e < (.} converges
weakly in C as ¢ — 0 to a diffusion process zp(t) satisfying the initial
conditions z(0) = c.
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Proof Introduce stopping times

¢® =sup {t D2:(s) € [uz +9, (UZ ) 6}5 < t},
¢% =sup {t i zi(s) € {u}i—i—& <v,’; > 5},3 §t},

where uj = inf I, and v} = sup Iy, (possibly v} = +00). To prove the the-
orem, it suffices to prove that the stochastic process 2.(t A (¢ /e) converges
weakly in C' to the stochastic process

2 (tAC).
Note that T'(u) is a continuous function on a closed and bounded interval
[uj + 6, (vi; A ) — 6], so that a constant T exists for which T'(u) < Ty if
u € [u} + 6, (vi A 3) — 6. Set
¢e(u) = (0" (2(w)) #2(u) + @' (2 (u))) F (2< (w)),

where ¢ € C®)(I,). Then using the relation

T(2(s)) = T(z: ()| < c|ze(s) = 2=(u)]

if s < Cf, u < Cg where the constant ¢ depends on J, and using Remark 6,
we can prove that

t2/s
E( d’s(U/\CS)du/fti/s/\@)

tl/s

ta/e s+T (2 (SACS
([ weenan ] T i/ 7 )
+ O(ﬁ h;“)
Now using Lemmas 5 and 4 we can write
E (p(2((t2/2) A G2)) = 9(2((tr/€) NG/ Fesncir /o))
=8 ([ Lo &) a5/ F o) + OB

The weak convergence of the process 2.((t/e) A(2) to the process 2 (t A (%)
follows from Theorem 2 and Remark 7 of Chapter 2. Using Remark 6 we can
prove the compactness of the family of stochastic processes {2(t/eA (%), e >
0} for all 6 > 0 in the same way as in Theorem 5 of Chapter 5.

O

Now we consider the behavior of the process Z.(t) in a neighborhood of an
end. It will be the same as in the case where the function U(z) has only
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one minimum and the graph G consists of one edge. Assume that U(0) = 0,
U(z) > 0 if 2 # 0, and that U”(0) = 2q where ¢ > 0. Then U(z) ~ qz*
and F(z) ~ —2qx as x — 0. It can be shown that the asymptotic behavior
of the system in a neighborhood of the point x = 0, £ = 0, is the same as
the system with U(z) = g2, for which

() = (¢~ Bo)'/? cos /24 (¢t + ),
#(t) = —(2E0)"/? sin \/2q (t + ),
where Ey = %x% + g2 is the initial energy of the system and ¢ is the initial
phase of the system. Then the period T'(z) does not depend on z and equals
2w

NeT

Note (see Lemma 4) that
F(z) = qo + @z + qea® + O(a®),
where

G = / / F(0,5)F(0, 4') Ry, dy')pldy),
4 = / / F (0, 9)F, (0, 5') R(y, dy')p(dy),

and

@ = // (0,9) F (0, ") R(y, dy") p(dy)-
Then using formulas (8.23), (8.24), we can write
a(z) = qo, b(z) =~ 2qpz forqo > 0,

and

as z — 0.
Introduce the function

V(z) = exp{ - / 2a(u)b* (u) du}.

Then V(z) ~ ¢/z as z = 0 if gy > 0, ¢ is a constant. So

I :/ V(2)dz = 4o0.
0

(This integral was introduced in Remark 4 of Chapter 5.) This means that
the point z = 0 is not accessible for the limit diffusion process with diffusion
coefficients a(z) and b(z).
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In the case gp = 0 we have
c
-,

V(z) = so I} = oo,

z
and we have the same statement. We formulate these results as a theorem,
which we state without further proof.

Theorem 2 Let U(x) have a unique minimum, say inf, U(xz) = 0, and
suppose that the conditions of Theorem 1 are satisfied. Assume that ﬁ‘(O) +
F"(0) > 0. Then the stochastic process 3.(t/e) converges weakly in C as
e — 0 on the interval (0,00) to a diffusion process z(t) with the generator
L given by formula (8.25) and initial value z(0) = Ey.

Corollary 1
lim P{e{. <t} =0
e—=0

for all ¢ > 0.
This follows from the relation

P{¢<t}=0 forallt>0.

Example 2 Suppose that U(x,y) = q(y)z?/2, where q(y) is a bounded
measurable function from Y into R and ¢ = [ ¢(y)p(dy) > 0. The averaged
system
oz
dt
ox
dt

has first integral %:’cQ + qz? = E(x, ), and the function

a-s(e(2)(2)

converges weakly on the interval [0, c0) to the diffusion process z(¢) having
generator

LO(z) = = (220" (z) + 226/ (2)),

ESEESH

where
i= / / q(y)q(y")p(dy)R(y, dy').

We get the coefficients of the differential operator L from formulas (8.23)
and (8.24).
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To describe the motion of the perturbed system we introduce new variables
(r, ) that are connected to (z, %) by relations

r =rsin,/qp, < =r/qcos/qp. (8.26)
Then the motion of the averaged system is determined by the equations
7(t) =0, @) =1
Let r.(t) and @, (t) satisfy the relation
xe(t) = re(t) sin/q:(t), Z:(t) = re(t)/q cos /q pe(t). (8.27)
Then

(sin v/ p2(1)) o7

- O+ (Vare(t) cos aes(t ))d%( t) = Vqre(t) cos /g o (1),

(cos V22 1) T2 (0)— (ar=(0) sin 3 0. (1) C2(t) = . (t)sin ya (1)

From these relations we can obtain the following equations for the
perturbed system:

Vare(t) =4 (y(g)) re(t) sin2,/q pe(t),
0¢:(0) = 0 - a(y(2)) 2 sin® V. 1),

where § = (¢ — q(y))/2.
Note that

(8.28)

So the asymptotic behavior of r.(t/¢) is the same as the asymptotic
behavior of the function /2¢=1z(t).
Set . (t) =t + () and logre(t) = ae(t). Then

Vaoe(t) =q(y ( )) sin2v/q (t + (1)),
Q¢e(t) = _(j(y(g» 2 Sin2 \/(}(t + ws(t))

We can apply Theorem 3, Chapter 5 to the system (8.29). This theorem
implies that the stochastic process (a.(t/¢), ¢.(t/e)) converges weakly in
C to the stochastic process

(8.29)

(Cowl (t), Cowz(t)),

where wi(t), ws(t) are independent Wiener processes, Fwg(t) = 0,
Ewi(t) =t, and

o= (s somsaomoan)”
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So we have the following asymptotic representation for the process x.(t):

ze(t) &~ 1o exp{co wi(et)} sin/q (o + t + co wa(et)). (8.30)

8.1.8 Behavior of the Perturbed System near a Knot

Consider a system with two potential wells, for which the orbit graph has
three edges, two ends, and one knot. This means that the function U(x)
has two minima and one maximum. Let minima be situated at the points
x = —1, z = 1, and the maximum be at point x = 0. Assume U(0) = 0, and
set u_1 = U(—1), u; = U(1). Denote the edges of the graph G by E_;, Ey,
Eq, where Eg = {(c,0),c € Iy} for € {—1,0,1}, and the corresponding
energy intervals are I_; = [u_1,0), Iy = [0, +00), Iy = [u1,0), respectively.
The function v(z, ¢) is determined as follows: v(z, ) = —1if E(x,z) € I_1,
x < 0;v(z,z) =1if E(z,2) € I, z > 0; and v(z, &) = 0 if E(x, &) € L.
The orbit corresponding to the knot in the phase plane is determined by
the relation 2 + 2U(z) = 0; the point (x,4) = (0,0) is an unstable point
of equilibrium; and the unperturbed system tends to this point as ¢t — oco.
We need some results concerning the behavior of the unperturbed system
in a neighborhood of the point (z, %) = (0, 0).

Let Ey = E(xo,40) = ¢, where |c| is small enough, zo = 0 if ¢ > 0, and
29 = 0 if ¢ < 0. Let x(¢) be the position of the system at time ¢. Set
T 1(c) = T(c,-1), Ti(c) = T(e,1) if ¢ > 0, and T'(c,—1) = {inf{t > 0 :
z(t) =0} if 29 <0, T(c,1) = inf{t > 0: z2(t) = 0} if &g > 0.

Then in the same way as in formula (8.7) we can prove that for ¢ > 0,

/BC
ne =2 [ — __ (s31)

0 dx
(o) =2/a8¢m’ . V)

where U(a§) = ¢, U(B§) = ¢, a§ <0< f5. fa®; < -1 < f% <0< af <
1 < Bf for ¢ < 0 and

UlaZ,) =U(B,) = Ulai) =U(BY) =,

then T_1(c) and Ti(c) are determined by formula (8.7). It follows from
formula (8.31) that
1 1 -1/2 1
Ty(c) = 3 (=U"(0)) log o 0=-1,1. (8.32)
c
Now we consider the perturbed system with the same initial conditions xg,
Zo. Introduce the sequence of stopping times {75,n = 0,1,2,...} by the
relations: 7§ = 0,

max |ze(u)| > 1, |ze(s)] < L [ze(s)[ A |2<(s)] = 0}~

€ _ i £ .
Trn+1 —mln{s >T,
7 <u<
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Set
M = E(@= (1), 2= (7%)) — E(@e(Ti-1), Te(Ti—1))

_ /T Fa(s),y.(s)) ds,
= (8.33)
¢ =i =E(xe(r5),d(75)) — E(xo, d0),

k<n
0, = sign . (1;) + sign x.(75).
(We assume that sign 0 = 0.) Note that 05 = 0if &.(75) = 0 and z.(75) = 0.
We will consider the systems for that 65 # 0 for all n with probability that

tends to 1 as € — 0.
It is easy to see that the pair of random variables (2, 0%) determines the

n»’n

position of the system on the orbit graph at time 73: If ¢ > 0, then
V(e (18),2:(18)) = 0. If ¢¢ < 0, then v(z.(78),2.(75)) = 05. We will
investigate the sequence

{( 2a9¢i)7 TLZO,l,...}
in the space R x ©, where © = {—1,0,1}. We reformulate Theorem 5 of
Chapter 4 for the system determined by equations (8.11):

Lemma 6 Set
X () = 2 () — (1)), (8.34)

The stochastic process X.(t) converges weakly in C as e — 0 to the
stochastic process X (t) that is the solution to the integral equation

X(t) =W(t) + /Ot (/0 Fm(x(u))du> X (s) ds, (8.35)

where W (t) is the Gaussian stochastic process with independent increments
for which

EW(@t) =0, EW2(t)=2 /0 " Pla(s)) ds, (8.36)

where F was introduced in Lemma 4.

Lemma 7 The conditional distribution of ny,, with respect to the o-
algebra .7-"52 is asymptotically Gaussian as € — 0 with

B(nfyy /F2) = cag: (C) + o(e)

and

E((ni+1)2/.7:f;) = ebp: (¢52) + o(e),
where
B .
a0(z) = / (22 — 2U(2)) "2 F(z) da

z

6



8.1. Conservative Systems with Two Degrees of Freedom 275

and
o )
bo(2) = / (22 — 2U (2)) /2 F () ds,

for z <0, and

and

for z > 0.
The proof follows from Lemma 6 and the representation for ng_, ;.

Remark 7 It follows from Lemma 7 that the joint distribution of the

random variables
1
{(\/E(CE —Eo),92>,k = 1,2,...,n}

converges to the joint distribution of the random variables {(Cy,0%),k =
1,2,...,n}ase = 0, By — 0, and v/zlog Ey — 0 for all n, where ({4, 0%) is
the Markov chain in the space Rx {—1, 1} that is determined as follows. Let
{v(0),k=1,2,...,06 = —1,1} be independent Gaussian random variables
for which
E%(H) = 07 E('yk(e))Q = bo, b9 = bg(O).
Then
et = G+ Mor1(Ok),  Opsr = —(sign Cosr) O,

and éo =0.

We will consider this Markov chain with an arbitrary initial state (o, o).
We define an operator S on the space of bounded measurable functions
f(z,0) : Rx{-1,1} = R by

Sf(xv 0) = /[f(x +u, 9)1(1+U<0) + f(muv _9)1(z+u>0)]99(u) du, (8'37)

where gg(u) is the density distribution of the random variable 7 (6).
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Denote by P, (z0, 00,0, z) the density of the conditional probability
P{n < 2,0, =0/Co= 20,00 =60}
Then
Py.(20,00,0,7) = /[Pnfl(zm 00,0, 7 — u)ge(u)1(z—u<o)
+ Pn_1(20,00,—0,2 — U)g—e(u)l(m_po)]-
It follows from formula (8.38) that

Pn(zm 9076733)

= Z / Dn(907917~~~79n7207u1u"'7un7$)du1"'dunu

0re{—1,1},k=1,...n—1

(8.38)

(8.39)
where
Dn(Bo,y ..y 0ny 20, Uty ..y Up, X)
= go, (u1 — 20) g0, (u2 —u1) ... gs, (x — uy) (8.40)
X 1401 /00)ur <0, (00 /0n—1)1un <0,(8/02 ) (w—1 ) <O}
Lemma 8 Ford >0,c>1, andn € Z,
E% I; Lie, j<sym log (gj Vv c) = 0(9). (8.41)

Proof Using formulas (8.39), (8.40) one can prove that a constant A > 0
exists depending on zy such that

Pn(z()v 9070717) < An71/2

nt/? 6
Fl,: log @\/c —\/c du,
{ICk] <4} 1G] —n1/26

and the expression on the left-hand side of equality (8.41) is less than

So

nl/2s

/_n1/25 ( ] C) du = O(9).

This completes the proof of the lemma.

Corollary 2 Assume that en = O(1). Then

EZ kT e 1<y = 0(0). (8.42)
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Proof It follows from relation (8.32) that

1
k—1

So relation (8.42) is a consequence of Lemmas 7 and 8.

O
Corollary 3
t/e
E/ Tgz.05) <6} ds = O(t9). (8.43)
0
The reader can show that this relation follows from (8.42).
Lemma 9 If o € CON(G) and 0 < t; < ta, then
t 4
limsup E|E (cp <z€ (2>) —p (ze (1>>
€ € e
- (8.44)

=0,

- el () /7

where zc(t) is the stochastic process introduced in Remark 6, and the

differential operator L is defined by formula (8.25).

Proof It follows from Lemma 4 that it suffices to prove the relation

] [ (1o(-(2)) - £o(-(2))
for all ¢ > 0, where
Lp(ze(s)) = [0 (2(5))32(5) + ¢ (2 ()] F (e (9)).

Let X5(z) be a function from C®)(R) defined by the relations: Xj(z) = 1
if |z| > §, Xs(x) = 0 if |z| < §/2. Then using the proof of Theorem 1 we
can write that for any § > 0,

] [ o)) -2 ) s

Formula (8.43) implies that

ool [ (-(2) (- (-t
imane] [ [1o((2)) - 2o(= () )]

for all § > 0.

=0 (8.45)

=0.

= 0(9),

= 0(5)
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This completes the proof of the lemma.
O

Remark 8 The Markov chain {({“n, én),n = 0,1,...} has an invariant
measure 7 on the space R x {—1,1} that is defined by the relation

T(Ax {0}) =I(A), A€B(R), 6e{-11},

where [(A) is the Lebesgue measure on R. We can show that the Markov
chain is Harris recurrent with respect to the measure w. This follows from
the fact that the random walk is Harris recurrent in R if the distribution
of one step ¢ satisfies the conditions E¢2 < oo, E¢ = 0, and the density
of the distribution exists with respect to the Lebesgue measure (see [167],
Section 1.3.1).

It follows from Theorem 4 of Chapter 1 that with probability 1,

im - AN - * _ f(f(l’,*l)+f(x,1))d1'
T (E; 10/ D> G(@)) e (8.46)

for any measurable functions f(x,0) and G(z) for which

(1) (1 f(z,~1)| + | f (@, D)) do < oc,

(2) G(z) >0, [G(z)dz < o,

and

(3) Z G((n) = 400 with probability 1.

It follows from the Harris recurrence that (3) holds for all positive functions.
We define the function

V(1,00 11, 2,0) = > [loxl(zco) + loTLas0)]Lio=0)-
9/

This function is independent of 6 for « > 0, so it can be considered as a
function on the graph G. It is linear on any edge of the graph, and it is
equal to lpx on the edge Fy.

It follows that

S\IJ(Ll,lO,ll,x,H) — \I/(Ll,lo,ll,x,g) = X(l,l,lo,ll,xﬁ)
= (o — lo)[~borgo () + 2(Gor (—2) — L(o0))]L(9=0)
0/

where Go(z) = [*__ go(u) du.
It is easy to see that

1
/X(Ll,lo,ll,x,@) dr = §(Z0 — lg)bg.
Note that U(—1,1,—-1,z,0) = |z|,

/X(—l, 1,z,0) dx = by.
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We have the representation

E(\I’(l—lalmlla&n:én) - \I/(l—lal07l1a€07é0)/f06)

n—1
E(ZX(l_l,zo,zl,fk,ék)/fg). (8.47)
k=0

Using formulas (8.46) and (8.47) we can obtain the relation

i BU-1,10,11,6ny0n) = W (1,10, 11, o, 60)
nee ElGal
(lo —l)b-1+ (lo —l1)bs

2(b_1 +b1) '

(8.48)

Now we prove the main result concerning the asymptotic behavior of the
process z:(£) on the graph G as e — 0. Set

b_1 bl

Pi=—" _ P=—
P20+ T 2(boy + by)

1
PO = 57
and note that

P,+P+P =1

Let C(P-1, P, P1,G) be the set of functions f(z) : G — R satisfying the
conditions

(i) f(z) is continuous, f'(z), f"(z), f"'(z) are defined at z # z; = (0,0),
they are bounded and continuous for z # 0, and f”(z) and f"(z)
have limits as z — zg,

(ii) f'(z,0) has a limit as x — 0 and
— (0=, —1)P_1 + f'(0+,0)Py — f/(0—,1)P; = 0. (8.49)
Note that
U(l_1,lo,ly,2,0) € C(P_y, Py, P,G) if —1_1P_y +1gPy— 1P =0.

Theorem 3 For all ¢ € C(P_1,Py, P1,G) relation (8.44) holds for all
0<t <ty

Proof It is easy to see that for ¢ € C(P_1, Py, P1,G) constants I_1,lo, 11
exist for which

0" (x,0) = p(x,0) — U(I_1,lp, 1, 2,0) € CP(G)

and —l_1P_1 +1oPy — 1 P, = 0. Therefore, it suffices to prove that relation
(8.44) is satisfied for the function

\I’<.’17, 9) = \I/(lfl, lo, ll,.’lﬁ, 9)
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Fix §; and n; and introduce the sequence of stopping times {\f,k

0,1,2,...}, which are determined by the relations

Ao = {inf i c[GEl < d1}, AT =Than, A= TR,

€ __ : £ € . £ £ _ 1> : g __ 15
Ay = {inf 7 > A5 1 |Gl <01}, ASiiq = Thgm, i AY = Th,

It follows that

E(U(z (M%) = ¥(2(A-1))/ F5s, )

= E<EZ“9(<§)1{A;l1scz<xsl1}/f§;_1>
+ O(a?l/2 exp{fcéfefl}), 0 =0, if A5y =75,

where ¢ > 0 is a constant.

(8.50)

To obtain this estimate we use the fact that for 77 € [A5,_;, A5;), 65 is the

same, [¢5| > 1, and U(¢f, 6%) = NoCE.
Now we consider

E(W(2e(A541)) = W(z:(A5))/ FXe,)-

We may assume that |z:(0)] < é; and consider the case | = 0. Using

Remark 7 we can prove that

E €
lim sup S|

e=0 L<n ‘ o

en—0 \/5E|6k|
BU(G) ~ VEBU(G)
VEE|(|

lim sup

e—0
en—0 k=<n

if \/elog|(5] — 0.
It follows from (8.48) that

)

|EW(2: (A7) = W(2(0))] < ple, ma, 00) Bz (A])];

where u(e,n1,01) = 0 as 6 — 0, e = 0, eny — 0 and /elog|(§| — O,
taking into account that the expression on the right-hand side of equality

(8.48) is equal to 0. Note that

|2e(A)| = 01 + O(VE)

with probability

Moreover,

Elze(A\))] = O(y/ |z (A))?) = O(vEn).
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This implies the inequality
BIB(P(2:(A3141)) — U(2(A5))/ Fie,)|
92 8.51
< AM(€,n1,51)61/2ni/2 +B€1/2 exp{ _ 1}7 ( )

where A, B are some constants.
Relations (8.50) and (8.51) imply that

kg

E‘E(d)(zs( ;2))\1/(25@21))5/2 LU (2 (s ds/fz >’

< Avpa(e,n1,60) 0P E(ks — k1), (8.52)
where A; is a constant, 0 < k; < ko are integer-valued random variables
for which A , A7, are stopping times, and

Ml(g,nl, 61) - M(E7n1751) + n;1/2~

Let k; = inf{k : A}, < t;/e}, i = 1,2. Then E|z.(A],) — 22(2t;)| = 0 as
e — 0 for i = 1,2. Relation (8.52) implies that the proof of the theorem is
a consequence of the relation

e 2012 Eky — ky) = O(1). (8.53)

To establish this, we need to estimate E(A\j | —A7). We have that E(\5;,, —
)\gl) = )\glﬂ — A5; = n1. To estimate A5, — A§;_; we take into account that
2%(t) is on the same edge for t € [X5,_;,A5;]. Using Remark 7 and the
approximation of {\Eék, k=1,2,...,n} for |§0| > 0 by a Wiener process,
and using the relation

Er,Nc~cia if a—0

for any ¢ > 0, where @ > 0 and 7, = inf{t : w(t) = a}, (w(t) is the
approximating Wiener process, and ¢; does not depend on ¢), we can show
that

1
B\ = A5 1/F51) = ECQE(|ZE A3—1) ‘/}-261—1)

\/ﬁlv

~ Co

\[E|Cn1| > C3—F=

where ¢, c3 are some positive constants. Note that

NG

t t k:Q 1

2 — U1 5 g € E

5 > Ay L2 E (Af
i=k1+1

and
k)g 1

S>E Y (M- AL 1)>03\[\ﬁE(k27k172)

1=k1+1

t2
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This inequality implies (8.53), and it completes the proof of Theorem 3.

]
Now we consider the system for which the function U(x) has r > 2 maxima
and r + 1 minima, U'(z) = 0 for x = ¢, k= 1,...,2r+ 1, 1 < 22 <
cor < Zopg1, and U(xe) = -+ = U(xg,) = 0 are identical maximum values.

In this case, the graph G has r 4+ 2 edges and r + 2 vertices; the vertex
corresponding to the singular orbit

{(z,2) : E(z,2) = 0,z € [o, 5]},

where o < 1 < 29,41 < (8 are such that U(a) = U(8) = 0, is a knot,
that is the origin of r + 1 edges. Denote them by Fi,..., E.41. The orbit
O belongs to Ej if for (z,%) € O we have E(z,%) < 0, x € (Tap—2, T2k),
o = @, a2 = B. Denote by Fy the edge for which £(z, &) > 0.

To investigate the behavior of the perturbed systems if £(xg, &) is small
enough, we consider the sequence of stopping times {75,k =0,...}, 75 = 0.
Suppose 75 is determined, z.(75) € E;, | > 0. Then

Ty = {5 > 75 £ [22(5) — 22 (E)| > a1 — 2o (7E)],
| (s)| A 2=(s) — 2ouo| Alae(s) — zal = 0}
If 2.(mf) > 0 and z.(75) =z, { =1,...,7, then
Togp1 = inf{s > 77 : 2.(s) — x2l+2signi;(r,§)| A |ze(s)| =0}
if z(75) > 0 and & (7f) = 0, then
Tip1 = inf{s > 7 1 |zc(s) — 2| Ald=(s)| =0} for x.(75) < a1
and
Tip1 = inf{s > 75 : |2c(s) — 2| A|2o(s)| = 0} for @ (75) > 2orq1.
For z > 0 define the functions
ap(z) =inf{z: U(x) =z}, Bo(z) =sup{z:U(z) = z},
and for z < 0,
arp(z) = inf{x € (vor—2,x2x) : U(x) = 2},
Br(z) = sup{x € (wap_2,x2;) : U(x) = 2},

for k =1,...,7r+ 1. Set A} = (—o0,z2] and Ag = [x9,24],...,App1 =
[a,, 00). Define the sequence of random variables

{(Cl[; i,o‘i),k =0,1,.. }
in the space R x {1,2,...,r+ 1} x {—1,1}, where
G = Elxe(mg), 2 (75)),
r=0Lte{l, .. ,r+1}ifa(t) € Ay fort € [rg, m5,]

oy, = Sign(xs(le-H) - $6(TI§))
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Set np41 = Cipr — G-
Using Lemma 6 we can prove that the conditional distribution of 7y, ; with

respect to the o-algebra .7-";5; is asymptotically Gaussian with

B/ FE:) = e agg () + o(e)

and
(1)) F%:) = 2 bos (¢52) + o(e),
where
1 [Be(2)
ag(z) = f/ (22 — 2U ()Y 2F (x) da
2 ag(z)
1 [PBe(2) R
Bo(2) = 5 " (2z — 2U ()2 F(x)dx, 0=1,...,r+1,
aglz
and for z > 0,
a1(2) = ap(2), as(z) =z, ..., arr1(2) = 2oy,

B1(2) = x2, ..., Br(2) = x2p, Bry1(2) = Po(2).

We consider r + 1 independent sequences {v;(0),k = 1,2,...}, for 6 €
{1,...,7+ 1}, of independent Gaussian random variables for which

Evi(0) =0, E(y(0))* = by = by(0).
Define the sequence of R x {1,...,7+ 1} x {—1,1} random variables
{01, 68), k= 0,1,2,...}, (8.54)

where (o € R, 0g € {1,...,7+ 1}, 60 € {—1,1} are given and

§k+1 =(n + '7k+1(ék)7

Ops1 = O if G < 0,041 =0 + 0y if & >0and by € [2,7],

Opor =7+1 if Op=r+1,6p=1,0p1 =7 if Op =7 +1,64 = —1

Opir =1 if Oy =1,60=—1,0p11 =2 if O, =1,6, =2,

Grp1 = —0p if Cp <0,6341 = —063 if Cp>0,0, =1,65, = —1,

Gri1 = —0p if > 0,0 =r+1,6), =1,

Ghp1 = 0% if G >0,0p €[2,7],6041 =06% if G >0,0, =1,

Gp=1,6041 = 0% if G >0,0,=7+1,60 =—1.

With these preliminaries, we have the following lemma.
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Lemma 10 Let E(xg,20) = Eg — 0 and /< log ﬁ — 0. Then for any n,
the joint distribution of the random variables

{(2G - Bation) k= 1.0}

converges to the distribution of the random variables

{0k, 60), k= 1,...,n}.

The proof is a direct consequence of the asymptotic behavior of the random
variable nj.

Remark 9 The sequence given by (8.54) is a homogeneous Markov chain,
it is Harris recurrent, and it has an invariant measure m on the space
Rx{1,...,7+ 1} x {—1,1} that is defined by the relation

m(Ax {0} x {o}) =1(4), Oe{l,....r+1}, oce{-11}

see Remark 8.

Using this statement we can prove the following result in the same way as
Theorem 3.

Theorem 4 Let gy = 1/2,

b
qo = o 0=1,2,...,7r+1.

) ZT+1
Denote by C(qo, q1,- - -, gr+1, G) the set of functions p € C(G) for which the
derivatives @' (z,0), " (x,0),¢" (x,0) exist for x #0, and 6 =0,1,...,7+
1. Suppose that the following limits exist:
¢/(0_|_7 O)a QD/(O_) 9)7
<P//(0+7 0)7 90//(0_7 0)7
@"(0+,0), " (0—,0), 0=1,2,...,r+1,

and

r+1
00 ¢'(0+,0) Zqzs& (0-,1),

©"(0+,0) = ¢"(0—,0), ¢"(0+,0) =" (0—,0), 0=1,2,...,r+1.
Then for all ¢ € C(qo, - - -, ¢r+1, G) relation (8.44) holds for all0 < t1 < ts.

This statement can be extended to the randomly perturbed system consid-
ered in Section 8.1.2. Let z; = (u;,6;),7=1,..., K, be all the knots to the
graph G and define ©; C © as the subset of those § € © for which (u;,6;)
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is the origin of the edge Fy. Let

. L1 o
QQi(Z) = 57 qQ(Z) = 2b9( Z b9/> ) 7'217"'7Ka 06@2

0'cO;

Denote by C(G,qg(i),i = 1,...,K,0 € ©,) the set of functions ¢ € C(G)
for which the derivatives ¢'(z )7 ¢’ (z), and ¢ (2) exist for z # z; for all
i = 1,..., K. Moreover, the limits ¢'(u;+,0;),¢'(u;—,0;), lim,_,,. ¢"(2),

and lim,_, ., ¢"'(z) exist for i = 1,...,k, and
a0, (1) ' (wit,0;) = > qory ' (wi—,0'), i=1,... .k (8.55)
0'€O,

Theorem 5 For all p € C(G,qp(3),i = 1,...,k,0 € ©;), relation (8.44)
holds for all 0 <t < t3.

The proof is the same as the proof of Theorem 3, and it is not presented
here.

8.1.4 Diffusion Processes on Graphs

We consider a homogeneous Markov process with values in G, which we
denote by z(t) = (((t),0(t)), for {(t) € R and 0(t) € ©. Suppose that the
following conditions are satisfied:

(1) z(t) is continuous in G; this means that () is continuous as a real—
valued function and 6(t) is a constant on any interval (¢1,t2) if 2(t) €
Iy forall t € (tl,tg).

(2) Set
To = sup{t : z(s) € Ey for s < t}

and let zp € Ep. Then ((t) on the interval [0,7) is the diffusion
process on the interval Iy with the generator LY for which

L () = alz,0)7'(2) + 3b(.0)f"(2),

for f € CP(1y), a(z,6), and b(x, ), which are continuous functions
on the open interval Iy \ {(ug, 0)}, where ug = inf Iy and b(x,0) > 0.

(3) Denote by P, the probability under the condition z(0) = z. Then for
i=1,...,k, the limit

lim P. {0-c =0} = go(i), 0€0;x J{o:},

exists, where

=inf{t: [((t) — us| = ¢},
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g0,(1) + > qoli) = 1.

0€O;

Pz{ / l{z(s)ev} ds = 0} =
0

here V C G is the subset of all vertices.

(4) For any z € G,

The next condition is related to the behavior of the process ((t) on the
boundaries of the intervals Iy. Let Iy = (ug, vp).
For fixed sg € Iy, set

Vy(r) = exp { — /w 2a(u, 0)b~ ! (u, ) du, }

S0

Ay = / Vo(w)de, A} = / Vo(z) da,
u S0

o

and

 Vo(s)
By = // ds du,
ug<s<u<so u7 6)‘/9(11’)

Vi (s)
B = —————duds.
f //so<u<s<vg b(uv 9)%(’&)

(5) If (ug, ) is an end, then Ay = +o00; if (ug, d) is a knot, then
Ay < 00,Bp <o0; if wyg <00, then Aj < oco,Bj < .

This condition means that any end is an accessible boundary for the process
¢(t), and any knot is a regular boundary for the diffusion processes on the
edges for which this knot is a boundary.

Denote by D the set of functions f(z) from C(G) for which the derivatives
f'(2), f"(2) exist if z € G\ V, they are bounded and continuous, and the
limits lim, > f"(2), 2 € V® f'(u; — ), 0 € O, f'(ui+,0;) exist, for
i =1,2,..., K. Moreover, V*) = {(u;,6;),i = 1,...,K} is the set of all
the knots, and relation (8.55) holds with f(z) instead of ¢(z).

Lemma 11 Let f € D. Then for 0 <t; < to,

E(/ L (69,005 ds [ ) = B (0~ FG(0)/F), (850

where Fy, is the o-algebra generated by {z(s),s < t}.

Proof Tt follows from condition (2) that relation (8.56) holds for a func-
thn f(z) € D for which f(z) = 0 in a neighborhood of any knot z;,
=1,2,..., K. Condition (3) implies that for a function f(z) for which

f(z,0) =lg(x —u;), 0 € OU{O:}, |o —ug| <6, i=1,... K,
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where § > 0 is small enough, we have that

B(Fe0) - 160~ [ 277616 /7 ) = ot

because E7¢ = 6(c) if ¢ < §. Introduce the sequence of stopping times
Po = 07
p1 = inf{s: z(s) € VI, p2 =inf{s > p1 : |C(s) = C(p1)| = ¢},
ps = inf{s > py: 2(s) € VW), py=inf{s > p3: [((s) = ((ps)| = ¢},

and so on. We will have

B( £ = o [ L et a5 7, ) =0

E(f(z(/)zk)) — f(z(p2i+1)) — /kal L) f(=( dS/ p2k> = o(c

These relations are valid for the stopping time pog11 A t. This implies the
proof of the lemma.
|

Remark 10 Assume that z(¢) = ({(¢), 6(¢)) is a right continuous stochas-
tic process for which relation (8.56) is fulfilled for all f € D and the
coefficients a(x,0), b(z,0) satisty condition (5). Then z(t) is a continu-
ous strong Markov process satisfying conditions (2), (3), (4). First, we note
that the stochastic process

F((8) - / L9O) f(2(s)) ds

is a martingale, so relation (8.56) is true if ¢, ty are stopping times. This
implies condition (2) because of the martingale characterization of one-
dimensional Markov processes (see Section 2.2). So z(t) is continuous if
2(t) € G\ V™. Let f(z,0) be the function constructed in the proof of
Lemma 11. We can prove that f(z(t)) is a continuous function. This implies
that z(t) is continuous if z(t) € V¥,

Let z; be a knot. Denote by py the stopping time
po = inf{s: z(s) = z;}
and let
p1 = inf{s > po : [C(s) — C(us)| = c}.

5( o) - f(om) - / L) s [ 7, ) =0

Then
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and as a result,
Y P{O(p1) = 01Fp, Ho = O(E(pr — po/Fp))-
96®1U{91}

Since E(p1 — po/Fp,) —+ 0 as ¢ — 0 we see that condition (3) is fulfilled. To
prove condition (4) we consider the function f?(z) € D that satisfies the
relation

LY f(x,0) = h(x,0), §>0,0¢€6;U{0;},

(z,0) =0if & € Iy, |z —w;| > 6, hi(z,0) = 1ifx € Iy, |z —w;| < 36,
(z,0) > 0, and -LhJ(z,0) is continuous in Iy. It follows from condition

hé
he
(5) that
|f2(x,0)] = cslz —ui|, where ¢;—0 as & —0.
Relation (8.56) implies the inequality
¢
E/O Lijc(s)—us <25} ds = O(c E|((s) — wil).
This implies condition (4).
Next, we prove that the initial value zg, the coefficients a(z, 0) and b(x, 0),
and the constants gy (¢) determine the distribution of the process z(t). We

consider the graph G with one knot; denote it by (ug,0). First, we calculate
the function

Rxf(z0) = E/OC e Mf(2(t)dt, z=2(0), A>0, feD.
0

We will use the same stopping times as in Lemma 11. Since py depends on
¢ > 0, we use the notation {p§,k =0,1,...}. Then

Rafa) =B [ e ar
k=0" Pk

It follows from condition (4) that

© Pok+2

lim F / e MF(2(1)) dt‘ =0,

c—0 c
k=0""P2r41

SO
R f(z0) rEi/&“*wumu (8.57)
zg) = lim e Mf(z . .
A 0 c—0 PR f’;;,

Denote by z%(t) the diffusion process on the interval Iy with absorption on
the boundary. Let

70 = inf{s : 2%(s) = ug}
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and

R o(z) = E(/OTg e p(a’ () ds [°(0) = a:) vel,

¢ € C(Iy). Then

E / e f(=( R (20, 00),

where (z,6p) = 20, and

P5k+1 ¢ c
B[ ety [ 7y ) = R 0500000500

Pk
where ¢(0) = ¢ and ¢(§) = —c for § = 1,...,r + 1. This and condition (3)
imply the relation

P3kt1
E(/ + e f(( dt/fpzk 1)
pS

2k

. (8.58)
— o M5k {(JORR(C» 0) + Z g RS (—c,0) + 0(0)} .
=1
Set,
G (z) = E(e™™ /2°(0) = ).
Then

r+1
E( —Ap5— 1/f c 3) — e*Apgkfﬁ. |:q0 Gg(c, 0) -+ qu Gg(fc, 9) + 0(C):|
=1
(8.59)
if 2k—-3>0.
It follows from formulas (8. 57) (8.58), and (8.59) that Ry f(zo) is de-
termined by the functions Rfy, G§(x) and {gp,0 = 0,...,7 + 1}.

Since
E</t e f(( ds/ﬂ) Ry f(2(1)),

the conditional distribution of z(s) for s > ¢ with respect to the o-algebra
F: depends on z(t) only. This means that z(¢) is a Markov process.

Remark 11 Let z,(t), n = 1,2,..., be a sequence of G-valued continuous
processes for which the functions a(z) and b(z) exist and satisfy condition
(5), and let the constants {gg(i),i =1,...,K,0 = 0, U{6;}} be such that

lim E\E(ﬂzn(tg)) — F(zalt) - / " L0 f(a(s)) ds f")\ ~ 0 (8.60)

n—oo
t1
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for all 0 < t; < ta, f € D, where F' is the o-algebra generated by
{z(s),s < t}. Then the sequence z,(t) converges weakly to the diffusion
Markov process z(t) on G satisfying conditions (1)—(4). If the sequence
{zn(t)} is compact in C(G), then z,(t) converges to z(t) weakly in C. This
statement can be proved in the same way as Theorem 2 and Remark 7 of
Chapter 2.

Now we can formulate the main result concerning the asymptotic behavior
of a perturbed system.

Theorem 6 Assume that the coefficients a(x,0),b(x,0) satisfy condition
5). Then the stochastic processes {z:(t/€),e > 0} converge weakly in C to
the diffusion process z(t) on the graph G that is determined by conditions

2)4)-

Proof The weak convergence follows from Theorem 5 and Remark 10.
Using Theorem 5 we can prove that

lim sup B (1 —exp{—(C(t + h) = ¢(1))*}) = O(h), (8.61)

where z.(t/e) = (2(t),0:(t)). This implies the compactness of the family
{z:(t/e)} as € — 0. In this way, the theorem is proved.
(]

8.1.5 Simulation of a Two-Well Potential Problem

To illustrate the dynamics of a system like that described in the preceding,
we consider the system

t
i:—(2.5x3—5x+0.5)+10y<6),

where y is a jump process that is uniformly distributed on the inter-
val [—5, 5] having stopping times that are exponentially distributed. The
solution beginning at the point (1.5,0) is shown in Figure 8.2.

8.2 Linear Oscillating Conservative Systems

In this section we consider linear problems in greater detail.

8.2.1 Free Linear Oscillating Conservative Systems

Consider a system with phase space R™ x R™. We denote the states of
the system by (z,#), where x € R™, & € R™; & = (x1,...,%y) is treated
as the position of the system and & = (&1,...,4,,) as its velocity. Assume
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5 - 5
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Figure 8.2. Upper left: Energy, £(z(t), (t)), as a function of time. Upper right:
Potential energy graph. Lower left: The trajectory of x(¢). This shows that z first
moves on Fo, then E3, then Ej, and finally on Es. Here the simulation is for
0 <t <100m.

that the potential energy of the system is a quadratic form in z,
1
U(z) = i(Axm),

and its kinetic energy is of the form

1
(%) = 5(3:,3:)
The linear operator A € L(R™) is assumed to be symmetric and positive.
Without loss of generality, we assume that A has canonical form in the

natural basis in R™, so
(Az,z) = Z e T3,
k=1
where A\, > 0, k = 1,...,m. We assume additionally that 0 < A\; < Ay <

- < A Let (2(t),2(¢t)) be the state of the system at instant ¢t € R..
The motion of the system is determined by the equation

dz

—(t) = —Ax(t 8.62

(1) = —Aa(t) (8.62)
and initial values z(0), £(0). (We must also take into account the relation

@(t) = %(t).) Under the assumptions on A, the solution of equation (8.62)
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can be represented in the form

xk(t) = ag cos(Agt + 0g),

8.63
xk(t) = fak/\ksin()\ktJer), k=1,...,m, ( )

where the amplitude ar > 0 and the phase deviation 6, € (—m, x| are
defined by the initial conditions

2(0) = agcos by, @1 (0) = —agrgsinby, k=1,...,m.

Note that the functions
1

1
Ep(z,2) = 5)\%1:% + §Ii7 k=1,...,m,

are first integrals for equation (8.62).

It follows from formula (8.63) that the asymptotic behavior of average
values of continuous functions along trajectories of the system is described
as follows:

Statement Let ®(x,2) be a continuous function from R™ x R™ — R.
Then there exists a limit

1 T
lim —/ O(x(t),z(t))dt = Ap[P, A1, .o, Ay @1y e vy Gy 01,0, O]
0

T—o0
(8.64)
where Ay, [P, .. .] is a continuous nonnegative linear function in ® satisfying
the inequality

Am[<I>,)\17...,)\,mah...,am,917...,9m]
<sup{[®(z,2)| : |z* < af?, |2]* < [Aaf’},
where a = (ay,...,am) € R™.

The function A,,[®, A1,..., A\, a1, ..., Qm, 01, ..., 60,] can be calculated in
the following way. There exist r € Z,, r < m, and positive numbers
01,...,0, such that for all & < m there exist ng1,...,ng € Z for which

r
)\k = Z nkjéj,
Jj=1

and for all ny,...,n, we have the inequality |>7_; n;d;| > 0 whenever
>~ |n;| > 0. The function A,,[®,...] is expressed in terms of d1,...,d, by
the formula

IR
AHL ¢7 yr mo AR | m’a PR ) m =
[ /\1 A al a 1 0 } (27T)T
i e .
X/ q)(X((Sl,SL...,(ST,ST),X((SI,SL...,(57‘757,))dsl...dsr
0 0

(8.65)
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where

,
X5 (01,81, --,0p, 8r) = ay COS (Z ng;j0;85 + Qk),

Jj=1

Xk(51, S1yeeyOp, 57-) = —Apay sin <Z ’rij(Sij + Gk).

Jj=1

Remark 12 Using the representation

r ek
Xk (01,81, ,0p,8) = ag COS(Z Ny 0; (sj + M))

j=1

and the analogous representation of X using formula (8.65) we can prove
that Ay [P, A1, .oy Ay @1y e v oy @iy 01, ..., 0] as a function of 61,...,0,,
depends only on

0, 6 0, 6

)\72—)\71,...,)\’”1 )\1.

8.2.2  Randomly Perturbed Linear Oscillating Systems

Random perturbations of linear systems take the form
di . t
dtg (t) = —Az:(t) +b (xg(t),xg(t),y (5)>

dx. .
2 1) = 1)

(8.66)

where the function b : R™ x R™ x Y — R™ is bounded, measurable,
and continuous in = and &, and y(t) is a Markov process in Y satisfying
condition SMC II of Section 2.3.

Additionally, we assume that the function b(z, &,y) satisfies the Lipschitz
condition

b(w, &, y) — bz, Z1,y)| < L(|z — 21| + |& — 21]),
and

/\b(x,fv,y)lp(dy) <oo and /b(:v,:'c,y)p(dy) =0.

Then the averaged equation for equation (8.66) is equation (8.62). It follows
from Theorem 5 of Chapter 3 and the statement in Section 8.1.1 that there
exists T, such that T. — oo, €T, — 0 for which any continuous function
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®(z,E) has
— / s),Z:(s)) ds
1

1
~ A {@,)\1, ces Amy 21 (), 25 (), A—lﬂf(t), cee )\—an(t) ,

where the stochastic processes 2§ (¢), ..., 25,(t), 05(t), . .., 05,(t), are defined
by the relations

Tek(t) = 2i(t) cos A5 (¢),

ZTep(t) = —Apzp(t)sin Ag05.(t), k=1,...m

(8.67)

where z.; and Z.; are the components of the vectors z. and z..
These relations together with equation (8.66) imply the validity of the
following system of differential equations for z{ and 65(¢), k=1,...,m

ddztzi (t) = —bx (xg(t),jsg(t),y (2)) W
d;f (t) =1— by (xs(t),i’g(t),y <z>) W k=1,...,m,

where by (x, &, y) are the coordinates of the vector b(x, z, y).

Note that
(1) = \/xgk(t) + Alg #2,(t) = \/W

Set
2i(t) = Ep(a(t), 8:(t), k=1,2,....m
() = 65() —65(1), k=1,2,...,m

These functions satisfy the system of differential equations

d;k (t) = by (xs(t),ybs(t),y(g))ﬂ'csk(t), k=1,....m, (8.68)
and
djtz (1) = ;(«%'51( )br (@ ;E)(t;ﬂe(t)ay(i))
! (8.69)
B xek(t)bk(xa(t)vxs(t)vy(z))) b9 m_1
e , m—1.

Note that Remark 12 implies that the expression on the right-hand side of
relation (8.67) can be represented as

2:5(1)\ /2 225 (H)\? 1 1
P . T —05 L, —0°
a)‘la a)‘ma ( )\% ) ’ ) )\?n )\1 0 (t) ’ )\m em(t)
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= B [®,5 (1), . 25,0, 05(0), ..., 02, (1)]. (8.70)

(Here we consider Aq, ..., A\, as given and unchanging, so we omit them as
the arguments of the function B,,.)
We consider the diffusion approximation for the stochastic process

(5959 (9)

Introduce the functions

08) =3 [ G e sl RO i),

ag(x, ) = //bk x, @,y )by (z, 2,y ) p(dy) Ry, dy'),
Gr(z, 1) = 2xfr(z, ) + ar(z, &),

Gri(x,2) = ap(z, &) + iz, &),

Hy(z, @) = zpfk(x, T),

Hy(z, &) = zay (akl(x ) + oy (z, a:))

f[kl(x,x) (akg(x ) + oz, x))

Denote by 2°(t) the stochastic process in R™ with coordinates Z5(t) =
25 (t/e) for k =1,...,m, and by 6°(¢) the stochastic process in R™~! with
coordinates

05 (t) = 05,1 (t/e), 1=1,...,m—1.
With these preliminaries, we have the following result.
Theorem 7 The compound stochastic process (Z°(t),0°(t)) converges

weakly to the diffusion process (3(t),0(t)) in R™ x R™ ' having generator
L that is defined on functions F(z,0) from C?) (R?>™~1) by the relation

m m—1
LF(z,0) = Zak(z 9 )+ Z a( (2,0)
k=1 =1
1 & 0°F 1’" 0’F
— b — 0
+ 3 g_:l (2.0) 55 (2.0 + 5 Z:: i CLNMCREY
m—1
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(2,9)
(2,0) = Bn[H1,2,0)(221) 7" = B[Hit1,2,0](22001) 7", 1€ Tm—1,
bkj(z79) = Bm[ij,Z,a], k,j € 1l,m,
1,-~
( 9) Z(Bm[HllaZ 9] +B [Hl+1,i+1;276‘](Zl+12i+1)_1

— Bin[H1141,2,0)(z12041) " = Bin[H1i41, 2, 0] (212i41) 1),
l,ielm-—1,

cri(2,0) = = (Bm[Hig, 2,0]27 * — Bm[Hl+1,k7279]Zl:r11)7

N

forkelm,lel,m—1,
and
Bm[fhz,@] = Bn[®,21,- -y 2m, 01, o, O],
where By, is defined by relation (8.70).

Proof Let F(z,0) satisfy the conditions of the theorem. Then using
equations (8.68) and (8.69) we can write, for t; < ta,

B (F(* (1), 0°(t2) = F(* (1), 0°(1)) /5, . )

([ S5 2 e e (1 (2)

N % (53))<xs1(8)b1 (ee()-(),0 (2)) (24 (S))_l

et (selonietorw (2)) (20 (2)) )] as /7510 ).

Applying formula (5.7) to the last integral, we can obtain the formula

E(F (2 (t2), 6 (t2)) — F(2°(t1),6°(t2))/ 75, /)

t2/e - (8.72)
=¢E F (7 (es),0%(es), xe(s), #:(s)) ds + O(e),

tl/&‘
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where
- . G L\ OF
F(z,0,z,) = ;Gk(m,x)a—%(z,e)
m—1 OF
+ ) [Hi(z,2)(221) 7" - Hm(x,j;)(zzlﬂ)fl} Z Gij(z, i)
1=1 =1
0°F —(2,0) —&—lmz:H (z,4)2;2 + H (z, %) (21401 2i01)
3zkazj 8 2 11 I+1,i+1 1+1%i+1
— Hi (2, &) (z12400) 7 = Hiiga (2, 2) (212041) ) O°F (2,0)
1,l+1 ) 1<1+1 1,24+1\4, 14741 801392 )
+ 1 ii(Hlk(x i)er ' — Hipap(, @) 25 Y)) o O°F (2,0).
4 1 92,00,

k=11=1

The proof can be completed by applying relation (8.67) to equation (8.72).
(See proof of Theorem 6 in Chapter 5.)
(]

8.3 A Rigid Body with a Fixed Point

A rigid body is a system of point masses in R? for which all distances
between points are constant. Let z1,...,z, be the positions of the points
of the rigid body and let mq, ..., m, be their masses. We consider motion
of rigid bodies for which there exists a fixed point. We assume that the
fixed point is O, the origin of R®. If z1(t),...,z,.(t) are the positions of
the points of the rigid body at time ¢, then |z;(¢)|, ¢ = 1,2,...,r, and
|z;(t) — ;(t)], 4,7 € 1,r, are constant in time.

The inertia operator I of the rigid body is a positive symmetric operator
defined by

(Iz,2) Zml zi,2)?, z€R3.

Let x;(0) = x;. The position of the moving rigid body in R?® at time ¢ can
be determined by the orthogonal operator B; in R? satisfying the relation

zi(t) = By, 1=1,2,...,7
Denote by I; the inertia operator of the rigid body at time ¢. Then
I, = B,IBj.

(Here B* is the adjoint operator to B.)
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The angular velocity w; of the moving rigid body is the vector in R? defined
by

vi(t) = [we, i (¥)], i=1,...,7

where v;(t) = @;(¢) is the velocity of the point z; and [a, b] is the vector
product of vectors a and b from R3.
The angular momentum vector m; of the rigid body at time ¢ is defined by

,
my = Z mifzi(t), vi(t)],
i=1
S0
my = Itwt.

The kinetic energy of the moving rigid body at time ¢, say T3, is defined by
the relation

T, = (Itwtawt)~

— o =

Introduce the operator Q; € L(R?) for which

Qx = [z, wy)].

Then the operator function B; satisfies the differential equation
dBy
— = B;.
at 184

Denote by f;(t) the force acting on the point x; at time ¢. Then

T

n(t) = SLi(0), (1)

i=1
is the moment of forces acting on the rigid body. The motion of the rigid
body is determined by the equation

dmt

8.3.1 Motion of a Rigid Body around a Fized Point

In this case ny = 0 for all ¢, so my = const. The kinetic energy of the rigid
body is constant, too. To describe the motion we introduce the inertia
ellipsoid of the rigid body defined by the equation

(Iz,z) =1.

For the moving body the inertia ellipsoid at time t is determined by the
equation

(ItZ, Z) =1.
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Denote by II the plane

H—{xeR?’: (x,m)—(%)},

where m is the initial angular momentum vector, w is the angular velocity,
and T is the kinetic energy of the rigid body at the initial time.

Poinsot’s theorem states that the ellipsoid of inertia rolls without slipping
along the plane II. (See [192, p.375].)

There exists a closed curve on the inertia ellipsoid along which it rolls on
the plane II. Denote by a the angle on which the rigid body is turned
around the vector m during one rotation of the point of tangency between
the inertia ellipsoid and II. If at/27 is a rational number, then the motion of
the rigid body is periodic. If «/27 is an irrational number, then By, # By,
for tl 7é tg.

The ergodic properties of the motion are described by the following
theorem.

Theorem 8 Let g(m, B) be a continuous function from R® x L(R®) into
R. There exists the limit

1 u
lim f/ g(ms, Bs)ds = A(g,m, T, «),

u—0o0 U 0

where m and T are the angular momentum vector and the kinetic energy
of the rigid body, respectively, and o € [0,27] is defined above. The limit
A(g,m,T,«) does not depend on a if « is an irrational number.

The proof of this theorem is a consequence of Poinsot’s theorem mentioned
earlier and ergodic theory.

Remark 13 Set

1 27
A(g,m,T) = %/0 A(g,m, T, a)da.

Then

lim l/ g(ms, Bs)ds = A(g,m,T)
0

u—00 U

for almost all initial values (mg,By) with respect to the product of the
Lebesgue measure in R and the Haar measure on the group O(R?) of the
orthogonal operators in R3.

8.3.2  Analysis of Randomly Perturbed Motions

Consider now the motion of a rigid body that is determined by the equation

dm,

2e) = N (0. 2.0.8.0.0 (£) ) 874)
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where m.(t) is the angular momentum vector of the rigid body, T.(t) is its
kinetic energy, and B.(t) is the orthogonal operator of its position at time .
It is assumed that the Markov process y(t) in a measurable space Y satisfies
condition SMC 1II of Section 2.3. Here N(m,T, B,y) is a function from
R3x Ry x O(R3) x Y into R®; which represents the moment of the forces
acting on the rigid body. It is assumed that the function N(m, T, B,y) is
measurable in y and has bounded continuous derivatives

ON ON ON
om’ 0T OB’

with respect to m, T, B. Finally, we assume that the distribution of
N(m,T,B,y(t)) is absolutely continuous with respect to the Lebesgue
measure in R3.

Remark 14 The function T:(t) can be expressed in terms of m.(t) and
B.(t) by the formula

T.(t) = = (B:(t)I ' BX (t)me(t), m<(t)) ,

N |

so T.(t) satisfies the differential equation

dths (t) = <Bg(t)IIB§(t)m€(t),N <m5(t),T€(t)7 B.(t).y <t>)> .

) (8.75)

The last equation is a consequence of relation

d — *
(dt(BtI 1Bt)mt,mt) =0,

which is true for any motion.

Let

/N(m, T, B,y) p(dy) = 0. (8.76)
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Introduce the functions

\(m, T, B) //({ mTBy)] N(m,T,B,y)

ON
+ (BIB . N (. T, B) SN, T, B/ ) Rl ),

ag(m, T, B) = //[(?;(m, T,B,y’)BI1B*m,N(m,T,B,y)>

ON
»oT

x R(y, dy")p(dy),
ba(m, T, B) = 2 / N(m, T, B,y') ® N(m, T, B,y)R(y, dy')p(dy),

+ <Ble* —(m,T, B,y )> (BllB*m,N(m,T,B,y))]

by(m, T, B) = 2 / / (B**m, N(m, T, B,y))N(m, T, B.y/)R(y.dy/ )o(dy),
where B** = BI~1B*, and

bo(m, T, B) :2/ (BI™'B*m,N(m,T,B,y))

x(BI"*B*m, N(m, T, B,y))R(y, dy’) p(dy).
Note that by € Lo(R3), a1, by € R3, ag, bp € R, for a, b € R3, and we
denote by a ® b the operator for which
a®br = (a,z)b, =€ R>
Set
ap(m,T) = A(ar,m,T), k=0,1,
bi(m,T) = A(by,,m,T), k=0,1,2.

Denote by L the differential operator that is defined on functions F'(m,T')
from C®)(R? x R,) by the relation

1
LF(m, T) = §TI‘( mm)bg + (bl, mT) + - bOFTT + ((11, Fm) +(ZQFT. (877)
With this notation we have the followmg result.

Theorem 9 Assume that all previous conditions and relation (8.76) are
satisfied. Then the stochastic process (me(t),Te(t)), where

e =me (1), -1 ().

converges weakly in C to the Markov diffusion process (m(t), T(t)A) in R3 x
Ry having generator L and initial conditions m(0) = m and T'(0) = T,
where m and T are the angular momentum vector and the kinetic energy

of the rigid body at the initial time, respectively.
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Proof Using equations (8.74) and (8.75) and the techniques developed in
Section 5.1.5, we can obtain the representation of

E(F(me(t2), Te(t2)) — F(me(t1), Te(t1))/ 7))

in terms of the functions ay(m,T,B), ao(m,T,B), ba(m,T,B), and
b1(m, T, B).
The remainder of the proof is based on Theorem 8 and is completed in the
same way as in Theorem 5 of Chapter 5.
The details are left to the reader.

|

Remark 15 The motion of the rigid body on intervals of time on the
order of o(1/¢) can be described by the motion of the averaged system as
determined using Poinsot’s theorem.

Since the form of the inertia ellipsoid does not change in time, we need
only describe the change in time of the plane. That is determined by the
angular momentum vector me(t) and the kinetic energy 7T.(t). Theorem 9
describes their evolution as € — 0.
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Dynamical Systems on a Torus

In this chapter we consider a dynamical system on a two—dimensional torus.
A general theory for such systems was developed by A. Poincaré and A.
Denjoy, and it has numerous applications in science and engineering. In
particular, this theory has important applications to phase-locked loop
electronic circuits that are considered in the next chapter. This theory
also plays an important role in the Kolmogorov-Arnol’d-Moser theory of
oscillatory solutions to nonlinear systems. In the first part of the chapter
we describe the theory as it was developed for flows that have no random
elements. In the second part, we consider random perturbations of the same
problems.

9.1 Theory of Rotation Numbers

Consider the system of differential equations
i(t)=a
y(t) = b (x(t),y(t)),

where z(t) and y(¢) are functions from R into R, and a(z,y) and b(z,y)
are functions from R? into R that have the following properties:

(9.1)

(a) a(z,y), b(x,y) are continuous with continuous derivatives az, ay, b,
by, and a(z,y) > 0.
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(b) They are periodic functions in  and y with period 1:
a(z,y) = a(r + 1,y) = a(z,y + 1),
b(z,y) = bz + 1,y) = b(z,y + 1),
for all x,y.

We will denote by [z] the integer part of a real number z, and set {z} =
x — [z].

The torus is obtained by the mapping 7 : R? — [0,1)%, 7(z,y) = ({z}, {y}).
Because of property (a) we can consider system (9.1) as a differential

equation on the torus
T® =2

9

where C is the circle in the plane of radius 1/(27).

We will describe certain properties of the solutions of equations (9.1) in the
plane as well as their representations on the torus 7(2).

Note that x(t) for ¢ > 0 satisfies the property

x(t) > z(0) + o,
where
o =inf{a(z,y) : @ €[0,1), y € [0,1)} >0,

and z(t) is a strictly increasing function. The success of the theory rests on
the fact that the system (9.1) can be converted to an equivalent first—order
differential equation, as shown in the next lemma.

Lemma 1 Denote by ®(x,x0,yo) the solution of the equation

do

5(3373307?;0) = c(z,®(z,20,90)) (9.2)

satisfying the initial condition
® (o, 0, Y0) = Yo,
where
c(z,y) = bz, y)a™ (z,y). (9:3)

Then the solution of the system (9.1) satisfying the initial condition

z(to) = 7o, y(to) = o
satisfies the relation

y(t) = @(x(t),xo, yo). (9.4)
The proof follows from (9.1) and the definition of ¢(x, y).

Remark 1  The function c(x,y) defined by (9.3) satisfies the following
properties:



9.1. Theory of Rotation Numbers 305

(d') c(x,y) is a continuous function with continuous derivatives c,(z,y),
Cy (.’17, y) :

(V') c(x,y) is a periodic function in x and y with period 1.

For any fixed € R we consider the mapping ®, : R — R that is defined
by the relation

Pu(y) = (2,0,y). (9.5)

(Note that the subscript here does not indicate a derivative.) Following are
some properties of this mapping:

(1) <I> (y) is a continuous function in z and y with continuous derivatives
0,(y), 20.(y).

(ii) ®,(y+ 1) = ®,(y) + 1 (this is called the circle mapping property).
(iii) D,(y) < @,(y') for all z if y < 3/, so there exists the inverse mapping
®1(y) for which (P, (y)) =y.

(iv)
®(x, 20, y0) = P2 (P5, (0))- (9.6)

Note that properties (ii), (iii), (iv) are consequences of ® being the solution
to equation (9.2).

9.1.1 Existence of the Rotation Number

Theorem 1 There exists a limit

1
0 = lim —®(z,zo,y). (9.7)

T—00 I

This limit does not depend on xg or on y, and it exists uniformly in |xg| <
C, ly| < C for any C > 0. The limit 6 is referred to as the rotation number
for system (9.1).

Proof Set ® = ®;; ® is a mapping of R into R, it is invertible, and ®*
denotes the kth power of this mapping for all integers k.

We will say that ® is periodic if there exist integers n and k and yy € R
for which

D" (yo) = yo + k.

Note that for all z, x¢, y we have the relation

There exists a constant K for which

[P, (y) —y| < K for x €[0,1] for all y € R.
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Therefore, to prove the theorem we have to prove that uniformly for |y| < c,

Jim_ %@m(y) — . (9.8)
If ® is periodic and
Yo — ko <y <wyo+ko
for some kg € Z, then
@ (yo — ko) = yo — ko + Ik < ®"(y) < yo + ko + Uk = " (yo + ko).

So

< —n =
—nl ) nl + n

yo—ko_i_ﬁ 1 Yotk K
nl n
and

1 k
lim —®"(y) = = uniformly in y € [yo — ko, yo + ko).
I—o00 1l n

This implies that (9.8) holds uniformly in |y| < ¢ with § = k/n.

Assume that ® is not periodic. Then for any n and k the expression ®"(y)—
y — k is either positive for all y or negative for all y. Denote by O, the set
of all rational numbers k/n for which

®"(y)>y+k forallyeR.

Assume that k/n € ©4 and ky/n; > k/n. Then ky/ny € ©4, because in
this case

" (y) >y + ki
We have
D" (y) >y +nky >y + ik, (9.9)
but the relation ®"(y) < y + k implies the inequality
""" (y) <y +nik,
which contradicts (9.9). The set O is bounded from below by the number

B = yeir[gfl](é(y) —y),

and the rational number [3] does not belong to ©,. Set
6 = 1nf @+.
It is easy to show that for % >0,

1
lim sup —®™(y) <

m—oo M

and for k/n < 0,

uniformly in y € [—c, ],

3=

1
lim inf —®™ (y) >

m—oo M

3=

uniformly in y € [—¢, d].
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This completes the proof of the theorem.
O

Remark 2 Assume that 0 = k1 /n1 and that the least common divisor of
k1 and ny is 1. Then there exists yo for which

D" (yo) = yo + k1;

i.e., ® is periodic.

9.1.2 Purely Periodic Systems

System (9.1) is called periodic if the mapping @ is periodic. Assume that
®"1(yg) = yo + k1. Consider the solution of system (9.1) in this case with
the initial condition x(0) = 0, y(0) = yo. Then

y(t) = Pue) (yo)-

Since x(t) is an increasing function and x(t) — 400 as t — +oo, there
exists to for which z(¢g) = n1. Then

y(to) = P, (y0) = ™ (yo) = yo + k1.

Since we have {z(tg)} = {z(0)} and {y(t9)} = {y(0)}, the solution
(z(t),y(t)) considered on the torus T is periodic with period to.

System (9.1) is called purely periodic if the solution of the system is periodic
on the torus T for any initial conditions, that is, every solution is periodic.
The main result concerning purely periodic systems is presented in the
following theorem.

Theorem 2 If (9.1) is purely periodic, there exist functions Wi(z,y),
Uo(x,y) such that

(1) they are continuous in R? and have continuous derivatives

0 o)
52 Lk ), @Wk(xay)v k=1,2,

(2) \Ilk(xvy) = \I/k(x"' 17y) = \Ijk(xvy"' 1)7 k=12,
(3) \I’%(l‘,y) + \I’g(l‘,y) =1,
(4)

0 0
a(x,y)%‘l'k(x,y) + b(x, y)gy%(%@/) =0, k=12 (9.10)

The last equation means that Uy (z,y), k = 1,2, are first integrals for system
(9.1).

Proof The function ¥y(z,y) = ®,1(y) satisfies condition (1) for k = 0
and Wo(x,y) = Yo(x,y) + 1. It is easy to see that

y ="y (Jc, <I>x(y))
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Therefore,

0= a%% (, Do) + 5%‘1’0 (, ‘I’w(y))g%q’x(y)

7] 0
This implies that ¥o(x,y) satisfies equation (9.10) for k£ = 0.
Now we set

\Ill(l'vy) = CO8 ZW\IIO(:Evy)a \IIQ(xvy) = sin 27T\I/0($,y).

The functions ¥y, Uy satisfy properties (1)—(4).
This completes the proof of Theorem 2.
|

Remark 3 Let (z(t),y(t)) be the solution of system (9.1) for some initial
conditions. Then Wi (xz(t), y(t)) = constant for k =1,2.

Next we consider a periodic system. Set

o(y) = 2" (y) — k1.

We assume that for some yo € [0,1) we have ¢(yo) = yo. So the function
©(y) maps the interval [yg, yo + 1] into itself, the function ¢(y) is strictly
increasing, ¢(yo) = Yo, and ©(yo + 1) = ©(yo) + 1.

Denote by ITj the set of fixed points, i.e., all y € [yo, yo+1] for which p(y) =
y. Let [yo, yo + 1] \ Iy = Ux Ay, where Ay, = (o, Bk), and A, NA; = & if
i 7.

Theorem 3 If (9.1) is periodic, denote by ©™ the nth power of the map-
ping ¢ = [yo,yo + 1] = [yo,yo + 1]. If o(y) —y > 0 for y € Ay, then
lim, o0 ©™(y) = B for all y € Ag; if o(y) —y < 0 for y € Ay, then
lim, 00 ©™(y) = ai for all y € Ay.

Proof It is easy to see that [p(y) —y| > 0 for y € Ay. If p(y) > y, then
©" L (y) > p"(y) and there exists

lim " (y) = 7.

n—oo

Then ¢(y) = 7. This means that v = . In the same way we can prove
the second statement of the theorem.
O

9.1.3 FErgodic Systems

System (9.1) is called ergodic if the set {{®(n,0,y)},n = 0,1,2,...} is
dense on the interval [0,1], where {®} = ® — [®], for all y € [0,1). (Note
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that for a periodic system the set {{®(n,0,y)}, n =0,1,2,...} is a finite
set if ®(n1,0,y) =y + k1.)

So for ergodic systems the rotation number 6 is an irrational number. The
inverse statement is true for systems satisfying some additional conditions
regarding the smoothness of the coefficients.

Theorem 4 Assume that 6 is an irrational number and that g—Z(SE,y) s a
continuous function of bounded variation. Then system (9.1) is ergodic.

(The proof of this statement is in [16, p.409].)

It follows from general ergodic theorems that under the conditions of Theo-
rem 4 there exists a probability measure m(dy) such that for any continuous
function h(y) : R — R satisfying the condition h(y+1) = h(y) there exists

Jim =3 (@ ) = [ by mldy) (9.11)
k=1 0

uniformly in yo € [0, 1].
This result implies the following statement concerning the ergodic distri-
bution for system (9.1).

Theorem 5 Let the conditions of Theorem 4 be satisfied. Then for any
continuous function h(x,y) satisfying the property

hz,y) =h(zx+1,y) = h(z,y+1)

there exists the limit

lim ! h(x(s),y(s))ds:/o /0 h(u, ®u(y))a™ " (u, ®u(y)) dum(dy)

oo t Jg
« [/01 /01 a (u, B (y)) dum(dy)] -

(9.12)
uniformly in x(0) € [0,1], y(0) € [0,1], where (z(t),y(t)) is the solution of
the system (9.1).

Proof The proof follows from the representation

‘ - z(t) M B ] k41 M
/0 h(m(s),y(s))ds-/o du = Z/k du

alw,0u(y) T 2 S alu Bu(y))
~ @®] . h(u,@u(y))
R o e

which holds up to order O(1), and formula (9.11).
O

The following result concerning the representation of the solution to (9.2)
in the ergodic case will be useful.
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L L L L L L L L L
0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1 1.1
(0]

Figure 9.1. Simulation of the rotation number for system (9.13). Note the plateau
regions where the frequency response of the system is constant over a range of
w values. This exhibits the phenomenon of phase-locking, which we discuss in
Chapter 10.

Theorem 6 (Bohl’s Theorem). Under the conditions of Theorem 4 there
exists a continuous function x(x,y) : R* — R for which

x(@,y) = x(@ + 1Ly) = x(z,y + 1),
and the function
G(y) =y +x(0,9)
is strictly increasing for y € R. Moreover,
P.(y) = 9(y) + 0z + x(x, 9(y) + 0x))
where g(y) = G (y), i-e., G(g(y)) = .

This theorem establishes the near-identity transformation that is widely
used in the theory of nonlinear oscillations, and the proof of the theorem
is in [16, p.414].

9.1.4 Simulation of Rotation Numbers
Consider the system

& =w—0.1(sin(z — y) + 2sin(2z — y)),

§=1+0.1(sin(z — y) + sin(2z — y)). (9.13)

For each value of w € [0.1,1.1], this system has a rotation number, say
p(w). Figure 9.1 shows the rotation number calculated for this system for
each of 500 values of w in this interval.
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9.2 Randomly Perturbed Torus Flows

Let (Z, Z) be a measurable space, and let z(¢,w) be a homogeneous Markov
process in this space with transition probability function

P(t,z,C) = P{z(t,w) € C/2(0,w) =2}, CE€Z, z€Z.

We assume that z(¢,w) is a uniformly ergodic process with an ergodic
distribution p(dz). This stochastic process will describe random noise in
the system moving on the torus 72,

The system is defined by the differential equations

i) =a (00002 (L0) )
30 =5 (0000, (L))

where (z(t),y:(t)) are R-valued random functions that define the state
of the system, and the functions a(x,y, z), b(z,y, z) satisfy the following
conditions:

(9.14)

(1) They are defined on R? x Z and take values in R.

(2) They are measurable with respect to B(R?) ® Z; for fixed z they are
continuous in x, y; and they have continuous and bounded derivatives,

aw($7 Y, Z>7 ay<33a Y, Z), bw<xa Y, 2)7 bﬂ<xa Y, Z)
(3) For fixed z they are periodic in 2 and y with

a(z,y,z) = a(z + 1,y,2) = a(z,y + 1, 2),

b(x,y,2) = bz +1,y,2) = b(z,y + 1,2),
for all z, y, and z.

Under these conditions system (9.14) has a unique solution for any initial
conditions z.(0) = zg, y(0) = yo.
Recall that the R? x Z-valued stochastic process

(ee00aet0).5 ()

is a homogeneous Markov process.

As usual, we will investigate the asymptotic behavior of the solution to
system (9.14) as t — oo and € — 0. In particular, we will investigate the
ratio ye(t)/xz<(t) for large ¢ and small .

Set

alz,y) = / a(e,y, 2)pldz)
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and
M%wz/ﬂa%amwy

We assume in addition that a@(x,y) > 0. Then the functions a(z,y), b(z,y)
satisfy conditions (1)—(3) in Section 9.1. The system of differential equations

a(z(t),y(t)),
y(t) = b(z(t), y(t)),

determines the averaged system for (9.14), and it can be studied using the
methods developed in Section 9.1.

We will use some statements that were proved earlier for general randomly
perturbed differential equations, which we summarize next.

(9.15)

I. Let (z(t),y-(t)) be the solution to system (9.14), and let Zz(t)
(Z(t),7(t)) be the solution to system (9.15). Assume that z.(0) =
y-(0) = §(0). Then for any T > 0,

(0),

P{tim supe.6) = 201 + b 6) — 50)) = 0} =1

e=>04<p

This statement is a consequence of Theorem 5 of Chapter 3.

II. Suppose additionally that the Markov process zZ(t) satisfies condition
SMC II of Section 2.3. Then under the conditions z.(0) = Z(0), y.(0) =
7(0), the two—dimensional process (Z.(t), J-(t)), where

Fo(t) = e VP (a(t) — (1), Ge(t) =V (ye(t) — (t)),

converges weakly to a two—dimensional Gaussian process (Z(t), §(t)), which
is determined by solving the system of integral equations

ﬂU:AhAﬂ%M%ﬂ@+%@@@@M@MHwM%

mwaém@@@@ﬁ@+%mammﬂﬂw+mm

where (v1(t),v2(t)) is a two—dimensional Gaussian process with indepen-
dent increments for which Ev(t) = 0, Eva(t) =0, and

E(onun(t) + asvs(t) ///ma ),3(s). 2) + aab((s). 5(5). 2)]
x [na(z(s), 5(s), 2') + asb(z(s), 5(s), )] R(z, d=') pld=)d.

This follows from Theorem 5 of Chapter 4.
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9.2.1 Rotation Number in the Presence of Noise

Here we describe the behavior of the ratio y.(t)/z.(t) as t — oo and € — 0
for solutions of (9.14). First, we show that z.(t) — oo with probability 1.
Next, we show that the limit of y.(t)/xz.(t) can be calculated in terms of an
ergodic measure on the torus. Lastly, we estimate the difference between
this limit and the rotation number for the averaged system (9.15).

Lemma 2 There exists g > 0 for which
P{z.(t) > +00 ast— oo} =1
for all e < .
Proof Set
Ale,t,z,y,2) = E(wg(t)/xg(O) =1z,9:(0) = y,2(0) = z) — .
Then
Ale,ty,x,y,2) = Ale, t1, .+ 1,y,2) = A(e, t1, 2,y + 1, 2),

and A(e, t1, 2,9, 2), %A(a,tl,x,y,z), 8%A(s,tl,az,y,z) are bounded and
continuous functions of (¢1,,y) over any bounded region. To prove this
we consider the functions

Xe(t,w,y), Ye(t,z,y)
that solve system (9.14) and satisfy the initial conditions
Xg(O,ZL',]J):I, )/;(vaay):y

It is easy to see that a%X‘s(t,gc,y), (%Xs(t,x,y), %Ys(t,x,y), and

(%Ys(t, x,y) satisfy the system of linear ordinary differential equations

d o t 0
%%Xs(t,xay) = Qg <X67}/€7Z (€)> %Xs(t,$7y)

0 t
}/E(tvxay) = ba: (XEa}/&‘)Z (
X 3

dt 0 ox
t 0
+by <X£7Y;-:az (5 ) %YYE(LZ'J/%
d 0 t 0
~ X = - —X
3t 9y (tr,y) =ay (XE,Y@Z(E)> By =(t,z,y)
t 0
+ay <X€;}/€72 (5)) aiyY—E(taxayL
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%gY(txy)—b (XYz<t>> Xe(t,2,y)

dy
0
+by(X67}/;aZ< >>8 tmy

0
%XE((LQ"):U) - 17

and

with the initial conditions

0
7X€ ) =Y,
By 0,z,y) =0

1/8(0’ 1:7y) = 07 )/E(O7x’y) = 1'

9 9
Ox dy

This implies that the functions %X (t,z,y), ast(t,ac,y), %Ys(t,x,y),

and ayYE(t,x,y) are continuous in (¢,z,y) and are bounded by a
nonrandom constant over any bounded region. Note that

Ale,t,x,y, 2) /E:a(Xg(s,x,y)Y(sxy ( ))/z ]

and

gﬁ (e, t,z,y, 2 / E-aw (Xg(s,x,y),YE(s,x,y),z (§)> (,%Xg(s,x,y)

S

+ay (Xg(s,x,y),Y;(s,x,y),z (g)) %Ye(s,w,y)/z(()) = z] ds,

and %(s,t,oj,y, z) can be represented in the same way. These formulas
establish the properties of the functions A(e,t, z,y, 2).
It follows from the averaging theorem that

t
lim A(e, £, 2, 2) = / a(X(s,2,9), Y (s, 2,9))ds
e—0 0

uniformly in z, y, z for each ¢ > 0, where (X (s,z,y),Y(s,2,y)) is the
solution to system (9.15) with initial conditions

X(00,z,y) =z, Y(0,z,y)=y.
Since a(x,y) > 0, there exist €9 > 0 and ¢; for which

inf  A(e, t,x,y,2) =01 > 0.

e<eo, z,Y,2
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Then
n—1
T (nt 1
08) — LS otk + ) — (k)]
k=0
1t Kt
== [xg((k+ t1) — ze(kty) — A (&: t1, ze(kt1), ye(kty), 2 <1)>}
n =0 &
1t kt,
+ — A (Eathxs(ktl Ye ktl ( ))
n
k=0

If ¢ < ¢ggp, then

n—1

Z € ktl

k=0

xe(nt
n

Z

3\'—‘

where
Ele, ktr) =z ((k+ 1)t1) — z(kt1) — E(xs((k + 1)t1) — xg(ktl)/f,‘ztl),

where F7 is the o- algebra generated by {z(s/¢), s <t}.
It is easy to see that E({(e, kt1)/F,, ) = 0 and

E((&e, kt1))*/Fiy,) < e
To complete the proof we prove the following statement, which will also be
useful later.

Lemma 3 Let {&k} be a martingale with respect to the discrete time
filtration {Fy.}, E&, = 0, and E(&2/Fr-1) < c. Then

1 n
— E & — 0 with probability 1.
n

k=1

Proof of Lemma 3: Set

Z§k

Tlm = Sup
n<2m

Then for 2m~! < n < 2™,

1 1
—1D_&| < 5= lm (9.16)
n 2
k=1
and
1 i 2me
m > ap <P >9mlg b <
(g 2ep < P{p 2} =
So
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if 0 < ¢ < 1 and 2¢% > 1. This implies that

P{ lim 27™n,, = O} =1,
m— o0

and completes the proof of Lemma 3.

We return to the proof of Lemma 2. Since

n—1
1
P{hm - > blekty) = 0} =1,
k=0
we have that

n—00 n

P{liminfxg(ml) > 5} —1.

If t € [nt1, (n 4+ 1)t1], then |z.(nt1) — 2(t)| < ¢1, where ¢ is a constant.
Therefore,

P{liminf ze(t) > 6} — 1

t— 00 t

This completes the proof of Lemma 2.

We define a Markov process in the space T?) x Z by

(G o0z (1)), (0.7

which we assume to be an ergodic process for ¢ > 0 with ergodic dis-
tribution m.(dx,dy,dz). This means that for all measurable functions
F(x,y,2) : R*xZ — R for which F(z,y,2) = F(z+1,y,2) = F(z,y+1, 2)
and

/ F({a}, {y} 2)lme(de, dy, dz) < oo,

then with probability 1,

flggo% Ot F (xa(s),ye(s), z (g)) ds = /F({ﬂc}7 {y}, 2)m.(dz, dy, dz).
(9.18)
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Formula (9.18) implies that

pi 2 =t (05 [ (moh (2)) o)
(e 0+ [ om0 (2)) as)
= i ([0 (00002 (2) ) ([0 (002 (2)) )

= /b({x},{y},z)ms(dx,dy,dz)// a({z},{y}, z)m:(dz,dy,dz).

So the following statement has been proved.

Theorem 7 Let the Markov process (9.17) be ergodic with the ergodic
distribution m.(dx, dy,dz). Then with probability 1,

fo o) _ Jo(a} () 2me(do, dy, d2)
ARt Tal{eh vk 2me(de,dy,dz)

(9.19)

Remark 4 It follows from Lemma 2 that

/a({a:}, {y}, 2)me(dx, dy,dz) > 0

for e < ey, where g9 > 0 is the number whose existence is proved there.

We consider now the ergodic property of the Markov process (9.17) under
the further assumption that z(t) is a jump Markov process. In this case
there exist a bounded measurable positive function A(z) and a transition
probability in Z, say Q(z,dz’), such that the generator G of the Markov
process z(t) is represented in the form

Gh(z) = AM(z) x /[h(z’) — h(2)]Q(z,d2") (9.20)

for any integrable function h.
Note that the ergodic distribution p(dz) of the process z(t) satisfies the

relation
/ A(2)p(dz) /)\ (z,0). (9.21)
C

The process z(t,w) can be represented in the form

Zzn LS @A (e @) U<y (@A Lz} (922)

where {z;(w), k =0,1,2,...} is a sequence of Z-valued random variables,
and {nx(w)}, K =0,1,..., is a sequence of R-valued random variables. In
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addition, {zx(w)} is the Markov chain in (Z, £) with transition probability
Q(z,C), and
P[nk( ) > tA(zp(w /7]0 ...,nk_l(w),z()(w),...,zk(w)] =e !

Denote by S, (t,z,y) the function from Z x Ry x T® into T® that is
defined by

Stz y) = (X5t 2, 9) L {Y (L, 2,9)}),
where (X*(t,z,y), Y*(t,x,y)) is the solution of the system of differential
equations

4 X (t2,) = a(X(t2.0). Yo 2,0). ).

d z z
SV (twy) = b(X*(t,z,y), Y (t,2,y),2),

satisfying the initial conditions X*(0,z,y) =z, Y*(0,z,y) = y.

Set 7 = Mk(W)A " (zx(w)), and let X (t,x,y,w), Y (¢, 2,y,w) be the solu-
tion of system (9.14) for ¢ = 1 with the initial conditions X (0,z,y) =
z, Y(0,2,y) = y. Denote by {u,(w),n = 0,1,2,...} the sequence of
T@)_valued random variables that are defined by

() = ({x(kzxyw)} {y(kzxyw)}) (9.23)

Then
Un(W) = 8., (@) (Th1, Un—1(w)), (9.24)

where

(w) = z(g Tk,w). (9.25)

It is easy to see that {(un(w), zn(w)), n = 0,1,2,...} is a homogeneous
Markov chain in the space T(?) x Z.

Lemma 4 Assume that the following conditions are fulfilled:

(1) la(x,y, 2)b(x,y,2") —a(@,y, 2 )b(z, y, 2)| > 0, a®(z,y,2) +0*(z,y, 2) >
0 forall z, y, z # 2'

(2) p((2)) < 1 for every z € Z. Here (z) is a singleton containing the
point z.

Then

(a) the Markov chain {(un(w), zn(w)), n =0,1,2,...} is Harris recurrent
with respect to the measure

Q2(dx, dy)p(dz) (9-26)
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on the torus T®), where Qo is Lebesgue measure on [0,1] x [0,1],

(b) there exists a unique invariant probability measure for this Markov
chain, and it is absolutely continuous with respect to measure (9.26).

Proof The function

A(LC, Y, z, Z/) = a(;v, Y, Z)b(LE, Y, Z/) - a(ac, Y, Zl)b(il,', Y, Z)
is continuous in z, y, so

. !/
ogazglll,l(f)gygl |A(z,y, 2,2")] > 0.

Therefore, for fixed z, 2’ the two systems of curves {UZ(t), u € T} and
{UZ(t), u € T} can be used as local coordinates, where

Us = ((X*(t,2,y)), (V*(t,2,y))) if u=((z),(»))

This means that for any point ug € T, say up = ({0}, {y0}), we can
find such € > 0 and §y that for x € (xg —e,z0+¢) and y € (yo — &,y0 + €)
there are numbers ¢1, |t1] < g, and {2, |ta] < dp, for which

u=({z},{y}) = S (t2, Sz (tr, w))-

Moreover, ti, to satisfying these conditions are unique. This implies that
for u € T there exists an open set G, C T2, u e G!, for which

Plus(w) € Afup(w) = u, z0(w) = 2} > ¢(2)Q2(ANGy), (9.27)

where ¢(z) > 0. Using this inequality we can prove that for any measurable
set C' we have

Z E(L{(un (@) 2n (@))eC}/ Un—2(w), Zn—2(w))

> c(zn2(W) 1z, e Q2(Cs,_a(w) N Cu,, (W) = 00,

where C, = {u: (u,2) € C} and C' = {z: C, # T}.
This implies statement (a) of the lemma. The existence and uniqueness of
the invariant measure is a consequence of the compactness of 7®) and the
continuity of the transition probability in x and y.
This completes the proof of Lemma 4.

|

The next theorem describes the behavior of the ratio y.(¢)/z(t) for a
randomly perturbed system.

Theorem 8 Assume that the averaged system (9.15) has rotation number

0:
lim §(t)/z(t) = 0 (9.28)

t—o0

uniformly with respect to 2(0) € [0, 1].
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Then for any § > 0,
lim P{lutqisogp lye(t)/z(t) — 0] < 6} = 1. (9.29)

Proof It follows from (9.28) that for any d; > 0 there exists a time
t = a > 0 for which

sup [0 — (Y (a, 20, y0) — y0)/ (X (a, 20, yo) — w0)| < 01, (9.30)

Z0,Y0

where (X (¢,2,y),Y (t,z,y)) is the solution to system (9.15) with the initial
conditions

X(00,z,y) =z, Y(0,z,y)=y.

For any n € Z; we have

e O i[yauﬂa) - el(k - 1)a)

n—1
= (w0t Y o)) + ZE e (k) = 0.k = 1))/ T )

k=1

where

87je (ka) = ye(ka) — ye((k — 1)a) — E(y=(ka) — ye((k — 1)a) /F_1)a)-

It follows from Lemma 3 that
ol
P{nlgrgo - ’;5%(79&) = 0} =
It follows from statement I that
E(yg(ka) —ye((k —1)a)/ (Ek—l)a)
= BE(Ye(a,2-((k — 1)a), ye((k — 1)a)) — y((k — 1)a)/ FG_1)a)
=Y(a,zc((k —1)a), ye((k — 1)a)) = ye)((k — 1)a) + O(a(e, a)),

where (X (¢,2,y), Ye(t,z,y)) is the solution of system (9.14), and where
the gauge function a(e,a) goes to 0 for all a > 0.
So
Ye(na 1
(na) _ 1 > [Y(a,z-(ka), ye (ka)) — y-(ka)] + O(a(e, @) + o(1).

na na
k<n

In the same way we can obtain the representation

xi(f;a) - % > [X(a, 22 (ka), ye(ka)) — ze(ka)] + O(ale, a)) + o(1).
k<n
Note that
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because of relation (9.30).
Lemma 2 implies the relation z.(na) — 400 with probability 1. So

ye(na)
ze(na)

=60+ O(a(e,ald + 1) + o(1).

Assume that t € [na, (n + 1)a]. Then

|y6(t) - ys(na)| < caa,

|ze(t) — zo(na)| < caa,

and

=0+0 (a(a,a)+51 + +o(1),

)

where P{lim,, . 0(1) =0} = 1.
This completes the proof of Theorem 8.
([l

Remark 5 Assume that the Markov process ({z.(t)}, {v:(¢)}, z(t/€)), for
t > 0, is ergodic in T®) x Z for all € > 0. Then with probability 1 there
exists a limit

hm Ye(t)/ze(t) = 0

for sufficiently small ¢ > 0 for which lim;_, o . (t) = +oc0. It follows from
Theorem 8 that 6. — 0 as ¢ — 0.

9.2.2  Simulation of Rotation Numbers with Noise

The simulation in Figure 9.2 shows the rotation numbers, calculated as in
Figure 9.1, but for each of ten sample paths for w in the system

& =w(t/e) —0.1(sin(z — y) + 2sin(2z — y)),
y=1+4+0.1(sin(z — y) + sin(2z — y)).
In the simulation here, w(t/e) = 10(z(t/e) — 0.5) + @, where the stopping

times for the jump process z are exponentially distributed and its values
are uniformly distributed on [0, 1].

9.2.3 Randomly Perturbed Purely Periodic Systems

We will consider here the systems defined by equations (9.14) for which the
averaged system defined by equations (9.15) is purely periodic. Denote by
Uy (z,y) and Wa(z,y) the first integrals for system (9.15), the existence of
which was proved in Theorem 2. These functions satisfy conditions (1)—(3)
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11
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Figure 9.2. Simulation of rotation numbers for a torus flow with noise. It is
surprising that even in the presence of such strong noise, the general pattern of
phase locking persists.

of Theorem 2 and the following partial differential equations:

0 - 0

for k = 1,2. We assume that ¥y (z,y) and Uy(z,y) are constructed in
the same way as in Theorem 2: WUy (z,y) = cos2n¥qg(z,y), Yo(z,y) =
sin 270 (z,y), and

Vo(z,y) = @7 (y),
where ®,(y) is the solution to the equation

d _
7 e (W) = ez, a(y)),  Po(y) =, (9.32)
and &(z,y) = b(z,y)/a(z, y).

Assume that 0 = k/l and ®,(y) = y+k for all y. Denote by O,, for y € [0, 1],
the orbit on the torus 7 corresponding to the solution of equation (9.32),

Oy = {{‘r}a{@z(y)}, x € [0,[]}

Note that O, is the orbit for the solution of equations (9.15) with initial
conditions Z(0) = 0, §(0) = y. Now we denote by m,(dz,dy) the ergodic
distribution on the orbit O,: For any continuous function f(z,y) satisfying
the conditions f(z,y) = f(z + 1,y) = f(z,y + 1),

f@ ' ymy(de dy') = tim ~ [ F(@(s),5(s))ds,

T(2) t—oo t 0
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where (Z(s), (s)) is the solution to equation (9.15) with the orbit O,,. In
the same way as formula (9.12) was obtained, we can prove that

T(2) f(xl7 yl)my(dl‘/a dy/)

-/ l md“ [ / A %(y))]—ldu]

For the stochastic processes

() = W, (m (2) e (2)) k=12,

we can use the theorem on diffusion approximations for first integrals
(Chapter 5, Theorem 6). We summarize these results in the following
theorem.

. (9.33)

Theorem 9 The stochastic process (V1(t),¥2(t)) converges weakly in C' to

the diffusion process (¥ (t),1%(t)) whose generator L is defined as follows:
For sufficiently smooth functions H(p,1) : R?> — R, then

H(p,0) = a0, 0) 20 2 >a2<¢,w>8£

2 2

¥ 2(511«0,@8 Gz er0) + Zhalip ) oo (030

(¢, )

0’H
W (%0’ ¢)> )

where the coefficients of the differential operators are defined by the
relations

(o) = [[[[{ a5 aten ) G0 . wate0)

—l—b(fli, Y, 2)867];(\111(17, y)7 \IJ2($7 y))]

+ baz (0, 0)

0l )5 a0 2) G (s 9), Wali)

0H

1 (00), ol )| | RG22 0 ),
(9.35)

where y(p, ) € [0,1) is defined by the equations ¢ = cos(2wy(p, ¥)), ¥ =

sin(2my(p, ).

+b(x,y, 2)
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Remark 6 In particular,

k() = ////{ a(z,y, z {(m y,z) dx U (z,y)

0 0
000, 002) iy Do) | + 00,0 ) a1 2) e B )

0
+b<x,y,z>aywk<x,y>] }R<z,dz')p(dz)mw,w)(dx,dy),

and
bi1(p, ¥)AT + 2b1a (o, ¢)>\ Az + boa (0, ) A3

- o ]

+ bz, y, z')é% [Altlll(m,y) + )\Q\Ifg(x7y):| }
x {a(x,y, z)a% {Al\Ill(x,y) + AWy, y)]

0
+ b(I7 Y, )87:1/ |:)\1\IJ1(ZE, y) + )\2‘1’2(1‘, y):| }
X DR(z,dz")p(dz)my ., g (dz, dy).

Remark 7 It is easy to see that [Uq(¢)]? + [¥o(t)]? = 1.
Consider the complex-valued stochastic process

C(t) = Uy (t) + iWa(t),

which is a diffusion process on the circle |z| = 1 in the complex plane. Set
0(t) = arg((t), so ¢(t) = exp{if(t)}. Assume that the stochastic process
6(t) is continuous on the real line. Then it is a homogeneous diffusion
process, and its diffusion coefficients are periodic with period 27. Denote
the diffusion coefficients for 6(t) by a(6) and ((#). Then

1
a1(cosf,sinf) = —sin6 - a(h) — 5 cos® - 5(0),

Go(cos B, sinf) = cos b - a(f) — %sin@ - 6(6),
by1(cos B, sinf) = sin® 6 - 3(A), baa(cosh,sinf) = cos? 6 - 3(6),
and
b2 (cos 6, sin @) = — cos Osin - 5(6).
In addition,

a(f) = az(cos b, sin @) cos — a1 (cos b, sin ) sin §
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and

B(0) = by1(cos 0, sin 0) + boy(cos B, sin 0).

Denote by 6. (t/ 5) the stochastic process on R for which

o e () () oo ()
o e () () o 0

That is, 0. (t/e) = 27V (2. (t/e),y: (t/€)).

and

Corollary 1  The stochastic process 6. (t/s) converges weakly to the
process 6(t) that was constructed in Remark 7.
Set

95(t>33ay) =27 \I]O(Xg(t7$,y), Yve(t7x7y))>

where the functions X, Y. were introduced in the beginning of Section
2.2.1. Introduce the stopping time

T° =inf{t: |©.(¢0,90) — O:(0,0,y0)| > 27}.
Then for ¢t < T*¢ the following inequality holds:
P x_(t,0,0)(W0) — 1 < Yo(2,0,0) < Px_(t,0,50)(¥0) + 1,

and

1
}/E(TEvOaQO) = q)XE(TE,O,yo)(yO) + %(GE(T‘S,O,yo) - @E(O’ 0, yO))-

This means that at the instant T the coordinate y of the perturbed system
has one additional rotation with respect to the averaged system in the
positive direction if A = 41 or in the negative direction if A = —1, where

A= (277)_1(@5(T8,07y0) - 0.(0,0, yO))

Therefore, [(2m) 7 (0(T%,0,y0) — ©(0,0,y0))] is the number of additional
rotations of the perturbed system with respect to the averaged system at
time ¢. (Recall that [z] is the integer part of z.)

Corollary 2 The stochastic process

_ 95(15) B 95(0)
converges weakly as € — 0 to the stochastic process
_ [6@®) = 6(0)
v(t) = [27r ;
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where 6(t) is the diffusion process on R that was constructed in Remark 7.

We next consider ergodic properties of the process ((t). Suppose that
the coefficients «(f) and (3(0) for the diffusion process 6(t) constructed
in Remark 7 are periodic smooth functions.

Lemma 5 Assume that 5(0) > 0. Then ((t) is an ergodic process on the
circle C1,and its ergodic distribution is absolutely continuous with respect
to Lebesgue measure on Cy with the density g(z) for which the function
91(0) = g(e?) is a 2m-periodic function satisfying the differential equation

1

(@(0)91(0))" = 5(5(0)9:(9))" = 0. (9.36)

Proof It is known that a diffusion process on the real line with continuous
bounded coefficients «(6) and B(f) and with infy 5(6) > 0 has its transi-
tion probability function absolutely continuous with respect to Lebesgue
measure. Therefore, the transition probability of the process ((t) is also
absolutely continuous with respect to Lebesgue measure on C;. It is easy
to see that for any t > 0, any interval A C Cq, and for z € C; we have

P{C(t) € A/C(0) = 21} > 0.

So the Markov process ((t) has no invariant proper subsets. That implies
the existence of a unique invariant measure that is absolutely continuous
with respect to Lebesgue measure because of the properties of the transition
probabilities. So the existence of g(z) is proved.

Let h(6) be a 2m-periodic function with continuous derivatives h'(6) and
h'(6). Then

1 [ 1"
lim — [ h(6(s))ds = lim 7/ h(e?®)) ds

t—oo t 0 t—oo 0
2m
= | h(z)g(z)dz = h(0)g1(6) do,
Cy 0

where h(et) = h(f), for 0 € R.
Note that the stochastic process 6(t) can be considered the solution to the
stochastic differential equation

d6(t) = a(8(1)) dt + /B(B(1)) dw(1). (9.37)
If there is a periodic function f(6) for which
h(0) = al6)1'(0) + 36(0)1" (6). (9.39)

then

df (6(t)) = (a(9(t))f’(9(t))+Qﬂ(9(t))f”(9(t))> dt+f'(0(£))v/B(0(t)) dw(t)
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Lire) - ro00)) = / ) ds+ / F(0(5))/BE(E)) du(s

t
Since
1
B(; [ ronvama) <o 7).
we have
t
tlgglo ), h(0(s))ds =0
So it is proved that
27
h(0)g1(0)dd =0 (9.39)
0

for h(0) given by formula (9.38) with an arbitrary periodic function f €
C®). This implies equation (9.36), and the proof of Lemma, 5 is complete.
]

Remark 8 We can construct a positive periodic solution g (f) to equation
(9.36) in the following way. Set

2
v = /0 2a(0)371(6) db.
Then
/O 20(0)3-1(0) d6 = ~yu + =(u),

where z(u) is a 2m-periodic function.
Equation (9.36) can be written in the form

(91(w)B(w) exp{—yu — 2(u)}) = cexp{— — z(u)}, (9.40)
where ¢ is a constant. Then the function
Z1(u) = e—#w

is a 2m-periodic function, and
/ =0 2,(0)d0 = e~ Zo () — Zo(0) (9.41)
0

is also 2m-periodic. Relations (9.40) and (9.41) imply that
91(0)3(0)Z1(0)e™ " = ¢y + ce 9 Zy(0),

where ¢ is another constant. If v = 0, we set ¢ = 0,
91(0) =

C1

B(0)Z:(0)’

c1 >0,
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- CZQ(G) c
920 = soz.07 "

Theorem 10 Let h(0) be a 2m-periodic continuous function. Then

1 /Oth(t?s(z)) ds — /027r h(6)g1(6) de‘ —0

lim lim sup
e=0 ts0o

with probability 1.

Proof It follows from Theorem 9 that for any § > 0, t; > 0 we can find
€o > 0 such that for ¢ < &,

1

to/Otoh(es(z))ds—/Ozﬂh(Q)gl(é')dH‘ <.

(9.42)

nto n—1 .(k+1)to
i )= | h(%(?))ds

e ([re ) ae(fr(n(2) /7))
e ([ () />

where the integrals are over [kto, (k + 1)to]. It follows from Lemma 3 that
n—1

imsan| o 3 ([ #l0- D)o ([ 100-) 0/ 73 ) )

is zero with probability 1. And (9.42) implies the inequality

1 n—1 (k+1)f0
— Fiu 0)g1(0) db| < 5.
o (L, reCna /) - [Tawmo

This completes the proof of the theorem.

Remark 9

P{tlggoaf) /O% a(w)gn () du} _1

This is a consequence of the relation

W _00 1,
0

Do Das+ g [ VEEE) dus)

which follows from equation (9.37).
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Corollary 3

lim sup = o(¢).

t—o0

v 2m
# — 6/0 a(u)gr(u) du

This relation is a consequence of the relation

Vst(t) - E/o ! a(u)gr (u) du

lim lim sup =0.

e=0 tsoco

Corollary 4

ye(t) =0z (t) + at/o ! a(u)gr(u) du + to(e).

9.2.4 FErgodic Systems

Assume that the averaged system (9.15) is ergodic; equivalently, the rota-
tion number 6 for it is an irrational number. In addition, we assume that
the function &(z,y) = b(x,y)/a(z,y) has a continuous derivative ¢,(z,y)
that is of bounded variation.
We will write ®,(y) for the solution to the equation

do,

=c(x, P

7 W) =clz, 2a(y))
that satisfies the initial condition ®¢(y) = y. As before, we write Uy (x,y) =
®1(y), where ®_!(y) is the inverse function for y.

x
Introduce the sequence of stopping times {75, k = 0,1,...}, where

T = inf{t: x(t) = xo + k}, x0=2:(0).

Denote by X.(t, o, y0, ), Y(t, 2o, Yo, s) the solution to system (9.14) on
the interval [s, 00) satisfying the initial conditions

XE(va()vyOas) = To, }/&‘(SaanyONS) = Yo-

We consider the sequence of random mappings

Sk(e,y) = Ye(Trg1, To + Ky y, 75)-

Then y.(75,,) = Sk(e,y=(7;)), and we see that by successive back-
substitutions we get

Ye(75) = Sn-1(g, Sp—2(e,..., So(e,%0) - .. ). (9.43)
We will investigate the asymptotic behavior of the ratio
Ye () /1
as n — oo and € — 0. It follows from Theorem 7 that

lim lim sup |y.(7;)/n — 60| = 0,
e=0 nooo
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but we can find a more precise asymptotic representation for the ratio that
is based on a diffusion approximation.
Introduce the sequence of random variables

u;, = Uo(n + zo, y(75)), (9.44)
which is equivalent to
Ye () = Pagpn(uy,). (9.45)
Using Theorem 6 we can write y.(75) as
Ye(75) = g(uz,) + 0(zo + 1) + x(x0 + 1, g(uy) + 0(xo +n)).  (9.46)
Since x(z,y) = O(1), we have g(y) =y + O(1), and we can write
1 1 1
—ye(r5)=—u, +0+0 () . (9.47)
n n n

We will investigate the asymptotic behavior of %ufl as n — oo and € — 0.
Set

Us(t) = \IIO(Is(t)v ys(t))' (9'48)
Then

€

uE(T'rEz) = un'

The following theorem describes the asymptotic behavior of the stochastic
process uc(t) as t — oo.

Theorem 11 The stochastic process u. (t/e) converges weakly as € — 0

to a diffusion Markov process on R having generator L defined for F €
CP(R) by

LF(u) = AF'(u) + %BFH(U). (9.49)

The constants A and B are defined by

:////L(%y,Z)[L(:v,%Z’)\I/o(x,y)]R(z,dz’)p(dz)m(dx,dy), (9.50)
and B/2 =
////[L(37>yvZ)‘I’o(xay)][L@Cay,z’)\I/o(x,y)]R(z,dz’)p(dz) m(dz, dy),

(9.51)
where L(x,y, z) is the differential operator for which

L(fﬂ,y7 Z)G(l’,y) = a((E,y, Z)Ga:(xay) + b(l’,y, Z)Gy(xa y)

Here m(dx, dy) is the ergodic measure for system (9.15) that is determined
in Theorem 5, namely,

/fxy (dr, dy) = Jim f(a’?()z?(S))ds
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for any continuous function for which f(z,y) = f(z+ 1,y) = f(z,y+ 1).
The proof of the theorem is based on several auxiliary lemmas.

Lemma 6 Set

G(z,y,2) = L(z,y, 2)¥o(x,y). (9.52)
Then
i) = G (00002 (1)) (9.59
and
/ Gla,y, 2)p(d=) = 0. (9.54)
Proof Equation (9.53) is a consequence of (9.48) and (9.52). In addition,
[ Gl 2ptde) = atan) G2 @)+ 5e) G ). (05

The relation

y = VYo(z, (I)fr(y))

implies that

SO

0= d(I, (Dw(y)) (‘Ta (I)a:(y>) + E(xa (I)z(y»‘IIO(l‘v (I)w<y))

ox
Since for any x and 3’ we can find y for which ®,(y) = ¢/, (9.54) is proved.

]

Lemma 7 Let a function ® : R?>x Z — R satisfy the following conditions:
(i) There exist measurable and bounded derivatives @, (x,y, z), Py (z, y, 2).
(it) (z,y,2) = ®(z + 1,y,2) = ®(z,y + 1, 2).

(iii) [ ®(x,y,2)p(dz) = 0.
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Then for 0 < t; < ty we have
AL sirte)
.5 < / / / (02(5). (61, Y051 52(0), () R ) s | 7,

(9.56)
where the expression L(-)®(-) means

L(z,y,2)®(x,y,7) :
r=2.(8), y=ye(s)

The proof follows from formula (5.7).
Lemma 8 Let F(u) € C®)(R). Then for 0 < t; < to,

E(F(uc(t2)) — F(uc(t1))/F,) = Ofe)

+E(/ [ Elee6) a6, 2 [F (W) ) 057)
X Do), 5, o) el R ol s 75, ).

Proof This result follows from the relation

F(uc(tz)) = F(ue(t1))

= [ P (29,9, (2)) wote(s) (o) ds

t1

and Lemma 6.

Proof of Theorem 11

We will use relation (9.57) with t; = (t 4+ kh)/e and t3 = (t + (k + 1)h)/e.
Denote by F/(x.(s),y:(s)) the expression under the integral j;tf in relation
(9.57). Then

B (e (v () - (u (“’“")) [Fe)
(to+(k+1)h)e™"

= 0(6) + EE / F( /ftOJrkh s
(totkh)e™!

where Z(s), () is the solution of system (9.15) on the interval

[(to + kh)e™, (to + (kK + 1)h)e 1]




9.2 Randomly Perturbed Torus Flows 333
with initial values

. (to+kh to + kh _ (to+ kh to + kh
Te - = T¢ - y  Ye - = Ye - .

It is easy to see that

(to+(k+1)h)e !
E / B(3.(5), 5.(5)) ds / Fo o
(to+kh)e—1 €

. (h . (t0+kh) - (t0+kh> <t0+kh>)
=& — e y Ye y 2 b) ’
e e g e

where the function ® does not depend on tg or k, since the Markov process

(ze(t),y-(t), 2()) is homogeneous. So

€

~ (h
@ (7 any()»ZO)
IS

hje
= E( ; F(z(s),y:(5)) ds/xE(O) = 2o, ¥(0) = 4o, 2:(0) = zo>.

Let h = he, where he — 0, he/e — 00, and
P {lim sup (Jz(s) — Z(s)| + |ye(s) — 5(s)|) = O} =1
E*)OSS}LE/E

We can find such a function h. satisfying these conditions because of
statement I.
Therefore,

where
Al,y) = / / La,y, )L, g, ) Vo, )|p(d=) Rz, d=)
and
B(z.y) = / / (L., 2) o (2, p)][L(z y. 2o (2, 9)]pld2) R(z, d=').

The function Uy (Z(s),7(s)) is a constant in s, since

0 (#(5), 7(5)) = a(2(5), 7(5)) 5.2 (7(5), 7(5)
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and relations (9.54) and (9.55) hold. So
F(2(s),5(s)) = F'(Yo(x(0), y(0))) Az (s), 5(s))
+ 3 (Uo(2(0),5(0))) B (s), 5(5))

Using the fact that h./e — oo, we can write

e [ A gty as = ho (= [ a@s). 56 ds
|
= he <// Az, y)m(dz,dy) + 0(1)> = h.A+ o(he)

he /e
5/0 B(z(s),5(s)) ds = he A+ o(h.).

and

So
2~ hE 12 1 Ui
ed — 70,40, 20 = he |AF (‘I’o($07yo))+§BF (Yo(z0,%0)) | + o(he)-

Note that € = o(he) and Uo(zo,y0) = ue(0).
Therefore, we can rewrite relation (9.58) in the form

E(F (uc((to + (k + 1ho)e™ ) = F(uc((to + kho)e™)) /FGy tanoye-1)

—o(hs).  (9.59)

—h. l:AF,(UE(to—FkhE 1 to+kh5>)]

)) + 5 BF" (ue(

Let nche — to — t1. Then taking the sum in k£ from 0 to n. — 1 on the
left—hand side of relation (9.59), we obtain the following relation:

iy (2) - (= (2)
- [ (e (2)) a5, )| <o

1

(9.60)

Now the theorem follows from Theorem 2 of Chapter 2.
|

Remark 10 Let 4(t) be the diffusion process having the generator L
given by formula (9.49). Then
a(t) = 1(0) + tA + VB uw(t),

where w(t) is a Wiener process. It follows that

P 400} oo

t—o0
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Remark 11

1
P {lim limsup —|u;, —eA| = 0} =1.
€

e=0 pnoo

Corollary 5

Ye(t) = Oz (t) + et A+ o(e)t.

9.2.5 Periodic Systems

We consider now a randomly perturbed system of type (9.14) for which the
averaged system defined by equations (9.15) is a periodic one. Let 8 = k/I
be the rotation number for the averaged system, where k,I € Z and the
largest common divisor of k and [ equals 1. Then the set IT of those y € [0, 1]
for which

Qi(y) =y+k

is not empty. Note that II is the set of those y for which the solution of
system (9.15) with the initial data 2:(0) = 0, y(0) = y is a periodic function
on the torus 7. Without loss of generality we can assume that 0 € II.
Define

oy) =Pi(y) =k, voly) = ¢y) —y.

In Section 9.2.3 we considered the case IT = [0, 1], then ¢(y) =y, vo(y) = 0.
Now we will consider the case where [0, 1]\II is an open nonempty set. Note
that we can consider functions ¢(y), po(y) for ally € R, where ¢(y) satisfies
the circle mapping condition ¢(y + 1) = ¢(y) + 1, wo(y) is a 1-periodic
function, ¢(y) is an increasing function, ¢(0) = 0, and ¢(1) = 1.

We will investigate the number of additional y-rotations, or cycle slips, for
a perturbed system that are caused by the random perturbation. Introduce
the sequence of stopping times

re=inf{t: z.(t) =nl}, n=0,1,2,....

The number [y.(7%)] is the number of y-rotations during the time that
the system has nl z-rotations. The averaged system has for this time kn

y-rotations. So the number of additional y-rotations is

[ye (7)) = kn = [ye(75,) — kn].

Therefore, determining the asymptotic behavior of the number of additional
y-rotations is equivalent to determining y.(75) — kn as n — oo and € — 0.
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Lemma 9 There exist continuous 1-periodic functions y(y) and o(y) > 0
for which

Ye(Trin) = 0(We(72) + b +ev(ye (7)) + Veo (ye (7)1 11

9.61
+ 55(:‘/5(%2)7 Z(éf'ﬁ)) + 0(5), ( )

where 15, satisfies the conditions
B(n/F5) =0, E((n;)?/F5) = 1.

Moreover, the conditional distribution of n;, | with respect to the o-algebra

Fi. depends only on y.(75) and z(%i’ﬁ), and it converges to the standard

Gaussian distribution uniformly in these random variables. In this formula
0 is given by

5(0:2) = [ 40,9, 2)R(z.d'). (9.62)

Proof Note that the sequence {(yg(ﬁ),z(lfs)), n=0,1,... } is a ho-

€
mogeneous Markov chain, so we have to consider only the case n = 0. It

follows from statement I that 7§ — ¢1(y) in probability, where
t1(y) =inf{s: X(s,0,y) =1}.
So we consider

Yo(t1(y),0,y) — ®1(y) = Ye(t1(y),0,y) — Y (t1(y),0,%).

The remainder of the proof from this point follows from statement II and
Theorem 4 of Chapter 2.
O

Remark 12 It follows from formula (9.62) that

/ 5(y, 2)p(dz) = 0,

so the uniform ergodicity of z(¢) implies the relation
1
£ (5 (D (27) ) /75 ) = o)

Remark 13 For any n, the joint distribution of the random vari-
ables 15, ...,n5 converges to the joint distribution of the random variables
N, ---,Mn, which are independent standard Gaussian random variables.

as € — 0.

Lemma 10 Introduce the Markov chain {i.(n), n =0,1,2,...} for which
te(n +1) = ¢(ie(n)) + Veo (i (n))npi1, (9.63)
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where {n1,..., M} s a sequence of independent standard Gaussian random
variables. Let

us(n) = y(75) — kn.

Assume that ue(0) = 4.(0) = yo € (o, B8), where (o, B) C [0,1] \ II, but
a, 3 €1Il. Set

T. = inflk : uc(k) & (o, B)],

T. = inf[k : 4.(k) ¢ (a, B)].
Then

g%(El{us(Ta)Zﬁ}l{Ta@\s} - El{as(fs)zﬁ}l{ﬁos}) =0,

g%(El{us(Te)ga}l{Tsc\s} - El{aa(ﬁ)ga}l{ﬁQa}) =0,
for any A = 00 ase — 0 and
lim B(T./ET.) = 1.
e (T-/ ET)
The proof of this statement can be obtained from Lemma 9 and Remark

13.

Next, we investigate the asymptotic behavior of 7. and @.(T:) as € — 0,
Yo — « and as yp — [ under the condition of Lemma 9.

Lemma 11 Assume that o, yo, 8 are the same as in Lemma 9 and po(y) >
0 fory € (a,B),

eo(y) =0y —a)” +o((y —a)") if y—a,

and
po(y) =0(B—y) +ol(B-v)) if y—05,
where v > 1.
Define stochastic processes
N _1
Yz (8) = Y ((n) = @)™ T Lnercic(nin)enys (9.64)
N _1
2 (1) =D (8= e(n)e” ™7 Lnercic(ninyen)s (9.65)

n

where k = (y—1)/(y+1).
Let y=(t) and y*(t) be the solutions to the stochastic differential equations

dy=(t) = dly~ ()| dt + o(a) dw(t), (9.66)

dy* (t) = =0y ()|t + o (B) dw(t), (9-67)
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where w(t) is the standard Wiener process.
For h > 0 define the stopping times

7o (h) =inf{t : y_(¢) ¢ (0,h)},

7 (h) = inf{t : y2 () ¢ (0,h)},

7 (h) =inf{t: y~(¢) ¢ (0,h)},

7T (h) = inf{t : y™(t) ¢ (0,h)}.
= (5

Then the distribution of (tX(h), y=(tZ
distribution of (7% (h), y=(7%(h))).

Proof It follows from relation (9.64) that y_ (¢) satisfies the difference
equation

Yo (t4em) —yz () = 8(y= (1) e + o) we(t + &) — we(t)] + o(e),
where
we(t) = Z 2, (9.68)

The solution of this difference equation on the interval [0, 7. (h)) converges
in distribution to the solution of equation (9.66) on the interval [0, 7~ (h)]
because of the weak convergence of the stochastic process we(t) to w(t).

The proof for the other case is similar.
|

Remark 14 Set

U= p{‘zwilm} v
and

Ve = / QQXP{_MTZ;%)} / e"p{‘w iuZ;;(a) } ju(i)

Then for 0 <y < h,

PL (™ (1) =y (0) =5} = =0,
B(r (/™ (0) =) = =30~ (6) =V (0)
Analogously, for 0 < y < h,
PL () = 1y (0) = o} = [
and
B/ (0) = 1) = v 0 (5) ~ V),
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where

v = [ el 5 P

and

Ve[ eXp{ 20 TZ;Z(@ } A eXp{‘miuZ;?@} dudv-

The proof of this is presented in [40].

Corollary 6 Assume that h — 0, y € [0, \h], 0 < A < 1. Then

PL )/ 0 =) =140 (exp {—Mﬂ;(a)}) 7

P ) 0) = 5 = 0 (e {52 ).

Consider the behavior of the sequence {u.(n)} in a neighborhood of an
isolated point « € II.

Lemma 12 Assume that ©o(y) satisfies the relation
po(y) = d(sign(y — a))ly —af” +o(y — a),

where 6(—1), §(+1) € R; y:(t) is determined by the right-hand side
of formula (9.64); and §(t) is the solution of the stochastic differential
equation

dy(t) = o(sign(y))|g|"dt + o(a)dw(t). (9.69)
For an h > 0, denote by 7.(h) and 7(h) the stopping times
To(h) = inf{t: y.(t) ¢ (—h,h)},

Hh) = inf{t 9(0) ¢ (—h,h)}.
Then the distribution of (7e(h), ye(7<(h))) converges weakly to the distribu-
tion of ((h), y(r(h))).

The proof is the same as in Lemma, 10.

Corollary 7 (1) Let 6(—1) > 0, 6(+1) > 0, h = 00, 0 < XA < 1, and
ly| < Ah. Then

P{g(7(h)) = h/§(0) =y} =1 + O(“"{ - m})
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and
E(#(h)/5(0) = y) = O(1). (9.70)
If 6(—1) < 0, §(+1) < 0, then (9.70) is true and
PG ) = —n/i(0) = 1} =1+ 0 exp { - T, o

(2) Let 6(—1) > 0, §(4+1) < 0 (this means that « is an attracting point for
the mapping ¢ : [0,1] = [0,1]), h — 00, 0 < A < 1, and |y| < Ah. Then

E(7(h)/4(0) = y) > c1 exp{c — 2n7 "1} (9.72)

for some ¢; > 0, cp > 0.
(3) Let (—1) < 0, 6(+1) > 0 (this means that « is an repulsing point for
the mapping ¢ : [0,1] = [0,1]), h — 0o, Mh <y < h, and Ay > 0. Then

(()/() y) =0(),

P{ 1nf 51gny g(t) > )\1 } =1+ O(exp{—coh?*),

t<7(

where ¢y > 0.

Lemma 13 Assume that I1 contains a closed interval [c,d] and ¢o(y) > 0,

eo(y) = d1(c —y)" +o((c —y)") fory < c, and po(y) = d2(y — d)™ +
o((y —d)") fory >d. Let

C(d) = inf[n : us(n) > dj.
Then
lim (¢ B(C-(d) /u=(0) = ¢)) = E((d),

where ((d) = inf[t : 0*(t) = d], and 6*(t) is the diffusion process on [c, o)
with the same generator as the diffusion process 0(t) constructed in Remark
2, but with reflecting boundary at the point c.

This statement is a consequence of Theorem 9 and Lemma 11.

Lemma 14 Assume that for ¢ < d, @o(y) satisfies the conditions of
Lemma 13 with 61 < 0 and d5 > 0. Then

lim e ET, = +o0. (9.73)
e—0

Proof Lety € (a,c+1), and let h > 0 be small enough. Then it follows
from Corollaries 6 and 7 that

Plus(re(d+h,c+1)) =d+ h/y(0) =y} =o0(e) for ye(d+h,c+1)
and

Pluc(re(dyc+1—h)) =c+1—h/y(0) =y} =o(e) for y € (d,c+1—h),
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where

7e(a, B) = inf{n : uc(n) ¢ (a, B)}.

So before the sequence {u.(n)} walks out of the interval (d,c + 1) it has
to cross the interval (d+ h,c+ 1 — h) approximately 1/0(¢) times. Because
T. > 7.(d,c + 1), this implies relation (9.73). In the same way we can
consider the case y € (d —1,¢).

|

The main result of this subsection is the following one.

Theorem 12 Let the stochastic process z(t) be uniformly ergodic and sat-
isfy condition SMC' II of Section 2.3. Assume that the function po(y) has
a continuous first derivative. Then the following statements hold:

(i) If po(y) is a function that changes sign, and there exist ¢ < d, ¢,d €
II, and v > 1 for which

lim ¢o(y)/(c—y)? <0, lim @o(y)/(y —d)” >0,
y—c— y—d+

then with probability 1,
lim sup |y (t)/z.(t) — 0] = o(e). (9.74)
t—o0

(i1) If oo(y) >0, woly) < H(r(y,II))Y, where r(y,II) is the distance from
the point y to the set II, and H > 0 and v > 1 are some constants,
and if there exists an interval [c, d] that belongs to I1, then there exists
a positive constant A for which with probability 1,

limsup |y (t)/z(t) — 0 — Ae| = o(e). (9.75)
t—o0
0, IT is a finite set, and for every c € 11 there exist numbers
0_(c) >0, vi(c) > 1, v_(c) > 1 for which
po(y) =64 ()y — ) +o(ly —o)+), y>e,

poly) = 0-(c)(c =)~ +o((c—y)-9), y<e
Then there exists a positive constant A for which with probability 1,

h?l:;gp ly(t)/zo(t) — 0 — Ae®| = o(e"™), (9.76)

where
2

k=1———,
v+1

Y= inf{V— (C), 7—5—(6)7 ce H}

Proof We introduce the sequence of stopping times: TE(O) = TE(O) and for
k=1,2,...,

T® =inf{n > TF Y ¢ ju.(n) — u (THF D) > 1}.
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Suppose that u.(0) = yo € II. We can prove that the conditional distribu-
tion of Tg(l) with respect to a given yo and z(0) does not depend on yy € II
and z(0) as ¢ — 0. So, {Tg(k) - Ts(kfl), k = 1,2,...} is asymptotically
distributed like a sequence of independent random variables. This implies
that

T® JET® ~ T® JLET,.
Note that in case (i) the number of y-rotations for the time Te(k) is

oT*) = O(k)

and the number of z-rotations is Tg(k). So

v (1) Ok _y1 0 <1> :

A
.. (T!“)) T RET T.

This and relation (9.73) imply relation (9.74). If y € (a, 3), where «, 8 € 11,
then we can start the calculation of the rotation at the stopping time
7=(a, B).
In the same way, we use Lemma 12 in case (ii), and we use Lemma 10 in
case (iii).

]



10
Phase—Locked Loops

In this chapter we describe an important electronic circuit, the phase—
locked loop (PLL). We first investigate the circuit’s dynamics without and
with random perturbations, but in the absence of external forcing. Then
we analyze the response of the circuit to noisy external signals, and we
describe a method for extracting signals from the result.

The phase-locked loop (PLL) is a standard electronic synchronous control
circuit. The circuit is described in Figure 10.1.

Vin (1) PD LF VCO -

Vout — V(e)

Figure 10.1. Phase—locked loop circuit. Included are a phase detector (PD) having
output P, a loop filter (LF) having output z, and a voltage—controlled oscillator
(VCO) having output V().
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Here vy, () is an external signal that is put into the PLL, and V' (6(t)) is the
voltage put out by the voltage—controlled oscillator. (V' is a fixed waveform
like a sinusoid, a saw-tooth, or a square wave.) The phase detector (PD)
combines these two signals, usually by simply multiplying the two signals
vip and V' and putting out a voltage P that is proportional to the product.
This in turn passes into the loop filter (LF), and its output (z) is used as
the controlling voltage of the VCO.

Part of the brilliance of this circuit is that it is described in terms of
frequency—domain variables (or angles), making possible the use of power-
ful Fourier methods to analyze it and to design more complicated circuits
in which it is used.

The VCO’s output is vouy = V(0(t)) (volts), but its dynamics are described
by a linear problem,

9:w+z,

where w is a constant, called the center frequency, that characterizes the
VCO. The variable 6(t) is the VCO’s phase, and it is the key variable in
the model. In a PLL, the VCO output feeds back to the phase detector for
comparison with the input and for generating the control signal P.
In the case where the loop filter is a low—pass filter, the circuit is described
in mathematical terms by the following set of differential equations

T2(t) + 2(t) = P(O(t), vin),
0(t) = w + z(t),
where:
1. 7 is the time constant of the low—pass filter;
2. w is the VCO’s center frequency;
3. vin(t) is the input voltage;

4. P = P(0(t),vin) is the output of the phase detector, which will be
described later.

Usually filters are described as being linear time—invariant system of the
form

A(t) = /Ot h(t — t)o(t') dt',

where h is called the impulse-response function, and its Laplace transform

H(s) = /0 T sty dt,

is called the system’s transfer function.
For example, a low—pass filter is described by a differential equation of the
form

T+ z = f(t),
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where 7 is the filter time constant and f(t¢) is an external signal. The
solution is

I
2(t) = e7V72(0) + 7/ ED/TEY dt.
T Jo
where the first term on the right-hand side is a transient term and the
second is a LTT with input f(¢). Note that in this case H(s) = 1/(rs+1).

If f is purely oscillatory, say f(t) = e?, then
et e +iwT)

2(t) = ———— ety T
0= 5 PO ey

This solution comprises a steady oscillation plus a decaying transient. We
write the steady oscillation as z(t) = A(w) exp [ip(w) + iwT]. In fact, the
amplitude and the phase deviation of the response are given by

1
1+ (wr)2’

The functions A and ¢ can be plotted as functions of wr. Such plots are
called Bode plots. For example, A(wT) — 0 as the dimensionless parameter
wT — oo. In practice, one says that the filter allows passage of only those
frequencies with w < 1/7; the larger is the time constant, the narrower the
pass band of frequencies.

If the loop filter is a band—pass filter, the model becomes more complicated.
The simplest case is a filter with transfer function

A% (wT) = o(wt) = garctan(wT).

as
s24as+ 02’
in which case the equation for z becomes a second—order system,

2(t) = —az(t) — Qu+ aP(0(t), vin),

u(t) = Qz,

O(t) = w + 2(t),
which effectively allows passage of frequencies that are within a units of
+Q.
Filters cannot always be reduced to equivalent differential equations, in
particular when we consider them to have noisy components.
With more general filters, the equation for z(¢) is typically a Volterra in-

tegral equation that cannot be reduced to a differential equation. In this
case, we write the system as

z(t) = o(t) + /0 h(t —t"YPO'),t')dt’,
0(t) = w + 2(t).

It is possible to adjust all of these data from outside the circuit. In circuit
design we have flexibility in selecting components of the circuit, and this

H(s) =
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is often done in a way that facilitates the design of more complicated cir-
cuits. On the other hand, in modeling physical or biological systems, we
are informed about the nature of the pass bands and the phase detector,
and we must deal with them as given.

The outputs of the circuit, z, P, and V(#), are all useful in various ap-
plications. For example, z is used to demodulate the phase in FM radio,
giving the part of the signal that we listen to, and P gives an error signal
detecting phase shifts between the input and PLL output that is used in
radar systems.

Both the free problem (no external forcing signal) and the forced problem,
where an external signal is brought into the circuit through the phase de-
tector, are of interest in applications. The terms in the circuit are usually
taken with the following meanings:

1. P combines external signals with the VCO output, usually by a simple
multiplication of the two. This output is used to obtain the frequency
and the phase modulations in the signal.

2. The total controlling voltage is passed through the loop filter to
reduce noise and unwanted interference.

3. z is the output of the loop filter, and it controls the VCO frequency.

4. V is a fixed waveform, namely a periodic function, say having period
2.

For the remainder of this chapter, we consider only problems with a low—
pass filter, sometimes even with 7 = 0, to illustrate our methods. There
are obvious, but nontrivial, extensions of this work to systems having noisy
filters represented by convolution integrals based on our earlier work on
Volterra integral equations.

10.1 The Free System

When there is no external signal to the circuit, we say that the problem
is free. In this case, the model is described by the system of differential
equations

TZ=—2z+V(0),

. 10.1
0=w+z. ( )

The unperturbed system has 7 and w as constant parameters, and V() is a
2m-periodic, nonrandom function describing the output waveform. The ran-
domly perturbed system has 7, w, V(0) as stochastic processes depending on
t/e (as usual in this book), and system (10.1) with nonrandom parameters
constitutes the averaged equations for the perturbed system. We consider
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the case
V(0) = cos¥,

but our results can be applied to V() of general form.

10.1.1  The Nonrandom Free System

We consider system (10.1) with V(6) = cos 6. Introduce an auxiliary scalar
differential equation

TdZ(H) _ —Z(0) 4 cos®

o ZO)+w

(10.2)

which is an implicit form of (10.1). We will investigate the solutions of sys-
tem (10.1) and equation (10.2) for fixed 7 > 0 and various w > 0. Note that
the point Z = —w is a singularity for equation (10.2). For Z # —w denote
by T'(z,w) > 0 the value for which equation (10.2) has a solution Z(6, z)
satisfying the initial condition Z(0,z) = z, having a maximal interval of
existence [0,T(z,w)) and satisfying

lim |Z(6,2) +w| =0.
0—T(z,w)

It is easy to see that if —w < 21 < 2z, then T(w,21) < T(w,22) and
Z(0,21) < Z(0, z3) for 0 < T(w, z1). If 2 < —w, then T'(w, z) = +00. So we
can define the following functions:

Z1(0,—w) = Zﬁl(ifr:})+ Z(6,z),

Z_(0,—w)= lim Z(0,z),

z—(—w)—
T(~w, —w) = z_)l(i{IleH_T(w, z).

Lemma 1 Let 0(t) be the solution of the equation

0(t) = w+ Z(0(t), 2)

with the initial condition 6(0) = 0 and 6(t) < T'(w, z) for t € [0,41]. Then
the functions

0(t) and z(t) = Z(0(¢),z)
satisfy the system
TZ(t) = —2(t) + cos (¢t),
0(t) = w + (1),
on the interval [0,t1] and satisfy the initial condition: 8(0) =0, z(0) = z.

(10.3)
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The proof of this lemma is accomplished by direct calculation, which is left
to the reader.

Define the mapping ®,(z) = Z(27, z) when T'(w, z) > 2. It is easy to see
that ®,(z) satisfies the following conditions:

(i) For fixed w the function @, (z) is defined on the interval (z, co) where
2 satisfies the relation

lim Z(0,z)) =—w,
9—}02(0.2)

where
cosba(w) = —w, Oa(w) € [m,27].
(i) @, (21) < Py, (22) for 21 < 2s.
(iii) ®y(2) < zif z > 1.

(iv) I @, (25 +) < 25, then D,(2) < zforall z € (27, 00); if D, (25T) > 27,
then there exists the unique point z, € (2}, 00) for which

D, (z,) = Z,- (10.4)
Theorem 1 Suppose that @, (z5+) > z%. Then
(1) The function Z,(0,z,) is a 2w-periodic function.
(2) The solution of system (10.3) with the initial condition 6(0) = 0,
z(0) = z,, has the form
0(t) = t/co +pu(t),

(1) = 2,(0(t),%.), (105)

ISl

where
1 2 du
= or 0o w Zu(u,z,)
and py,(t) is 2mey,-periodic.
(3) For all z € (2%, 00),
lim |Z,(0,%,) — Z.(0,z)| = 0.
60— 00
(4) If (8(t), 2(t)) is the solution to system (10.3) with the initial condition
0(0) =0, 2(0) = z, and z € (2}, 0), then
tlgg@ﬂ&(t) — ()] + |2(t) — z(t)|) = 0. (10.6)
Proof Statement (1) is a consequence of relation (10.4), and (2) follows

from Lemma 1. To prove (3) we consider z > Z,,. Then

2> P,(2) > Py (Py(2)) > - > Dl(2) > Z,,
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where ®7 is the nth iterate of the mapping ®,,. Define Z = inf,, ®7(z). It is
easy to see that ®,(2) = 2, so £ = z,,. Since ®"(z) = Z,(2nw, z), we have
that

lim Z,(2nm,2) =z,

n—oo
for z > z,. In the same way we consider z € (2%, Zz,). This implies (3).

Statement (4) is a consequence of Lemma 1 and statement (3).
]

Remark 1 Let w > 1. Then T(w, z) = 400 for all z > —w. So 2} = —w.
If 2 < —w, then Z,(0,z) - —o0 as § — +oo and

. 1 1
Jm gZe(6:2) ===

The last follows from the relation Z,(0,z) - —oco as § — 400 in (10.2).
We consider the solution of system (10.1) with the initial condition z(0) =
20 < —w, 8(0) = 0. Then (t) < 0 and 2(t) > 0 for t < t;, where t; =
sup{s : z(s) < —w} and z(t;) = —w. So the solution of system (10.1)
satisfies relation (10.6) for any initial condition (z(0), 6(0)).

Remark 2 For w = 1 system (10.1) has singular points at (—1, (2n+ 1))
in the (z,0)-plane for n = 0,41, £2,.... These points are unstable nodes,

and for all n € Z equation (10.2) has the solutions Z,S”(e), 0 € [(2n +
1), 00) for which

ZW () = %(9 ~ 20+ 1))+ O((0 — (20 + D)m)?).
Note that
ZW(0) = 206 — (2n + 7).

Assume that the initial conditions z(0) = zg, 8(0) = 6y, for system (10.1)
satisfy the relation

z0 = Z(()l)(ﬁo —(2n+1)m) for some n. (10.7)
Then

tllglo z(t) = —1, tli)rglo 0(t) = (2n + 1),
where (z(t),0(t)) is the solution to system (10.1) with this initial condition.
If zp < —1 and (%o, ) does not satisfy relation (10.7) for any n, then there
exists ¢; for which z(t;) = —1. For the solution of system (10.1) with such
initial conditions, relation (10.6) is fulfilled.
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Remark 3 Let w € (0,1). Denote by 67(w) and 03 (w) the solutions of
the equation

cos bt = —w,

where 607 (w) € [0,7] and 0%(w) € [m,27]. The points (—w, 0} (w) + 2n7),
i = 1,2, n € Z, are singular points for system (10.1), and they are stable
nodes for ¢ = 1 and unstable nodes for i = 2. There exists a solution of
equation (10.2),

7" (w,8), 6€]0,00),
satisfying the following conditions:
(8) Z*(w,0) < —w, 0> 63(w);
(b) Z*(w, 05 (w)) = —w, Z*(w,0) = 2.

Consider the solution (z(t),0(t)) to system (10.1) satisfying the initial
conditions z(0) = zg < —w, 0(0) = 6. The following statements hold:

(1) If for some n € Z
Z* (w, 8o + 2nm) = 2o, (10.8)
then z(t) < —w for all ¢ and
tlggo 2(t) = —w, tl;rg@ 0(t) = 05(w) + 2n.
(2) If there exists no n for which relation (10.8) holds, then there exists
t1 > 0 for which z(t;) = —w; in this case set
to = inf{s > t; : 6(s) = 2nw for some n € Z}.
Then z(t2) < D, (2% +) and either relation (10.6) is fulfilled if z(t3) > 2z or
tliglo 2(t) = —w, tli>I£10 0(t) = 2nm + 07 (w)
if z(t2) < 2%.
Remark 4 Counsider the solution to system (10.1) satisfying the initial
condition z(0) = 2%, 0(0) = 0. Then z(t) +w > 0 for all ¢ > 0 and
tlgxolo 2(t) = —w, tlggo 0(t) = 07 (w).

In the same way, if condition (2) of Remark 3 is fulfilled and z(t2) = 27,
then

lim z(t) = —w, lim 0(t) = 2n7 + 05 (w).

t—o0 t—o0

Introduce a number w* that is determined by the relation

w* =inf{w: ®,(z]) > 25}
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So for w > w* the conditions of Theorem 1 hold, and the behavior of the
solution to the system is described by Theorem 1 and Remarks 1-4. Now
we consider the case w < w*.

Theorem 2 Suppose that w < w*. Denote by Z,(w,0) the function
satisfying the following conditions:

(1) Zi(w,0) satisfies equation (10.2) for all
0 € U, (05(w) + 2mn, 05 (w) + 27 (n + 1)).
(2) Zi(w,2mn+ 65(w)) = —w for all n.

Let z(t), 0(t) be the solution of system (10.1) with initial conditions z(0) =
20, 6(0) = 6. The following statements hold:

L Ifzo > Z1(w, ), then O(t) — 00 ast — o0 and z(t) — Z4 (w,0(t)) —
0 ast— oo.

II. If zo = Z4(w,00) and 03 (w) + 2nm < 0y < 05 + 2(n + 1)7, then
0(t) = 05(w) +2(n+ D7, 2(t) = —w as t — oo.

III. If 29 = —w and 0y = 05(w) + 2nm, then z(t) = 2o, 6(t) = by for all t.

IV. If —w < 29 < Zi(w,6p), 05(w) +2nm < 0y < 05 + 2(n + 1)m, then
0(t) = 05 (w) + 2nm, 2z(t) —» —w ast — oo.

V. If z9 < —w and for some n relation (10.8) is true, then
tlirrolo z(t) = —w, tlg(r)lo 0(t) = 05(w) + 2n.
VI If z9 < —w and relation (10.8) holds for no n, then there exists ny
for which
lim 6(t) = 67 (w) + 2mn., tli}m z(t) = —w.

t—o00

Remark 5 It is easy to check that
Zi(w,0) =Z"(w,0) for 0 €[0,05(w))

and that the solution to equation (10.2) on the interval (65(w) — 2m,0]
satisfying the initial condition Z(0) = z has the property

lim  2(0) = —w.
063 (w)—27m

Since this is true for all w < 1, we can define Z; (w,6) for all w < 1. If
w* < w, there exists the running periodic solution z(t) and for all y and
zo satisfying the relation Z, (w, ) > 2o the relation (10.6) holds.

Remark 6 The static state (61 (w), —w) is:
(i) a stable node if
A=41(1-w)?-1<0;



352 10. Phase—Locked Loops

(ii) a stable star if A = 0;

(iii) a stable focus if A > 0.

Remark 7 We can consider the solution of system (10.1) on the cylinder
C = R x [0,27); the points of the cylinder have coordinates z € R, 0 €
[0,27). The behavior of the system on the cylinder C' can be described in
the following way. Introduce on C' the following curves:

() 2= 2,(0,%,), 0 € [0,27), which is defined for w > w*;
(B) z=Zy(w,0), 0 €[0,27), which is defined for 0 < w < 1;

(v) 0 = O_(2), z € (—o0,—w], w < 1, where ©_(z) is a continuous
function for which for every z < —w there exists n € Z such that

7" (w,0_(2) 4+ 2nm) = z
and O_(—w) = 03 (w).

The curves (a) and () are closed on C, and each of them divides the
cylinder into two parts.

The curves («), (8), and () are invariant manifolds for system (10.1), and
the behavior of the system on these curves is described in Theorems 1 and
2. Introduce the sets

Cyr ={(z0): 2> Z;(w,0)},
C_o={(2,0): 2< Z;(w,)}\{(2,0): 0=0_(2)}.

Let w > w*. Then for initial condition (zg,8) € C; the system tends to
the curve («) as t — oo, and for (29,0p) € C_ the system tends to the
stable static state (—w, 07 (w)).

Let w < w*. Then for (zg,6p) € C4 the system tends to the curve (3), and
for (z0,6p) € C_ the system tends to the stable state (—w, 07 (w)).

10.1.2  Ezxample: Simulation of the Free PLL System

A computer simulation illustrates the primary behaviors of the free system.
Consider

70 + 0 = w + cos . (10.9)

Simulations of two solutions for each of three choices of 7,w are shown in
Figure 10.2.
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Figure 10.2. Three cases of the free phase—locked loop model (10.9): Top 7 = 1.5,
w = 2.0. Middle: 7 = 1.5, w = 0.963. Bottom: 7 = 1.5, w = 0.5. Two solutions
are shown in each case. The top one starts at (6(0),0(0)) = (0.0,3.0) and the
other starts at (6(0),0(0)) = (x,—=). In the top case, all solutions approach
the running periodic solution. In the middle case, the top solution approaches
a running periodic solution and the bottom one approaches a stable node. This
illustrates the case of co—existence of the two stable solutions. In the bottom case,
all solutions eventually approach the stable node.

10.1.3 Random Perturbations of the Free System

We consider a randomly perturbed system that is defined by the system of
differential equations

r(v(8)) 2=+ 0 (5 () 00).
bu(t) = (v (£)) + =200,

where y(t) is a homogeneous Markov process in a noise space (Y,C) sat-
isfying condition SMC II of Section 2.3, 7(y) and w(y) are nonnegative
measurable functions on (Y,C), v(y,0) : Y x R — R is measurable in
y € Y and sufficiently smooth in 6, and € > 0 is a small parameter.

Let p(dy) be the ergodic distribution for the Markov process y(t). We
assume that

(10.10)

/T‘l(y)p(dy) < o0,
/Iv(yﬁ)lf‘l(y)p(dy) < 00,
/v(yﬁ)T‘l(y)p(dy) = 0089-/7‘1(@/),0(051/),
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and

[ et <.

T= (/T‘l(y)p(dy))l,
o= [,

Then system (10.1) is the averaged system for system (10.10).

The next statement follows from Theorem 6 of Chapter 3:

I. Let (2(¢),6(t)) be the solution to system (10.1) satisfying the initial
conditions z(0) = 2.(0) and 6(0) = 60.(0), where 2z.(0) and 6.(0) do not
depend on € > 0. Then for any ¢y > 0,

P{lim sup (|22 (t) — 2(t)] + 0(t) — 0(t)]) = o} ~1. (10.11)

e—0 t<to

Let

Next, suppose that
1 Ov
——(y,0

is a bounded function that is continuous in . Then the conditions of
Theorem 2 of Chapter 4 are fulfilled, and so we have the following
II. With the initial condition z(0) = 2.(0), (0) = 6.(0), the two-
dimensional stochastic process (3 (t), 6-(t)), where

Z(t) = e V2 (t) - ( )

0=(t) = eV/2(0-(1) — (1)),
converges weakly in C' to the stochastic process (2(t),(t)) defined by the
system of integral equations

é(t):f/o %2(s)ds+/0 181110(5)-é(s)ds+v1(t)+v2(t),

T

it) = /0 5(s)ds + va(t),

where (v1(t), v2(t), v3(t)) is a three-dimensional Gaussian stochastic process
with independent increments for which

Evk(t):o k=1,2,3,
E(Ozﬂ)l + 052’02( ) + 0&3’U3(t))2

—2 / // —arT () + aar L W)u(y, 0(5)) + asw(y)
—on7 N Y') + agT 1(y’)v(y’,9(s))+asw(y’))R(y,dy’)p(dy)ds-



10.1 The Free System 355

It follows from statement I that there exists a function #(¢) : Ry — Ry
for which lim._,¢ t(¢) = +oco and relation (10.11) is true if ¢. replaces to.
So we can describe the behavior of the perturbed system using the results
of Theorems 1 and 2 for the averaged system.

A more precise description of the perturbed system in neighborhoods of
the running periodic solution and of the stable static state follows from the
results on normal deviations.

10.1.4 Behavior of the Perturbed System near the Running
Periodic Solution

Suppose that the averaged system (10.1) has w > w*, so there exists a

running periodic solution, say denoted by (Z(¢),0(t)). Let (2(¢),0(t)) be
the solution to system (10.10) satisfying the initial conditions

2:(0) = z9, 0.(0) =0.
Theorem 3 Assume that the relation
D, (25+) > 2

holds for equation (10.2). Let T(¢) : Ry — Ry be a function such that
T(e) = 400 and eT'(e) — 0 as € — 0. Then for any zo > zJ there exist
constants C > 0 and o > 0 and a function 6(¢) : Ry — Ry such that
d(e) = 0 as e = 0 for which

. |5(t) — Zs(t” + |é<t) - HE(t” _
R = e

Proof Define a sequence of stopping times {7f, k = 0,1,2,...} by the
relations 75 = 0 and

Tiyr = inf{s > 715 : 0.(s) =2(k+1)m}, k>0. (10.13)
Set
O (2) = 22 (11",

where zZ(t), 6%(t) is the solution to system (10.10) on the interval 7, c0)
with the initial conditions

z2(m) =z, 0Z(7y) = 2k,

and 75, is determined by formula (10.13) in which 6.(s) is changed to
0%(s). It is easy to see that

2e(tiy) = W (@D (- (0 (2) - +))).
It follows from statement II that

®M(2) = Bu(2) + Ve a(z) ng, (10.14)
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where o(z) is a bounded function and the distribution of 1} converges to
the standard Gaussian distribution. The function ®,,(z) was introduced in
Section 10.1.1 (see (i)—(iii)). Let Z, be determined by relation (10.4). To
prove the theorem it suffices to prove that

. ‘Zw _ZE(TEN }
lim P Po =2Vl <9 L, 10.15
s {gﬁg<%k+a@ = (10.15)

where C' > 0 and r < 1 are some constants.
It can be proved that

do,,

W(z)

= 0<A<l

2=Z

So

2e(Th1) = 2o = O (2:(75)) — 20 = Cu (26 (f)) + VE 0 (2e(70)) 1 — 2o

=&, (2:(13)) — Pu(Z0) + \@U(za(ﬁi)) M-
There exist constants d; > 0 and A\ < 1 for which
[Py, (2) — D (Zw)] < ALlz — Z,]

if |z — Z,| < 61. Note that the inequality |z.(75) — Z,| < 61 implies the
relation

|26 (T541) — 2l < Mid1 + Crve i,
where Cy = sup |o(2)|.
Suppose that

(10.16)

Then |2.(75) — Zo| < 01 for all k <n < T'(e) if |2.(75) — Zo| < 61, and
|22 (T 1) = 2| < Ml2e(73) — 20| + C1ve |05 (10.17)
for all n € [k, T(¢)]. It follows from (10.17) that

n—=k

2 (Trg1) = 2ol S CWVE D Nl + AT e (7f) — 2
=0

< OAR 4

Ve swp Il
1-X m§T(s)| |

Assume that

£ < B .
SUp | < = 0() (10.18)

and that 0(g) < 1. The last relation implies relation (10.16).
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Note that
o 1-x 1—X\ 2o,
P{mi%‘ig) > ﬁzs(e)} < T(e)(cl ﬁas)) El|
_ T(e)e
seECW

Let d(e) satisty the relations d(¢) — 0 and
lim T'()ed2(e) = 0.
e—0
Then the probability that relation (10.18) holds tends to 1 as e — 0.
If (10.18) is satisfied, then
|2 (1) — 2| < SNPF - 6(e) (10.19)

for all n € [k, T(g)].

Let (2(¢),6(t)) be the solution of the averaged system with the initial con-
dition 2(0) = 29, #(0) = 0. Then (|z(t) — 2(t)| +|0(t) — 0(t)|) — 0 as t — oo.
It follows from statement II that if |z(2k7) — Z,| < §1/2, then

. e = _
lim P{lze(m) — 2o <61} = 1. (10.20)
This completes the proof of the theorem.
|
Remark 8 Assume that for some vy > 2,
limsup Eni|” < 0. (10.21)

e—0

Then T'(e) — oo can be chosen such that

lim 7T'(¢) /2 = .

e—0
If relation (10.21) is true for all v > 0, then we can choose such a function
T(e) for which

lim T'(e) e” = +o0

e—0

for all v > 0.

10.1.5 Behavior of the Perturbed System near the Stable
Static State

We assume here that w < 1. Then (—w, 67(w)) is a static stable state for
the averaged system (10.1). Set

Ze(t) = w+ 2 (),

0c(t) = 0:(t) — 07 (w).
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Theorem 4 Let 2.(0) = zp and 6.(0) = 0y. Assume that z*(w,0y) > 2o
if w > w*. Let a function T(e) : Ry — R4 be such that T(e) — oo,
eT(e) = 0ase—0.

Then there ezist constants C > 0 and a > 0 and a function 6(¢) : Ry —
Ry, 0(g) = 0 as € — 0, for which the following relation is fulfilled:

|Z(8)] + [0-(t))] }
lim P — - <1 =1 10.22
0 {t<T(s) Ce—ot + (5(5) - ( )

Proof Introduce the stochastic processes

! /<T(y ©) -7

G f/ ) o (). o] o

- f/<1<y<z> (8) ) - ) s
v () e

It follows from system (10.10) that the functions Z.(t), 6.(t) satisfy the
system of integral equations

Z.(t) :25(0)71/0 Zs(s)dsqL%\/l—wQ/o 0.(s)ds

T

— Ve tés v (s € t~s v (s v t s)ds
VE [ 2@ds)+ V2 [ )+ vaP0 + [ oo

(10.23)
and
0.(t) = /0 t Z.(s)ds + Ve (t), (10.24)
where
o0 =v(y(2).0r+0.0) —v(y(2).0r) = (v(2).07) 60
and
V(.0) = 90 (3.0).

Let A(t) be the 2 x 2 matrix
Aft) = exp{tB},

where
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Denote the elements of the matrix A(t) by a11(t), ai2(t), as1(t), and ags(t).
Then the system of equations (10.23), (10.24) can be rewritten in the form

Z(t) = 2.(0)a11 (t) 4 0.(0)ara(t)
-H@Amw—@@a@m@@+@@m9®+M@®»

+ﬁ£mﬁﬂﬂ@@+lmﬁﬂﬁ®®
(10.25)
ég (t) =Z (0)&21(t) =+ ég (0)@22 (t)
VE [ anilt = 5) (~2(5) oD (s) + s) o (s) + e ()
0
+/Ola21(t—s) ( dS-‘r\[/ a22t—8 d’l)(4)()

(10.26)
Note that

lai; (£)] + |ai; ()] = O(e™"),

where § > 0;

3=() < k (0:(1))?,
where k is a constant, and
|Z-(D)] + 10=(t)] = O(1 + [z (D))

Using integration by parts for integrals with respect to dvéi)(t) we can
obtain from (10.25) and (10.26) the inequality

[2:()] + 10-(1)] < (12(0)] + [6=(0) ) e~

t
+o [/ 89§, (s)[2 ds

+\f/ 0=9)(1 4 |2(s)| + |0c(s Z|v() (10.27)

+ Ve + |2 ()] + [0t Z|v() ]

Assume that |2.(0)| 4 |0-(0)| < r and

7. = inf{s: |Z.(s)| +|0-(s)| > 2r}.
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Then for ¢t < 7. the following inequality is fulfilled:

4
2.()] + 16-(8)] < re™ + 292 4 VE(1 + 2r) (C—1 n 1) sup 3 o) (s)
0 J st
(10.28)
Assume that
sup 24: wO(t)] < 2L (10.29)
t<T(e) i €

Then
~ ~ C1 Cc1
12 (0] + [0()] < r(l + <A1+ 2n) (j + 1))

and if A and r are sufficiently small, then 7. > T'(¢). Using the convergence
of the processes ’U(Z)( t) to Wiener processes, we can write

T(e)e
sup o ()| > } = O< >
{t<T(e ; Ve A%
This implies the proof of the theorem, since the averaged system tends to
a static state.

O
Remark 9 Asin Remark 8, we can prove the existence of a function T'(¢)
satisfying relation (10.22) for which
lim T'(e)e” = +o0
e—0

for all v > 0.

10.1.6 Ergodic Properties of the Perturbed System

Consider the stochastic processes (zs(t), 01 (t), y(t/s)) in the space C' x Y,
where C = R x [0,27) is the cylinder that was introduced in Remark 7,
and where

o1 () =20 { 3-0.00

where {z} = z — [z], * € R; [z] is the integer part of a number x. The
stochastic process (z.(t),0{(t),y(t/e)) is a homogeneous Markov process.

Lemma 2 Assume that 0 < 7(y) < 179 and |v(y,0)| < vo. Then

1
|Zs(t)| S 57’0 Vo

for all't € R if |2.(0)] < 370 vo.
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Proof It follows from equations (10.10) that

2 <= 20+ a0 (v (1) 0.0)

To

<=2 P + 2 or+ ot (u(4) 00

T0 T0 >
1 1
< —T—O(zs(t))2 + 17011(2).

This completes the proof.

So we can consider the Markov process on the set [—ag, ag] x [0,27] x Y,
where ag = %TQ 0.

Lemma 3 Suppose that the three-dimensional Gaussian stochastic process
that was introduced in statement 11 is nondegenerate, i.e.,

E(aqvi(t) + agua(t) + azvs(t))? > 0

ifa?+a2+a2 >0, a;, €R,i=1,23. Then there exists an open set
G C [—ao,a0] X [0,27) that contains the curves («) and (8) introduced in
Remark 7 and the static state (—w, 61 (w)) satisfies the property that for all
open sets G C G and sets C € C with p(C) > 0 the following inequality
holds for all sufficiently small € > 0:

P {(zg(t)ﬁg(t)) € G,y (2) € C/2(0) = 2, 0-(0) = 0y, y(0) = yo} >0

for allt > 0 and (20,00, y0) € [—ao, ao] x [0,27) x Y.
The proof of this statement follows directly from statement II.

Lemma 4 Assume that for all € > 0 small enough the distribution of
the pair of random wvariables (z:(t),0-(t)) has the joint density that is
absolutely continuous with respect to Lebesque measure on the plane. If
the conditions of Lemmas 2 and 3 are fulfilled, then the Markov process
(22(t),0:(t), y(t/e)) is ergodic, and its ergodic distribution has a density
with respect to the product of Lebesque measure on [—ag, ag] X [0,27) and
the ergodic measure p(dy) on'Y .

Proof We can verify that the Markov process is Harris recurrent with re-
spect to the measure described in the statement of the lemma. (See Section
1.2).

O

Remark 10 It follows from Lemma 3 that the density of the ergodic
distribution, denoted by @.(z, 8, y), satisfies the property

/wg(zﬁ,y)p(dy) >0 if (2,0) €G.
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Therefore, for £ > 0,

P {limsup(|zg(t) ol +10:(t) — 01 (w)]) = 0} ~0

t—o00

and

P {nmsupus(t) ()] + 100 — (1)) = o} ~0

t—o0

for all initial values zg, 8o, yo.

Remark 11 Set
p:(2.0) = [ ou(a0)pld)

This function satisfies the relation

. 1 T B ag 27
im 7 [ 00000 = [ [ 6 000z 9

T—o0

for any bounded measurable function G : [—ao, ag] X [0, 27] — R.
It follows from Theorems 3 and 4 that if there exists the limit of the
distribution

mo(A) = /A .(2,0)dzdb, A e B([—ap, a0 x [0,27]),

say m(A), then the support of the measure m is the static state (—w, 05 (w))
and the curve {(z,0) : z = Z,(0, 2,)}, and

/G(z,@)m(dz,d&) = aG(—w, 0] (w)) + 3 ! /0 '

2me,,

G(Z.,(0,z,))

w4+ Z,(00,z,) d9

(for notation see Theorem 1), « >0, 5 >0, o+ 5 = 1.

10.2 The Forced Problem

The form of the phase detector characteristic P (see the beginning of the
chapter) varies with various applications. In most applications it is simple
multiplication of the external signal and the VCO output:

P(6,1) = aV(6) cos(put + ),

where 1 and ¢ are the frequency and phase deviation of the input signal,
respectively. In the case V() = [ cos and if the loop filter is a low-pass
filter with time constant 7, then the model is described by the system of
differential equations

T2 = —2z+ Acosfcos(ut + ¢),

10.30
0=w+z. ( )
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10.2.1  Systems Without a Loop Filter (Nonrandom,).

In the case 7 = 0, system (10.30) is represented by one equation of the
form

0=F(0,ut+ ),

where the function F(6,7) from R? to R is sufficiently smooth and satisfies
the condition

F(0,n) = F(0+2m,n) = F(0,n+2T)
for all 8 and 7. Let
n(t) = pt + .

Then the pair of functions (7(t), 8(t)) satisfies the system of the differential
equations

() = p,

0(t) = F(0(t), n(t)),
which can be considered a system on the torus C3, , where Ca; is the circle
of radius 1.

We can use the results of Section 9.1 to investigate the asymptotic behavior
of the average value of the form

(10.31)

.= 17
i Hr(m, 61,12, 02) = tim [ HOm(5),00(5),ma(5), 62(5)) s,
T— o0 T—oo T 0

(10.32)
where H(x1,x9,x3,24) is a continuous real-valued function on R* that is

2m-periodic in all variables:
H($1,$2,$3,£4) = H(.]Zl + 2kym, ..., 1y +2k4ﬂ')
for all k1,...,ks € Z, and (n1(¢),61(2)), (n2(¢), 62(¢)) are two solutions to
system (10.31) with initial values (1?,6?) and (13, 69), respectively.
Let p be the rotation number for the system. If p is a rational number,

denote by ty the period of the system, and let II denote the set of those 6
for which the solution to the equation

do 1

—(00,m) = —F(©(00,n),n 10.33

o 0.) = 1 (6(80.1).1) (10.33)
is a periodic function. For every 6 there exists 6 € II for which

Set § = m(#). Then 7(0) = 0 if § € 11 and 7(0) = « if O(0,27) < 0 and
0e(a,B),a,B€Tl, (a, B)NI = @, 7w(6) = [ if O(6,27) > 0 and 6 satisfies
the previous condition.
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If p is an irrational number and system (10.31) is ergodic, then there exists
a continuous function x(k1, k2) for which

X(k1, k2) = X(K1 + 27, k2) = X (K1, k2 + 27),

and the solution to equation (10.33) is represented in the form

O(6o,n) = g(bo) + pn + x(n, 9(60) + pn), (10.34)

where g(y) is a continuous and strictly increasing function.

All of these results were presented in Section 9.1, but we require some
additional notation here. Denote by ©(nq, 0y, 7n) the solution of equation
(10.33) with the initial condition

©(n0,60,10) = bo.

We first consider the arguments of the function ©(ng,0,7) in R. The
function O(no, o, n) can be represented by ©(6y,n) in the following way:

O(n0, 00,m) = ©(0(n0, 0, —10), M0 + 7).

Theorem 5 Let H(x1, 22, x3,24) be a continuous R-valued function that
is 2m-periodic in all of its arguments and Hr is defined by formula (10.32).
(1) If system (10.31) is periodic with period ty and if the set I and the
function 7(0) are defined as above, then

) _ 1 Hto N _
lim HT(nhelanQveQ) = 7/ H(Sae)(e?as)?ng777?4»53@(9355)) dSv
T— o0 /Lto 0

where
0] = (O, 07, —1)), i=12.

K2

(2) If system (10.81) is ergodic with rotation number p, then

lim Hr(ni, 601,72, 02)
T— o0

1 27 27
=z H(u,v+ x(u,v),a+u,b+v+ x(a+ u,b+v)) dudv,

™ Jo 0
where a = 1Y —nY and

b= pa-+g(0(n3,05,—13)) — g(©(, 67, —nY)).
Proof Let
Then
0:(t) = ©(00,1;(t)), i=1,2,

and

1n2(t) = m(t) +a,
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Hr(n,601,1m2,62)

f/ O, 11 (), 1 (5) + a, O, mi (5) + ) ds.
Under condition (1) we have

lim (©(89,n;(t)) — (69, m;(t))) =0,

t—o0

and we can write

lim HT(nlv 017 72, 92)
T—o00

1 [T - .
— lim = / H (1 (5), 009, 1 (5)), 11 () + 0, ©(82, 11 (5) + ) ds.

T—oo T
(10.35)
The function

H(n) + s, 009,09 + us), 3 + s, ©(69, 05 + us))

is a periodic function with period tg. So the limit on the right-hand side of
equation (10.35) equals

1 to _ -
W H(n) + ps, 069,09 + ps),nd + ps, ©(69, 19 + ps)) ds.

This proves statement (1) of the theorem.
In case (2) we use the representation (10.34) and write

H n1a913n2792)
=*/ 9(09) + pn,m(s) + a,

b+ 91(07) + pmi(s) + x(a+mi(s), b+ pii (s))) ds
1 nY+pT R
=— H (u,g(69) + pu+ x(u, g(89) + pu), u +a,
HT Jno
b+ g1(8%) + pu+ x(u+ a,b+ g1 (09) + pu)) du.
The remainder of the proof follows from the following lemma.

Lemma 5 Let ®(x,y) be a continuous 2w-periodic function in x and y.
Then for any irrational number p,

1 T 2 2
Th_r}rloo T/o O(t, pt)dt = 4 — / (u,v) dudv. (10.36)
Proof It follows from the theorem on approximation of continuous func-
tions by trigonometric polynomial functions that we have to prove (10.36)
only for ®(z,y) = e??™*+i27ky Tn this case the right-hand side of (10.36) is
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zero if |I] 4 |k| > 0. It is easy to check that the left-hand side of (10.36) is
equal to zero if |I| 4+ |k| > 0. For the function ® = 1 relation (10.36) holds.
(]

Now we return to the proof of the theorem. The function
O(z,y) = H(z,a+y+x(r,a+y),z+ab+atyx@+abtaty)

satisfies the conditions of Lemma 5. So

B 1 27 27
lim Hr(n1,01,n2,02) = j/ / H(z,a+y+ x(z,a+y),z+a,
T— o0 4 0 0

b+a+y,x(x+a,b+a+y))dxdy
1

27 27
=12 / H(z,y+ x(z,y),z +a,b+y,x(z +a,b+y)) dody.
0 0

Here o = g(69).
|

Corollary 1 Let Hy(z,y) be a continuous 27-periodic function in = and
y. Set

((t) = Hi(n(t),0(t)),

where (7(t),0(t)) is the solution to system (10.31) with initial conditions
7(0) = 1o, 6(0) = . It follows from Theorem 5 that the autocovariance
function of ((¢) is defined:

1 (T 1 (T 2
R¢(s) = le—I)r})oT ; C(t)C(t+ s)dt — (Tlglgo T/o C(t)dt) . (10.37)
If (n(t),0(t)) is a periodic solution with period tg, then

1 o R R

Re(s) = T Hy(u, ©(0o, w)) Hi(u + ps, O(0o, u + ps)) du
#ho Jo , (10.38)
1 pito .
— ( Hy(u,©(0p,u)) du) ,
mto Jo

where 0y = O(no, 6o, —10).
If system (10.31) is ergodic with rotation number p, then

1

RC(S) = An2

2m 2m
/ Hi(u,v + x(u,v))Hi(u+ ps,v + pps
o Jo
1 2w p2m 2
—l—X(u—l—us,v—i—pus)dudv—(/ Hy(u,v+ x(u,v)) dudv
o Jo

472
(10.39)
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10.2.2  Randomly Perturbed Systems Without a Loop Filter

Here we consider randomly perturbed systems of the form represented by
equations (10.31). Assume that

(u(t), F(t,60,n)) (10.40)
is an ergodic stationary process in the space
R x Cy (0,212

where C), (0,2+)2 is the space of continuous functions f(x,y) on [0, 27)? for

which f(0,y) = f(2m,y) and f(x,0) = f(x,27).
We consider the stochastic process (7:(t),0(t)) defined by the system of
differential equations

(10.41)
L0000

We assume that the stationary process F(t, 6, n) satisfies the condition that
the derivative Fp(t,0,n) exists and there is a constant C' > 0 for which
|Fo(t,0,m)] < C with probability 1. Then the averaging theorem can be
applied to system (10.41) (see Theorem 5 of Chapter 5). Let

p=FEut), F(0,n)=EF{0n).
If 1-(0) = 0, 0-(0) = 6y, then

{hm sup (1) = (0] + 1000~ 00)) =0} =1 (1042

e—0

for all T > 0, where (n(¢),0(t)) is the solution to system (10.31) with the
initial condition 1(0) = ng, 6(0) = 6.

Remark 12 Assume that there exists eg > 0 for which the function

Ce(t) = Ha(ne(t), 0=(t)), (10.43)

where the function Hy(x,y) is the same as in Corollary 1, has autocovari-
ance function, for € < ey,

R (s) = lim —/ C(t)C(t+ s)dt — (hm —/ C(t dt) , (10.44)

and the limits in relation (10.44) exist uniformly in € as ¢ — 0.
Then
lim Re.(s) = Re(s).

where R¢(s) is represented by formula (10.38) if the averaged system is
periodic and by formula (10.39) if it is ergodic.
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We will next investigate the existence and asymptotic behavior of the auto-
covariance for the function (. (t) given by relation (10.43) for systems with
Markov perturbation.

Let y(t) be a homogeneous Markov process in a measurable space (Y,C)
with a transition probability P(t,y,C) for C € C. We assume that the
Markov process y(t) is uniformly ergodic with an ergodic distribution
p(dy). Assume that (n.(t),0-(t)) is the solution to the system of differential

equations
e(t) = p (y (2)) ;
b.0) = 7 (000010 (1) ).

where p(y) is a nonnegative bounded measurable function for which

(10.45)

p= /M(y)p(dy) <o, pu>0,

and F(0,n,y) : R2xY — R is a bounded measurable function with respect
to B(R?) ® C satisfying the following properties:

(1) F is continuous in 6, n uniformly with respect to y.
(2) F(0,n,y) = F(0 + 2m,n,y) = F(0,n+ 2m,y) for all 0, 7, y.

(3) There exist continuous derivatives Fy(6,n,y), F,,(6,1,y) in 6, n that
are bounded in all arguments.

Let
ﬂamz/F@mmmw»

Then system (10.31) is the averaged system for (10.45), and relation (10.42)
holds.

Remark 13 Denote by (n:(no, 00,1),0:(n0, 6o,t)) the solution to system
(10.41) with the initial conditions

Ne(10,60,0) =m0,  0-(10,60,0) = 6.

It follows from condition (3) that n.(no,00,t) and 6.(ng,00,t) are con-
tinuous in 6y, 79, uniformly with respect to ¢ > 0 and t < t3. So if
(n(no, 0o, 1),0(no, 0o, t)) is the solution to system (10.31) with the same
initial condition, then

P{lim sup sup (|n€(7707 0o, t) — n(no, 0o, t)|
e=0¢<t4 10,60

(10.46)
+ |95(7’]0,90,t) - 9(7’]0790,t>|) = O} =1.
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Theorem 6 Let Hq(z,y) satisfy the conditions of Corollary 1, and let the
averaged system be ergodic. Set

R (T,s) = /cg <5t+sds—< /cg dt),

where ((t) is defined by relation (10.43).
Then for any so > 0 and 6 > 0 the following relation holds:

lim P {hmsup sup |R¢. (T, s) — Re(s)] > (5} =0, (10.47)
=0 T—oo |s|<sg
where R (s) is given by formula (10.39).
Proof Set
1 T
A (T) = C:(t) dt

BCE (T, s) / Ce(t)Ce(t + 5)dt

Ac = lim — C(t) dt,

To prove the theorem we will show that

lim P {hmsup sup |B. (T, s) — Be(s)| > 6} =0 (10.48)
€0 T—oo |s|<so
for all § > 0, s > 0, and
hm P {hmsup |[Ac (T) — A¢| > (5} =0. (10.49)
T— o0

It follows from the boundedness of u, F', and OF /06 that (. (t) is uniformly
continuous in ¢ with respect to € > 0. So B¢, (T, s) is uniformly continuous
in s with respect to € > 0 and T' > 0. Therefore, relation (10.47) is fulfilled
if
hm P{hm sup | B¢ (T, s) — Be(s)] > (5} =0 (10.50)
T—o00

for any s. We prove this relation and note that relation (10.48) can be
proved in the same way. R
Set Ty, = k(T + so), k = 0,1, where so > |s| and T is chosen such that

20180

sup
10,60

7
lA/ C(t)¢(t+ s)ds — Be(s)|+ < 41,
0
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where d; is a given number and C; = (sup,, , H(z,y))*.

Denote by Ff the o-algebra generated by {n.(u),0-(u),y(%), u < t}.

Let A\g, £ =0,1,2,..., be some random variables for which [Ag| < 1. Then
we can write

Be(Ts) = Be(s) = 7 [ [ e+ ds = Be()

n

B (T:— 50) ,; </Tk+T Ca?t)é}(t +s)dt+ Akclso) — Be(s)

Moo+ Z [ / et as-m [ cocis ).

T T

It follows from Lemma 3 of Chapter 9 that the expression on the last line
tends to zero with probability 1 as n — oco. Set

(770’907 7 (/ CE <€t+8 dt/]:E)
Then

E( / T B+ d / fi) = Zp(0:(T0), 6.(Ty), y(Th 2), 5).

Tk

Remark 13 implies that

gg% E Zf(na(Tk)a HE(TIC)’ y(Tk/a)’ 8)

T
- / Hy ((ne(Tw), 0-(Ti). £), 002 (T 6.(Ti ). 1))

X Hl(T](’I]E(Tk), HE(Tk),t—k 8)79(775(Tk), 96(Tk)7t+ S)) dt| =0

(10.51)
uniformly in k.
So we write the difference

B (T, 8) = Be(s) Z Axle

Z[T+50/ C C(k)(t—FS)dt Bc( )+)\k0130

where a;,(¢) — 0 with probability 1 as n — oo, E|Ak(e)] - 0ase — 0
uniformly in &, Ay is the expression under the absolute value on the left—
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hand side of relation (10.51), and ¢*)(¢) is calculated for the solution of
the averaged system (10.31) with initial conditions

n(0) = ne(Tx), 0(0) = 0-(Tk).
This implies the relation

lim sup P {Hmsup |B¢. (T, s) — Be(s)| > (51} —0.

e—0

Note that for T,, < T < T}, 41 we have

B (1) - B (1) =0 ().

n

Thus is relation (10.49) proved.
]

Remark 14 Assume that the averaged system (10.31) for system (10.45)
is pure periodic. Denote by R¢(s,8y) the expression on the right-hand side
of (10.38). It follows from Theorems 9 and 10 of Chapter 9 that the function

o-ofta ().

1/0th(é€(8))ds - /0% h(6)g1(0) d&‘ ~0

3

satisfies the condition

lim lim sup
e=0 tso0o

with probability 1, where h(6) is any 2m-periodic continuous function and
g1(0) is defined in Remark 3 of Chapter 9.
This implies the following relation: For all s € R,

2m
lim limsup|R¢ (T, s) — / R¢(s,0)91(0) dé" =0,
0

e=0 7400

where R (T, s) is defined in Theorem 6.

10.2.3 Forced Systems with Noisy Input Signals

Finally, we consider a system of the form

TZ:(t) = —ze(t) + Acos 0 (t) cos(ut + ¢ + n:(t)),

. (8) = 0+ 2D, (10.52)

where n.(t) is a fast random noise process that can be expressed by either a
stationary stochastic process £(t/¢) or a Markov process y(t/¢). We assume
that the noise process satisfies the following conditions:
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(i) The pair of stochastic processes

wl(t) = \%/0 cosn.(s)ds, w3(t) = %/O sinng(s) ds,

converges weakly to a two-dimensional process (w'(t), w?(t)), which
is Gaussian with independent increments.

(ii) Denote by Fj the o-algebra generated by n.(s), s < t. There exists
a constant ¢; such that for any family of functions f.(¢) that are
Fi-measurable and

SLtlprg(tﬂ +f0)] <C

for some nonrandom C' > 0 the following inequality holds:

t+T 2
lim supE((/ fe(s)dwf(s)> /Ff) < ¢, C?T.
e—=0 ¢ t

Let z:(0) = 2o.
We can investigate the behavior of the stochastic process 6.(t) as € — 0
and t — oo. In fact, it follows from the first equation of system (10.52) that

A\/E/tea—w
0

2:(t) = 20+ . 7 cosO.(t) [cos(us+g0)dw;(s)+sin(us+gp)dw?(s)]

Substituting this expression in the second equation of system (10.52) and
integrating, we obtain the relation

t
0.0) =t 1+ 20) + AVE [ (1= )
0

x cos B (t) [cos(us + @) dwl(s) — sin(us + ¢) dw2(s)],

(10.53)

where 6y = 0.(0). It follows from condition (ii) that

Sng(Qe(t) - 90\/—;@ + z0)>2 e

Set
ve(t) = e Y2(0.(t) — 0o — t(w + 20)).
Then
ve(t) = /0 (1- e_%(t_s)) cos(fo + t(w + 20) + Veve(t))
x [cos(us + @)dwl (s) — sin(us + )dw?(s)].
Let

7. (t) = /0 (1- e*%(t*‘“)) cos(fo + s(w + 2p))

x [cos(us + @)dw} (s) — sin(us + ¢)dw?(s)].
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Then E|v.(t) — 7:(t)|> = O(¢). So
0-(t) = 0o + t(w + 20) + Ve (s) + O(e).
(That is,
E(0-() — 00 — t(w + 20) — VED(s)) = O(?)
uniformly in ¢.)

Lemma 6 Let H(0) be a 2m-periodic function with continuous derivatives
H'(6), H"(0). Then

lijr“njolip / H(o dsf—/ Hé = O(e),
h;rﬁp / H(O (s—&-u))ds—% /O H(0(s))H(0(s+u)) ds| = O(e),

for all u € R, where
0(t) = b + t(w + 20).
Proof We use the representations
H(6-(s)) = H(6(s)) + H'(6(s)) Ve o(s) + O(e)
and
H(0(s))H(0-(s +u) = H(O(s))H(O(s +u)) + H (A(s))H(O(s + u)) Ve i(s)
+ H(0(s))H'(0(s 4+ u)) Ve (s +u) + O(e).

The remainder of the proof is a consequence of the following fact: For any
bounded measurable function g(t) : Ry — R

E (; / " g(97-(s) ds>2

E(% / ") / (1= e 079 Dua(s)dul(s) + da(s)du?(s)] dt>2
_EG/OT/S (1) ()dt(l_ew))

< ”T;l/: (/T (1 c#0=) <t>dt>2[xf<s>+A%<s>1ds

for all T and for € > 0 small enough, where A(s) = cos#(s) cos(us + ¢)
and A2(s) = — cos7(s) sin(us + ). Note that

/T(l — e =) g(t) dt
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is a bounded function. So

TILH;OT(; /OT 9(5)7-(5) ds>2 —0

if £ > 0 is small enough.
d

Remark 15 Note that the function 6(s) does not contain any information
about the signal pt+ . So the presence of noise in systems with filters does
not provide much information about the signal.

10.2.4  Simulation of a Phase—Locked Loop with Noisy Input

o(t) vs t psdy
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Figure 10.3. Upper left: The output voltage phase ¢(t). Upper right: Power spec-
tral density of the noise N. Lower left: Power spectral density of the output ¢(t).
Lower right: Signal-to—noise Ratio of the output to the noise evaluated at each
frequency.

This computer simulation illustrates some of the results derived in this
section. Consider a first—order phase—locked loop (i.e., one without a loop
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filter) of the form
0. = w+sin(6.(t) + N(t/e) — S(t)),

where w is the carrier frequency, 0.(t) is the loop’s phase, S(t) is the phase
of the external signal, and N accounts for noise in the incoming signal. We
suppose that the input is perfectly tuned, so S(t) = wt + ¥(wot), where
wp < w is the frequency of the input phase deviation. We rewrite this
model in terms of the output phase variable ¢(t) = 0. (t) — wt:

& = sin((t) + N(t/e) — b(t)).
For the simulation, we take the input signal 1)(¢) = 2 cos 20t and the noise as
a jump process with ergodic measure uniformly distributed on [—0.1,0.1],
as in our earlier simulations. The results of this simulation are shown in
Figure 10.3. (Recall that the power spectral density of a function is the
Fourier transform of its autocorrelation function.)



11
Models in Population Biology

In this chapter we consider random perturbations of ecological systems, of
epidemic disease processes, and of demographic models. In the next chap-
ter we consider several problems from genetics. In each case, we describe
classical models for these phenomena and some useful results concerning
their asymptotic behavior for large time. Then we describe how random
noise perturbations can be included in these models, and we investigate
the asymptotic behavior of the resulting systems using the methods in this
book. In each case, we compare the behavior of perturbed and unperturbed
systems.

11.1 Mathematical Ecology

The Lotka—Volterra model is the paradigm for describing prey—predator
systems involving interactions of two populations where one (the predator
population) dies out in the absence of the other (the prey population), while
the prey grow without bound in the absence of predation. We consider this
model in detail first. Then we consider other ecological systems for two
populations competing for the same resource and for a food chain of three
interacting populations.
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11.1.1 Lotka—Voltera Model

Consider two interacting species, one prey and the other its predator. De-
note by x(t) the number of prey and by y(t) the number of predators at time
t. The Lotka—Voltera model describes = and y by the system of ordinary
differential equations

i = ax — Py, (11.1)

y=—y+oxy,
where a, (3,7, are positive constants. Note that the growth rate for the
prey, &/x, is a — [y, which decreases as the number of predators increases
and becomes negative if y > b = /. The growth rate of the predators,
y/y, is dx — 7, which increases as the number of prey increases, but is
negative if < a = /0 and positive if x > a. The population distribution
(a,b) is an equilibrium of coexistence for system (11.1), and (0,0) is the
equilibrium corresponding to extinction.

The first quadrant (z > 0,y > 0) is relevant to the biological system. In
it, we will see that orbits beginning with 2(0) > 0 and y(0) > 0 revolve
around the coexistence equilibrium point. Obviously, if #(0) = 0, then
y(t) = y(0)e ™t so y(t) — 0 as t — oo, and in the absence of prey, the
predators die out. On the other hand, if y(0) = 0, then x(t) = z(0)e**
and z(t) — oo as t — oo, and in the absence of predation the prey grow
without bound.

The behavior of system (11.1) is described by the following theorem.

Theorem 1 (i) System (11.1) has a first integral
O(x,y) = 27y" exp{—dx — By}.
(i1) For c € (0,®(a,b)] the orbits of the system with
O(z,y) =c

are closed curves.

(#i3) If ®(xo,y0) € (0, P(a,b)), then the solution of system (11.1) is a peri-
odic function, and its period can be determined in the following way:
Denote by y1(c) < y2(c) the solutions of the equation

®(a,y) = c,c € (0,®(a,b)) for k=1,2
and by ¢1(c,y) < ¢d2(c,y) the solutions for k = 1,2 of the equations

D(r(c,y),y) = ¢, y € (1(c), y2(c)).
Set

B y2(c) d2(c,y) — d1(c,y) dﬁ
T(C) - /y1(6) ((252(07 y) _ a)(a _ (;51(07 y)> y . (11.2)

Then the solution of system (11.1) is periodic with period T (®(x(0),y(0))).
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) For any continuous function g(x,y) : R2 — R there exists the limit
Y 9z, y

t

lim S [ gla(t), y(t)) dt

t—oo t 0
120 (g(i(cy)y) | 9(d2(c,),9)\ dy
T(c) /yl(c) ( a—¢1(c,y) - p2(c,y) —a )

)
Proof (i) It follows from system (11.1) that

(11.3)

—y+ oz do — a— By dy.
x y
Integrating this from (z(0),y(0)) to (z,y) gives
@(z,y) = ®((0),5(0)),

where

O(x,y) = exp('y logz — dx + alogy — ﬁy) =zy® exp(féx - ﬂy)
Then if (x(t),y(t)) is a solution of (11.1),

92 (), (1) = 0.

(ii) The function log ®(x,y) is a convex function in the first quadrant = >
0,y > 0, and the point x = a,y = b is its unique maximum. As a result, the
contours of this surface ® = ¢ for ¢ < ®(a,b) are closed curves containing
no equilibria of the system.

(iii) Assume that 2(0) = a,y(0) = y1(c) as defined in the statement of the
theorem. Denote by t; the first time for which y(¢) = ya2(c). For t € [0, ;]
we have z(t) = ¢2(c, y(t)) and for t € (¢1,T(c)), z(t) = ¢1(c, y(t)). Then

dy(t) = [=yy(t) + 0y(t) p2(c, y(1))] dt
for t € (0,t1) and
dy(t) = [—y(t) + oy(t)d1(c, y(t))] dt

for t € (t1,T(c)). Integrating these formulas gives

t = / v dy
Y o vy dydale,y)

y(T(c)) d
Yy
T(c) — tl :/ .
© y(tr) VY +ydi(c,y)

Combining these equations gives formula (11.2).
Formula (11.3) is a consequence of the fact that the temporal average of
a periodic function is determined by the integral over one period and the
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relation
/T(c) ( /y ¢2 c, y)) dy
0 g 4(0) —wy + dypa(c,y)
/y D g(ga(c,y)) dy
+
ytr)  —VY +oygalcy)

This completes the proof of the theorem.

11.1.2  Random Perturbations of the Lotka—Volterra Model

Consider a homogeneous Markov process z(t) in a measurable space (Z,C)
that represents random perturbations of (11.1). The system we consider is
described by the differential equations

is = a(zs(t)) Te — ﬁ(zs(t)) TelYe,
Ue = —Y(2e(t)) ye + 6(2¢(t)) eye,

where z.(t) = z(t/e). Here z.(t) and y.(t) are numbers of prey and of
predators, respectively, at time ¢, and «(z), 3(z),¥(z), and §(z) are positive,
bounded measurable functions from Z into R. So the randomly perturbed
system for (11.1) has coefficients that are randomly varying on a fast time
scale as described by z..

We assume that z is an ergodic Markov process with ergodic distribution
p(dz), and we write the averages of the data as

a=[a ( ) (dz), B=[ B
v=[2()p(dz), d=[d( )
Then the averaged equation for system (11.4) is given by (11.1). The next

lemma follows from averaging theorems derived earlier (see Chapter 3,
Theorem 6).

(11.4)

Lemma 1 On any finite interval [0, T,
P {tig sup (o2(6) = (0] + 1nc(8) = y(0)]) =0} =
e—0 t<T

if the initial data for the two systems are the same, x.(0) = x(0),y.(0) =
y(0), where (x.(t),y:(t)) is the solution to the system (11.4) and (x(t),y(t))
is the solution to the system (11.1).

The next lemma is a consequence of the theorem of normal deviations,
Chapter 4, Theorem 2.

Lemma 2 Assume that the Markov process z( ) satisfies condition SMC 11
of Section 2.3, and let R(z,C) IS (P(t,z,C) — p(C)) dt, where
P(t,z,C) is the transition probabzlzty for z(t). Set
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A(:L‘,y) =

IS0 ) (S, )TR<z,dz’>p<dz>.

(Note that the integrand is a product of a column vector with a row vector
and so is a 2 X 2 matriz). Further, we define

A(t) = A(x(t), y(1)) = ( ﬁigg ﬁ;zgg > (11.5)

and the stochastic processes

Te = 571/2(1‘6(15) - :E(t)), Ye = gil/z(ye(t) - y(t))v

where (x(t),ye(t)) and (z(t),y(t)) are the same as in Lemma 1.

Then the two-dimensional stochastic process (Z.(t), §:(t)) converges weakly
in C as e = 0 to a two—dimensional stochastic process (Z(t),y(t)) that
satisfies the following system of stochastic integral equations:

#(t) = / (o — By(s))i(s) — Ba(s)F(s)] ds + ua (2),
() = / [By(s)(s) + (— + 62(s))d(s)] ds + ua(),

where (u1(t), uz(t)) is a two-dimensional Gaussian process with indepen-
dent increments, mean values 0, and correlation matriz R(t) given by the

formula
R(t) = /t A(s)ds. (11.6)
0

(The matriz A(t) is defined in the formula (11.5).)

Lemmas 1 and 2 describe the behavior of the stochastic process (¢ (t), y-(t))
on any finite interval [tg,tg + T']. Namely, the system is moving close to the
trajectory

{(X(to,Is(to),ya(to),t),Y<t0,$8(to)7yg(to),t» . to S t S to + T}, (11.7)

where (X (to,x,y,t),Y (to,x,y,t)) is the solution to system (11.1) on the
interval (¢, 00) satisfying the initial conditions

X(t05$>yat0):x7 Y(t07xay7t0):y'

This solution is periodic with period T(®(z¢ (o), ye(to))) (this follows from
Lemma 1). It follows from Lemma 2 that the deviation of the perturbed tra-
jectory from the trajectory (11.7) is of order 1/e. As a result, the trajectory
of the perturbed system is close to another orbit of the average system. This
orbit is determined by values ®(z.(t), y-(t)). So we can obtain a complete
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description of the perturbed system (as e — 0) by investigating the asymp-
totic behavior of the process ¢.(t) = ®(x.(t),y-(t)). To do this we use the
diffusion approximation for first integrals that we derived in Chapter 5,
Theorem 5.

Lemma 3 Set u.(t) = log ¢:(t/c) and define the functions

By = [[ 0= 50)(a(z) = B2)w) + (@~ By)(=1(2) + 6(2)z)

* [y~ dn)(al') - ﬂ(z’)) +(a = B)(=1() + ()] Bz, ) d2),
Alw.y) // (7 = 8a)(a(z) - Bz)w)(al) - B")y)

= (= 82)3(E) () + 8(:)a)y + (0 = S al) - (e

+ (a— ﬁy)( V(2) + 6(2)z)(—(2") + 6(2")7)
—7(a(2) = B(2)y)(a(2') — B(z")y)
—a(=7(z) +6(2)z)(—(2") + d(")2)|R(2, dz")p(dz),
7 _ va(e) B(¢1 (C7 y)’ y) B(¢2 (Ca y)’ y) @
o0) = /g;l(c) ( a—¢1(c,y) - $2(c,y) —a ) oy’ (11.8)
and

o [ (A(ga(e,y),y) | Alde(ey)y) dy
0= /91(c) ( a—o1(c,y) " P2(c,y) —a ) dy’ (119)

where § = log c.
Then the stochastic process u(t) converges weakly in C to the diffusion
process O(t) on the interval (—oo,log ®(a, b)) whose generator LY is

L fu) = au) £/ (u) + 5h(u) o). (11.10)

Remark 1 This lemma implies that for any closed interval [c,d] C
(—00,log ®(a, b)) the process u. (7 At) converges weakly in C' to the process
0(T A't), where

= inf{t : (uc(t) — ¢)(uc(t) — d) > 0},
7 =inf{t: (6(t) — ¢)(0(t) — d) > 0}.

Next we investigate the behavior of the processes 6(t) and u.(t) near the
boundary of the interval (—oo,log ®(a,b)) .

First, consider the behavior of the averaged system near the point (a, b).

Lemma 4 Assume that the initial values (2(0),y(0)) satisfy the condition
that ®(x(0),y(0)) = (1 — h)®(a,b), where h > 0 is sufficiently small. Then
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the solution to the system (11.1) can be written in the form

x(t) = a+ ar/h/ycos(At + ) + O(h),

y(t) = b+ by/h/asin(At + 1) + O(h), (1L11)
where 1 is determined by the relations
2(0) = a+ av/h/y costby, y(0) = b+ by/hja siniy,
and
A =/ay. (11.12)

Proof Define new variables
z*(t) = (z(t) — a)/(a\/7/h),
v (1) = (9(6) — 1)/ (b/a/R). (11.13)

Then z*(0) = costy, y*(0) = siney, and (z*(t),y*(t)) satisfies the
differential equations

i* = -\y* + O0(Vh),
g* = Az* + O(Vh).
Let (x1(t),y1(t)) be the solution to the system of differential equations

fCl =-A Y1,
yl = Al‘l,
for which z1(0) = cos gy and y;1(0) = sintpg. Then
[*(t) = 2 (0)] + Iy (1) = 1 (0] = O (V) (11.14)

uniformly for ¢ € [0,7T] and for any fixed T > 0. It is easy to see that
x1(t) = cos(At + o),
y1(t) = sin( Mt + ).

The proof of the lemma follows from relations (11.13), (11.14), (11.15).
(|

(11.15)

Corollary 1 (i) Let g(z,y) : R2 — R be a continuous function with
continuous derivatives of the first and second order. Then for ¢ = ®(a,b)(1—
h) and ®(x(0),y(0)) = ¢ we have

T(c) a2 ,
ﬁ/ g(x(t),y(t))dt =g(a,b)% + <gm(a7b)72 +gyy(a7b)22>

+ (92(a,b) + gy(a,b))O(h) + o(h)  (11.16)
and

lim T(c)=2 —1/2,
m (c) = 2m(ay)
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Lemma 5 Let 6 =log ®(a,b) —h and let h > 0 be sufficiently small. Then
the functions a(0) and b(0) have the following representations

// 2) = b(2) (=) — bB(")

a(=y(2) + ad(2))(—v(2) + ad(2"))|R(z, dz")p(dz) + O(h),

// 2) = bB(2)(a(2') — bB("))
+ (=7(2) + a6(2)) (—y (') + ab ()] R(z, d2") pld2) + o(h).

The proof of the lemma follows from formula (11.16) and the representation
of the functions a(#) and b(6) given in Lemma 3.

Remark 2 Set

Al e ( O‘?Z) mﬂz) )  fale) = dat < VZz) 6(52:)

Bi= [[ ARG dpldz), k=1,
Then
a(0) =~ 7581 — 5B +0(),
K}(f) = @51 + 5%52 +o(1).

Corollary 2 If A; +Ay > 0, then the point log ®(a, b) is a natural bound-
ary point for the diffusion process 6(t) defined in Lemma 3 (see Remark 4
of Chapter 5).

Next we consider the behavior of the diffusion coefficients a(6) and b(f)
as 8§ — —oo using their representations given in formulas (11.8) and
(11.9). For this purpose we determine asymptotic formulas for functions
yr(c), dr(c),k = 1,2, and the integrals on the right-hand side of formula
(11.3) as ¢ — 0.

Lemma 6 Asc— 0,
(i) logyi(c) ~ Llogc and ya(c) ~ —%logc,.
(ii) T(c) ~ —L loge.
(i4i) If in addition y — oo and ya(c) — y — oo, then
B
¢1(C, y) — 0) ¢2(C, y) ~ g(y2(c) - y)

(iv) Denote by I(c,g) the expression on the right-hand side of rela-
tion (11.3).
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Then for g1(z,y) = 2™, m > 0,

aa 1\ !
M) ~ ot (087)
and for gz(z,y) = z™y",

" (m = 1)!(n —1)!
ew) ~ i (osy) e

Proof (i) follows from the relations

loge ~ alogyk(c) — Byk(c), k=12,

y1(c) =o(1), logya(c) = o(y2(c)).
(iil) follows, since ¢ (c,y), k = 1,2, satisfies the relation

log ¢ = alogy + vlog ¢x(c,y) — By — d¢x(c, y),
and, in addition,
logy =o(y), logga(c,y) =o(¢2(c,y)), ¢1(c,y) = o(log(¢1(c,y)).

(i) Using formula (11.2) we can write

y2(c) 1 d 1 rv20e) g 1
O~ [ ey e e
yi(c) @— (e, y) y yi(e) Y a y1(c)

(iv) Using formula (11.3) and taking into account that
|¢k(ca y) - a| > h‘y - yi(c)|1/2 if ‘y - yz(C)| < 1; k= 1327 i = 1a27
we can write for g = g;, j = 1,2

1 (79 g(alcy),y)dy 1 [V glea(e,y),y) dy
/ L

T(c) Y

1D ~5g ] o daey)—ay = T@

b2(cy)
So

yz(C) d
) ~ — / (balcy)™ Y
Yy

~ T (?)m 1 /:::)@2@ i

- (?)m_1<y2<c>>m—l /z;zi(l gyt 2
~ Tb (@:i (yz@)mlmz%ézi %,

= 7o () (Geet) e
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In the same way,

fleg) =~ Tzc) <§>m 1/:::))(yz(c)—y)m " 1dyy
~ TEC) <§>m—1y2(0)m+n_1/01(1 y)" Ly Ldy

Lemma 7 Assume that
¢= //(55(2) +68(2))(B8(z") + 68(2"))R(z, dz")p(dz) > 0.

Then the relations

aa lo 1
T 232 8¢

aac 1 2
I(c,B) ~— T <logc> ,

hold as ¢ — 0, where the functions A(z,y) and B(x,y) were introduced in
Lemma 3.

I(c,A) ~

The proof follows from the formulas for A(x,y), B(x,y), and Lemma 3.

Corollary 3 If ¢ > 0, then the point —oo is an absorbing boundary for
the diffusion 6(t); this means that with positive probability the stopping
time

Too = inf {t :inf 6(s) > —oo}
s<t
is finite and

lim P{re <t|6(0) =6} =1

0o——oco

for all t > 0.

Note that if 8 — —oo, then

where
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So
92
Aa(e) ~ =317 asf — —o0,

b(0)

z 26 Z de c1
exp —/ —df ~ ¢ exp{—?)/ }N as z — —oa.
{ 1 0(0) } ! 1 10| |21

The point —oco is a regular boundary for the diffusion process 6(t) because

/ |z| exp —/ ——df 7 dz
-1 1 b(0)
(see Remark 4 of Chapter 5).

We summarize the results on the asymptotic behavior of the perturbed
system in the following statement.

< o0

Theorem 2 Let (x.(t),y.(t)) be the solution to system (11.4) with initial
conditions z.(0) = 2°, y-(0) = y¥. Set u.(t) = log ®(x(t/c),y:(t/€)), and
Te(h) = inf{s : u.(s) <logh}. Let (X (to,z,y,t),Y (to,z,y,t)) be the solu-
tion to the system (11.1) on the interval [to,00) with the initial condition
X (to, z,y,t0) = x, Y(to,x,y,t0) = y; let 8(t) be a diffusion process on the
interval (—oo,log ®(a, b)) with the diffusion coefficients a(0), b(8) defined
in Lemma 3; and let 7(h) = inf{s : 0(s) <logh}.

Then:

(i) For any h > 0, the stochastic process us(t A 7-(h)) converges weakly
in C to the stochastic process 0(t), as € — 0.

(i)

lim supE{ sup (|ze(t) — X (to, z(to), y(to), )]
=0 to tOStST(‘I’(IE(tO)ays(tO)))

+|y€(t) - Y(t07 ‘re(tO)?ys(tO)at)D = 0.

(iii) Assume in addition that

/ / (@B(z) + Pa(=)) (aB() + Ba(='))
T+ (18(2) + 59(2) (18() + (IR (=, d)pldz) > 0
and

/ / (B6(2) + 56(2))(B6(') + 56(')) R(z, d=')p(d=) > 0.

Then the point log ®(a, b) is a natural boundary and the point —co is a
regular boundary for the diffusion process 0(t), and P{7(0) < oo} > 0,
where 7(0) is the stopping time for which 6(T(0)—) = —oco.



11.1. Mathematical Ecology 387

(iv) ®(x:(t),y:(t)) € (0,®(a,b)) for all t with probability 1 if
D (z0,y0) < D(a,b).

Proof (i)and (i) are proved in Lemma 3, and (%) is proved in Corollaries
2 and 3. Concerning (iv), it follows from statement (4) and Lemma 2 that
P{®(x:(t),y:(t)) € (0,P(a,b))} =1 for all ¢ and for € > 0 small enough.
Using system (11.4) we can represent z.(t), y.(t) in the form

= { [ [o(2)) (- ()] ).
s { [ (- (2)) =5 (2)) 0] .

50 z:(t) > 0, y-(t) > 0 for all ¢.
O

Remark 3 In the theorem we considered h > 0 as a small but fixed
number. We can also consider h = h(e), where h(¢) — 0 as e — 0. Note
that it follows that the deviation of the perturbed system from its averaged
one for one period is of order y/e. The proof of the theorem on diffusion
approximation (Chapter 5, Theorem 5) is based on the assumption that
this deviation is small with respect to the other variables; in our case it has
to be small with respect to h. Therefore, we can consider h(e) for which

e = o(h?(g)).

11.1.8  Simulation of the Lotka—Volterra Model

Figure 14 in the introduction shows results of the simulation described in
this section, but for a (relatively) large value of € = 0.5. The averaged sys-
tem exhibits a regular oscillation, but the system with noisy data exhibits
an interesting behavior that might not be expected. Namely, the noise in
the system can drive it toward extinction, but in such a way that there
are increasingly rare emergences of prey. Figure 11.1 shows the population
dynamics in this case. The model is of limited realism in extreme cases:
For example, it is not accurate when either population is very small, since
either can be eliminated by other causes of death, such as accidents or
disease; and of course, the prey population cannot grow without bound.
When the prey population becomes very small, it will probably die out.
Figure 11.2 shows the same calculation, but with € ~ 0.01. The theorems
of this section show that the perturbed trajectory should lie near the un-
perturbed one, to order /e for a reasonable length of time. This figure
corroborates this.
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Figure 11.1. Top: The predator population for the averaged system. Bottom: The
predator population for the system with noise as in Figure 11.2. Note that as
noise drives ® smaller, the system remains longer near extinction, but there is
a pulsatile behavior to the system. If this were to continue, the period of the
population cycle would grow without bound.
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Figure 11.2. Bottom left: The averaged Lotka—Volterra model. Note that there
is a limit cycle. Bottom right: The prey cycles followed by the predator cycles.
Top left: The trajectory of the Lotka—Volterra model with noise beginning at the
same point as above. Top right: The prey and predator cycles.

11.1.4 Two Species Competing for a Limited Resource

Consider two species that are competing for a common substrate, say with
populations at time ¢ being x(t) and y(t), respectively. We suppose that
both require the same limiting substrate. Assume that (z(t),y(t)) satisfies
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the following system of differential equations:
&= Az(l — (o + By)/K),
g =py(1— (az + By)/K),
where \, i, o, 3, K are positive constants characterizing speed of reproduc-
tion (A for x and p for y), the intensity of utilizing of the substrate (« for
z and ( for y), and the carrying capacity of the substrate K. The phase

space of the system is the set {(z,y) : © > 0,y > 0,ax + By < K}. So we
consider only those solutions of system (11.18) that satisfy the condition

az(0) + By(0) < K.

These equations are a simple generalization of the logistic equation for a
single species that has limiting carrying capacity:

(11.18)

i=x(1—z/K). (11.19)

Note that under the condition A\ = p, @ = [ the system (11.18) can be

reduced to the logistic equation (11.19).

It is easy to see that system (11.18) has a first integral of the form
O(z,y) =yz™ 7, wherey=pu/A (11.20)

The asymptotic behavior of the solution to system (11.18) is described in

the following lemma.

Lemma 8 For any initial condition x(0) = 2°, y(0) = y° satisfying the
inequality ax® + By° < K, the solution (x(t),y(t)) to the system (11.18)
has an w-limit

lim z(t) = ¢1(2°,y°),  lim y(t) = d2(2",3),

t—o0

where the functions ¢1(z°,y°) and ¢2(x°,4°) are defined by the system of
algebraic equations

agy(2°,4°) + Ba(2°,y°)
$a(°,4°)

K7
C(p1(2%,4%))".

Remark 4 1t is easy to see that since the functions ¢1(x°,4°), ¢2(2°,4°)
depend only on 3°(2°)~7, there exist functions ¢; : R — (0, K/a), ¢»
R — (0, K/p) for which

o1(2°,4°) = ¢r.(logy°® — ylogz).

Consider the randomly perturbed system

e (t) = Mze (1)) e () (1 = (a(ze(8)) e (t) + Bz (8))ye () / K)),

Ge(t) = p(ze (1) () (1 = (alze(t)ze(t) + Bz (t))ye(t) / K)), (11.21)
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where A(z), u(z), a(z), and §(z) are bounded nonnegative measurable
functions and z.(t) = z(t/e) is the same as in Section 11.1.2. Set

[A@eta)=x [ upldz) =
[ati) =a. [ i) = 5.

so system (11.18) is the averaged system for system (11.21).

We will consider the solution to this system, which has the same initial
condition as in Lemma 8. Then we can formulate statements on averaging
and normal deviation as was done in Lemmas 1 and 2. We consider here
only the diffusion approximation for the function

oo (e (D))

where ®(x,y) is given by formula (11.20).
Theorem 3 We define the functions

B(z,y,2,2") = (=yA(2) + pu(2)) (1 - W)
X (=M (2") 4+ () (1 _ W) 7
A(z,y,2,2) = (1 B a(z)x;ﬁ(z)y L a(z’)xl—;ﬁ(z')y)

As(z,y,2,2)
o) (1 S (2 )
AT (, _ sl B
2R () _ ol 4 5
e (1- 2D 2BCWY () aleha Sl

Bl y) = //B(J;,y,z,z’)R(z,dz’)p(dz),

Alx,y) = //(Al(x,y,z,z') + As(x,y, 2,2"))R(z,d2") p(dz),

a(0) = A(61(0), $2(0)),  b(0) = 2B(41(9), $2(0)),
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where the functions qﬁk(e) were defined in Remark /.
Denote by 0(t) the diffusion process in R with the generator

L fu) = aw)f'(u) + 3b(u) (), (11.23)
and define the stopping times

Te(p,q) = inf{t : (¢ — ue(t))(ue(t) —p) <0},
7(p,q) = inf{t : (¢ —0(¢))(0(t) —p) <0}

Then the stochastic process uc(t A 7:(p,q)) converges weakly in C to the
stochastic process O(t A 7(p,q)) for allp < 0 < q.

The proof of the theorem is a consequence of the general theorem on
diffusion approximation (see Chapter 5, Theorem 6).

To investigate the asymptotic behavior of the diffusion process 6(¢) as t —
oo we consider the asymptotic behavior of the functions a(f), b(#) as 6 —
0.

Lemma 9 The following limits exist:

lim a(f) =a(—o00), lim a(f) = a(0),

00— —o0 60— +oco
lim b(f) = b(—o0), hm b(0) = b(c0),
00— —o0 —4o0

where
M—m)Z%;/(ﬁ—ﬁ@»ﬂﬂm&wwwﬁ—u@%R@@%M@%
«»=3>[/m—awnmz»@xmzw~www3w¢zmum

(=7A(Z) + (Z’))( B("))R(z, dz")p(2"),

// (—9A(=) + (=) (@ — a(2))
(A" + (") (a = a(2))R(z,d2")p(2").
Proof It follows from Theorem 3 that
B(x,y) = boo + biox + bory + baoz?® + bi1xy + bo2y?,
A(z,y) = apo + a10x + any + agr® + anwy + agey?,

where a;i, b;; are some constants. It is easy to see that

dim by(0) =0, Tim_bi(0) =",
A 0= 5 i0) =0
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This implies that
K K\’
1. = —_— p—
lm_al0) = oo o o ()

K K\?
lim a(f) = agp + a10— + azo () )
a a

60— —o0

K K\?
lim b(#) = boo + bio— + bao () ;

0—+o0 ﬂ ﬁ
K K\*
lim b(0) = boo + bio— + bao <> :
60— —o0 (6] (6]

Calculating the coefficients a;;, b;; using the representation for B(z,y, z, 2’),
Ag(z,y,2,2"), k=1,2, we complete the proof of the lemma.
U

Corollary 4 Assume that b(—o0) > 0, b(+o0) > 0, and b(f) > 0, 6 €
(=00, +00). Then

(i) If a(—o0) > 0 and a(occ) < 0, then the process 6(t) is an ergodic
diffusion process and its ergodic distribution has density g(6), which
satisfies the differential equation

5 (b(0)9(9))" — (a(0)g(6))" = 0.

(i) If a(—o0) > 0, a(oo) > 0, then —oco is a repelling boundary and +o0o
is an attracting boundary for 0(t).

(iii) If a(—o0) < 0, a(c0) < 0, then —co is an attracting boundary and
+00 a repelling boundary for 6(t).

(iv) If a(—o0) < 0, a(co) > 0, then —co and +oo are both attracting
boundaries. In this case there exists a function

7(0) =P {t% O(t) = +00/6(0) = 9} .
This function satisfies the differential equation
1
ib(ﬂ)w”(é)) +a(0)7'(9) =0,
and boundary conditions

lim #(0) =0, lim =w(0)=1

60— —o0 6—4o00

All these statements follow from known properties of one-dimensional
diffusion process (see Remark 4 in Chapter 5).
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Note that the competition between the two species is won by X in case (i),
by Y in case (%), and by either of the two with probability depending on
the initial sizes of their populations in case (). There is no winner in
case (1).

Lemma 10 Assume that a(+o00) = 0. Then
a(f) =0 (67%9) as 6 — +oo.
Assume that a(—oc0) = 0. Then
a(0) =0 (e) as § — —cc.

Proof It follows from Lemma 8 and Remark 4 that the functions ¢ (6)
and ¢2(0) satisfy the relations

ay(0) + B2 (0) = K,
2(0) = ¢’ ($1(0))".

This implies that

= —$1(0) = O(e’) as O — —o0,
o
and

b1(0) = O(e= %), % — $2(0) = 0(e™7) as  — +oc.

There exists a constant C' > 0 for which
|[A(z,y) — A(z1, 1) < C(|z — 21| + |y — w1l)s

SO

la(~00) = a(0)] = [A(K/,0) = A(61(0), 32(6))|

<C (qfsz(e) + (I; - q%)) 7

la(+00) — a(0)] = [A(0, K/8) = A(b1(0),62(0))].

Corollary 5 Assume that a(—o0) =0, b(#) > 0, b(—o0) > 0. Then

0 2a(h)
/_Oo o) df < oo,

and U(—oo) > 0, where U is the function introduced in Remark 4 of Chapter
5. This means that —oo is a natural boundary for the diffusion process 6(t);
i.e., it is neither a repelling, an attracting, nor an absorbing boundary. The
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same is true for +oo if a(4+00) =0, b(#) > 0, b(4+00) > 0, because of the

fact that
oo 2a(0)
df < oo
|

Remark 5 Assume that the point —oo is a natural boundary. Then species
2 wins the competition if the point 400 is an attracting boundary, but there
is no winner if it is a repelling or natural boundary. An analogous statement
is fulfilled if the point +o0 is a natural boundary.

11.1.5 A Food Chain with Three Species

Now consider three species, say S1, .52, and S3, where S is prey for Ss, and
So is prey for Ss. Denote the size of the population of species Sy at time ¢
by z(t) for k = 1,2, 3. The model is described by the system of differential
equations

&1 = z1(a1 — apxe),
&y = xo(—P1 + fox1 — P3x3), (11.24)
&3 = x3(—71 + Y222),

where a1, as, 81, B2, 83,71, Y2 are some positive constants. We consider here
only the special case where

n_r_, (11.25)
(65} (65)

In this case, the behavior of the dynamical system (11.24) is similar to
the behavior of the Lotka—Volterra system (11.1). The full description of
solutions to system (11.24) is described in the next result.

Theorem 4 Assume that relation (11.25) holds. Then:
(i) System (11.24) has two independent first integrals:
<I>1(x1,x3) = 3311/.’133, (11.26)

and
B1 a1 _ _ _ Bs
Oy (21, 2, x3) = 2] 25" exp Box1 — Qoo > T3 p. (11.27)

(1) If the initial condition for system (11.24) satisfies [21(0)]"x3(0) = ¢y,
then the functions x1(t) and x2(t) satisfy the system of differential
equations

j?l = xl(al — 042332)

_ B (11.28)
&g = xo(—f1 + Bowy — Bacrxy”).
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(iii) The function ®¢ (x1,22) = Po(x1,22,c127") is a first integral for
(11.28). Set b = ay/ag and denote by a(cy) the unique solution to
the equation

Brx] +c1fs = 52$lf+1~

Then ®(x1,x2) has a unique maximum in the region x1 > 0,29 > 0
at the point x1 = a(c1), xo = b, and for any co € (0, P(a(c1),b)) the
curve

{(z1,22) : ®¢, (w1, 2) = c2} (11.29)

is an orbit for system (11.28). It is a closed convex curve that is
described perimetrically by the pair of functions

zo = ¢p(T1,01,02), 1 € [ar(ca, c2),az(ct, c2)],

for k = 1,2, where ai(c1,c2) < as(ci,ca) are the solutions of the
equation

(I)Cl (x17b) = C2,
and ¢1(x1,c1,02) < da(x1, c1,02) satisfy the equation
(I)Cl(xlv(bk(zlaclaCQ)) = C2, k= 1a2

(iv) The functions (x1(t),x2(t), x3(t)) are periodic with period

T(Cl,CQ) :T1(01702)+T2(01,C2)7 (1130)
where
az(c1,c2) —1)k-14
Ty(c1,c2) =/ (=)™ du . k=1,2, (11.31)
ar(er,es) Ula1r — a2 (u, e, c2))

where the constants c1,cy are determined by the initial conditions
Cc1 = @1(@'1(0),253(0)), Co = @2(1’1(0),%2(0), (E3(0))

(v) If g(x1, 2, x3) is a continuous function in RY., then

tim = [ gl (s), wa(s), () ds

t—o0 0
2

_ ! /““WZ(_D“ 9(dn(u,cr,00), cu™) o
T(er,c2) Jay(erner) =2 u(on — azdy(u, c1, c2))

(11.32)

The proof of the theorem is left to the reader.

Next, we consider random perturbations of this system. Let (Z,C) be a
measurable space, and let ai(2),k =1,2, 8i(2),i =1,2,3, v;(2),j = 1,2,
be measurable bounded positive functions from Z into R. Furthermore,
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z(t) is the same Markov process that was considered earlier in this section,
and

o= [aptaz). 5= [o@0a), 7= [0

fork=1,2,i=1,2,3,and j =1,2.
The perturbed system is

] = a7 [0 (26 (1)) — az(2: (1)) 23],
@5 = w5 [—f1(2(t)) + Pa(z(t))x] — B3(ze(t))x3], (11.33)
&5 = 25 [~71(2: (1) + 2(2: (1)) 25],

where z.(t) = z(t/e).

System (11.24) is the averaged system for this one. So the statements of
the averaging theorem and the theorem on normal deviations can be re-
formulated for system (11.33) directly. Here we will consider in detail only
the asymptotic behavior of the two—dimensional stochastic process

() = log @ <x§ (2) a5 (2)) ,
v () ()2)

using the theorem on the diffusion approximation for first integrals.
Define the function

V(u) = By loga(e") — Baale*) — %e“(a(e“))_” +aylogh — ash, u€R,

where b and a(c) were defined in Theorem 4 (%i). It is easy to check that
if

Py (21, 23) = €,
then
P (21,22, 73) < V(u).

So the region A = {(u,v) : v < V(u)} in the (u,v)-plane coincides with
the region

{(u,v) : u=1log®q(x1,x3), v =1log Po(x1,x2,23), 21 >0, 29 > 0, z3 > 0}.
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To describe the limit diffusion process, we introduce further notation. Set
Ar(@1, 22,23, 2,2") = 22(=P1(2) + Ba(2)z1 — B3(2)23) (12(2") + vaa(2)),
As(x1,22,23,2,2") = —fawa(an1(2) — az(2)x2)(ar(2') — az(2)x2)

— (81 = Bow1)(=F1(2) + Ba(2) w1 — B3(2)w3) ()22
+ (1 — azaa) (a1 (2) — az(2)r2)B2(2 )21

— agza(—Pi(2) + Ba(2)z1 — B3(2)23)

X (=P1(2) + B2(2)x1 — Ba(2)a3)

— (a1 — a222)(—71(2) + 72(2)22) B3(2 )23

B B2 4 Bale)en — Bl s

B 6353 (= (2) +72(2)22) (=1(2") +72(2")22),

Aq1(m1, 10,13, 2,2") = 2(vaq (2) — 71(2) + 72(2)z2 — vag(z)zs)

x (vai(2') = m(2') +72(2 )2 — vas(z)rs),
Ata(z1, 12,23, 2,2") = (var(2) — 71(2) + 2 (2) 22 — vas(z)xs)
x [(B1 = Bozr)(an(2') — aa(2')z2)
+ (a1 — aw2)(=B1(2) + Ba(2')z1 — B5(2)x3)

- () 4 (e

vai(2') —y(z') +72(¢
B1 — Baw1)(u (2 )—042(2)952)
o1 — aax2)(—F1(2) + B2(2)21
— (Bsas/v)(—7(2) + 12(2)22)],

]

xo — vas(2)z2)

)
)
Bs(2)x3)

2[(B1 — Por1)(a1(2) — az(2)x2)

(1 — aow2) (=P (2) + Ba(2)z1 — B3(2)x3)

— (B3z3/v)(—7(2) +72(2)22)]

X [(Br = Baar)(a1(2) — az(2)z2)

+ (a1 = aaw2)(=1(2) + Bo(2')z1 — B (2)a3)
— (Bsa3/v)(=m(2") +72(2")w2)].

Theorem 5 Define the averages

) = [[[ Ao aia, 2,2 R, doldm ),

where the symbol x means to take one of the values 1,2,11,12,22, and
the measure my, ,(dx) in Ri is determined by the following relation: For
any bounded function g(xq,x2,x3) on Ri”r, [ g1, x2, 23)my o (dx) is equal
to the expression on the right-hand side of formula (11.32), where ¢; =

A22(1‘13‘/E27x37 254 ) =
_l’_
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)) be the diffusion process in A with generator

(t
U, (u,v) + Ag(u,v)\lfv(um)

e, co = e¥. Let (a(t),v
LW(u,v) = Ai(u,v)

+ 1 (/Aln(u, V)W (1, 0) 4 2415 (1, 0) Wy (1, 0) Aga (1, 0) Uy (u, U))
Ay = {(u,v) slu) < é,

2
with absorption on the boundary of A.
jEvsvi -6},
To = inf{t: (a(t),0(t)) ¢ Ao},
=inf{t: (uc(t),ve(t)) & Ag}.

For 6 > 0 set
Then the stochastic process (u:(t AT ), ve(EATS)) converges weakly in C' to
the diffusion process (i(t A 19),0(t A 1g)).

Proof To prove this theorem, we use Theorem 7 of Chapter 5. According
to that theorem,

o) = [[[ (35 (@), cate. ) ate )

X R(z,dz")p(dz)my ., (dz),
1(z, 2),as2(x, ), a3(x, 2)), and

a1(x, z) =z (a1 (2) — ag(2)x2),
az(x,z) = x2(—P1(2) + fa(2)x2 — B3(2)23),
a3(z, z) =z3(—71(2) + 1222),

)
where x € R, x = (21,22, 73), a(z,2) = (
z

¢1(x) = vlogxy+logxs, ¢s(x) = B1logay — faxy+ay logxs —asrs— &.’L‘g

The proof follows directly from these calculations.
O

11.1.6  Simulation of a Food Chain

Dynamics similar to the Lotka—Volterra case are observed in simulating
system (11.33). Figure 11.3 shows the results.

11.2 Epidemics

A big problem in epidemiology is to predict whether or not an infectious
disease will propagate in a population. In this section we study two cases:
This first is for a one-pass situation in which once individuals have had the
disease, they are permanently immune to it. This is depicted by the graph

S —1— R,
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& O 4 N o»
L

Figure 11.3. Computer simulation of the system in (11.33). Top: All three popu-
lations described by the averaged equation. The prey lead the way. Second: Prey
population with noisy data. Third: Intermediate species. Fourth: Top of the food
chain.

where S denotes the susceptible population, I the infectious population,
and R those who are removed from the disease process. While this model
is quite simple, it captures important aspects of disease processes. It was
successfully modeled and analyzed by W. O. Kermack and A. G. McK-
endrick, and their work from the 1930s resulted in a threshold theorem
on herd immunity that continues to be used as a measure of a susceptible
population’s vulnerability to an infectious disease. In particular, biweekly
reports of estimates of susceptible population sizes and disease thresholds
are published by the Communicable Disease Center for various diseases like
measles, mumps, and influenza.

The second case pertains to diseases that do not impart permanent immu-
nity, but rather individuals can pass from the infective population directly
back into the susceptible population. Sexually transmitted diseases such as
gonorrhea are of this type. These are depicted by the graph

S—1—26S.

The interest in this case is how to design a control strategy to minimize
the impact of such diseases.

In both cases, we first develop nonrandom theories, and then we investigate
those models in the presence of random noise.

11.2.1 The Kermack-McKendrick Model

Diseases of the type S — I — R are modeled as follows: Consider a
population separated by a disease into three subpopulations: susceptibles,
infectives, and removals. Let the population be of fixed size, and let S(t)
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denote the proportion of the population that is susceptible at time ¢, while
I(t) is the proportion of infectives, and R(t) is the proportion of removals.
We treat these as continuous functions, and use the law of mass action to
describe the infection process. Namely, we write

S = —rIS,
I=rIS— )\, (11.34)
R =\,

where 7 is the infection rate and ) is the rate at which infectives are removed
from the process (e.g., through cure, quarantine, death, or recovery from
the illness.)

The main result in this case is called the threshold theorem. It is based (most
simply) on the observation that if S(0) > A/r, then I1(0) > 0, so the initial
group of infectives in the population will more than replace themselves. In
this model we can ignore the size of the R population, since it plays no role
in the disease process other than to count how many have passed through
it.

The severity of an epidemic, say measured by S(c0), can be predicted for
this model by solving the equation

I A
- = (rS - 1) ds. (11.35)

Since S(t) > 0 and S < 0, the limit S(co) exists, and the next theorem
shows how to compute it.

Theorem 6 (i) System (11.35) has the first integral
®(S,1) = alogs — IS, (11.36)

where o = \/r.
(i) Assume that So = S(0) > a. Then there exists a time t,, > 0 at which
I peaks, that is, for which I(t) <0 for allt > t,,, I(t) >0 for all t < ty,,

L, =1(t,) = rntaXI(t),
and
So
Im:So—&-Io—a—ozlogE, (11.37)

where Iy = I(0), So = S(0).
(i) I(t) > 0 for allt > 0, lim;_,o I(t) = 0, and there exists the limit

S=lim S(t), S>0,

t—o0
where S is the unique solution of the equation

—g—alogi? + 1o+ 5S,=0 (11.38)
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satisfying the inequality S < a.
(iv) Set B=X—rS=r(a—>5), 8>0. Then there exist limits
lim I(t)e® =1, Ie(0,00),

t—oo

lim (S(t) — §)e’t =5, S e (0,00).

t— o0
An interesting corollary to this theorem is that any such epidemics will
leave some susceptibles uninfected. This phenomenon, which is referred to
as herd immunity, is often observed in epidemics.
Proof First, we know that S(t) < 0 for all ¢, so S(t) is a decreasing
function and there exist S = limy_ o0 S(t) with S < Sp. On the interval
(S, Sp] there exists the inverse function g : (S, So] — [0,00), g(S(t)) = t,
and the function (S) = I(g(S)) satisfies the differential equation

di(S) !
= —1 —
as Ty

S0
i(S) =-S5+ alogsS+ C.

This implies statement ().
It follows from the first equation of the Kermack—McKendrick system that

S(t) = Sp exp {r /Ot I(u) du} . (11.39)
Denote by t,, the solution of the equation S(t,,) = «. Then for t <
tm, I(t) > I(0). So
a < Soexp{—rtmlo}
and ¢, < (1/r)log(Sp/a). Note that
alog Sy — Iy — So = alog S(tm) — I, — S(tm)

and S(ty,) = . This implies statement (i).
The second equation of the Kermack—McKendrick system implies the
following relation: If 0 < ty < ¢, then

I(t) = I(to) exp {/t:[rS(u) — A du} . (11.40)

So I(t) > 0. Assume that tg > t,,. Then rS(u) — A = = rS(ty) — A < 0,
where § > 0, and so

I(t) < I(to) exp{—5(t — to)}.

This implies that

lim I(t) =0, and / I(u) du < o0.
0

t—o0



402 11. Population Models

Since § = Sy exp{—r Jo~ I(u) du}, S > 0. This implies (ii).
To prove the last statement we first note that for ¢t > ty > t,,,

S(t) -5 = r/oo I(s)S(s) ds < rS(t) /Oo O (e7%%) ds =0 (e™).
It follows that
| ()= 8y < o (11.41)
0

For t > tg we have

I(t)ePt=t) = I(ty) exp {/t[rS(u) — Ndu—[rS — N(t — to)}

to

= I(to) exp {r/t(S(u) - 5) du} :

to

t—o0

lim T(£)e% = Iy exp { /0 ~(S) - §)du} .

The expression on the left-hand side is finite because of relation (11.41).
It follows from (11.39) that

S(t)y—8 ~rS I(u)du,

t
[S(8) — §]ePt ~ §[ePt / I(u)dul,
t
and the relation
lim I(t)e’t = ¢

implies

oo
lim eﬁt/ I(u)du =
t

t—o0

SIS

This completes the proof of the theorem.
O

Primary characteristics of an epidemic are the numbers Sy, «, ty,, Im, S ,
and 8. We can see that Sy, a, and 8 do not depend on Ij. It is reasonable
to consider the case where I is small with respect to Sy, to test the vul-
nerability of the population to the spread of infection. In the next lemma
we consider the behavior of some of these characteristics as Iy — 0.

Lemma 11 The following relations hold:

(i)

. 0
lim I, =Sy) — a— alog —.
I(]HO «Q
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(ii)
lim S = So,

Ig—>0
where Sy is the solution of the equation
N S
So—So—alogA—O =0
So
satisfying the inequality Sy < a.
(iii) Let Iy — 0. Then
t _t 1
~ og —.
m T‘(So — Oé) & I()

Proof (i) and (%) follow from Theorem 6. To prove statement (4ii) we
can use the representation

. 1/50 du
), ulalog 5= + So — u + Io]

1 /1 du 1 /1 du
rSo Sy ulflogut (LW + gl mSotg (1-g)a-w+L

o o
So So So

(iii) follows from direct evaluation of this integral.

([l
11.2.2  Randomly Perturbed Epidemic Models
We consider the system of differential equations
.0 = (£) .00
(11.42)
. t 4
I.(t)y=r <5> I (1)Sc(t) — A (5) I (1),

where (r(t), A(t)) is a two-dimensional stationary process on the interval
(0, 00) satisfying:

(i) 0 <r(t) <cand 0 < A(t) < ¢ where ¢ > 0 is a nonrandom constant.
(ii) The process (r(t),A(t)) is ergodic, and we write Er(t) = r and
EX(t) = A, so system (11.34) is the averaged system for (11.42).

It follows from the averaging theorem (see Chapter 3, Theorem 5) that for
any tg > 0,

P {lim sup(|L.(t) — I(t)| + [S-(t) — S(t)]) = 0} =1 (11.43)

e—0 t<to
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if (I.(t), S<(t)) is the solution to the system (11.42), (I(t),S(¢ )) is the solu-
tion to the system (11.34), and I.(0) = I(0) = Iy, S:(0) = S(0) = Sp. The
behavior of the solution (I(t), S-(t)) on the interval [0, c0) is described in
the following theorem.

Theorem 7 Let (I:(t), S:(t)) be the solution to the system (11.42) with
the initial values I1.(0) = I, S:(0) = Sy. Then:

(i) For any e > 0, with probability 1 there exists the limit
S, = Jlim 5. (1),
and P{S. < a} =1, where o = \/r.

(i) On the set {S. < a — &} for any & > O (this is a measurable set
in the probability space on which the stochastic process (r(t), A(t)) is
defined) the functions I.(t) and Sc(t) have the following properties:

(a) S. > 0.
(b) I.(t) > 0 and tli}m I.(t) = 0.

(¢c) If B- = A\ —rS., then
lim L(t)e” =0, lim (S:(t) = S)e” =0 if v < G,
Jlim L (t)e"" = +oo,  lim (Se(t) = S)e” = o0 if v > f,
for some real number v.
(iii) Set L, (¢) = sup, I(t). Then
S. =S, In(e) = ILn, [.— B in probability as e — 0,

where S’, L, and [ are defined in Theorem 6 for the solution
(I(t),S(%)) to system (11.34) for which 1(0) = Iy, S(0) = Sp.

(i)
i‘;lg(us(t) — ()] +[5:(t) = S@®)]) = 0

in probability as e — 0.

Proof Using the representation
t
S.(t) = So exp{/ r (3) I.(u) du}, (11.44)
0 9

L =neo{ [ [(4)sw-r(4)] e} o

we can see that I.(¢) > 0 and Sc(¢) is a decreasing function of t. Thus there
exists

lim S.(t) = S,

t—o00
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and S, < S.(t). Let § > 0. Consider the set {S. > o+ §}. On this set

L(t) > Ioexp{/ot [(a+5)r (g) ~A (g)} du}.

It follows from the ergodic theorem that

O ROy A e

with probability 1. So I.(t) — +oc and S¢(t) — 0 because of (11.44). The
last relation is impossible because S. > a + §. This implies that

P{S.>a+d}=0

for all § > 0. Statement (7) is proved.
On the set {S. > a — ¢} we have, using the ergodic theorem, that

st [ [r ()5 -3 (4] s 1)

and this implies that

L#) =0 <exp {—;r&}) and /OOO I (u)du < oo,

and statements (a) and (b) follow. Statement (c) can be proved in the same
way as (i) in Theorem 6.
It follows from (11.42) that

lim P{S.>8+6}=0 foralld>0. (11.47)
e—

Since§<a,wecanﬁnd5>0f0rwhich5’+5<a—5and
P{S.<a—0} »1ase—0.

Next we derive some estimates for S (t) and I.(t) when ¢ < g and ¢q is
small enough. Let €1 be chosen in such a way that

P{|I:(to) — I(to)| + [Se(to) — S(to)[} < p,
where p is a positive number and ¢ is such that
S(t) — S < 4,

where § > 0 satisfies the inequality S(to)+d < a—3d where 6 = (o — 5) /2.
Denote by £(g) the event that {S:(tp) < o — do}. Then P{E(e)} > 1—p
for all € < ;. The event {€(¢)} implies that

I.(t) < I.(tg) exp {/ (r(u/e)(a—do) — A(u/e)) du}

to

(t—to)e™* to
= I.(to) exp ¢ —0o7(t — to) —|—5/ £ (5 +u) du p,
0
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where
£(t) = (r(t) —r)(a—do) — A(t) + A

is an ergodic stationary stochastic process. Set

/§s+u du| .

Then A(s,T) is a stationary stochastic process in s for any fixed T' > 0,
and

A(s,T) =sup |-

t>T

lim P(A(0,T)>~v) =0, for~y>0.

T—o0

Let Tp satisfy the relations

1
P (A(O,Tg) > 2507’) <p

£1(c) = {A <tEO,T0) < ;w}.

I.(t) < I.(t) exp {—60r(t —to) + (t — to)A (i? - to) } :

3

and

Since

the event £(g) N &1 (e) implies the inequality

L(t) < I (t) exp {—;507“(75 - to)} (11.48)

for t > to + €Tp. Note that |£(t)| < co, where ¢ is a constant, so
I(t) < I(to) exp{ecoTo}

and

> 2
/ L(#)dt < L (to) explecoTy} (11.49)
to (507"

if the event £(g) N &;1(g) holds. The last inequality implies that

S.(to) — 8. < S.(to) /oo LA (z) dt < e1S. (to) /OO L#t)dt, (11.50)

to to

where ¢; is a constant for which P{\(t) < ¢} = 1.
We have proved that

P {SE < S’ -0 — Cl(S(to) + 5)%([(1‘50) + 5) exp{ecoTo}} <2p
o”l

for all €, g9. Since § > 0, I(to), and p can all be chosen arbitrarily small, we
have proved, from (11.47), that S. — S in probability. Since the probability
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of the event that the inequalities (11.48), (11.49), (11.50) hold is greater
than 1 — 2p, statement () follows from relation (11.43). Statement (iv)
implies that I,,,(¢) — I, in probability.
This completes the proof of the theorem.

]

11.2.83  Recurrent Epidemics

Recovery from diseases like gonorrhea does not impart permanent immu-
nity. As a result, the susceptible pool is constantly being replenished, and
the population can reach an endemic state with respect to the disease. To
investigate this, we consider the model

S =—rIS+ M,

: (11.51)
I=rIS— ),

in which S + I is constant, so that the whole population is separated into
two subpopulations, susceptibles and infectives, and we suppose that the
size of the total population does not change over time. The behavior of the
solution to system (11.51) is described in the following statement.

Lemma 12 Let (S(t), I(t)) be the solution to system (11.51) satisfying the
initial conditions S(0) = Sy, I(0) = Iy, where Sy > 0, Iy > 0. We define
a=Ar, cog =250+ Iy, and v = |cp — .

(i) If ¢ < v, then

—1
I(t) = o () do rt) e
In+~ I+~ ’

S(t) = Co — I(t)

(i) If co > o and Iy # =, then

’Y_I[) —ryt -
It)=~v(1+——¢ .
Iy

(i) If co > o and Iy ==y, then I(t) = Iy, S(t) = So for allt > 0.
(iv) If co = v, then

Iy

I(t) = ——.
( ) 1+ ript

The proof follows directly from the equation for I:

%(t) — rI(t)(co — I(t)) — A (t),

which is equivalent to a logistic equation.
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Now we consider a corresponding randomly perturbed system:

5.0 = (4) s+ (4) o

t

L) =r <E> L(t)S-(t) — A (Z) L. (11.52)

The two—dimensional process (r(t), A(t)) satisfies the conditions that were
introduced in Section 11.2.2, so the averaged system for (11.52) is (11.51).
We will investigate the asymptotic behavior of system (11.52) as ¢ — oo.

Lemma 13 If ¢y < a, then for any v < vr,

P{ lim I.(t)e"t = 0} ~1,

t—o00

and for any v > ~r,

P{ lim I.(t)e"t = —I—oo} —1

t—o0

for all e > 0.

Proof Using the relation S.(t) = co — I.(t) we can rewrite the second
equation of system (11.52) in the form

déj (t) = —r (i) I2(t) + {cor (i) —A (2)} L(t). (11.53)

Therefore,

L) < L0 { [T -2},
e’ I(t) < I.(0) exp {/Ot[u + cor(z) - A(g)} ds} .

The relation

lim1 t[V—FcOr(Z)—/\(g)} ds=v+cor—A=v—~yr (11.54)

t—oo t 0

implies the first statement of the lemma. In addition, we see that

P{/Omr(z>lg(t)dt<oo}:1.

It follows from (11.53) that

12 e o (2) s+ [ e () -2 (2)] a5}

and the second statement of the lemma follows from (11.54).
O
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Theorem 8 Assume that (Z5(t),Z5(t)) is a two-dimensional stochastic
process, where

t t
Zi(t) = 671/2/ (r (f) - 7‘) ds, Z5(t)= 571/2/ (/\ (i) — )\) ds
0 € 0 €
converges weakly in C' to a two-dimensional homogeneous Gaussian process
with independent increments (Z1(t), Z2(t)) for which
EZ(t)=0, k=12,
EZy(O)Zi(t) = bri, k=1,2, andi=1,2.
Suppose I.(0) = Iy. Then (1) for co > « the stochastic process
ve(t) = (ITH T+ 1) =77 1) Ve

converges weakly to the Gaussian stationary process v(t) for t € R, and
Ev(t)v(s) = aexp{—2yr|t — s|}, where a = by1(c; — 1/7)% + 2b1a(c; —
1/%) 4+ bag ase — 0 and as loge/T. — 0.

(i) For co = « the stochastic process

ue(t) = eI (i)

converges weakly as € — 0 to the process

ut) = rexp{~2(0)} | exp{z()} ds
where Z(s) = coZ1(t) — Za(t).

Proof It follows from the relation (11.53) that the function I-! satisfies
the differential equation

o ()-(() o we

from which we obtain the formula

Igl(t) = 1;1(0) exp{—Z:(t)} + exp{st(t)}/O r <z> exp{Z:(s)}ds,
(11.56)

where
¢ t t
Z.(t) = / <co7’ <> - A ()) ds. (11.57)
0 13 13
Note that
Z(t) = ryt 4+ cove (Z5 () — Z5()),
and for v > 0,

tlgélo exp{—Z.(t)} = 0.
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To prove (i) we define the stochastic processes
Zi(t) = Zi(t+ o), k=12, Z°(t) = coZ5 (1) — Z5(1).
It follows that

velt) = / exp{orat =) = VE (20— 2 }Zi()

—r [ exp{-rle = 9}ZO - 25} ds -+ n.(0),

€

where n-(t) — 0 in probability as e — 0. It follows from the condition of
the theorem that the distribution of v.(t) coincides asymptotically with the
distribution of the random variable

ba(t) = /_ exp{—r(t — $)}dZE(TL + )

Te

- ’"/,T exp{—r(t = )}(Z5(t + T.) - Z°(s + T.))} ds.

It easy to check that 9.(t) is the Gaussian process for which
Eo.(t) =0 and lim Ed.(t)d.(s) = ae "3l
e—0

Next we prove statement (4). In this case v = 0, and the stochastic process
Z.(t/e) converges weakly to the process Z(t). Using formula (11.56) we

e (t) = eI exp {—ZE (i)t}
von{-z (D)} [r(5)ew{z(2)} o

It is easy to see that

e—0

lim Otr (g) f(s)ds — r/ot f(s)ds

uniformly in ¢ € [0,T] for f € K, a compact set in C 7). So the proof of
statement (i) follows from weak convergence in C' of the process Z.(t/e)
to the process Z(t).
This completes the proof of the theorem.

]

Remark 6 It follows from statement (iv) of Lemma 12 that for the
unperturbed system we have

t
limel ™! () =rt.
e—0 IS
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For the perturbed system this limit, under the condition v = 0, is a
stochastic process u(t) that satisfies a stochastic differential equation

du(t) = rdt — u(t)dZ(t),

so it is a diffusion process. If Z(t) = 0, then u(t) = rt.

11.2.4  Diffusion Approximation to Recurrent Epidemics
Consider the randomly perturbed model defined by the system

5.0 =-ri (1)) s+ (v (1)) 20,
0 =ra (v (4)) 5.0 -2 (v (1)) 20

where y(t) is a Markov process in a measurable space (Y, C) satisfying the
usual conditions, and the data r1(y), r2(y), A1(y), A2(y) are nonnegative
bounded measurable functions satisfying

r= [ o) = [ra@tn). A= [N = [reoty).

(11.59)

where p(dy) is the ergodic distribution for y(t). As a result, the averaged
equation for system (11.59) is system (11.51). Although S.(t) + I.(t) is
not constant for system (11.59), S(t) + I(¢) is the first integral for sys-
tem (11.51). Under the assumption that y(t) satisfies condition SMC II of
Section 2.3 we can describe the diffusion approximation for the stochastic

process
t t
se(t) = Se (5) + I (€> .

Theorem 9 Let I.(0) = Iy, S:(0) = Sy. Denote by 7. the stopping time
Te = inf{t: s.(t) = a}.

Let 5(t) be the diffusion process on the interval (o, 00) with generator L*
of the form

L () = a(a)f' (@) + 5h(a)f" (@)

for f € C%la,0), where the coefficients a(z) and b(z) are given by the
formulas

Q>
8
~—
I
1)

%)
8
\
Q
S~—"
N
+
s}
=
—~
8
\
L
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and
o2 = [[(-ari@) + Mw)02(s) = 120D R dy ol
a; = // Ck?"z -|— )\2( ))
(ara(y') —ar1(y') + M(y') — X (y)R(y, dy' ) p(dy),
by = / [ (@ralo) = an () + 2a(w) - re(u)
X (ara(y') —ar(y') + M(y') — X (y') Ry, dy’) p(dy).
Set

T = sup {t: inf §(u) > oz}.

u<t

Then the stochastic process sc(tATe) converges weakly in C to the stochastic
process §(t A\ 1) with the initial value $(0) = Sy + Io.

The proof is a consequence of Theorem 5 of Chapter 5 and is not discussed
further here.

Remark 7 The behavior of the diffusion process §(¢) at the boundary «
is determined by the coefficients a1, as, and by in the following way:

(1) If b5 > 0 and a; # 0, we define v = 2a;/bs. Then for v > 1
the boundary « is a natural boundary for the process, i.e., P{r =
+oo} =1 and

P {Jim =a} =0
t—o0
for all x > a. For v < 1, the boundary « is absorbing:
lim P {7 < o0,§(7—) =a} =1.
T—o
(2) If by > 0 and a; = 0, then the boundary is attracting; i.e.,

lim P, {7‘ = o0, lim §(t) = a} =1.
t—o0

r—o

These results follow from Remark 4 of Chapter 5.

Remark 8 It can be proved in the same way as in Lemma 13 that for
Iy + Sy < a,

P {tlgrolo L(t) = 0} B
With this result, the averaging theorem, and the first equation of system
(11.59), we can prove that S.(t) tends to So + Iy in probability as ¢ — co

and € — 0. So s¢(t) converges to the constant Iy + Sy = s-(0). Thus, in
this case, the infection (probably) dies out of the population.
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11.3 Demographics

Let x(t) denote a population’s birth rate at time ¢. The general (nonlinear)
population renewal theory involves the equation

x(t)qu(t)—i—/o K(t,s,a(s)) ds, (11.60)

where the kernel K describes the number of births at time ¢ due to those
born at time s. (K is referred to as the maternity function.) The function ¢
describes contributions to the birth rate at time ¢ from those present at the
start of our model (¢t = 0), and it has compact support (i.e., it is zero for
large t). Our primary interest is to study the behavior of x(¢) as t — oco. This
problem has been approached in various important settings using various
mathematical methods [74]. Some of those cases are considered next.

The randomly perturbed renewal equation takes the form

z:(t) = o(t) + /OtK(t,s,xs(s),y(z)> ds, (11.61)

where y(s/¢) is a noise process satisfying the usual conditions. Note that it
is reasonable to consider the perturbation of the maternity function at the
time when the mother was born (the time s). Therefore, K (t,s,...) does
not depend on y(t/¢). Otherwise, we would consider the equation (11.61)
with the maternity function

e (2)) =2 o (o (£) o (9) /o (2).
Let p(dy) be the ergodic distribution for the process y(t). If

K(t,s,x) = /K(t,s,:my)p(dy),

then equation (11.60) is the averaged equation for (11.61). We will inves-
tigate the relations between solutions of the perturbed equation and those
of its average.

11.3.1 Nonlinear Renewal Equations

We assume that ¢(t) is a positive continuous function with compact sup-
port, that K(t,s,z) = K(t — s,x), and that there exist 0 < a < b < oo for
which

K(t,z)=0ift <a, ort>b.

That is, births take place only to those with ages between a and b. We
assume that K (t,z) satisfies additional conditions:

(1) K(t,z) is a nonnegative, bounded continuous function on R1 X R.
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(2) K(t,0) =0, and for some constant [ > 0,
|K(t7x1)—K(t,x2)|§l|x1—x2|, te Ry, x1,22 € R.

Denote by C} the metric space of nonnegative continuous functions on
[0, a] with the distance

dist(zs (), 22()) = sup |an(t) — (1)
te[0,a]

We define the functions
Ap(z(-),t) = / K(t+ka—s,z(s))ds (11.62)
0
and

Tn(t) = z(t + na), ¢n(t) = ¢(t+na), tEe [na,(n+1)al,

where z(t) and ¢(t) satisfy equation (11.59). (Under conditions 1 and 2,
equation (11.59) has a unique solution for any given continuous function

(1))

Lemma 14 Equation (11.59) is equivalent to the recursive system of
equations

u(t) = $u(t) + D Aul@a—i():t). (11.63)
k=1

The proof is a consequence of the fact that K(t —s,z) =0if t — s < a.
Remark 9 Ai(z(-),t) =01if (k—1)a > b, since K(t,x) =0if t < a. So
there exists r > 0 for which

2n(t) = dn(t) + D Ap(zn-i(-),1). (11.64)
k=1

Since xzo(t) = ¢o(t) and ¢ (t) are given for all k, we can sequentially
calculate x,(t) for all n > 0 using formula (11.64).

Remark 10 ¢,(t) =0 for all n > ng because ¢ has compact support.
Consider the space (C})" and the function
A (Co)" — (C)

defined recursively by
A(zl(')’ EERE) zr()) = (22(-), s aZT(')7 ZAT—k(Zk(')7 ))
k=1

Lemma 15 (i) The mapping A : (C)" — (CF)" is a compact mapping,
i.e., A(B) is a compact set in (CF)" for any bounded closed set B C (C})".
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(ii) For (z1(:),...,2-(-)) € (CI)" set

N(z1()s-- 02 () = max max |21 ()]

A1 (), 2e()) = A(A( (), -5 20())),
A2 ()2 () = AAY N (21 (), 20(), n=3,4,....

Then there exists the limit

1
lim — log sup N(A"(z1(), -2 () =
NPT N(21(-),enze (1)) <1

where a is a constant, —oo < a < 00.
Proof Statement (7) follows from properties 1 and 2. Define the function
U(n) = sup{N(A"(z1(), -, 2 () N(z1(),- 05 2() <1}
The reader can check that
U(n+m) < U(n)W(m),
so U(n) < (¥(1))" and (1/n)log ¥(n) < log ¥(1). Define

1
a = inf —log ¥(n).
n
The function log ¥(n) is semiadditive, so

1
lim —log¥(n) = a.

n—oo N

This completes the proof of the lemma.
O

Remark 11 The constant «/a is called the intrinsic growth rate of the
population, and it can be proved that

.1 o'
tllgloEIng(t) =

Next, consider a randomly perturbed equation of the form (11.61). Suppose
that y(¢) is an ergodic stationary process in Y with ergodic distribution
p(dy). The function K(t,s,x,y) satisfies the following conditions:

(3) K(t,s,z,y) = K(t — s,z,y) and K(t,z,y) =0if t <a, t > b, where
0<a<b<oo.

(4) K(t — s,x,y) is continuous in ¢ uniformly in y.

(5) |K(t,z1,y) — K(t,z2,y)| < l(y)|z1 — x2|, where [(y) is a bounded
measurable function and K (¢,0,y) = 0.

(6) K(t,x,y) is nonnegative and measurable with respect to all variables.
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Define the random mapping A% (w, z1(+),...,2:(:)) : (CH)" — (C}H)" for
which

Ai(w7 Zl(')> s aZT(')) = (22(')7 EERE) ZT(')) ZA?fk(Zk()v ))7

k=1
where
N - k
P00 = [C8 (14 - e st (SRR ) g
0
Let
z;, = x:(t +na), te][0,a]
Then

&5, = ¢nlt) + ) AL (a5 (), 1),
k=1

An(ws @ ()1 () = (@ a () 23,(0))

(11.65)

Define
fz,n—&-l(w? Zl(')’ SRS ZT()) = Afx-&—l(wv Ai(zl()v L) ZT()))v
Afz,nJrk(wv Zl(')’ SRR ZT()) = Afz+k(w7 Afm,nJrkfl(zl(')’ SR ZT()))7 k> 2.

Then for all n > r, k> 0,

Afz,n+k(w7 .7;;714(-), <o 7$271(')) = (:’L‘§L+k77‘+1(.)’ R xferk())
In particular,
Ai,n(wa 376(), s "Tifl(')) = (xfhrﬂ(% R ()) (11~66)

With these preliminaries, we can prove the next theorem.

Theorem 10 For n < m define
0;,.m = log sup{N(AfL’m(w, 21()y .oy 20(5)) + N(z1(1)y. .y 20()) < 1}

Then for any € > 0 there exists a number 6° > —oo for which:

(1)
lim l@

m—oo Mm

6° (11.67)

fL,m =
in probability.
(2) If 6° > —o0,

=0.

m—r o0

. 1
lim F ‘meL,m —6°

(8) 66 — « as € — 0, where a is determined in Lemma 15.
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Proof First, we prove the existence of 6°. Note that the function 6y,
has the following properties:

(a) 05 h, mt(k+1) 18 a stationary process in k=0,1,2,... for fixed n
and [, and this process is ergodic because it is a spemﬁc function of
the process y(t).

(D) 05 sy < 050 + 05y g ifn<m<m+L.

Using the inequalities

nm— Zakk+1

we have

0: <O < oo,

n,m —

where © is a constant that depends on a, b, and sup |I(y)|. (The function
y
l(y) was defined in condition 4).)

We can prove that

1
li —6: < Ef°
1msup — m ™ r,r+1

m—00
1
lim sup — mi 787, ml 1 Eer NN
m— 00
Therefore,
1
hmbup —05 0 < mf E9r7+l- (11.68)
m—0o0
Note that

llnf EG,, el = hm EHT i
>

(for the same reason as in the proof of statement (i7) of Lemma 15). If the
left-hand-side of (11.68) is —oo, then #° = —oco. Assume that

l1r>1f ZE(‘)MH =0°> —oc0.
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Then
1 . 1
E ‘W% n+l(m+1) mEen ()
1
<F mei n+l(m+1) Z 9n+kl et (k1)1
(11.69)
1 . 1
+ E m ]; 0n+k,l,n+(k+1)l - 7E9n,n+l
1
’ l Ean n+l mEefL’”"rl(’ln—Fl) ,

where n,m,l € Z. Note that

1 m
I(m+1) (; Okt et (k1) — 92,n+l(m+1)> >0,

so the first term on the right-hand side of inequality (11.69) equals

1

E9nn+l mEafL,n-&-l(m+l)'

Similarly, for the third term,

. 1 - 1
mlgnooE (m+1) Zai+kl,n+(k+1)z - jEei,nH =0
k=1
because of the ergodic theorem. Therefore,
1. 1 95 05 < 1 66 9(—:
mgnooE I(m 4 1) mntim+) =7 = jE n,n+1

This implies the relation

1
lim E‘Gim—ea =0.
m

m—0o0

To prove that 8 — 0 as ¢ — 0 we have only to note that

lim 765 = 7 Sp{N(A™ (1), 2 () 2 Nz () 2e()) < 1),

e—0 [

This completes the proof of the theorem.
O

Remark 12 Tt follows from (11.68) that with probability 1,

1
limsup —6° = < 6°.
5—>0p m T
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11.3.2 Linear Renewal Equations

The linear renewal equation is

a:(t):<b(t)+/0 Mt — s)a(s) ds, (11.70)

where M (s) is the probability that a newborn at time zero produces an
offspring at time s. This accounts for the probability of survival to age
s and the fertility of those of age s. The maternity function in this case
is linear in = and homogeneous in time, so this is a linear time—invariant
system.
A general approach, which was proposed separately by McKendrick and
von Forster, is based on the partial differential equation

%(t,x) + %(f, z) = —0(z, t)u(t, x), (11.71)
where u(t, z) is the number of population members having age x at the time
t and 0(t,x) is the age—specific death rate. This equation is considered for
x>0, t > 0 with given initial data u(0,z) and boundary condition

w(0,1) = /OOO Bz, tyu(z, )dz, (11.72)

which describes the birth of new population members. Under some natural
assumptions, this equation can be reduced to the renewal equation for
z(t) = u(0,t). The main results related to the asymptotic behavior of the
solution to equation (11.70) as t — oo are summarized in the next theorem.

Theorem 11 Suppose that the functions ¢(t) and M(t) on Ry are contin-
uous nonnegative functions and ¢(t) has compact support. Define by o € R
the number for which

oo
/ e M(t)dt = 1.
0

Assume that there exists oy > « for which fooo e®1* M (t)dt < oo. Then there
exists a constant By > 0 for which

. at
tlgglo x(t)e™ = By,
where x(t) is the solution to the equation (11.70) and

o e(t)etdt

Bo=-20 " —
O > eM(t)ectdt

The proof of the theorem follows from the theory of convolution integral
equations (see [200, Chapter 2]).

The constant « is called the intrinsic growth rate of the population, and
By characterizes the stable age distribution’s birth rate.
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A randomly perturbed version of the renewal equation is of the form

ze(t) = o(t) + /Ot M (t -8,y (g)) Te(s) ds, (11.73)

where the function ¢(t) is the same as in equation (11.70); M(s,y) is a
function from R, X Y into Ry that is measurable in both variables; and

M(s,y) < M*(s),

where M*(s) satisfies the condition
o0 *
/ M*(s)e**ds < oo for some a* € R.
0

Here y(t) is a Y-valued ergodic homogeneous Markov process with an
ergodic distribution p(dy) satisfying SMC II of Section 2.3.
Define

M(t) = /M(t, y)p(dy).

Then equation (11.70) is the averaged equation for equation (11.73). The
asymptotic behavior of the solution to equation (11.73) was considered
in Section 6.3, Theorem 12. We reformulate that theorem here, taking
into account the conditions on ¢(t), M(t), and M(¢,y). The results are
summarized in the next theorem.

Theorem 12 Let ¢(t) and M(t) satisfy the conditions of Theorem 11,
and suppose that o* > «, where o was defined in Theorem 11. Suppose
also that the following conditions are satisfied:

(1)

lim sup sup

M(t+h,y) — M(t,y)
h—0 ¢ y

Mt,y) ’:0

(2) There exists a measurable function 6 : R — Ry with [6(u)du < oo
for which
BN+ iu)| + [MA+iu,y)| <O(u), weR, yeY, A>—a,

where

= [ Mo, W) = [ M) at
0 0
are the Laplace transforms of these functions.

Then there exist constants eg > 0 and v > 0 such that

1
P {limsup glog;vs(t) < —a —|—’y€} =1 (11.74)

t—o0

fore <eg.
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Remark 13 In Theorem 12 we estimate only an upper bound for the
growth rate of z.(¢). Using the averaging theorems and some limit theorems
for integral equations we can also prove that

>4 } =0

for all T > 0 and § > 0. The proof of this statement is presented in an
article by the authors (see [79, Theorem 4.1]).

1
“logz.(t) +

lim limsup P { sup

€00 0 c<t<T/e

11.3.3 Discrete-Time Renewal Theory

The age distribution of a population can be determined by census, at which
the numbers in various age classes, say {v1,...,vn}, define a vector whose
dynamics can usefully describe how the population’s age structure changes.
If a census is taken every five years, in which females are counted, and if
data are kept through the end of reproductive ages, say age 55, then 11 age
classes would be tracked.

The population dynamics in this case can be described by the system of
equations

Tnl = Az,

where z,, is the vector of age classes at the nth census and A is Leslie’s
matrix (see [74]) of the form

(651 (6] QA —1 [67%%%
A0 L 0 0

=1 . . , o, (11.75)
0 0 ... Ap—1 O

where the numbers «; are the fertilities of the various age groups and the
numbers \; € (0,1] are the survival probabilities of the various age groups
to the next census.
The first problem we consider here is to determine the asymptotic behavior
of A"z as n — oo.

Lemma 16 Assume that A+A%+---+A™ is a matriz with positive terms.
Then (1) there exists a unique positive eigenvalue for A, denote it by p*,
and a corresponding eigenvector b € R™ having positive coordinates; (2)
if a € RM is an eigenvector of the adjoint matriz A* corresponding to the
eigenvalue p*, then the coordinates of a are also positive; and (3) for any
x e R™,

ANz =p™ - (z,a) - b+ O(6"), (11.76)

where 0 < 0 < p.
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The proof is based on the theory of nonnegative matrices (see [54, p.65,
Theorem 2)).
A randomly perturbed version of Leslie’s model is described by the system
of equations

i1 = (A + eAynsa))as,

O
Iy = o,

(11.77)

where A(y) is the matrix of form (11.75), where a;(y), i = 1,...,m, and
Ai(y), i =1,...,m — 1, are bounded measurable functions, A is given by
(11.75) with nonnegative vy, ..., Qm, A1, ..., Am—1, and € > 0 is sufficiently
small that A + €A is a nonnegative matrix for all y € Y. Here {y,} is a
homogeneous Markov process in the space (Y,C), a discrete-time process
that is assumed to be ergodic with an ergodic distribution p(dy).

With these preliminaries we have the following theorem.

Theorem 13 There exist g > 0 and v > 0 such that for any € < gq,

log |7, |

28l log p*

P {lim sup
n

n—oo

< 'ys} =1, (11.78)

where p* is the same as in the relation (11.76).
Proof Tt follows from equations (11.77) that
x5, = Alzy + z”: 5kSn7kJ:0,
k=1
where
Spk = > AT A (g JAP T2 A () - - Ay, )AL
1<i<ip_1<-<i1<n
Define @ to be the m x m matrix for which
Qx = (z,a)b, x € R™.

It follows from relation (11.76) that

A =plQ +0(h.

Using this formula we can obtain the following representation:

Sn,k = pn—k < Z (1{’/1:%1}[ + 1{n>11}Q)A(yl1)

1<ip<ip_1<---<i1<n

X (Ui —ipmt} T + L in} QA Wia) - Ayi, ) Lemy T+ 1 >13Q)

o))

We use here the notation that if X is a matrix, we write

X = 0(c) if ||X|| = O(c).
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Therefore,
1Skl < ckp™ | 1+ > 1Al Ay
1<ip<ig_1<-<i1<n
1 (& *
<t |1+ ] <Z1 ||A(y1)|>
So

25 — p"™(x0,a)b| < p" (1 jcﬁ T exp {EZ |1~\(yi)|}> (11.79)

i=1

if e < 1/¢1. Inequality (11.79) implies the proof of this theorem.
O

Remark 14 This result describes the intrinsic growth rate for the random
discrete-time Leslie model. The theorem is also valid if [ [[A(y)|/p(dy) < oc.
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GGenetics

Genetics continues to be one of the outstanding applications of mathematics
in the life sciences. Mathematical research has benefited from this interac-
tion by being motivated to create mathematical structures that describe
randomness in ways that are used to interpret data and to predict ex-
perimental outcomes. Our understanding of random processes was greatly
enhanced by this interaction. On the other hand, the development of the-
ories for random processes and the derivation of statistical methods to
link them to experimental observations have been pivotal in our under-
standing of how genetic information is transmitted from one generation to
the next. These show how genetic structures can be engineered to create
important products such as novel drugs, strains of bacteria that degrade
toxic waste, and a variety of crops and animals used in agriculture. This
fruitful interaction between biology and mathematics has benefited biology
with greater understanding of genetics and benefited mathematics with the
creation of new structures of random processes and of statistics. As with
most mathematical structures, these have found numerous applications
elsewhere.

In this chapter we describe some of the fundamental models of population
genetics and show how random perturbations of them behave. First, we
consider a model of diploid genetics in a fixed population that was derived
and studied by three early workers in the field of mathematical genetics:
R. Fisher, S. Wright, and J.B.S. Haldane. We consider the influence of
random noise on this model using the methods we developed in this book.
Second, we consider the stability of extrachromosomal DNA elements in
bacterial cells. These elements are called plasmids, and their stability in
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the presence of random noise is investigated in Section 12.2. Interest in
this grows out of problems in biotechnology where one must determine
conditions under which a genetically engineered organism will persist in a
production environment. Finally, we investigate how changes in an entire
collection of genes, called the genome, can be modeled, and how changes
respond to random perturbations.

12.1 Population Genetics: The Gene Pool

Organisms, such as farm animals and humans, whose chromosomes appear
in matched pairs are called diploids. We study here a population of diploids
whose reproduction is synchronized and whose population size is kept fixed,
say N, by a fixed carrying capacity, by culling, or by some other removal
mechanism. Consider a gene at one location on a chromosome pair that
can occur in two possible variant forms, say A or B. So, all members of the
population are of exactly one of the three types: type AA, type AB (we
cannot distinguish between AB and BA), or type BB as defined by this
gene. The population carries a pool of 2N genes at this location, and in
this section we describe how this gene pool changes from one reproductive
interval to the next.

Let the proportion of the gene pool that is of type A at the start of the nth
generation be denoted by g,,. The proportion at the next reproduction time
depends on the fitness of the A genes from the previous reproduction that
survive [75]. The varying ability of different genetic types to survive and
reproduce is described by selection coefficients. For example, the Fisher—
Wright-Haldane (FWH) model for the proportions {g,} is

Tngr% + 5ngn (1 — gn)
Tng% + 25n9n(1 - gn) + tn(l - gn)Q’

where the numbers r,, s,, and t,, describe the selection coefficients of
the genotypes AA, AB, and BB, respectively, in the nth generation. They
account for the probability of survival to the next reproduction time and
the fertility of those that do.

A problem of particular interest is that of slow selection, where there are
only small differences between the selection coefficients r,,, s,,, and t,, say

Gni1 = (12.1)

Tn =T+ €EPp, Sp=r-+ceo,, tn=1+¢cTy, (12.2)

where 0 < ¢ < 1 and the other data are bounded. This case arises when
the pressures of natural selection act over a longer time scale than the time
scale of reproduction. When ¢ = 0, there is no selection, and the model
becomes
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This fact was observed by G. Hardy and W. Weinberg in 1907, and it
is referred to in the genetics literature as the Hardy—Weinberg law. How-
ever, several interesting phenomena can occur when € > 0: One gene can
dominate the gene pool, both can be maintained in the population in com-
parable numbers, or the system can be bistable, where each gene is stable,
but there is also an unstable intermediate distribution.

12.1.1 The FHW Model with Stationary Slow Selection

Assume that r,, $,, t, in equation (12.2) are

T =1-+¢Ep, Sp=r+c0, t,=r1+¢eT. (12.4)
Then equation (12.1) can be rewritten as a difference equation of the form
. e _ _cQgr)
g = , 12.5

where g§ is given and
Q(z) = z(1 — z)(az +b),
P(z) = px* + 202(1 — 2) + 7(1 — )2,
a=p+7—20, b=p-—T.

It follows from the theory of difference equations (see Chapter 3, Lemma
2) that for any T > 0,

lim sup [g(ek) — g;| =0
e—0 ke<T

if g(t) is the solution to the differential equation

Y1) = @) (12.6)

with the initial condition g(0) = g§. (We assume here and below that g§
does not depend on €.) The asymptotic behavior of the solution to equation
(12.6) as t — oo is described by the following lemma, which is proved in
[75].

Lemma 1 Assume g(0) € (0,1). Then
(i) Ifb>0, a+b >0, and |a|+ |b| > 0, then A dominates the gene pool:
tlggo 9(t) =1,
(1) Ifb<0, a+b <0, and |a| +|b| > 0, then B dominates the gene pool:
tliglo 9(t) = 0.
(i) If b > 0 and a + b < 0, then a genetic polymorphism occurs:

[Jim g(t) = ~b/a,
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so both genes are maintained in the gene pool.

(i) If b <0 and a4+ b > 0, then disruptive selection occurs:

i o) =1 900) € (-1},

t—o0
lim g(t) =0 if g(0) € (0,—
Jim g(t) =0 if g(0) € {0, —— |,

and in this case the value g = —b/a is an unstable equilibrium for the
system.

12.1.2  Random Perturbation of the Stationary Slow Selection
Model

Suppose that p,, o, and 7, in formula (12.2) are of the form

Pn = p(y’ﬂ)’ On = U(yn)a Tn = T(yn)7

where {y,} is a discrete-time stochastic process on a measurable space
(Y,C), and p(y), o(y), and 7(y) are bounded real-valued measurable
functions on this space. We will use the following condition:

(CP) The process {y,} is either a stationary ergodic process or an ergodic
homogeneous Markov process. The ergodic distribution of the process is
m(dy), and we define

o= [otmidy. o= [otwman, 7= [rwmiay. a2
Denote by {g5} the sequence satisfying the difference equation
5., — 55 = 5Qn(§7€L)
T 4 ePa(3s)
with the initial condition g5 = go, where
Qu(x) = 2(1 — x)(@nz + by),
Pp(x) = p(yn)2® + 20 (y)x(1 = 2) + 7(yn) (1 — 2)*,

(12.8)

an = p(Yn) +7(Yn) — 20(Yn), bn = p(Yn) — 7(yn)-

It follows from the averaging theorem for difference equations (see
Chapter 3, Theorem 8) that with probability 1 for any T > 0,
lim sup |g; — g(ke)| =0, (12.9)
e—0 ke<T
where g(t) is the solution to equation (12.6) with the initial value g(0) = go.
So the behavior of the sequence {gs : ne < T} for any T as € — 0 can be
described by the solutions to equation (12.6). To investigate the asymptotic
behavior of {g} as n — oo we can use the results of Section 6.2. However,
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the form of the difference equation in (12.7) is not exactly the same as in
the theorems in Section 6.2. So, we must first extend the earlier results,
which we state next specifically for the FWH model.

Theorem 1 Let condition (CP) be fulfilled and define the averages of a
and b to be

—ptT-2, b=p-r.

where p, o, T are determined by formula (12.7). Then the following
statements hold:

(i) Ifb>0, a+b>0, go>0, then

limP{hmg —1} 1.

e—0 n—00

(i) If b< 0, a+b <0, go <1, then

limP{ lim g —O}

e—0 n— oo

(i11) If b < 0, a+b < 0, then

() limP{lim gfl:l}=1 if go € (_271)5

e—0 n—00

0 P {m g =0} =1 e (0.-2),

e—0 n—o00

Proof All of these statements can be proved in similar ways, so we present
here only the proof of statement (7). Set

= fs.
Then {f:} satisfies the difference equation
Fovr = Fr = 5 UL(FY),
where

1

Us(x) = (1= x)(@n + by — anx)l—l—aﬁ—(l—x).

Using successive back-substitutions for f~fL gives

75 = (1= go) exp {i log(1 — sUz<fz>>} ,

k=1

and for m > n,

fr = eXP{ Z log( 1—€U6(fk))}

k=n-+1
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It follows from relation (12.9) and Lemma 1 (i) that for any §; > 0 and
d2 > 0 we can find ng and g such that for all € < eg,

P{f: <01} >1—do. (12.10)

no

Note that there exist constants ¢; > 0, ¢ > 0 depending on gy such that
for all € < g¢ the following inequality is fulfilled:

log(1 —eU;(z)) < —ecy(an + Bn)l{a:g%} +ecaliysy.
So
~ m—1 ~ m—1
fe <o exp{—c1 Yo eldn+b)ljecry e D 1{f~§>§}} (12.11)
k=nog+1 k=no+1

if ffm < 6;. It follows from the ergodic theorem that

m—1

> e(ar +be) ~e(m —no)(a+b) (12.12)
k=no+1

and

m—1
lim P< su — i+ b
S {m;;o[ D (@ +bi)

We can find ¢y > 0 for which

m—1
P{ sup [cls Z (ar, + Bk)
m>ng

no+1

> Co} < 0o.

o
Pl i<}z 1o,

If ¢ = ﬁlog ﬁ, then for all € < &g,

m>ng
SO
m—1
P {ffn < d1exp {—015 Z (ag + Bk)} for all m} >1-—20, (12.13)
no+1
and

P{ lim f;=0}21—252

m—r oo

for all € < g9. Thus, statement (i) of the theorem is proved.
O

The next theorem shows how the sequence {¢5} is related to a Gaussian
process.



430 12. Genetics

Theorem 2 Suppose that {yy} is a Markov process that satisfies SMC IT
of Section 2.3, and suppose b >0, a+b <0, and go € (0,1) (the notation
here is as in Theorem 1). For N € Zy and n € Z, n > —N, set

e b

gN—i—n + g ’ (12'14)

e N _ _—
n =€

Nl

and let
£ _ e,N
ZN(t) - Z 1{n27N}1{5n§t<e(n+1)}Zn , te R. (1215)

Let W (dt) be the Gaussian measure on the real line with independent values
for which for any measurable set A we have EW(A) =0 and

EW?(A) =vl(A),

where | is Lebesque measure on the real line and

po Plath? [ [ab(e) ~batw) )

ab

(12.16)
+2 / / (ab(y) — ba(y)) (ab(y) — ba(y')) R(y, dy')o(dy))

Here
R(y,C) = (P.(y.C) — p(C)),

where {P,} are the transition probabilities for {y,}. Define the stationary
Gaussian stochastic process n(t), t € R, by the formula

n(t) = / exp{—(t — )} W (ds), (12.17)

— 00
where v = b(a + b/a) > 0. Assume that eN — oo, N = o(Llogl) and
G0+ 2| =0 (Vz) ase — 0.
Then the stochastic process z5;(t) converges weakly in C to the stochastic
process n(t) on any finite interval as e — 0.

Proof We modify Theorem 9 of Chapter 6 to begin the proof. Because
of the form of the difference equation (12.8) we need to modify the proof
of that theorem. Define

b

G+ 2 = b

a

It follows from equation (12.8) that
hir = iy = —er(ya)hi, + O (e(h7)?) + O (%) +a(yn),

where

r(y) = la JQF b)a(y), q(y) =

a

bla+b)
a3

(ab(y) — ba(y)).
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It is easy to see that

/ r(y)p(dy) =, / q(y)p(dy) = 0.

So
m—1
Roim =y I (1 =er(yn) + O(ehs,)) + O(me?)
n=ng+1
1 _— (12.18)
+e Z q(yn) H (1 —er(yg) + O(ehy)).
n=no+1 k=ngp+1

The remainder of the proof is the same as in Theorem 9 of Chapter 6, and
it is left to the reader.
O

Remark 1 Using (12.18) we can estimate the time 7. for which |h;, | <
cy/e, where ¢ > 0 is a constant: Assume that |hs | < J, where § is
sufficiently small. Then

11 <1—sr<yn>+o<shz>>~exp{—e 3 r(yn>+o<ehn>}

n=ng+1

is less than 1 for m = O (1/¢). This implies that

n=nog+1

E( S am) [] (1—sr<yk>+0<shi>>> — 0(*m).

n=ng+1 k=no+1

It follows from these estimates that 7. = O (% log %)

12.2 Bacterial Genetics: Plasmid Stability

Bacteria have a single chromosome made up of DNA, but in addition, they
can have extrachromosomal DNA elements, called plasmids. Each newborn
cell contains exactly one chromosome, but it might have many copies, say
N, of a particular plasmid. In this section we consider how the plasmids
are distributed at each reproductive event, which in this case is cell division
into two daughter cells. Suppose that each newborn cell in the population
has exactly N of these plasmids, so a newborn cell having N plasmids
will have 2N plasmids just prior to division, and each of its daughters will
receive exactly NV plasmids. While these are essentially the same plasmid,
they can be of various types depending on what variants of information
they carry. For example, some plasmids might code for resistance to the
antibiotic ampycillin and some for resistance to tetracycline. We describe
here the distribution of various plasmid types as cells grow and divide.
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Suppose each newborn cell has exactly N plasmids. These might be of
types T1,...,T,, and denote by (ni,...,n,) the vector representing the
distribution of plasmids in a cell, so n; is the number of plasmids in the
cell having type 77, no is the number of plasmids in the cell having type T5,
ng is the number of plasmids in a cell having type T3, etc. Since the number
of plasmids per cell is fixed, we have that Y n; = N. Each newborn cell
has such a vector associated with it.

There are
_— N+r—-1
- N

possible different types of cells as described by their plasmid-type dis-
tribution. This distribution is defined by the vector (ni,...,n,), and
m is the number of vectors with integer—valued nonnegative coordinates
{ni, i=1,2,...,r} with >, _, nx = N.

Denote by {C,...,C,,} the possible types of cells. A population of these
bacteria can be described by the proportions of cells among the various
plasmid types. We denote by

=@ p™)

the vector of the proportions: p’ is the proportion of the population that
is of type C;. Clearly, ", p* = 1. This vector changes from generation to
generation, and we write p;, where p; is the vector of proportions at time
t,and t = 0,1,2,..., is discrete time. We suppose that each cell of the
population divides at these times, and p; is the vector just after the tth
division. We assume that {p;, ¢t > 0} satisfies the relation

P =P AL), t=0,1,..., (12.19)

where A(¢) is a stochastic matrix of size m x m that is defined by sampling
without replacement.

During the synthesis phase of the mitotic cycle, each copy is duplicated, so
that just before splitting the plasmid pool is of size 2N with 2n; plasmids
of type T; for i = 1,...,r. We suppose that this process is contaminated
with noise, perhaps due to mutation or by replication errors, so that the
pool becomes

2n1,...,2nr—>k1,...,kr, Zkl:2N’
with probability

PZﬁ,E(t) = 1{E=2ﬁ} + €Q2ﬁ71§(t)7 (12.20)

where ¢ > 0 is a small positive number, @ = (n1,...,n,) and ko=
(k1,...,kr) are vectors of integers, and the functions in P are bounded
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stochastic processes with @, ;:(t) such that
ZQQﬁ’E(t) =0,
E
and Q,; z(t) > 0 if k # 27.

At cell division one daughter receives a distribution of plasmids that is
characterized by a vector | = (Iy,...,[,.) with probability

Rpr=—""mm (12.21)
(V)
Thus
(nla anr) — (ll, ,ZT)
with probability
Pydt) = Py () Ry (12.22)
E

This implies relation (12.19) with the matrix A(t) having components that
are defined by equation (12.22).

12.2.1  Plasmid Dynamics

Denote by Vi the set of vectors 77 having nonnegative integer-valued coor-

dinates (ni,...,n,) with >-n; = N. We consider a homogeneous Markov
chain in Vj describing the system when € = 0. In this case,
Pailt) = Ry

Thus, the matrix A(¢) is nonrandom, and it does not depend on ¢. Denote

this matrix by A. The elements of the matrix A are given by the formula
2n1 . 2N,

_ ) () (12.23)

! )

il
The asymptotic behavior of
plt) = By A!

as t — oo is determined by the homogeneous finite Markov chain having
transition probability matrix A.

Lemma 2 Denote by C(S), where S C {1,...,r}, the set of vectors i €
Vi for which ) ,cgmni = N.

(1) C(S), for any nonempty S, is a connected class of states for the
Markov chain having transition probability matriz A, and any such
class of states is of the form C(S), where S is a nonempty subset of

{1,...,7}.
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(2) C(S) is an essential connected class of states if and only if S contains
exactly one element.

(3) Denote by @D the vector for which nl(.i) = N, né.i) =0, 7 # i

The states iV, ..., 7" are all essential states of the Markov chain;
each of them forms a connected class. Let P, {t) be the transition

probability from the state 1 to the state fafter t steps. Then
n;

Na

Jm P s () =

where T = (N1, ...,n.).

(4)
lim p(t) = p(oo) = {pa(c0), 7 € Vn},

where

pi(o0) =0 if e Vy\ O{ﬁ(i)},

i=1
and otherwise,
1
prc (00) = N AZ n; p(0).
neVn

Proof (1) follows from formula (12.23).

(2) Tt is easy to see that 7(?) is an absorbing state for the Markov chain for
i € T, 7, and the state 7 is connected with () if n; > 0.

(3) Define

ai(t) = Z n; p(t).
neVn
Since
> miagg =1l
neVn

because of formula (12.23),

q:(t) = Z n; Z pit — l)afﬁ = Z pr{t —1) Z n; ag ;

neVy fGVN fGVN neVn
= > plt =)l =gt - 1).
fGVN

This implies statements (3) and (4).
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12.2.2  Randomly Perturbed Plasmid Dynamics
We assume that the matrices A(t) in relation (12.19) are of the form
A(t) = A.(t) = A+eB(t), t=0,1,2,..., (12.24)

where A is a constant matrix with elements given by relation (12.23), and
{B(t), t=0,1,2,...} is a stationary Q,,-valued stochastic process, where
Q. s the set of m x m matrices B for which || B]|; < 1, 1B = 0, where
I=(1,...,1), 0=(0,...,0). We assume additionally that B(t) satisfies
the following conditions:
L. Denote the elements of the matrix B(t) by b i{t), where 7, I'e Vy.
Then b; At) = 0 if a; 7= 0.

I1. Denote by &, the o-algebra generated by B(0),...,B(n), and let &
be the o-algebra generated by B(l + 1), B(I+2),.... There exists a
sequence pu;, I =0,1,2,..., for which y; — 0 and

|E&1&2 — EGES| < w

if & is an &,-measurable random variable and & is an £t
measurable random variable, and [&1] < 1, |&| < 1.

Note that condition IT is analogous to condition EMC of Section 7.2.
We will investigate the asymptotic behavior of the matrix

P.(t) = (A4 eB(0))(A+¢eB(1))--- (A+eB(t — 1)) (12.25)

as t — oo and € — 0 using the results of Section 7.2. Note that this Markov
chain is aperiodic with r essential classes of states.
Define the average B = EB(t), and let

P.(t) = (A+eB)".

If a(A +eB) > 0 for all ¢ > 0 small enough (the definition of a can be
found in Section 7.1), then there exists the limit

II, = tlggo P.(t).

It follows from Theorem 5 of Chapter 7 that

Iy = lim II. = lim Iy exp{tIBIly}, (12.26)
e—0 t—o00
where Il = lim,,_,o A™. This limit exists because the matrix A is an

aperiodic matrix.

Lemma 3 Let a(A+¢eB) > 0 for ¢ > 0 small enough. Denote by l_)ﬁ i the

elements of matriz B and set

1 1 . .
T =N mei),ﬁnj, i,j€1,r.
et

The following statements hold:
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(i) The r x r matriv Q = (¢ij); jet 18 a stochastic matriz for which

a(Q) > 0.

(ii) If § = (q1,-..,q-) € D, is the unique vector satisfying the relation
qQ = ¢, then I1y is an m X m matriz with its rows equal to each other
and coinciding with the vector

& = (d%: 7eVy),
where
Loy =q,i=1,...,r, dr=04fa¢{HD,. .. 7"}
Proof If a(Q) =0, then a(A +¢eB) =0 for all € > 0 small enough. This
implies statement (). Statement (ii) follows from Theorem 5 of Chapter 7.
(|

Our main result on the behavior of the matrix-valued process P.(t) is
formulated as follows.

Theorem 3 Let conditions I and II be fulfilled and Ea(A +eBy) > 0 for
all € > 0 small enough. Then:

(i) There exists a matriz T, with |[T.||o = 0 (this means that the matriz
has identical rows) such that for € > 0 small enough it satisfies the
relation

t
1 .
Jm 5> Pe(t) = L.
k=1
(ii)
lim ].:IE = f[().

e—0

(iii) There exists a stationary D,,-valued process Ji for which
lim |d5 — @P-(n)|; =0
n— oo
for any a € D,,, with probability 1.

(Z'U)
lim - En aP (k) - aH a € _D
P g 158 my

with probability 1.

The proof of the theorem follows from Theorems 4 and 5 of Chapter 7, and
the details are not presented here.

The assumption in Theorem 3 concerning o(A +eBj) can be weakened. In
order to do this, we need some further estimates.
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Lemma 4 Let conditions I and II be fulfilled and
a(A+eB) > 0. (12.27)
Then there exist lg and g for which
Ea(P.(1)) >0
if e <eg, I >lo, and €l is small enough.
Proof We have the relation

l
P(l)=(A+eBy)---(A+eBiq) = A +e) _ A'B AR 4 0(1%%),
k=1

l
(A+eB)' = Al +e) _ AM'BAF 4 O(1%).
k=1
So
l
P.l) = (A+eB) =e> AN (Biy — B)A"™F + O(1%%).
k=1

It follows from the ergodicity of { By} that

l—o0

1
.. k-1 2y Al—k _
lim > A (B — B)Ah =0
k=1
with probability 1, because of the boundedness of ||A*¥||; and the existence
of a limit
Ho = lim A".
n—oo
So
|P.(1) — (A4 eB)!|y = O(1%%) + le o(1),

where o(1) — 0 with probability 1 as | — oo. This implies the relation

Ea(P.(1)) > a((A +eB)") — O(1%?) + lefy, (12.28)
where §; — 0 as | — co. We have

a((A+eB)) > la(A+eB) > ble,

since (12.27) implies the inequality a(A 4+ eB) > fe, where § > 0 for € > 0
small enough. The proof is a consequence of (12.28).
|

Theorem 4 Let conditions I and II be fulfilled and o(A + eB) > 0 for
€ > 0 small enough. Then all the statements of Theorem & hold.
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Proof We can find ¢y > 0 and [ such that
Ea(P.(1)) >0

for 0 < € < gg. Then the statement of the theorem will be established if we
consider the stationary process

P (n) = P.(In).

It is easy to check using Theorem 2 from Chapter 7 that the statement
holds for P.(n).
|

Next, we investigate the asymptotic behavior of the D,,-valued stochastic
process

ﬁa(s) = Zﬁo PE(’I’L) 1{5n§s§6(n+1)}a ENS R+7

as € — 0, where py is a vector of the form

T ) T 1
o= qifi” = 12.2
Bo ; i, ; W=7 (12.29)
Define the matrix-valued function Q(s), s € Ry, by the relation
Q(s) = exp{—sI,. + sQ}, (12.30)

where I, is the r x r identity matrix and ) was introduced in Lemma 3.
We consider the Markov chain with m states and transition probability
matrix for n steps

(A+eB)".
Denote by vZ the state of the Markov chain at time n.
Lemma 5
T
. - - l;
5%()1,11?n~>sp {I/TEL =n / VOE = l} = Z; N ng(s) l{ﬁ:ﬁ(j)}7 (1231)

where g;;(s) are the elements of the matriz Q(s).
Proof Note that
P{ny =it|v = f} = 5(A+eB)",

where (§l~ is the row vector in R™ with coordinates 1 (=i} Using the same
estimation as in Theorem 5 of Chapter 7 and Lemma 5 we can prove

lim (A +eB)" = yexp{sllyBI}.

e—0, en—s

So
lim P{vs=d|v5=1}= 5}1’[0 exp{sIlyBIly}. (12.32)

e—0, en—s
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Note that
= -
olly = Ao (12.33)
=1

This follows from statement 3) of Lemma 2. The definition of @ implies
that

-

873 1o BTy = > 0ii0750) — Ot

Denote by J,. the subspace of R™ generated by the vectors {gﬁ(i), 1 =
I,7}. It is easy to check that the matrix representation of the operator
exp{sllyBIly} on the subspace J, with the basis {5;7(1) . ,gﬁm} is Q(s).
Therefore, formula (12.31) is a consequence of formulas (12.32), (12.33).
O

Theorem 5 Let the conditions of Theorem 4 be satisfied. Then for any
T >0,

T r

- 5 () — (V7D | ds —

lim ; Pe(s) ‘Zlqzqu(S)n ds =0
1,j=

with probability 1.

The proof follows from statement (i) of Theorem 3 and Lemma 5.

12.3 Evolutionary Genetics: The Genome

The chromosome of a bacterium is completely described by a vector having
components taken from among the four symbols A, C, G, T. If the number
of base pairs on the chromosome is N, then the DNA structure of the
organism is described by a corresponding chromosome vector, say s € S =
{A,C,G, T}V, where S denotes the set of all possible chromosomes and
s lists the DNA sequence on one strand of the chromosome (s determines
uniquely the complementary strand). Let M denote the number of elements
in S. For example, a cell might have 3000 base pairs in its chromosome,
so S has M = 43990 elements, a large number. While most of these are
apparently not viable, we continue to work in this large space of sequences.
We suppose that all cells in the population reproduce at the same time,
so reproduction is synchronized. A population of these organisms can be
described by a vector whose components give the population proportions
of various types s for all s € S. Our interest here is in how this vector of
proportions changes from one generation to the next.

Denote by vs(t) the number of cells of type s in the tth generation, and
denote by 7/(t) the vector whose components are these numbers indexed by
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elements of S. The vector of proportions is given by

p(t) = v(t)/17(b)]1,

B0k =3 vl

seS

where

is the number of bacteria in the tth generation.

12.3.1 Branching Markov Process Model

At reproduction a cell will produce two daughter cells each having one
chromosome that will generally be the same as the mother’s except for
possible mutations, recombinations, or transcription errors. We suppose
that all changes of the type of a chromosome at the time of reproduction
are of random character.

The evolution of the population can be described as a branching Markov
process with the set of types S. (The interested reader can find all necessary
information on this subject in the book [89].) Denote by (s, s1,s2) the
probability that a cell of type s splits at the time of reproduction into two
daughters, one of type s; and the other of type so. Then for all s € S,

> w(s,s1,8) = 1. (12.34)
5175265

To describe the evolution of the population we introduce a collection of
random variables H,

H = {ng(t,s,s1,82), k€Zy, teZ,, s,8,s9 €S},
satisfying the following conditions:
1. They are independent random variables for different values of k, t, s.
2. If n € H, then P{n =0} +P{n=1} =1
3. ForallkeZ,, teZ,, s,
> mklts,s1,82) =1,

51,52€8
P{ni(t,s,s1,52) = 1} = 7(s, 51, 52).

We see next that the variables 7, are indicator variables related to the
transition from s to (s1,s2) at time ¢.

The stochastic process 7(t) can be expressed in terms of these counting
variables as
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fort =1,2,.... The vector 7(0) is assumed to be given, and using this and
formula (12.35), we can (in principle) calculate 7(t) for all ¢ > 0.

It follows from formula (12.35) that ny(t, s, s1, s2) for k < v4(t) is an indi-
cator of the event that a cell of the population at time t having type s and
number k splits into two daughters of types s1 and s3. We label the cells of
type s by the numbers between 1 and v, (t).

Introduce an M x M matrix A with elements

A(s',s) = 2n(s',s,8) + E m(s',s,81), (12.36)
s1€S
S#S1

where M is the number of elements of S. Here A(s', s) is the average number
of daughters of a cell of type s’ that will be of type s. It is easy to see that

Ev(t) = Ev(0) At (12.37)
Note that

Z A(s,s) = 2,
L 4 is a stochastic

since each mother has two daughters. So the matrix 3
matrix. Using this, we can describe the asymptotic behavior of 7/(t).

Lemma 6 Let Il = %A. Let Sy, ...,S, be the subsets of S that are classes
of communicating recurrent states for the Markov chain whose transition
probability matriz is I1. So, S, NS; = 0 for k,l € 1,7 with k # 1. Denote by
Dx the vector of ergodic probabilities for the class Sk, k=1,2,...,r, i.e.,

B ={pu(s), s€ S} and > pi(s)=1, > puls)=0.

s€Sk SGS\Sk

Denote by dy, the period for class Si. Then the following statements hold:
(i) There exists § > 0 such that for all s € S\ U;_; Sk
Evg(t)=o0((2-6)");
that is, those not among the recurrent sets are transient states.

(ii) There exist constants {qs(i), s € S,i € 1,7} satisfying the conditions

(a) 0 < qs(i) < qu =1, (c) q(i)=1ifsecS;
for which
il —(t+7) — ; ,
tlggo @ ZEygtJr] ;‘;EVg (Dpi(s) if s €S;.

(12.38)
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The proof of the lemma follows from the theory of finite Markov chains.

Corollary 1 Suppose that the matrix IT is irreducible and aperiodic. Then
there exists a unique ergodic distribution p and

Jim 27'Ev(t) = E|v(0)|17, (12.39)
where

EgO) =3 Evy(0).

ses

In this case we have only one class, r = 1, and ¢5(1) = 1 for all s € S, so
formula (12.39) follows from (12.38).

Next, we consider a limit theorem for the stochastic processes
plt) = 2710(t). (12.40)
First, we establish the following lemma.

Lemma 7 There exists a number d € Zy for which for all k € Z, there
exists the limit

lim ITF+"d =11,

n—oo

and Il satisfies
(@) Mg =Ty, (b)), = MpIT* = TTIFTI, for 0 < k < d.

If d is the least common multiple of all periods d;, i = 1,...,k, introduced
in Lemma 6, then properties (a), (b) are evident.

Remark 2 There exists § € (0,1) for which
[IF+md I, |, < bok+ne,
where b is a suitable constant.
Theorem 6 With probability 1 there exists a limit
nhﬂn;o plk +nd) = poo(k) for keZy,

and the limit stochastic process poo(k) has the following properties: With
probability 1,

(@) poo(k + d) = oo (K),
and
(b) Poo(k) = Poo(OTIFTIy, 0 <1 < d.
Proof Denote by F; the o-algebra generated by {7(k), k < t}. Then
E(Wt+1)|F)=uv(t)A.
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Set
filt) = 7t +1) - 5(t)A.

The components of the vector fi(t) are represented by the formula

vy (t)

ZZ{ ((t, s’ s, s) —m(t,s,s,8))

s'eS k=1

+ 37 Ot s,51) — 7t 5,50)|
s1€S
S#S1
(we used formula (12.35) here).
It follows from formula (12.42) that for some constant ¢,
E((ji(t), i(t) | F) < ex2.

Using formula (12.41), we obtain the following representation:

17( Z Atlk

So
t—1 1
Aty = AT + ) | o (k)"
k=0

Define the vector-valued random variables

oo

(i 1 .
g = Siarih pld+14), i=0,1,...,d—1.
1=0
Note that
o 1 ‘ o0 1
E(> i + 1), > s Add +1)
1=l =l

oo
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(12.41)

(12.42)

(12.43)

(12.44)

(12.45)

= Z LE(,}(M +4), fi(ld + 1)) < 271

92ld+2i
1=l

because of relation (12.43), where cs is a constant. So

ZP

o0

Z 2ld+ filld +1)

1=l

—lid

1

1 622
> 1<y 22
(lh+ 1)2 - %3 (lh + 1)2

< 00.

This implies that the series on the right-hand side of relation (12.45)

converges with probability 1.
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Using formula (12.44) we write

nd+k—1
_ _ L. 1
Pl +nd) = FOJTIME % 7 oo () I
=0
d—1 1
= p(0) Hnd+k+2221d+ fild +8) TR0 0 i cnany
=0

A(0) T, + Z AR gy + p0) (IR — 1)

U
JFZZTMHM(MJFZ)(H( DRI 0 laicnd k)

_ Hk717i+d1{k;<i+1}) .

From the convergence with probability 1 of the series of i) and Remark 2,
it follows that with probability 1,

d—1
nlgrolo p(k +nd) = p(0)IT; + 2# Hp—1—id1 pcigny - (12.46)

Let the expression on the right-hand-side of equation (12.46) be denoted
by puo(k). It is easy to check that g (k) satisfies properties (a) and (b).

|
Corollary 2 If d = 1, then with probability 1
— 1
i 0) = (700 + 3 g0 ) o, (12.47)
1=0

where IIy = lim,,_, o II". (This limit exists if d = 1.)

Corollary 3 Suppose that d = 1, » = 1 (meaning that II is the transi-
tion probability matrix for an aperiodic ergodic Markov chain). Then with
probability 1,

lim_p(n) = A0 (12.48)
where p'is the vector of ergodic probabilities.

To prove formula (12.48) we first note that all rows of the matrix Iy co-
incide with the vector p. Therefore, for any vector @ we have the following
relation:

-,

aHo (C_i ].)

where T = (1,1,...,1). It follows that (f(l),

I)=0forallecZ So
formula (12.48) is a consequence of formula (12.47).
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Corollary 4 If r =1, d > 1. Then with probability 1,

d—1
1
i =3 tnd + 1) = [50)]:7 (12.49)
k=0
To see this, let
o
== kz_onk. (12.50)

It follows from formula (12.46) that

1 d—1 1 d—1d-1 .
nlgréo d Z plnd + k) = p0) I+ a Z Z it p1—itdt cign
k k=0 i=0

=0
Then in the case r = 1, II = Iy, which implies formula (12.49).
Remark 3 If r = 1, then with probability 1,

Jim - Z lk

So, for nonrandom p(0), the sequence {g(k)} satisfies the strong law of
large numbers. If |p(0)|; (this is the number of cells at the initial time) is
random, then the right-hand side of relation (12.51) is random, and the
strong law of large numbers does not apply.

)P (12.51)

Next, consider the case r > 1. Let p; be the vector of the ergodic proba-
bilities for the class S;, and let 13 be the vector indicator of the class S}
(i.e., the components {zs, s € S} of this vector are s = 1g,(s)).

Theorem 7 (i) For all j € 1,7 there exists the limit

lim (p(n), Ts,) = n;, (12.52)
where M1, ...,ny are nonnegative random variables, 25:1 n; = |p(0)]1.
(i) If the period of the Markov chain with transition matriz P is d, then
1 d—1 r )
Jim kzop(n +k)= Zl nip. (12.53)
= j:

Proof Note that

(ﬁ(n)7 IS]-) < (ﬁ(n + 1), Tsj)
because of formula (12.35) and the relation

P{ng(m,s’,s,s1) =0}
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if & € Sjand s ¢ Sj or 51 ¢ S;. Also,

Suppose that

We can consider r different populations, such that the jth population is
the population with genotypes s € S;, j = 1,...,r. Each population de-
velops independently of the others, and to each population we can apply
Corollary 4, which implies the following statement:

@..

o1
e g

S Qyitn + k) = QA0
k=0

where @); is the projector matrix for which

Q7= Qi{zs: s€ S} ={ls,zs}.
So
d 1 T

lim ,Zp n+ k) = 3 2(0), 15, )i

n—oo d
Jj=1

It follows from this formula that for all [ € Z,

= d—1 r
liminf — Zp (n+ k) = liminf

1
n—00 n—oo d

and

Since

we conclude that
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Remark 4 If r > 1, then with probability 1,
' 1 n B B r )
Jim -~ kz%p(k) = _Z;mﬁ (12.54)
= ‘7:

The expression on the right-hand side of relation (12.54) is essentially
random because it can be proved that var n; > 0, if for the Markov chain
with transition probability II there exist transient states and a state s
for which ¢;(7) € (0,1) for some i. It follows that the strong law of large
numbers typically does not apply in the case r > 1.

12.3.2  Ewvolution of the Genome in a Random Environment

Now we assume that the probabilities 7 (s, s1, s2) that determine reproduc-
tion of the cells are randomly changing in time. So they depend on some
factors that can be described as being the “environment” in which the pop-
ulation develops. This environment will be described here by a stationary
stochastic process. We consider a system of random variables

E* ={n}(s,51,82), n=0,1,2,..., s,81,82 € S}
satisfying the following conditions:
(E*1) 0 <7i(s,s1,82) <1
(E*2) > mwi(s,s1,82)=1forneZ;, se€s.

51,8265

(E*3) {7/ (s,s1,82), 8,581,820 € S}, t = 0,1,..., is an ergodic stationary
stochastic process in the space R | where M’ = M?(M + 1)/2.

We will describe the evolution of the population as a Markov branching
process in a random environment E*. We introduce the system of random
variables

H = {ng(t,s,s1,82), k€Zi,teZy, s,5,50€ 85}
satisfying the following conditions:

(1) They are conditionally independent for various values of k,t, s with
respect to the system E*.

(2) Forne H,
P{n=0/E}+P{n=1/E} =1,
where £ is the o-algebra generated by system E*.
(3) Forallt€Zy, k€ Zy, s€S,

Z 77k(t>3>51,52> =1
{s1,852}
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(4) P{nw(t,s,s1,s2) =1/E} =7/ (s, 51, 52).

The evolution of the population is described by the stochastic process
(t) = {vs(t), s € S}, where v,(t) is defined by formula (12.35). Denote by
&: the o-algebra generated by

{m{(s,81,82), n <t, s,81,82 € s}.

Introduce the matrix-valued stochastic process { A%
of the matrix A} being given by the formula

A (s1,89) =27 (s1,82) +2 Z (s1,52,$). (12.55)
S#£Sa

n € Z, }, the elements

n?

Note that A% (s1, s2) is the conditional average number of daughters of type
sg with respect to the o-algebra £ if the mother is of type s;.
Denote by F,, the o-algebra generated by {#(t), t <n}. Then

E(@(t+1)/FVE) =v(t)A; (12.56)
and
7(t)[€) = D(0)AGAT -+ - Ay, (12.57)

First, we consider the asymptotic behavior of the conditional expectation
of the process (). Note that the matrices

* 1 *
I, = §An (12.58)
are stochastic matrices and {II}, n € Z} is an ergodic stationary
environment (see Section 7.1).

Theorem 8 Suppose that conditions (E*1)—(E*3) are satisfied, and that
Ea(II§) > 0. Then:

(i) There erists a D} -valued stochastic stationary process dy, for which

m

dn+1 =d, LI, and for all @ € DY, with probability 1 we have that
nh_}n;@ |d —ally--- 17 4|1 = 0.

(i) There exists a matriz Ily with identical rows for which

lim EIIj - - - IT;, = Il,.

n—oo

(i4i) With probability 1,

1
lim — (T + TI0 + - - + T - T15) = T,

n—o00 N

The statements of the theorem follow from Theorem 2 of Chapter 7.
Let p(t) be defined by formula (12.40) with 7(t) as defined in this section.
We consider next the asymptotic behavior of p(t) as t — cc.
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Theorem 9 Let the conditions of Theorem 8 be fulfilled. Then
Jim E[p(t) — di|y = 0.

Proof Set
gty =v(t+1)—-v(t)A;, teZ,. (12.59)
One can check that the following relations hold:
i(t)/Fi v E) =0, (12.60)
E((i(t), i(t)) ) Fo v €) < 2, (12.61)

where ¢ > 0 is a constant.
It follows from formula (12.59) that for ¢t € Z, 7(t) can be represented by
the formula

P(t) = D(0)AG - Ay + Y fi(k)Af - Afy

k<t—1

So for pl(t) we have

It follows from statement (i) of Theorem 8 that
tliglo|dt7ﬁ(0)n(>§ n 1|1 =0,
and for all k € Z,,

. Lo x
tlggoE Wﬂ(’“) SRR bt .
. 1 * * 1 — * *
= tlggoE sk + DIy - Ty — QTV(k)Hk R M )

(AU + DIy - TGy = dpy) = (PRI 10— dy )

)

which is zero. Therefore, for any n € Z,
liinsupE|ﬁ() dt|1<hmsupE\Zﬂ (k) - I 1.

Formulas (12.60) and (12.61) imply that for n <t — 1,
1

1 — * * s * *
E( Z W#knkﬂ'”nz&_p Z Wﬂknk-&-l"'nt—l)

n<k<t—1 n<lk<t—1

=K Z k+1 Mka+1 H:—uﬁkHZH"'H:q)
n<k<t—1

= c — -k _ o—n+l
<E ) k+1 ’“k)§122 =2
k=n

n<k<t—1
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(because |[II} || = 1 in the Euclidean space R™).
]

Remark 5 Let p'be a row vector of the matrix Iy defined in statement (i)
of Theorem 8. Then

1 n—1
- Z p(k) — P in probability.
k=0
This is a consequence of Theorem 9 and statement (i) of Theorem 8.

12.5.3  Evolution in a Random Environment

Suppose that the probabilities {7 (s, s1,82), n € Z4,s,s1,82 € S} that
define the random environment are of the form

7 (8, 81,82) = (8, 81, 82) + €7n(S, $1, 82), (12.62)

where 7 (s, $1, 82) is a nonrandom function of the type considered in Section
12.3.1, ¢ > 0 is a small number, and {7 (s, s1,s2), $,81,82 € S}, as a
function of n € Z,, is an ergodic stationary process. We suppose that
{7} (s,51,82), n € Z4,$,81,52 € S} in formula (12.62) satisfies conditions
(E*1)—(E*2) of Section 12.3.2 for all € € (0,e¢), where g9 > 0 is a fixed
constant. This implies that

Z (8, 81,82) = 0.

51,5268
We suppose also that the following mixing condition holds
(E*4) Denote by &' the o-algebra generated by the set of random variables
{7n(s, s1,82), n>1,s,51,82 € S}.

There exists a sequence of nonnegative numbers {ay, | € Zy} for
which o — 0 and

|E&1&e — EGES| < o

for all pairs of random variables &7, & for which &; is £"-measurable,
&y is € "-measurable, and || <1, k=1,2.

Recall that the last condition was used in our investigation of Markov
chains in a random environment (see Chapter 7).

The vector-valued stochastic process in R™ describing the evolution of
the population in the random environment determined by the probabilities
(12.62) is denoted by 7. (t). We will investigate the asymptotic behavior of
this process as t — oo and € — 0.

Set g.(t) = 27'i7(t). Let II be the matrix whose elements are 1A(sy, s2),

where A(s1, s2) is defined by formula (12.36). Denote by II, the matrix
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whose elements are

(81, 82) + Z (81, 82, 8).

S#S2
Then the matrices II}; considered in Section 12.3.2 are
IT* = II + eIl,,.

Theorem 10 Let conditions (E*1)~(E*4) be satisfied, let the matriz 11 be
aperiodic, and suppose that «(Il + eETly) > 0 for e € (0,e0). Then the
following statements hold: (i) There exists the limit

lim (11 + ellp) - - - (T + ell,,) =TI,

where the matriz 1. has identical rows (so ||Ilc|lo = 0).
(i) There exists the limit

lim HE = Ho,
e—0
where
My = lim My exp{tlocQly}, Tlo = lim II", Q = ETl,
t—o0 n—00

and Iy is a matriz with identical rows.
(#i3) For all € € (0,¢0),

lim E |g.(t) — p-(0)(IT 4 elly) - - - (IT 4 ell;_1)| = 0.
e—0 1
(iv) With probability 1,
1S . .
Jim_ ~ ;(n +ellp) - (M + e, ) =TI,

(v) Denote by po any of the rows of the matrix Iy. Then

- I~ ,

lim hﬂsolimn ;pa(k) po| = 0.
The proof of this theorem is a consequence of Theorems 2, 5 of Chapter 7
and Theorems 4, 8, 9.
The results in this chapter provide methods for studying very large dy-
namical systems in genetics which are perturbed by random noise. For the
most part, they show that if reasonable assumptions are made about the
noise, then with high probability the system’s behavior can be described
using familiar limit procedures.



Appendix A
Some Notions of Probability Theory

This appendix provides some background on notation and concepts that
play central roles in this book. This material is widely available in standard
texts in the theory and applications of probability.

Probability Space and Random Variables

Probability Space

A probability space is a triple {Q, F, P}, where Q is a set that is called
the set of outcomes or samples; F is a collection of subsets of {2 that forms
a o-algebra, which is called the collection of events; and P is a probability
measure defined for each set in F.

Remark 1 A collection of sets F is called a o-algebra if:
(i) Qe F.
(ii) If A € F and B € F, then the set difference A\ B is also in F.

(iii) If A, € F forn=1,2,..., then |J,, 4, € F.

Remark 2 A function m : F — R4 is called a measure if

m(AU B) = m(A) +m(B) when ANB =10
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and

m <UA”> = klirgom U A,

n<k
Random variables
A function ¢ : Q — R is called a random variable if the set
{weN: gw) <z}

is in F for any = € R. £(w) measures some attribute of the sample w.
The function Fg : R — [0, 1] defined by

Fe(z) = P{w : {(w) <z}
is called the distribution function of the random variable &.

Convergence of Random Variables
Let &,(w), for n = 1,2,..., be a sequence of random variables defined on
the probability space {§2, F, P}. Then we say that:

(i) &, converges to a random variable £ in probability if for every £ > 0,

lim P{6,(w) — ()] >} =0, (A1)

(ii) &, converges to & with probability 1 (almost surely or almost always,
i.e., for all w except those in a set of P measure zero) if

P (ﬂ Ut [6nw) - €)| >e}> —o. (A2)

k>0n>k

(iii) The distribution of &, converges weakly to the distribution of & if
Jim Fe, (z) = Fe()

for almost all z € R. Here F¢, () = P{{,(w) < z}.

Expectation

Let £ be a random variable on the probability space {2, F, P}. We say that
¢ has expected value or ezpectation E if the function £(w) is integrable
with respect to the measure P, and then

B¢ = /Q £(w)P(dw).

Remark 3 A measurable function £ is integrable with respect to the
measure P if

ZnP{n —1<|f(w)] <n} < oo. (A.3)
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In this case

E¢ = Aig})hz::onhP{(n —1)h < &(w) < nh}. (A.4)

The main property of the expectation is that if ¢q, co are constants and if
E¢1, E& exist, then

E(c1é1 + caba) = c1 E&y + ca B,
Remark 4 For a nonnegative random variable £ > 0, we set E{ = oo if
E¢ does not exist. We denote by L1(2, P) the set of random variables &(w)
for which EJ¢| < co. If we introduce into Ly (£, P) the norm |||z, = E|¢].

Then L; becomes a Banach space.
Suppose that £2 € L1(Q, P). Then the number

Var(€) = B€* — (E¢)?

is called the wvariance of &.

Independence

A sequence of random variables, say {&,(w)} for n = 1,2,..., is a se-
quence of independent random variables if for every n and all real numbers
T1,...,Ty,, the following relation holds:

P(ﬁ@m@wnmu>=ﬁpgwns@} (45)
k=1 k=1

If all & (w) have the same distribution function, then the sequence is
said to comprise independent and identically distributed random variables

(iid.rv.).
Remark 5 The function

Fn(ml,...,mn):P<ﬂ{w:fk(w) <xk}) (A.6)
k=1

is called the joint distribution function for the random variables &1, ..., &,.
Consider the vector £(w) € R"™ with coordinates (£;(w), ..., & (w)). This
vector is called a random wvector or an R™-valued random variable. Note
that E is a measurable function from 2 into R™. That is,

{w:E(w)eAyeF
if Ais a Borel setin R™. The Borel sets are defined to be the minimal collec-
tion of events for which the distribution functions are defined. They are the
o-algebra generated by the “intervals” {z € Re:ap < a1 <byy... a9 <
xq < bg} for some constants —oo < aj < b; < oo. The measure

—

me(A) = P({w : {lw) € A}) (A7)
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is called the distribution function for the random vector E

The Law of Large Numbers
(Also known as Chebyshev’s theorem.) Suppose that {¢,} are independent
random variables for which E|¢,|? < oo for n =1,2,..., and

1 n
3 ZVar(fk) -0
k=1
as n — 0o. Then
L SABEES SF-:
- Rw) =~ &k —
k=1 k=1
in probability.

Strong Law of Large Numbers
Consider a sequence of i.i.d.r.v. {{x} for which E¢; is defined. Then

1
i 5 2 Ge(w) = Bty

almost surely.

The Central Limit Theorem
(Also known as Laplace’s theorem.) Let {&;} be i.i.d.r.v., each having the
same mean and variance: E{ = a and Var(§) = b for all k. Then

Jim. P{&(w)+ -+ & (w) < vz +na} = @(z), (A.8)
where

O(x exp (—u”/2) du.

1 T
) N \V4 2 /;oo
This function is called the Gaussian or normal distribution function.

Very Important Remark: The argument w in random variables is, as a
rule, omitted in formulas.

Let {Ax}, for k=1,2,..., be elements of F. These are called independent
events if for every number r and every sequence ni,no,...,n, we have

() - 17

The following statement is useful in various applications of probability
theory.

Borel-Cantelli Lemma: Let A, € F for k=1,2,....
(i) It

> P(A) < o0, (A.9)
k
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then
P (ﬁ G Ak> =0. (A.10)
n=1k=n

(i) If the sets {A;} are independent, then equation (A.10) implies that
equation (A.9) holds.

Conditional Expectations
Let G be a sub—o-algebra of F and let £ € L1(€2, P). Then there exists a
random variable n(w) satisfying the following conditions:

(i) n(w) is G-measurable.
(ii) For any B € G,
Eélp = Enlp, (A.11)
where 15 denotes the indicator function for the set B.

This random variable 7 is unique in the sense that if 7 is another random
variable satisfying (i), (ii), then

P{n=1}=1.

The random variable n(w) is called the conditional expectation of & with
respect to the o-algebra G, and it is denoted by

n=E(/G).

Remark 6 Counsider random variables {{x, A € A}, where A is a set of
parameters labeling this set of random variables. We denote by o{&x, A €
A} the minimal o-algebra that contains all sets of the form

{w: & (w) <z}

for A € A and z € R. We say that this o-algebra is generated by the set
of random variables {{x, A € A}. If A = {1,2,...,n}, then the conditional
expectation of a random variable £ with respect to o{&;,k = 1,...,n} is
denoted by

E(f/{l(w), s 7616(“}))'

There is a measurable function g(x1,...,z,) : R — R for which

E(&/fl(w% s 7£n(w)) = g(gl(w)7 s 7£n(w))

Remark 7 Let G C F be an arbitrary o-algebra and let {&1,...,&,}
be random variables. Then the conditional distribution of these random
variables with respect to the o-algebra G exist and define a probability
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measure, say (w,B), that depends (measurably) on w, where B is any
Borel set on R™. The measure p satisfies the relation

E(F (&, 6n)/9)(w) = / F(x)p(w, dx) (A.12)

n

for any measurable bounded function F'.

Remark 8 The conditional probability with respect to the o-algebra G
is defined to be

P(A/G)=E(14/G).
The conditional probability has the following properties:
(1) 0 < P(A/G) <1, almost surely.
(2) P(2/G) =1, almost surely.
(3) If A, € Fforn=1,2,...,and A, N A,, =0 if n # m, then

P (U A, /g) => P(4,/9)
almost surely.

Martingales
A sequence of random variables, say {{x} in L1(Q,P) for k = 0,1,..., is
called a martingale if for all k,

E(kr1/60(w), - -+, &k (w)) = k(W)

almost surely. If “=" in the last equation is replaced by “>.” then the
sequence is called a submartingale, and {—¢} is called a supermartingale.
These structures are useful for studying limit behaviors because of the
following result:

Theorem Let {£,} be a submartingale and suppose that E|€,| < co. Then
limy, o0 &, exists with probability 1.

Markov Chain in a Measurable Space

Let (Y,C) be a measurable space where Y is an arbitrary set and C is a o-
algebra of its subsets. A measurable mapping y : 2 — Y is called a Y-valued
random variable if the set {w : y(w) € C} is in F for all sets C' € C. The
sequence of Y-valued random variables {yx(w)},n =0,1,2,..., is called a
Markov chain (or discrete-time Markov process) if there is a sequence of
functions @, (y,C) for y € Y and C € C satisfying the following properties:

(1) Qn is C-measurable in y.

(2) @, is a probability measure in C.
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3) P(yn+1(w) € C/yo(w), - -, yn(w)) = Qulyn(w), O).

The function @, is called the transition probability of the Markov chain at
the nth step. A Markov chain is called homogeneous if Q),, does not depend
on n.

In the case Y = {1,2,...,n}, the o-algebra C is the o-algebra of all subsets
of Y, and the function Q),, is defined by the m x m matrix

Qn = ((Ii,j (n))v
where ¢; j(n) = P(Yp11(w) = j/Yn(w) = 9).

Stochastic Processes

Let (Y,C) be a measurable space and let S C R. A function y(¢,w) from
SxQinto Y is called a Y-valued stochastic process if y(t,w) is C-measurable
for each ¢ € S. The set S is called the (time) domain of the process.
The main characteristic of a stochastic process is its finite-dimensional
distributions, which are defined by the sequence of functions

Fo(t1,...,tn,C1,...,Cp) = P( ﬂ{w cy(te,w) € C’k}) (A.13)
k=1

forn=1,2,...,andfork=1,...n,Cy € C,and t;, € S. If Y is a separable
and complete metric space, then the sequence in equation (A.13) satisfies
the following conditions:

(i) F, does not change under a permutation of the numbers ¢; and the
sets Cy above.

(ii) F, is a measure in Cj, for all k.
(iii) The iteration
Fn(tla cee 7tn7017 oo 7Cn717Y) = anl(tlu v 7tn717011 v 7Cn71)

determines a unique probability measure x on the space {Y*, F(Y°)},
where Y is the set of all functions from S to Y, and F(Y¥) is the
minimal o-algebra of subsets of Y containing all sets of the form

{y() e V" y(t) € C}
forallte€ S and C €C.

Gaussian Stochastic Processes
A real-valued random variable ¢ has a Gaussian distribution if its
distribution function Fg¢(z) is represented by the formula

R = [ e (<052
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where a = F¢ and b = Var(§). Remarkably, this is equivalent to the relation
Eexp{iz€} = exp (iaz — bz%/2) . (A.14)

(Here i = /—1.) The expectation on the left-hand side of equation (A.14)
is called the characteristic function of the random variable &.

Let &1,...,&, be real-valued random variables for which E£ < oo, for
k = 1,2,...,n. We suppose that these variables have a joint Gaussian
distribution; i.e., for all z1,..., z,,

) n ) n 1 n
Eexp <Z;zk£k> = exp z’;akzkfk ~5 Z bkmzkzm | »  (A.15)

k,m=1

where ap, = E¢;, and by, = E&k&m — aran,. In this case, we say that the

vector £ is Gaussian, or equivalently, it has an n-dimensional Gaussian
distribution, with mean value @ and covariance matriz

B = (bk,m)k,meﬁ'

A function £(t,w) for t € S is a real-valued Gaussian stochastic process
if for all ¢1,...,t, € S, the joint distribution of the random variables
E(t1,w), ..., &(tn,w) is Gaussian. Let us set

a(t) = E€(t), b(s,t) = EE(s)§(t) — a(s)a(t),

which are the mean value and covariance function of the Gaussian stochas-
tic process £(¢,w), respectively. These functions uniquely determine &’s
finite-dimensional distributions.
Let { be an R%valued stochastic process with a domain S. It is called a
Gaussian process if for all n > 1, t,...,t, € S, and Z1,...,&, € R?, the
real-valued random variable

n —

> (@, e, w))

k=1

has a Gaussian distribution. Here (u,v) denotes the scalar (dot) product
in R%. Denote by {£x(t,w)} the coordinates of the vector &. Set @(t) = E¢
and B(s,t) = (bk,m(5,1))k meTm» Where the elements of the matrix B are

bi,m (8, t) = E&k(s,w)ém(t,w) — E&k(s,w)E€m(t,w).

The vector @(t) is called the mean value of the stochastic process, and
B(s,t) is its covariance matrix function. These functions determine the
finite—dimensional distribution of the stochastic process.

Processes with Independent Increments
Suppose that Y = R? and S = [0, 00). Let x(t) be an R%-valued stochastic

—

process. (Note that we now use the notation z(t) for £(¢,w).) We say that
x has independent increments if for every choice of numbers 0 < ¢y < t1 <
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- < t,, the random vectors
z(to), x(t1) — z(to),. .., x(tn) — x(tn-1)

are independent; i.e.,

P (ﬂ {2(ty) — 2(te_r) € Ax} N {z(to) € A0}>
k=1

= P{x(t0> S Ao} ﬁ P{l‘(tk) — x(tk,l) S Ak}
k=1

An R%valued stochastic process z(t) is called continuous in probability if
|z(s)—z(t)] — 0 in probability as s — ¢. This means that for every sequence
{sn} converging to ¢, |x(s,) — x(t)] = 0 as n — oo in probability.
Suppose that the process  has independent increments and that it is con-
tinuous in probability. Set f(t,z) = E exp{i(z(t)-2)} for each vector z € R?
(this is the characteristic function of x). This function can be written in
the form

1

fa,z>::f«o,z>exp{i<aa>,z>—» (B(t)=.2)

2
b (-1 B aan ),

where a(t) is a continuous function, B(t) is an L(R%)-valued continuous
function whose values are nonnegative symmetric matrices, and the matrix
B(t2) — B(t1) is nonnegative for t; < to. Here A(Z,-) is for each t > 0 a
measure on R\ {0} for which the integral

/ [2I* A(t,dx)
ge L+ [z 7

is an increasing continuous function in ¢.

A process with independent increments is called homogeneous if the distri-
bution of x(t + h) — x(t) does not depend on ¢ for any h > 0. In this case,
we have in formula (A.16) that

a(t) =ta, B(t) =tB, A(t,A) = tA(A),

(A.16)

where a € R?, B € L(R) is a symmetric nonnegative matrix, and A(dz) is
a measure on R¢ for which

/ il A(dz) < 0.

L+ [zf?

Gaussian Process with Independent Increments
The characteristic function of a Gaussian random vector z(w) in R? is of
the form

Eexp{i(xz(w) - 2)} = exp{i(a, z) — (Bz, z)/2}, (A.17)
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where a € R? is the mean value of z(w) and B € L(R?) is its corre-
lation matrix. So a Gaussian process with independent increments has a
characteristic function as in (A.16) in which A(¢,dx) = 0.

A homogeneous Gaussian process w(t) € R? is called a Wiener process if
its distribution is invariant with respect to orthogonal transformations of
R?. In this case, the characteristic function of w(t) is the form

exp{—taz(z, 2)},

and the distribution of w is given by the formula

P{w(t) € A} = /Aexp{—x2/(2a2t)}da:, (A.18)

1
V2ro2t
where A is any Borel set in R%.

Remark 9 Let w'(t),...,w?(t) be the coordinates of a vector w(t). Then
w”(t) are one-dimensional Wiener processes, and they are independent and
identically distributed. In this case, independence of these processes means
that the random variables

Fi(w'(), ..., Fa(w'()

are independent for any functions F1, ..., Fy of the form F(x(-)) = ®(z(t1),
..., x(t)), where ® : R* — R is a measurable function.

One-Dimensional Wiener Processes

A Wiener process is a Gaussian process having independent increments,
and its characteristic function is exp{—o2tz2/2} for, in the one-dimensional
case, z € R. When o = 1, the process is called a standard Wiener process,
and in that case, Ew(t) = 0, E(w(t)?) = t. The next theorem characterizes
such Wiener processes:

Theorem (P. Levy) The process w(t) is continuous with probability 1. On
the other hand, if a process with independent increments is continuous with
probability 1 and has mean value 0, then it is a standard Wiener process.

Remark 10 Let z(t,w) be an Ré-valued stochastic process that is con-
tinuous in probability. It is called continuous with probability 1 if there is
a countable dense subset A C Ry for which

P {}lbir%supﬂx(tl,w) — z(te,w)| s t1,t2 € AN[0,¢], [t1 — ta] < h} = O} =1
—

(A.19)
for all ¢ > 0.

Remark 11 The set Cjo 7y (R?) comprises continuous R?-valued functions
z(t) on the interval 0 < ¢t < T. This is a separable Banach space. Let
B(Cio,r (R?)) be the o-algebra generated by Borel sets in C[O’T](Rd). For
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any R?-valued stochastic process &(¢,w) that is continuous with probability
1 on the interval [0, T], a probability measure on this o-algebra exists that
satisfies

k
m{(ctlv--wtk(Al""’Ak)) =P ﬂ{w :f(tja(.U) EAj}
j=1

for all t1,...,t; € [0,T] and sets Ay, ..., Ay € B(R?). Here
Corotr (A1, Ag) = {z()) € Clomy(RY) 1 2(t;) € Aj,j=1,...,k}.

The measure mg is called the distribution of the stochastic process &(t,w)

in C[O,T] (Rd)

The distribution of the standard Wiener process in Cjg 1) (R?) is called the
Wiener measure.

Filtrations and Stopping Times
Consider a family of o-algebras {F:,t € R4} that has the following
properties:

(i) Fyy, CFp, CF for 0 <ty < to.
(i) Fi = Nysy Fs-

This family is called a filtration. A stochastic process z(t,w) is adapted to
the filtration {F3, ¢t € Ry} if 2(f,w) is Fi-measurable for all t € R,.

A nonnegative random variable T'(w) (which can take the value of +00) is
called a stopping time with respect to the filtration {F;} if {w : T(w) < t} €
Fi for all t € R,. For any stopping time 7" we introduce the o-algebra Fr,
which consists of those sets A € F, for which AN{T <t} € F,;. Stopping
times and their corresponding o-algebras satisfy the following properties:

(I.) If Th, T3 are stopping times and Ty < Th, then Fr, C Fr,.

(IL.) If T;, is a sequence of stopping times, then A T, is a stopping time
and

Fn, 1) =) Fr.-

n

Progressive Measurability

Let z(t,w) for t € Ry be an adapted R-valued stochastic process. It is called
a progressive measurable process if for any ¢ the function z(s,w) defined
on [0,t] x £ is measurable with respect to the o-algebra B([0,t]) x F;.
We note two important properties of progressive measurable processes:

(1) For any stopping time T'(w), the function z(T(w),w) is an Fy-
measurable random variable.
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fo s,xz(s,w))ds is an Fi-measurable random variable for any
measurable bounded function ¢ : Ry x R — R.

Martingales and Semimartingales

An adapted R-valued stochastic process u(t) is called a martingale (more
precisely, an {F;,t € Ry }-martingale) if E|u(t)| < co and E(u(t)/Fs) =
p(s) almost surely for s < t.

A stochastic process p*(t) is a modification of the stochastic process p(t)
if P(u(t) = p*(t)) = 1 for all ¢ € Ry. Any martingale p(¢) has a mod-
ification p* that is right continuous, and p*(t—) exists for every ¢t > 0.
This modification is referred to as the cadlag representation of u. (It is
right—continuous and has left-limits at each point.)

Finally, we define a family of random variables, say {{x, A € A}, to be
uniformly integrable if F|£)| < oo for all A € A and

i sup Bl L, 5 = 0.

With these definitions, we have the following theorem:

Theorem Let u(t) be a uniformly integrable martingale (i.e., the family
{u(t),t > 0} is uniformly integrable). Then:

(i) The limit
p(+oo) = lim pu(t)

exists with probability 1.

(ii) For any two stopping times Ty < Ty, the condition

E(u(Ty)/Fr,) = u(Th)

holds almost surely.

(i4i) For any stopping time T the stochastic process

pr(t) = p(EAT)

s a uniformly integrable martingale.

A stochastic process £(t) adapted to a filtration {F;,t € Ry} is called a
supermartingale if F|£(t)| < oo and

E((t)/Fs) < &(s)

almost surely for s < ¢. If the process &£(t) is uniformly integrable
on any finite interval, then it has a cadlag representation £*(¢), and if
sup, E|¢(t)] < oo, then there exists the limit lim; o, &(¢). A stochastic
process is a submartingale if its negative is a supermartingale.
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Square—Integrable Martingales

A martingale u(t) is square-integrable if E(u(t)?) < oo for all t. If
is a square—integrable martingale, then an increasing, right-continuous
stochastic process (u); exists for which the following properties hold:

(a) (u)r is Fr measurable for any stopping time T', where the o-algebra
Fr is generated by the sets Ay N{T >t} for t € Ry and A; € F;.

(b) (u(t))? — (u)¢ is a martingale.

The stochastic process (u); is called the square characteristic of the
martingale p(¢).

Let p1(t) and po(t) be two square—integrable martingales. Then there exists
a right-continuous stochastic process of bounded variation, say (1, f2)¢,
for which

pa(t) - pa(t) — (pa, o)

is a martingale and (1, uo) is Fr_—measurable for any stopping time 7.
The stochastic process (u1, ps2); is called the mutual square characteristic
of the martingales u1(t) and ua(t). It is determined almost surely by 1 (t)
and pa(t).

Martingale Characteristic of a Wiener Process

A Wiener process w(t) is adapted to the filtration {F;,t € Ry} if it is F;
measurable for all ¢t and w(t + h) —w(t) is independent of the o-algebra F;
for all t,h € R;.

Theorem A continuous adapted stochastic process &(t) is a Wiener process
adapted to the filtration {Fi,t € Ry} if and only if it is a square integrable
martingale and (£); = t.

Remark 12 An R? valued adapted process E(t) is a d-dimensional
adapted Wiener process if and only if (£(t), z) = £, (t) is a square—integrable
martingale and (£.); = 02(z,2) for every z € R? and for some number
o> 0.

Markov Processes
Let y(t,w) for ¢ € Ry be a Y-valued stochastic process where (Y,C) is a
measurable space. We denote by V; the o-algebra generated by {y(s,w), s <

t} and
j}t = mys

s>t

The function y is said to be a Markov process if there is a function
Q(s,y,t,C) defined for 0 < s < t,y € Y,C € C such that

(1) Q(s,y,t,-) is a probability measure on C.
(2) Q(s,-,t,C) is a C-measurable function for fixed s,t,C.
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(3) @ satisfies the Chapman—Kolmogorov equation

Qs..0.0) = [ Qs.p.t.d7) Qt.1.1.C)
forallyeY,CeC,and 0 < s <t <u.
(4) P{y(t,w) € C/Vs} = Q(s,y(s,w),t,C) almost surely.

The function @ is called the transition probability function for the Markov
process y(t,w).

Remark 12 The finite-dimensional distributions of the Markov process
& are represented by the following formula: For tg =0 < t; < -+ < &y,

P{y(t07w) € COa"'ay tnvw EC }

/ / / dyO HQ(tk—lvyk—lytkadyk)a

where 7(Cy) = P{y(to,w) € Cp} is the initial distribution of the process.

Jump Markov Processes
A Markov process y(t,w) is called a jump Markov process if for every T > 0
there is a constant A7 for which

1- Q(Svy7t> {y}) < AT(t - S)

for0 < s <t <Tandy €Y.Here {y} is the set containing only the element
y, which we suppose to be in C. In this case, the transition probability
function satisfies the Kolmogorov equations

gt (s,y,t,C) = /Q s,y,t,dz)q(t, z,C), (A.20)
and

0
&Q(Say7tvc) = _/q(57y’dZ)Q(s7Zat7C)’ (A21)

where the function ¢(t,y, C) is a signed measure on C and C-measurable in
y. Moreover, —q(t,y, C'\ {y})/q(t,y,{y}) is a probability measure.

A Markov process y(t,w) is called homogeneous if its transition probability
function satisfies the relation

Q(S’yatac) = Q(anat - S,C) = Q(t - 57yac)a

and then Q(t,y,C) is called the transition probability function for the ho-
mogeneous Markov process. For a homogeneous jump Markov process,
the function ¢ in equations (A.20) and (A.21) does not depend on t, so

Q(tv Y, C) = q(y, C)
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The operator

Gef () = [ halt,y.dz) =lim [/Qty,t+hdz>f<> f<y>],

(A.22)
which is defined for all bounded measurable functions f : Y — R, is called
the generator of the Markov process y(t,w). The next theorem describes a
jump process through its generator:

Theorem Let y(t,w) be a jump Markov process whose generator is given
by the formula (A.22). Define

Aty) = —q(t,y.{y}) and =(t,y,C) = (At y) " q(t,y,C\ {y}).

Then there exists a sequence of stopping times {mx,k = 0,1,2,...} for
which

y(ta w) = y(Tka w) = Uk(w)

fort € [tg, k1), k =0,1,..., where 1o =0, and {(7x, 1),k =0,1,2,...}
is a homogeneous Markov chain on Ry XY having transition probability

@) B) = [ el [ Awgdobrung. BoNw ) du
where B, = {y : (u,y) € B}.

Diffusion Processes
A continuous Markov process z(t,w) in R? is called a diffusion process if
its transition probability function Q(s,y, ¢, B) satisfies the condition

tim [ QU+ dn) () — )] = (/) alt,) + 3T/ B,

(A.23)
for all f € C®(R?), where a(t,y) : Ry x R* - R% and B(t,y) : Ry x
R? — L, (R%) are continuous functions, L, (R?) is the set of symmetric
nonnegative matrices from L(R?), and Tr denotes the trace operator. Note
that f is the Jacobian matrix of second derivatives of f. We denote the
differential operator on the right—-hand side of this relation by L;. It is
called the generator of the diffusion process.

Remark 13 Relation (A.23) is equivalent to the following statements for
all f € C®(R?). The stochastic process

Fa(t,w)) - / Lo(f(x(s,w))ds

is a martingale with respect to the filtration {F;,t € Ry} generated by
the stochastic process x(t,w). This statement represents the martingale
characteristic of a diffusion process. If this holds for a continuous process
x(t,w), then it is a diffusion process.
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Stochastic Differential Equations

Diffusion processes can be constructed as solutions of stochastic differen-
tial equations. First, we introduce Ito’s stochastic integral. We consider a
filtration {F%,t € R4} and an adapted Wiener process w(t). Ito’s integral

I,() = / 9(5,w) du(s)

is defined on progressive measurable functions g(s,w) : Ry x @ — R for
which

E/o 9°(s,w) dw(s) < oo

in such a way that I,(t) is a square-integrable martingale having square
characteristic

t
L= [ g0 ds
0
If g(s,w) = 1, <t<r, (s), where 71 < 7 are stopping times, then
Ig(t) = w(t AN Tg) —w(tA 7'1).

Let a(t,z) and C(t,x) be continuous functions with values in R? and in
L(R%), respectively. Let w(t) be an R%-valued adapted Wiener process. We
consider the differential equation

dz(t,w) = a(t, z(t,w)) dt + C(t,x(t,w)) dw(t), (A.24)

which (by definition) is equivalent to the integral equation

x(t,w)zx(O,w)—&—/O a(s,x(s,w))ds—i—/o Cls,2(t,w)) ().  (A.25)

With these ideas, we have the following theorem.
Theorem Let a(t,x), C(t, z) satisfy the following conditions:
(i) They are continuous.
(i) For any T > 0, there is a constant lp for which
la(t, 1) — a(t,x2)| + [|C (¢, x1) — C(t, z2)|| < lp|zr — x2|.
Then:

(i) If 2(0,w) is an Fo-measurable R -valued random variable, then equa-
tion (A.25) has a unique solution that is a diffusion process with the
generator of the form (A.23), where

B(t,z) = C(t,x)C*(t, x).
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(i) The transition probability function Q(s,z,t,A) of this diffusion
process is defined by the relation

Q(s,z,t,A) = P(&.5(t) € A), (A.26)

where &, 5(t) is the solution of equation (A.24) on the interval (s, c0)
and satisfies the initial condition

€rs(s) =z
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Commentary

Randomly perturbed dynamical systems were first studied by N.N. Bogoli-
ubov and K.M. Krylov [11] using methods from ergodic theory and Markov
processes, for example deriving a Fokker—Planck equation for the transi-
tion probabilities of trajectories. These investigations were continued by I.1.
Gikhman [56], a student of Bogoliubov’s, who introduced ideas of stochas-
tic differential equations and applied them to study randomly perturbed
dynamical systems. A large literature has emerged from these fundamental
works. In this commentary we mention only some of the works that are
related to our study in this book.

Problems of randomly perturbed dynamical systems have been studied in
several books. We consider here those that were written in a mathematical
style. First, we acknowledge the book of R. Khashminski [97], which is
devoted to the stability of randomly perturbed dynamical systems. We
used some results of that book in Chapter 6 here. M.I. Friedlin and A.D.
Wentzell [47] considered randomly perturbed dynamical systems that are
described by Ito’s stochastic differential equations with small diffusion. The
main tools of that investigation were large deviation theorems that were
obtained by those authors for such systems. They investigated the behavior
of the system in a neighborhood of a stable static state and the asymptotic
behavior of the system with finitely many stable static states, deriving
both averaging and normal deviation approximations. In the book [130], H.
Kushner studied some general results concerning systems that are described
by stochastic differential equations. In particular, he considered phase—
locked loop models randomly perturbed by small Wiener processes. These
results are related to those in Chapter 10 of this book.
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The book [179] by A.V. Skorokhod contains some results on ergodic proper-
ties for diffusion Markov processes, averaging theorems, normal deviations,
and diffusion approximations for dynamical systems perturbed by fast er-
godic Markov processes. There were considered some results concerning
asymptotic behavior of nonergodic Markov processes. The book [98] is de-
voted to discrete time random dynamical systems determined by iteration
of independent random transformations. In this book we did not consider
such systems.

Chapter 1: The ergodic theorem was proved by G.D. Birkhoff [8], and in
a different form by A.N. Kolmogorov [101]. The ergodic theory used here
appears in the books by E. Hopf [72] and by P. Halmos [69]. Ergodic theory
for Markov chains was developed by A.N. Kolmogorov [100] for countable
phase spaces, and further for general phase spaces by W. Doeblin [26], T.E.
Harris [70], S. Orey [142], D. Revuz [168], and V.M. Shurenkov [174].
Chapter 2: General limit theorems for stochastic processes were considered
by M. Donsker [28], Yu.V. Prokhov [165], and A.V. Skorokhod [175]. Cen-
tral limit theorems for Markov and stationary processes were studied by
L.A. Ibragimov and Yu.V. Linik [85], I.A. Ibragimov [84], M. Rosenblatt
[171], and results of M.I. Gordin, which are presented in the book of P.
Billlingsley [7].

Chapter 3: Averaging theorems were first considered by N.M. Krylov and
N.N. Bogoliubov [11] for differential equations, and these results are pre-
sented in the book of Yu.A. Mitropolski [137]. Averaging theorems for
stochastic differential equations were considered by I.I. Gikhman [62] and
R.Z. Khasminski [93]. The authors considered averaging theorems for per-
turbed Volterra integral equations and perturbed (discrete-time processes)
difference equations in [79, 80].

Chapter 4: Normal deviations for differential equations were first studied
by Khasminski [93]. Normal deviations were first considered for stochastic
Volterra integral equations in [79] and for difference equations in [82].
Chapter 5: Diffusion approximations were considered by R.Z. Khasminkii
[96] for some stochastic differential equations. A general theory for ran-
domly perturbed differential equations was developed by G. Papanicolaou,
D. Stroock, and S. R. S. Varadhan [150]. V. Sarafian and A. Skorokhod
[172] obtained diffusion approximations for dynamical systems perturbed
by fast jump Markov processes, and this problem was considered further in
the book by A.V. Skorokhod [179]. Diffusion approximations for difference
equations were considered by the authors in [82].

Chapter 6: The main results on stability of the solution to stochastic
differential equations and randomly perturbed differential equations were
obtained by R.Z. Kasminski [97]. Some further results on the subject were
considered in the book by A.V. Skorokhod [175]. The stability of randomly
perturbed difference equations was studied by the authors [82]. The asymp-
totic behavior of the solutions to randomly perturbed Volterra integral
equations was also studied by the authors [79].
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Chapter 7: Markov chains in random environments were introduced by
K. Nawrotzki in 1976 [138] and by R. Cogburn [17]. The ergodic theory of
Markov chains was studied by K. Nawrotzki [139], [140] and by R. Cogburn
[18], [19]. The randomly perturbed Markov chains with small perturbations
were considered by the authors in [81]. Chapter 7 is based mostly on these
results. Nonrandom perturbations of Markov chains were considered by
V.S. Koroluk and A.I. Turbin in 1978 [193] and by F. Hoppensteadt and
W. Miranker in 1976 [73].

Chapter 8: Diffusion approximations for two-dimensional Hamiltonian sys-
tems were considered by M.I. Friedlin and A.D. Wentzell in [47]. Diffusion
processes on graphs were introduced by the same authors in [50]. Mechan-
ical systems perturbed by fast noise were considered by A.V. Skorokhod in
2000 [183].

Chapter 9: The authors used the book by E.A. Coddington and N. Levinson
[16] for descriptions of nonrandom systems on a torus. The results presented
here for random perturbations of torus flows are new.

Chapter 10: Phase—locked loops have been extensively studied for their re-
sponses to external signals by Levi [132]. Several uses of them in modern
circuits are described by Horowitz and Hill [83]. These circuits also play a
fundamental role in mathematical neuroscience, as shown by Hoppensteadt
and Izhikevich [78] and Hoppensteadt [76]. Many engineering books have
considered the response of such circuits to noisy signals, for example Papu-
lous [153]. A more detailed mathematical investigation was conducted by
Kushner [130]. The results presented here investigate system noise in such
circuits and are apparently new.

Chapter 11: Population biology comprises studies of ecology, epidemics,
and genetics, among many other phenomena. The definition of stochastic
processes by McKendrick [136], Feller [41], R. Fisher [44], S. Wright, and
J.B.S. Haldane have represented some of the strongest contributions of bi-
ology to mathematics! The approach we take here is based on beginning
with nonrandom models and studying their responses to random perturba-
tions. Earlier work in this direction was carried out by R.M. May [135], D.
Ludwig [133], and W. Ewens [39]. Since then a large literature has emerged
in this area. Most of the results in this chapter are based on random pertur-
bations of problems described by Hoppensteadt [74], [75], [77]. The authors
have considered some random perturbations of problems in demographics
in [92].

Chapter 12: The area of genetics still represents one of the most outstanding
applications of mathematics in the life sciences. As noted above, mathemat-
ics has benefited greatly from studies of genetics in providing ideas for the
development of random processes. On the other hand, modern genetics and
all of its successes would not have been possible without mathematical de-
scriptions. Our work here is based on work in Hoppensteadt [74], [75], [77]
and by the authors in [81].
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strong law of large numbers, 9

strong mixing condition, 73

supermartingale, 177, 208

supp, 155

TC, time continuity, 97

torus knot, 32

trace of a matrix, 119

transfer function, 344

transition probability, 11, 27

transition probability density, 12

transition probability function, 140,
465

UI, uniform integrability, 97
uniformly ergodic continuous—time

Markov process, 63
uniformly ergodic Markov chain, 58
upper semicontinuous, 84

variance of a signed measure, 109
Volterra integral equation, 88
von Forster’s equation, 419

weak convergence, 10, 64

weak convergence in C, 11, 66

weak convergence to a diffusion
process, 13

weak convergence to a Wiener
process, 13

weak mixing condition, 147

weakly compact, 65

weakly random environment, 243

Wiener process, 6, 69, 461

Wiener process, standard, 461



